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Abstract

For a large class of density matrices in semiclassical gravity, it is shown that the reduced
density matrix which corresponds to tracing over the degrees of freedom in a spatial subre-
gion is dominated by states for which the area of the boundary of the subregion is minimised.
In the semiclassical limit, the entropy of the reduced density matrix is found to have a lead-
ing order contribution equal to one quarter of the minimal area in natural units. This is
consistent with the Ryu-Takayanagi conjecture. An extension to higher derivative theories
of gravity is established, for which the area is replaced by a dynamical generalisation of
the Wald entropy.
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1 Introduction

The first serious insight into the holographic nature of quantum gravity was arguably the
realisation by Hawking and Bekenstein that the entropy of a black hole in general relativity is
proportional to the area of a cross-section of its event horizon [1-3]. Thermodynamical entropy
is usually an extensive quantity, meaning it scales with the volume of space. The fact that the
black hole entropy scales like an area, which has dimensionality one lower than a volume, is
strongly suggestive that the microscopic degrees of freedom present in quantum gravity can be
understood as living on a manifold with dimension one less than that of the bulk spacetime [4,

5).

In [6], Wald generalised the first law of black hole mechanics [7] to arbitrary theories of
gravity. This led him to suggest a value for the black hole entropy in such theories. Let ) be
the Noether charge associated with diffeomorphisms along the Killing vector field generating the
black hole horizon. He showed that () has two contributions: one at infinity, and the other at
the bifurcation surface S. The black hole entropy is then a certain multiple of the contribution
at S. In terms of the Lagrangian density L, a simple formula for it is

2 Do [T oL
SWald = _f /.Sd o+/det qeabGCdWabcd’ (11)

where o are a set of coordinates on S, g4 is the induced metric on S, €4 is the binormal to S,

oL
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quantity is usually called the Wald entropy.

and is the Euler-Lagrange derivative of L with respect to the Riemann tensor Rgp.s. This

The derivation of the Wald entropy only works for stationary black holes. In [8], Iyer and
Wald proposed a generalisation to the dynamical case. Let ¢ represent the dynamical fields
in spacetime. Iyer and Wald gave a definition for the ‘boost-invariant’ part ¢ of the fields ¢,
and proposed that the appropriate entropy to associate with a slice of a dynamical black hole
horizon should be found by evaluating the Wald entropy over that slice, after having made the
replacement ¢ — ¢. They came to this conclusion by requiring that the entropy satisfy a set
of conditions motivated by the thermodynamical interpretation. The resulting definition for the
entropy of a dynamical black hole horizon is usually called the Iyer-Wald dynamical entropy. We
will denote it Styer-wald-

A large number of other relations between the areas of various surfaces, and the entropies
of certain states associated with them, have been proposed. Some of these proposals are just
conjectures, while others are mathematically proven statements, and they form a part of the
currently ongoing exploration of the role of quantum information in gravity. While this is a
subject that is still not fully understood, it is clear that one can learn much about the structure
of quantum gravity from information-theoretic considerations. A helpful introduction to many
of these ideas can be found in [9-11].

One particular area-entropy relation in the context of the AdS/CFT duality [12, 13] is known
as the Ryu-Takayanagi conjecture [14-17]. One considers a density matrix p on the CFT side,
which is defined over a spatial slice B of the conformal boundary of the bulk AdS spacetime. A
subregion T'C B has complement T C B, and we can define the reduced density matrix pr by
taking the partial trace of p over all of the degrees of freedom present in 7. The von Neumann



entropy of the region T' is then given by Sy = —tr(prlogpr), where pr is the normalised

reduced density matrix. The Ryu-Takayanagi conjecture claims that this entropy should contain
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in the bulk which shares its boundary with 7. This codimension 2 surface is known as the

a contribution equal to where A, is the smallest possible area of a codimension 2 surface

‘entangling’ surface.

The evidence for the Ryu-Takayanagi conjecture is plentiful [18-22]. There are also more gen-
eral versions of the conjecture that are supposed to apply to classes of higher derivative theories
of gravity [23-29], in which the area is replaced by some other functional on the codimension 2
bulk surface. One particularly enticing piece of evidence for these generalised entropies is the
claim in [30] that they are to a certain extent the only entropies which obey the second law at
the linearised level.

Maldacena and Lewkowycz provided a heuristic proof [31] of the Ryu-Takayanagi conjecture
that applies in certain cases. Their argument is based on what is known as the ‘replica trick’ For
each integer n, one can calculate a Renyi entropy Sr[n| = ﬁ log tr(p%) of the reduced density
matrix, and it turns out that this calculation is sometimes simpler than the von Neumann
one. In the Maldacena-Lewkowycz case, this entails a calculation of the semi-classical partition
function in the presence of a conical defect. Under the assumption that the Renyi entropy can
be continued consistently to non-integer n in a neighbourhood of n = 1, one can then calculate
the von Neumann entropy with the formula

— [(1 —n)0,S7[n] + ST[n]} =— [@ tr(py log pr) = —tr(prlogpr) = Sr. (1.2)

n=1

n=1

Maldacena and Lewkowycz showed that when one calculates S in this way, an equation of
motion for the entangling surface naturally arises, and this equation of motion exactly picks out
surfaces which extremise its area. Moreover, they found the resulting entropy to be given by the
Ryu-Takayanagi formula.

In this paper we will show that the Ryu-Takayanagi conjecture holds for a large class of density
matrices in the semiclassical limit. We will use a method which, unlike that of Maldacena
and Lewkowycz, does not require use of the replica trick, including the assumption that the
continuation to non-integer n is consistent, and does not necessitate the introduction of conical
defects. We will work in the gravity side of the holographic duality, and in fact our arguments
make no reference to the duality whatsoever. In the course of the paper we will show that
the reduced density matrix itself is dominated by elements for which the entangling surface has
minimal area, which is a somewhat stronger result than the original claim of Ryu and Takayanagi.
The argument works for any choice of boundary conditions, and so in particular does not just
apply to asymptotically AdS spacetimes. In addition, the extension to more general theories is
relatively clear. The result is the same, except that the area is replaced by a dynamical version
of the Wald entropy (not necessarily the same as the Iyer-Wald version).

In gravity, there is an apparent gauge ambiguity in the definition of subregions, arising from
the expectation that diffeomorphism invariance in the bulk allows one to arbitrarily deform the
entangling surface on the boundary of the subregion, and not incur any physical consequences.
An attempt to resolve this ambiguity has involved the introduction of additional degrees of



freedom whose purpose is to essentially track the entangling surface’s location in spacetime [32—
34].

It will be shown in the course of this paper that once one has actually calculated the reduced
density matrix, this ambiguity goes away. The reduction procedure imposes certain smoothness
conditions on the metric at the entangling surface, and those conditions break diffeomorphism
invariance. One ends up with a density matrix whose elements are weighted by a factor which
depends on the location of the entangling surface, and this factor becomes sharply peaked in
the semiclassical limit. In a sense, the reduction procedure has implicitly introduced degrees of
freedom of the kind espoused in [32-34].

The rest of the paper proceeds as follows. In Section 2, we describe the class of density
matrices that we are interested in, and explain what happens when we calculate the reduced
density matrix. Section 3 contains a description of the Hamiltonian dynamics in the region near
the entangling surface, making use of the covariant phase space method [6, 8, 35-39]. Tt includes
a resolution of the ambiguities inherent in that approach [8, 40], to the extent that they will
affect our results. Of primary interest is the Hamiltonian charge which generates boosts about
the entangling surface, and in Section 4 we compute this charge, showing that it is proportional
to the area in general relativity, and a dynamical generalisation of the Wald entropy in higher
derivative theories of gravity. We take the semiclassical limit in Section 5, and explain how
this naturally leads to domination by states for which the entangling surface boost charge is
minimised. In Section 6, we calculate the contribution to the entropy of the reduced density
matrix originating at the entangling surface in the semiclassical limit. In particular we show
agreement with the Ryu-Takayanagi conjecture. Finally, we conclude the paper in Section 7,
summarising our results, and suggesting future directions.

2 Density matrices and effective spacetimes

We work in D spacetime dimensions. Let H be a Hilbert space for the canonical quantization
of pure GR! on a spatial (D — 1)-surface 3, and let {|y)} be an eigenbasis in H of the (D — 1)-
metric 7;;.

We will consider in this paper a class of density matrices p whose elements in the basis {|v)}
can be approximately written as Fuclidean path integrals

1 1.0 7 1
(v lp1") :/0 DgeXp(—ﬁI), (2.1)
¥
where ] 1
I[g] = dPz\/det gR + —— dP~ 1z \/det VK. 2.2
9] 167G Jm Tydetght 1G Jom Lvaety (2:2)

is the Einstein-Hilbert action for a D-metric g on a D-dimensional manifold M, which we will
call the ‘effective spacetime’? In this expression, R is the scalar curvature of g, 7 is the induced

! More generally, we can replace H and I in (2.2) by the Hilbert space and action of whichever theory of
gravity we wish to analyse.

2 To avoid confusion, we will use the term ‘spacetime’ instead of just ‘space’, even though this is a Euclidean
path integral.



metric on the boundary of M, and K is the extrinsic curvature of that boundary, which is
taken to consist of three parts: a ‘past’ boundary X%, a ‘future’ boundary 3!, and a ‘spatial’
boundary B. As is well-known, the boundary term is required for the variational principle to be
well-defined [41]. Topologically, we assume that 3!, $? are homeomorphic to ¥, which we notate
Y0 ~ ¥ ~ 3. The range of the path integral includes all smooth Euclidean metrics for which
Ylso = 7%, |1 = !, and for which 7 obeys certain boundary conditions at B. The topology of
M and boundary conditions at B are dependent on the density matrix under consideration.

We can represent the elements of such density matrices diagrammatically in the following
way.

(el - B M B (2.3)

This figure represents the D-manifold M over which the action is to be evaluated. Each point in
the figure corresponds to a (D — 2)-dimensional surface in M. The dashed lines are the past and
future boundaries on which the induced metric is determined by which matrix element interests
us. The solid lines are the spatial boundary where the induced metric is determined by the
boundary conditions.

Included in this class of density matrices are thermal density matrices p = e~ #PH , where H
is the Hamiltonian, and f is the inverse temperature (we are explicitly including the factor of
i so that we can take the semiclassical limit & — 0 at a later stage). In this case, M can be
smoothly foliated by a family of surfaces 3, ~ X, 7 € [0, 5], and the imaginary Hamiltonian ¢
can be viewed as the infinitesimal generator which moves between these surfaces at a speed of
one, as measured in units of imaginary time 7. In what is perhaps an abuse of language, we will
refer to the 3, as Cauchy surfaces. We identify ¥y = X%, X5 = 3! and B = U, 9%,.

——————————————————————————————— T:/B
(e P 0 - }ET ~iH (2.4)
---------------- ST = 0
Y

Conversely, if for a given density matrix p we can find a foliation with these properties, and a
Hamiltonian H for which ¢H infinitesimally generates evolution from one surface to the next,
we can interpret p = e~ wPH ag being thermal with respect to H. The inverse temperature (3 is
determined by the boundary conditions implicit in p.



Thinking about density matrices in this way can be useful for conceptualising various cal-
culations. For example, the partition function Z is defined as the trace of the density matrix.
One can calculate Z by setting v = ~° in the matrix element, and integrating over all +°.
The result can then be interpreted as a path integral over the D-manifold obtained from M by
identifying ¥ with X°. In the case of a thermal density matrix, this corresponds to making the
imaginary time direction periodic. Diagrammatically, one can imagine deforming M so that the
past and future boundaries meet. Because the path integral is diffeomorphism invariant, such
deformations are allowed, so long as they do not change the induced boundary metric.

2= [ Dy Golol) d= | e

2.1 Reduced density matrix

Now suppose A is a subregion of ¥, and let A be the complement of A in ¥. The reduced density
matrix p4 is obtained by taking p and tracing over all degrees of freedom present in A. One
can calculate reduced matrix elements {v}|pa|7%) by setting v}| 1 = 7°| 4 in the matrix element
of p, and integrating over all 4°|;. The result can be interpreted as a path integral over the
D-manifold obtained from M by identifying A with A°, where A', A° are the subregions of
1, 30 respectively which correspond to A in the topological identifications ¥, 3% ~ 3. This
new effective spacetime appears in the following diagram.

(valpalyh) = /Dm (va,valpl%, va) - -=z2l” (2.6)

The dot labelled Y represents the (D — 2)-surface in ¥ dividing the two regions A and A. This
surface is commonly called the ‘entangling’ surface.

It is useful to deform this diagram so that it becomes planar. To do so, imagine taking the
component of B on the left of the diagram, and pushing it into the tube so that it emerges on
the right side of Y. Unrolling A' upwards and A° downwards, the result is:

IA
I T
(Yhlpalyh) : e Bi Ba (2.7)
\\\~~- AO
s
TA



Thus the effective spacetime for a reduced density matrix looks much like the generic one in (2.3),
but with some additional distinguishing features, namely the replacement of part of the spatial
boundary by the entangling surface T, as well as the addition of a new interior component for
the spatial boundary, which we will refer to as B, since it is the part of B adjoined to A. The
rest of the spatial boundary will be referred to as Ba.

We have drawn the diagram near T in the above way® in order to emphasise the following
point. If we assume that the D-metric g is smooth, and in particular free of conical defects near
T, and that the surfaces ¥ and X° are smoothly embedded in the effective spacetime, then the
angle subtended by a path from a point on A° near Y to a point on A! near T must be close to
2. Thus in order for this flattened diagram to be faithful to these smoothness properties, the
angle between A' and A° at T must be 27.

2.2 Foliation of reduced effective spacetime

The existence of the interior component of the spatial boundary generically forbids a foliation
of this effective spacetime of the type necessary for p4 to be interpreted as a thermal density
matrix as in (2.4). However, we can get something close. Consider first just the region near Y.
We can foliate this region by a set of surfaces A,, 7 € [0, 27|, as in the following diagram.

(2.8)

1K

Ay is identified with the part of A° near T, and A, is identified with the part of A! near
T. The parameter 7 measures the angle at which the surface A, meets T. The imaginary
Hamiltonian ¢K in this instance generates rotations about T, and the Hamiltonian K generates
an Y-preserving boost in Lorentzian spacetime. The inverse temperature is § = 2w. Therefore,
at least in a sense local to T, the reduced density matrix is thermal with respect to a boost
charge evaluated near T, at temperature 1/27. Imaginary angle n = i7 is rapidity. This is a
gravitational generalisation of a well-known result for the density matrix of a half space [42].

There are many equivalent ways in which one could now extend this foliation to get an idea
of the form of the full reduced density matrix. One such possibility is described next, but
keep in mind that the result of this paper should be independent of this procedure. Because of
the diffeomorphism invariance properties of the path integral, all that is really required for the
analysis to follow through is that the evolution is thermal near T in the way just described.

3 The reader might wonder why we have chosen capital upsilon T to represent the entangling surface. It is
because the shape of this letter closely resembles the spacetime near Y.



We assume that B4 has the topology of T x [0,27]. Then we can extend the definition of
each A, so that it meets B4 at a unique cross section. Together with the condition that A, lies
above B; for 7 > m, and below Bj; for 7 < 7 (where ‘above’ and ‘below’ are with respect to
(2.7)), this enables us to completely foliate the effective spacetime by the surfaces A,. This is
illustrated below.

(vhlpalrh) :

So this is almost thermal, but the obvious caveat is that the transition from 7 < 7 to 7 > 7 is
not a smooth one. Let % be an operator which goes from the surface A, for 7 just below 7,
to the one for # just above w. The exact form of % is determined by the boundary conditions
implicit in the original density matrix p. We might interpret %/ as an operator which inserts
the interior boundary into the state at 7 = m. More generally, % accounts for any topologically
non-trivial evolution that happens away from the entangling surface.

In summary, the evolutions in the ranges 7 < m and 7 > 7 are thermal, and the full evolution
consists of evolution through 0 < 7 < m, then an application of %, then evolution through
m <71 < 27. We can thus write the elements of the reduced density matrix as

1. 1
(Yalpalnh) = (Yale m™ u e n ™K 19) (2.10)

where we have extended the definition of K so that it is the infinitesimal generator of evolution
along the leaves of the foliation in (2.9). Examining (2.10), one finds that the matrix elements of

pa in the basis {|v4)} are equivalent to the matrix elements of % in the non-unitarily transformed
basis {e= 17K |y4)}.

3 Hamiltonian dynamics near the entangling surface

In this section we will develop the formalism necessary to properly analyse the operator K.
We will need an appropriate Hamiltonian description of the dynamics near T, and we find it most
convenient to use the covariant phase space method [6, 8, 35-39]. Normally there are boundary
ambiguities in such a formulation [8, 40]. We will show how to resolve these ambiguities at the
entangling surface, where they are relevant to our purposes.

3.1 Covariant phase space method

Let % be the spacetime Hodge dual operator. The local dynamics of a covariant field theory in
D dimensions is described by a D-form *L known as the Lagrangian density. We will use ¢ to



denote all the fields in the theory, including the metric. L is a local function of ¢.* Under an
arbitrary infinitesimal variation of the fields ¢ — ¢ + ¢, the change in the Lagrangian density
can be written

d(xL)=FE-d6¢p+db. (3.1)

% is the Euler-Lagrange derivative of %L with respect to ¢, and the

dot denotes a sum over all of the components of the fields. If for a particular field configuration
the equations of motion £ = 0 hold, that field configuration is said to be on-shell. The covariant

In this expression F =

phase space is the space of all on-shell field configurations.

The (D — 1)-form @ is a local function of ¢ and a linear local function of d¢, and is called
the symplectic potential density.” We obtain the symplectic potential © by integrating 6 over a
Cauchy surface ..

016,00] = [ 6(6.66). (32)

The field variation ¢ — ¢ + d¢, can be viewed as a vector field in field space. Hence O, being
a linear functional of d¢, is a 1-form in field space. The symplectic form €2 is a 2-form on field
space which one obtains by taking the field space exterior derivative of ©. It can be written

Q6. 016,008] = [ w(©,510,020), (33)

where
w(9, 010, 620) = 610(¢, 620) — 020(, 019) — 0(9, 0120). (3.4)

In this equation X means the change in X resulting from the variation ¢ — ¢ + d¢, and
d12 = [01, 02] is the commutator of two variations d; and ds. (i.e. their Lie bracket when viewed
as vector fields on field space).

3.2 Fixing ambiguities

The formalism described in the previous subsection suffers from two ambiguities. First, the local
dynamics are contained within the equations of motion, and these do not change if we modify the
Lagrangian density by the addition of an exact D-form, L — L + du. The symplectic potential
correspondingly changes by © — © 4 0(fs; 1), but the symplectic form 2 is clearly invariant. In
other words this change corresponds to a canonical transformation. Since the physically relevant
information is contained in €2, we do not need to be concerned with this ambiguity.

The second ambiguity is more serious. The equation (3.1) only specifies the symplectic
potential up to the addition of a closed (D — 1)-form that is linearly locally dependent on §¢.
Any such closed (D — 1)-form is exact [43], so this ambiguity is of the form § — 6+ d(Y (¢, 0¢)).

4 L can of course depend on derivatives of ¢. Whenever we speak of a ‘local function of X’ in this paper, we
mean a function that depends locally on X and its spacetime derivatives VX, VVX,....

5 Strictly speaking it is the presymplectic potential density, because we have not yet carried out gauge reduc-
tion. This will not be important in this paper, so to avoid confusion we will just use the term ‘symplectic’ instead
of ‘presymplectic’ wherever applicable.



Under such an addition the symplectic form genuinely does change, and so there are physical
consequences. To be precise it changes by the addition of a boundary term:

g, 619, 020] — ¢, 619, 629] + /82 01Y (¢, 020) — 0:Y (,019) — Y (¢, 0129). (3.5)

Thus such a modification affects the boundary degrees of freedom.

The reason for this ambiguity is that one has failed to specify what exactly goes on at the
boundary 9%. Without such a specification, the theory we are concerned with is ill-defined. In
our case, we know exactly what goes on at the entangling surface, where time evolution just
consists of a rotation around Y. We should therefore be able to fix this ambiguity at T.

To understand how this will work, it is instructive to recall how one defines the symplectic
potential in classical mechanics, where boundary ambiguities manifestly do not exist. Consider
a theory of an evolving degree of freedom ¢g. The action for evolution between the times ¢ = ¢
and t =ty is given by

t1
S = dt L(q, q). (3.6)
to
The variation of the action is
h 5L oL 1"
55 = [ dt g+ [—,54 , (3.7)
to 0q aq "
where ‘;—5 = ?9_5 — %‘?)—s is the Euler-Lagrange derivative of L with respect to ¢q. On-shell ‘;—5

vanishes, and we can write 65 = ©(t1) — O(ty), where

o) [6L

a—qéq] t + Clgq, 0qo). (3.8)
In this expression, C[q, dqo| is an unspecified field space function which is independent of ¢ and
linear in ¢, and we have written dqy to indicate that C' depends on the zero mode of dq, i.e.
its time-independent part.® This almost completely defines the symplectic potential ©, with
the only remaining ambiguity in the choice of C. Note that our goal will be to calculate the
generator of time evolution, and the choice of C' will not affect that calculation.

Now we try this argument again, but from the point of view of field theory near T. We will
initially regulate the region near T by removing a disk D, in the normal plane to the entangling
surface centered at T and of radius e. At the end we will take the limit ¢ — 0. We consider
the action for evolution between the angles 7 = 79 and 7 = 71; we denote the relevant region in
spacetime by M (79, 71). The surface at angle 7 we label A,. The initial and final surfaces are
therefore A, , A, respectively. The part of 0D, between 7 = 75 and 7 = 7, we label B.. This

6 C can only depend on dq through its zero mode. This follows from the fact that ©(¢) must be linear in &g,
and that it must be of the form (3.8) for any arbitrary choice of dq.

10



region of spacetime is depicted below.

=T =T
o -7
/// \\ —————— ATI
\ -
/ .-
f T I
| ° B (39)
€
\ / ‘~~_
W T An
""""" T =Ty
The action in this region can be written
S = L+ Sboundary- (310)

M(70,71)

Shoundary 18 @ boundary term which only has relevant contributions away from the entangling
surface, so we can ignore it in what follows. When we calculate the variation of the action and
restrict to on-shell field configurations, the result is

58 = / R L — (3.11)

_/ / ), (3.12)

where the signs denote the orientations chosen, and the ellipsis in parentheses here and in the
following contains terms away from Y that we do not care about. Comparing to the classical
mechanical case, we want to put this variation in the form §S = O(n) — O(7y), where O(7)
is determined in terms of the fields at angle 7. The tempting approach, and the one that is
usually used in the covariant phase space method, is simply to set ©(7) = [, 6 + (...), but of
course this will not take account of the contribution at B,, and will suffer from the § — 6 4+ dY
ambiguity noted previously.

We will supply a method to properly account for the contribution at B.. Note that the
expression (3.12) is insensitive to # — 6 + dY. Therefore, once we have taken the contribution
at B, into account, the ambiguity will have been dealt with.

Let Y., = 0D, N 0A,. These (D — 2)-surfaces comprise a smooth foliation of D, = U, B. ..
Each Y., can be viewed as a displacement of the entangling surface T by a distance € in the
direction of the angle 7. We can decompose the contribution to 05 at B, into an integral over
contributions at T ; as follows:

. m / / n o
/Bee_/m dr' F(r')  where F<T)_/T 0.6, (3.13)

We assume that 6 is smoothly defined near Y. Then we can expand F(7’) in a Fourier series
in 7’ that remains well-defined in the ¢ — 0 limit. We write

i frne™™ (3.14)

m=—0Q

11



where

1 2m ., 1 .
= — d /F N ,—vmT N 9 —zm’r. 15
J 2m Jo T (e 2m Jop. ‘ (3-15)
Performing the B, integral, we thus have

1 =7
0 = / —f imt’ 3.16
/Be Jor +r§o imf ’ ] ) (3.16)

T'=T79

Substituting this into (3.12), we find that we can write S = O(1;) — ©(m2), where

1 . !
o(r) = C+/A 0 for' = 3 — fue™ ... (3.17)
! m#0
7/ 1 1 . »
=C+ 9——/ 0— — —e'™" O™+ (...). (3.18)
A 21 Jop, 2 im0 1T 8D.

C = C[op, ¢ is the undetermined time-independent zero-mode term. In the limit € — 0, each
of the integrals over 0D, become locally defined objects at the entangling surface. Therefore,
(3.18) gives a good definition of the symplectic potential near T at the angle 7’.

Armed with this definition, we can now obtain the symplectic structure by taking the field
space exterior derivative of ©. The result is

! 1 1 . .
O=U+ w—L/ w—— —e™ / we M+ (..L), (3.19)
A 271 Jop, 2 o U 9D,
where w is defined in (3.4), and

Ulg, 010, 02¢0] = 61C[0, d200] — 02C1@, d1¢0] — C|, d1260] (3.20)

is the undetermined zero-mode term that comes from taking the field space exterior derivative

of C.7

3.3 Diffeomorphism charges

We will assume in this section that the fields are on-shell. Consider an infinitesimal diffeomor-
phism parametrised by a vector field £. This diffeomorphism acts on the fields ¢ by Lie derivative,
¢ — ¢+ Leg. If we can find a function He on phase space such that

0He[¢] = Q[,0¢, Led], (3.21)

then H, is the Hamiltonian charge which generates the diffeomorphism parametrised by £. In
this subsection we will evaluate the right-hand side of (3.21).

Substituting 6¢ = L¢¢ into the on-shell relation §(*L) = df, we find

A(1e(<L(0))) = d(0(¢, L)) - (3.22)

" One can see that U can only depend on the field variations through their zero modes by applying the same
reasoning used to show that this was true for C.

12



Therefore, 6(¢, Ledp) — te(xL(¢)) is closed for all . Furthermore, it vanishes for £ = 0, and so
by the results of [43] it must be exact. Hence we can write

0(¢, Led) — 1e(xL(¢)) = d(Qe(0)) (3.23)

for some (D — 2)-form ¢, which is known as the Noether charge density. ()¢ is defined up to
the addition of an exact form, Q¢ — Q¢ +dZ.

If we write d1¢ = d¢ and 20 = L, then we have

512¢ - [51, 52]¢ = 5(£§¢) - £§(5¢) - Eé&ﬁb (3-24)

So the variation d1¢ is equivalent to an infinitesimal diffeomorphism parametrised by the vector
field 6¢. Note that in general £ is allowed to depend on ¢, so it is possible to have d¢ # 0.

We can use (3.24) to obtain

w(@, 60, Leg) = 00(0, Led) — Le0(9,60) — 0(9, Lsed) (3.25)
= 0(1e(+L(9)) + d(Qe(0)) ) — 1e d0(9,30) — d(1c0(0, 00))

— tse(xL(¢)) — d(Qse(9))
= d(3Qe(0) — Que(9) — 1e0(6,09)) + 1e(6(+L) = d(0(6,69)) ). (3.27)

=0

(3.26)

So w(g,d¢, Leg) is equal to the exact form given on the last line above. Substituting this into
(3.19), we find

06,06, Le] = Ulo, 060, Ledo) + [ 5Qe(0) — Qse(9) = 1¢8(6,59)
1 T
e [ A(0Qe(6) ~ Quel6) — 1cb(,50)) T 4 (). (3.29)

2 0 m

At this stage we can note that this equation is independent of the ambiguity Q¢ — Q¢ +dZ. A
partial integration on the second line gives

Q6,06 Led] = Ulg. 060, Lt + [ 0Qe(0) = Quel@) — 166(0,59)
1 .

Cor

e [ A A (5Q(@) — Quel0) — 1¢8(6.00))e ™ + (). (3.29)

m#0

We can expand the latter term on the first line in a Fourier series as

[ 50:0) - Qu6) ~ 1b(6.59) = 3 " h (3.30)
where
1 gor -
hm = % 0 dr’ e~ vm7T /S’T/ 5@5(@5) — Q5§(¢) — Lge(gb, 5¢) (331)
1 o .
=5/ dr’ e—mm /”/ Lo, [dr A (5Q5(¢) — Qse(9) — 1e0(9, 6(25))} (3.32)
= % /aDC dr A (6Q¢(¢) — Qac(9) — 1c0(¢,09) e~ ™. (3.33)
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Noting that —h,, is exactly the term that is summed over in the second line of (3.29), we see
that everything cancels except for the summand at m = 0. Therefore, all that remains of the
Fourier series expansion is hg. We thus have

00,00, £ed) = Ul 50n, Ledol + 5= [ d7 A (3Qe(6) — Qucl0) — 1e0(6,00)). (334

4 The entangling surface boost generator

The particular Hamiltonian charge we are interested in is ¢K, which generates Euclidean
rotations about the entangling surface Y. This can be obtained by setting { = 0, = i0, in (3.34).
This particular £ is independent of the fields ¢, so we have 6§ = 0. Also, note that Ly _¢g = 0;
this is after all the definition of a zero mode. Therefore, we can set U[¢p, d¢pg, Lo, Po] = 0. Thus,
from here on, the ambiguous term U in the symplectic structure will not have any impact on
our calculations.

We have 1
0K[0] = 6Ho, = 5= [ dr A (6Qs.(6) = 16,0(6,09)) + (.. (4.1
Using d7 A (tg.0) = 0 — s, (d7 A 0), and the fact that O, is tangential to 0D, this can be written
1

0K [p] = o Jom, (AT AN Qa, (¢)) +0(4,00) +(...) (4.2)

1 1
=5 L 8dr A Qo, () + 5 [ d(B(0.60)) +(..) (43)

1
(52 [, 4N @0 (0)+ - [ <L)+ (...) (4.4)

In the last line we used (L) = df. Therefore, K can be written, up to an irrelevant constant,
as

- 1 1
z’K:z’K+—/ dTAQaTJr—/ <L, (4.5)
21 Jop. 21 Jp.

where K contains contributions that do not originate at the entangling surface. Since the
Lagrangian density is assumed to be smooth at T, in the limit ¢ — 0 the term % Jp. *L — 0,
so we will ignore it in the following.

Using similar manipulations to previously, this can now be put into the form

21
Ky =limo— [ ar J. @ (4.6)
where we have defined Ky = K — K, substituted in 8, = 10y, cancelled the factor of 7, and now
choose to explicitly include the limit e — 0.

We perhaps should have expected the apparent averaging over 7' in the above expression.
After all, the density matrix near T is thermal, and it is an elementary result in equilibrium sta-
tistical mechanics that ensemble expectation values are equivalent to time averaged expectation
values.

It is desirable to have an expression for Ky completely in terms of the boost parameter n
instead of the angle 7. We can achieve this by analytically continuing [y @, to complex 7'.
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If we let z = €', then we can write the above expression as a contour integral in the complex
z-plane. We have

1 /d
Ky = nm—f —Z/ Qo). (4.7)
AR PR

e—0 2711

where « is the contour that goes once around |z| = 1. We will assume that [y | Qg, is free of
singularities in the interior of 7. Then the single contribution to the contour integral comes
from z = 0, which is reached by sending ' = i7" — —o0, and we can write

Ky = lim /T Qo). (4.8)

n'——00,e—0 )
€,—1in

T _in is a surface which has been Lorentz boosted by an amount 1. Thus Ky can be evaluated
by calculating the integral of 5, over an infinitely boosted version of the entangling surface.

The order of the two limits 7 — —oo, € — 0 is important. The implications of different
orderings are easiest to understand by visualising the action of a boost in Lorentzian spacetime.

The two diagonal lines represent the two sets of null rays normal to T, which is the surface at

This is portrayed below.

which they intersect. The action of a boost is shown by the curved lines.

Suppose we were to take e — 0 first. Then Y. _;, would coincide with Y. The action of the

boost is vanishing at Y. Therefore, after carrying out the limit ' — —oo, Y. _;, would still

€,~in
coincide with T. On the other hand, suppose we keep € small but non-zero, and start by taking
the limit " — —oo. Then the surface T, _;, would flow along the action of the boost, which
is non-trivial for € # 0. After infinitely boosting, and subsequently taking ¢ — 0, the surface
T _iy would end up infinitely propagated along one of the sets of null rays normal to T. These

8 We feel this that this a sensible assumption to make at this point in the analysis, but will briefly comment on
how it could be violated. The presence of singularities inside v would indicate non-smooth Lorentzian evolution.
This would arise from the transit of topologically non-trivial excitations across the entangling surface. Such
excitations are generally charged under the action of the boost. The resulting contributions to the contour
integral from the associated poles would thus account for the charges of these excitations. We leave the full
exploration of this to future work.
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two scenarios are depicted below.

(4.10)

(a) € = 0 then ' — —o0. (b) " = —oo then € — 0.

It should be clear that, by carefully tuning the relative speeds of the two limits, we can have
T _iy end up at different points along one of the four sets of null normal rays originating at Y.

Because of its simplicity, it is tempting to choose option (a) in (4.10). However, the way
in which we are computing the boost charge seems to imply that we need to choose option
(b), since the ¢ — 0 limit ought to be taken after doing the contour integral. Unfortunately,
this may lead to divergences, due to the infinite null propagation, and it will be necessary to
find an appropriate regularisation of these divergences. We have not yet found an appropriate
regularisation procedure, and will leave this to future work.

It is worth briefly mentioning that in the case where the spacetime fields are boost-invariant,
this ordering ambiguity will not have an impact. This is because the limit " — —oo is trivial,
since all fields are independent of 1’. In the boost-dependent case, we expect that the formulae
(4.6) and (4.8) should pick out some kind of boost-averaged version of [ Qp,.

In the following two subsections we will evaluate K~ first in general relativity, and then in
higher derivative gravity theories.

4.1 General relativity

Pure general relativity is described by the Einstein-Hilbert action (2.2). The corresponding

Lagrangian density is *L = ﬁ*R, and it can be shown that the Noether charge density can
be chosen to take the form Q¢ = —==*d(g(£)), where g(¢) is the 1-form obtained by application

167G
of the metric to &.
We can write the Euclidean line element in the effective spacetime near T as
ds? |y = dr? + r?dr? + gapdo? do® . (4.11)

Here r,7 are radial coordinates in the normal plane to Y, the 04, A = 2,...,D — 1 are a
set of coordinates on the level surfaces of constant r,7, and g4p are the components in these
coordinates of the induced metric on these level surfaces. In these coordinates, D, is defined as
the region r <€, and Y.+ is the level surface at r =¢,7 = 7.
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Analytically continuing to imaginary 7 = i), the Lorentzian line element takes the form
ds? |y = dr? — r?dn? + qapdo? do® . (4.12)

Setting & = 4,, one readily finds that g(§) = —r?dn which implies that d(g(£)) = 2rdn A dr.
Application of the Hodge star then gives *d(g(£)) = 2y/det gdo? A --- A doP 7L,

Using this in (4.6), we may write

2
Ky = % A dr hfé&r%/r dP20 y/det ¢ (4.13)
_ /deT' i AT ) (4.14)
21 Jo 8w e=0 T '
=A[T]

In this expression, A[X] denotes the area of X.

We therefore have found that in general relativity the boost charge at the entangling surface is
given by Ky = o= A[T].? We used above the fact that in the limit ¢ — 0, the area of T - loses
any dependence on 7/, and converges to A[Y]. This independence of 7' is only a consequence
of the particular theory of gravity we are considering. One should not expect fTe y Qa, to be
independent of 7 in general. 7

4.2 Higher derivative gravity

Now suppose the Lagrangian density is constructed locally from the metric g4, the Riemann
tensor Rgpeq, and arbitrarily many symmetrised covariant derivatives of the Riemann tensor.
In [8] it was shown that for any local theory of gravity without additional matter fields,'? L can
be put in this form, and that the Noether charge density for such a theory may be written

Qe = teW — x(dz® A da®) B,V .4, (4.15)

where W is some local geometry-dependent (D — 1)-form, and

oL oL oL oL
Eabcd — — _ e——————— e — ... 4.16
6Rabcd aRade v a(VeRabcd) - V( Vf)a ( )

( y (e y f)lzabcd)
= E 1"V, ...V
( ) (61 em) 9(

oL
Vier - Ve Rabed)

(4.17)

is the Euler-Lagrange derivative of L with respect to the Riemann tensor. The partial derivatives
in this expression are evaluated by treating the Riemann tensor and its derivatives as independent
of each other and the metric, and are uniquely defined so that they have the same tensor
symmetries as the varied quantities.

9 This quantity may be divergent, in which case it will need to be regularised. We will not carry out such a
regularisation here.

10 For simplicity we shall only consider gravity in the absence of additional matter fields, but the extension to
include these fields should be straightforward.
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Using (4.15) in (4.6), we find

: ]' a C
Koy = lim o~ . dr A (%W — x(dz® Adz")E,, dv[cgd}) (4.18)
- . 1 I / a b cd : 1
= —11_1% %/0 dr /TG’T, *(dZL‘ A dz )Eab V[Cﬁd] — 11_{%% D, W, (419)

where ¢ = 9,. W is smooth in D, so in the limit e — 0, we may discard the integral [, W (this
is the same reasoning that was used to discard [p, *L in (4.5)).

The pullback of *(dz® A dz?) to Y., is given by
1
* (dz® A dxb)hm, = ée“b\/det qdo® A--- AdoP7t, (4.20)
where €® = (5267 — 6207). Also, we have
Vie€gdaz® Ada? = d(g(€)) = 2rdp Adr = V[ £y = 2€cq. (4.21)

Thus, putting things in the form (4.8), the boost charge at the entangling surface can be written

h
K’r = lim Z—SWald [T57_m/], (4.22)

n'——00,e—0 27

where 5 5L
T
Swaltd[Ye _int] = —— dP25 \/det g———e€up€e. 4.23
W ld[ 7 77] h Te,—in/ 7 ¢ q(SRabch beed ( )

is equal to the Wald entropy functional (1.1) [6] evaluated on the surface Y, ;.

At this point, the limit ordering ambiguity previously mentioned becomes important. Choos-
ing (a) in (4.10) would lead to Ky = 4= Swaa[Y]. However, as previously discussed, we ought to
instead choose something closer to (b). In that case, with an appropriate regularisation proce-
dure in hand, the answer we get should be something like the Wald entropy associated to the
boost-invariant part of the fields. The correct method for calculating the boost-invariant part
of the fields depends upon the exact regularisation procedure used. The resulting quantity is
clearly related to the Iyer-Wald dynamical entropy Siyer-waid[Y] [8] of the entangling surface, but
there is no guarantee that the two are equal.

We shall assume in this paper that we have chosen a regularisation procedure, and can
therefore take the limit in (4.22) in a well-defined way. We can then write

h
Ky = %den[’f], (4.24)
where
Sayn[ Y] = ol Swaid [T —ir] (4.25)

is a dynamical version of the Wald entropy.
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5 Minimal surfaces and the semiclassical limit

The semiclassical limit is defined as A — 0. Recall that the elements of the reduced density
matrix are given by (2.10), which is repeated below for convenience:

(Valpalr) = (vhle T @ e i K ])

Ignoring %, in the limit A — 0, these matrix elements are clearly dominated by states which
minimise &. If we further ignore K, i.e. the contributions to K which do not originate at
the entangling surface, then we find that the matrix elements are dominated by those states
which minimise the entangling surface boost charge Kvy. Combining this with the results of the
previous section, we conclude that in general relativity the matrix elements are dominated by
those states for which the area of the entangling surface is minimised, and in higher derivative
gravity they are dominated by those states for which the dynamical entropy of the entangling
surface is minimised.

The reader may be concerned about the validity of the choices just made to ignore contribu-
tions away from 1. We will now describe a way in which this validity can be controlled.

Consider again the original, unreduced density matrix p. It is a fundamental requirement in
all theories of gravity that the states defined on a surface ¥ be invariant under ‘small’ diffeo-
morphisms, i.e. diffeomorphisms with trivial action at 0% (conversely a ‘large’ diffeomorphism is
one whose action is non-trivial at 93). The action is certainly invariant under small diffeomor-
phisms. Therefore, in order to guarantee that the path integral in (2.1) is similarly invariant,
the measure Dg must give equal weight to two metrics g1, g, if those two metrics are related by
a small diffeomorphism.

This means that we can factorise the measure into two components Dg = D[g] Da. Each
lg] is an equivalence class of metrics modulo small diffeomorphisms, and each « is a small
diffeomorphism. « then determines the metric g as a certain representative of [g].

In the path integral, the small diffeomorphism invariance means we can factor out the Do«
integral. This then just contributes a constant factor in front of the path integral which cancels
when we compute expectation values.

However, this is no longer the case after we have carried out the reduction procedure. In
particular, there will exist diffeomorphisms a which were small in the original system, but which
have non-trivial action at the entangling surface. Since, after reduction, the entangling surface
is one part of the boundary of the surface on which states are measured, such diffeomorphisms
must be considered to be large in the reduced system.

Consider the group G~ of all such small diffeomorphisms made large. The only part of the
boundary where such diffeomorphisms have a non-trivial action is at the entangling surface. So
far we have been using an ‘active’ viewpoint, in which the diffeomorphisms are understood as
acting on the fields. It is now useful to switch to a ‘passive’ viewpoint, in which the diffeomor-
phisms do not change the fields but instead deform the entangling surface Y. The two viewpoints
are physically equivalent.

Since the original path integral included an integration over all small diffeomorphisms «, the
reduced path integral must include an integration over the action of the group Gy on T. In
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other words, deformations of T are a genuine degree of freedom in the reduced path integral.
Furthermore, this degree of freedom is decoupled from other degrees of freedom.

We should clarify exactly which deformations of T are included in the group Gy. Defor-
mations of T which do not preserve 01 would not correspond to small diffeomorphisms in the
original unreduced path integral, so these are not allowed. It is also natural to restrict to de-
formations that are continuously connected to the identity, because our derivation of the boost
charge only really holds within a connected component of phase space. This restriction means
that the deformations in Gy can only move Y about within a particular homology class. All
deformations of T in Gy which obey these constraints are permitted and are therefore integrated
over in the reduced path integral.

So return again to the issue of dominant contributions in the semiclassical limit. The action
of Gy is trivial away from Y. This means that, if we only care about dominant contributions
with respect to the action of Gy, then it is valid to ignore % and K. Therefore, the more precise
statement of what happens in the semiclassical limit is the following: the matrix elements of the
reduced density matrix are dominated by those for which T has been deformed by some element
in G~y so that K~ is minimal.

To close this section, we define the minimum boost charge operator

KT,min = Irelin Ka('r). (51)

Gy

Here K,y just denotes what the boost charge of the entangling surface would be if it was
deformed by «. For the reasons discussed above, in the semiclassical limit we can at leading
order in h replace Ky — Kx min.

6 Computing the entropy

Now we will calculate the entropy associated to the subregion A. The appropriate definition
of entropy is the von Neumann entropy of the reduced density matrix p4, which is defined as

Sa = —tr(palogpa) = — /DVA (valpalogpalva) - (6.1)

In this expression py4 = é’—i is the normalised density matrix, where Z4 is the partition function
for the reduced density matrix. Trivially, Z,4 is equal to the partition function Z for the original
density matrix. Let e=” = e "% ¢=3"K . Noting that

27TKT

— (ualpatogpalia) = (alpa (T + # +105 2 ) ), (62)

and using the definition of the expectation value (O) , = tr(p4O) of an operator O, we can write

the entropy as
2 <KT>A

h

Consider the entropy S of the non-reduced density matrix p. By a similar calculation to the

Sa = + (W), +1og Z. (6.3)

above, we have
S = —tr(plogp) = —(log p) +log Z, (6.4)
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where p = £, and (O) = tr(p0O). Thus we can write

SA—S:@jL((W)AjL(logp)). (6.5)

—_—
Sy

So the reduction procedure has increased the entropy by the amount on the right-hand side.
Since we are discarding information about the degrees of freedom in the region A, such an
increase is to be expected. The first term Sy represents the contribution of entanglement across
T. The term in brackets represents the contribution of a loss of knowledge about bulk degrees
of freedom in A. It can be understood as a consequence of the conversion of the internal energy
in A into heat.

As discussed in Section 5, at leading order in the semiclassical limit we can replace Ky —
K+ min. Thus, at leading order, we have
2 (I min
Sy = 2K min)y. (6.6)
h
That is, the contribution to the entropy of the region A arising from entanglement across the
surface T is given to leading order in A by the expectation value of Q%K Y min-

6.1 Consistency with the Ryu-Takayanagi conjecture

In the case of general relativity, we showed in Section 4.1 that Ky = %. Thus, the contribution

to the entropy from entanglement across T is proportional at leading order to the expectation
value of the minimal area. Precisely:

o= ol Ly ) o

where G is the group of entangling surface deformations described in Section 5.

This is exactly the value conjectured by Ryu and Takayanagi. It is interesting to note that al-
though the Ryu-Takayanagi conjecture was originally supposed to only be relevant for AdS/CFT,
the result obtained here holds for any spacetimes, regardless of their boundary conditions, and
is independent of the holographic principle.

6.2 Higher derivative gravity

In the case of higher derivative gravity, we showed in Section 4.2 that Ky = %den['f]. Therefore,
the contribution to the entropy from entanglement across T can be written

St = (Suymamin) 4 = <min den[a(T)]>A. (6.8)

aEGy

In other words, this entropy is equal to the expectation value of the minimal dynamical entropy
that the entangling surface can be deformed to have.
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7 Conclusions

In this paper we considered density matrices in semiclassical gravity whose elements can be
expressed as FEuclidean path integrals, and asked what happens to the reduced density matrix
associated to a subregion in the semiclassical limit. We found that the reduced density matrix
elements are dominated by states for which a certain functional evaluated on the entangling
surface at the boundary of the subregion is minimised with respect to deformations of that

entangling surface. Moreover, we found that the von Neumann entropy of the subregion has a

21

contribution associated to the entangling surface equal to <& multiplied by this functional.

In the case of general relativity the functional was equal to the area A[Y] of the entangling
surface divided by 87(G. The semiclassical entropy associated to the entangling surface was
therefore equal to the expectation value of the minimal value of A[Y] divided by 4Gh. This
result is in agreement with the Ryu-Takayanagi conjecture.

For higher derivative theories of gravity, the functional was found to be proportional to a
certain dynamical generalisation of the Wald entropy, Says[Y]. The complete determination of
the form of this dynamical entropy depends on a resolution and regularisation of the ordering
ambiguities discussed in Section 4.

The next step is to find the correct regularisation procedure. Some clues in this direction
may be found in the forms of certain generalisations of the Ryu-Takayanagi conjecture that
exist in the literature [23-29]. In those generalisations, the correct entropy functional is given

by the Wald entropy, plus some additional contributions involving higher order derivatives of
%L

aRa,bcdaRefgh, ’

arise ‘anomalously’ during the course of the generalised version of the Lewkowycz-Maldacena

the Lagrangian density, which are for example of the form Such contributions
calculation. It should be noted that these anomalous contributions do not just modify the Wald
entropy by the amount required for it to be equal to the Iyer-Wald dynamical entropy [26, 40].
Anomalous terms in QFT are often a result of the need to properly regulate ordering ambiguities,
which is exactly what we need to do here, so it is likely that agreement can be found by using
similar methods to those papers.

Another possible future direction is the investigation of higher order quantum corrections to
these results. Investigation in this direction is already ongoing [44], but the results developed
in this paper may provide a new perspective. Consider general relativity in four dimensions, for
which something particularly intriguing happens. The degree of freedom associated to deforma-
tions of the entangling surface will manifest itself in operator expectation values with a factor

that looks like AT

The integration is done over all possible deformations of Y. Suppose we want to view T as the
worldsheet of a string. Then we recognise that this is just a path integral weighted by the Nambu-
Goto action associated to that worldsheet, with string tension é. In other words, the entangling
surface does in fact behave quantum mechanically like a string in a curved background. It is very
well-known that the classical string has a conformal symmetry on the worldsheet, and that this
conformal symmetry only remains consistent after quantisation if the background metric obeys
Einstein’s equations [45]. In this case, Einstein’s equations are merely the equations of motion
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for the spacetime metric. Therefore, T can be expected to exhibit a 2D conformal symmetry
that to a certain extent remains consistent quantum mechanically for free.

Thus, even though our original assumptions made no reference to holography, we are forced
to conjecture something like an “entangling surface/CFT duality”! We should note that such a
duality consists of a relation between a D-dimensional bulk and a (D —2)-dimensional boundary,
which is one more codimension than usual. This may be related to results in [46, 47]. It would
be very interesting to understand whether this idea extends to higher dimensions and higher
derivative theories of gravity.

Finally, we should mention the fact that our analysis has been done in a mostly Euclidean
setting, whereas of course our reality is Lorentzian. We expect that our methods and conclusions
should map directly to the Lorentzian case, but this has not been fully investigated. A complete
understanding would require an analysis of the Wick rotation that is used to move between the
Euclidean and Lorentzian path integrals. This would also reflect on the validity of the analytic
continuation used to obtain (4.8).
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