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CONORMAL VARIETIES ON THE COMINUSCULE
GRASSMANNIAN - II

RAHUL SINGH

ABSTRACT. Let X, be a Schubert subvariety of a cominuscule Grassmannian
X, and let g : T*X — N be the Springer map from the cotangent bundle
of X to the nilpotent cone A. In this paper, we construct a resolution of
singularities for the conormal variety T)*(Xw of X, in X. Further, for X the
usual or symplectic Grassmannian, we compute a system of equations defining
T% Xw as a subvariety of the cotangent bundle T*X set-theoretically. This
also yields a system of defining equations for the corresponding orbital varieties
(T3 Xw). Inspired by the system of defining equations, we conjecture a type-
independent equality, namely T% Xuw = 7~ 1(Xy) N p~ 1 (u(T% Xw)). The set-
theoretic version of this conjecture follows from this work and previous work
for any cominuscule Grassmannian of type A, B, or C.

We work over an algebraically closed field k of good characteristic (for a definition,
see [Car85]). Let G be a connected algebraic group whose Lie algebra g is simple.

For P a conjugacy class of parabolic subgroups of G, we denote by X7 the
variety of parabolic subgroups of G whose conjugacy class is P. The cotangent
bundle T* X7 of X% is given by

7*XP = {(P,x) e X" x N|z €up},

where N is the variety of nilpotent elements in g . The map u: T*X — N, given
by u(P,z) = x, is the celebrated Springer map.

Let B be the conjugacy class of Borel subgroups of G. The Steinberg variety,
ZP ={(B,P,z) e X! x X? x N|z €up Nup},

is reducible. Each irreducible component Z7 of Z is the conormal variety of a
G-orbit closure (under the diagonal action) in X8 x X7P.

In this paper, for certain choices of P, namely the ones for which X7 is cominus-
cule (see Section 1.9), we construct a resolution of singularities for each irreducible
component ZP € ZF. In types A and C, we also provide a system of defining
equations, for each component Z7 as a subvariety in X x X7 x A. This also
yields a system of defining equations for certain orbital varieties. We discuss this
later in this section.

Before getting into the details, let us first present the irreducible components
of ZP from an alternate point of view. We fix a Borel subgroup B in G, and a
standard parabolic subgroup P corresponding to omitting a cominuscule simple
root -y, see Section 1.9. Let X be the variety of ‘parabolic subgroups conjugate to
P’. We have an isomorphism X 2 G/p, and further, a G-equivariant isomorphism,

GxBX 5 XBxX,
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given by (g, P) = (gBg~",gPg~").
A B-orbit C,, € X is called a Schubert cell, and its closure X, is called a

Schubert variety. The conormal variety T'% X,, of X,, in X is simply the closure of
the conormal bundle of C, in X, see Section 1.8.

Consider the map ZI’ — X5, given by (B, P,x) — B. We identify Z7 as a fibre
bundle over X? via this map, with the fibre over the point B € X8 being precisely
the conormal variety Ty X,,. In particular, we have an isomorphism

GxBrix, = 2P,
From this viewpoint, it is clear that the geometry of T'x X, is closely related to the
geometry of ZP.

Remark. A similar (and essentially equivalent) statement can be found in [CG97,
Proposition 3.3.4]; the proof there is different, leveraging the fact that the Springer
map u : T*X — N can be identified with the moment map arising from the G-
symplectic structure on T*X.

We now present our main results. Let X,, be a Schubert subvariety of a comi-
nuscule Grassmannian X. In Section 2, we present a variety Z,, which is a vector
bundle over a Bott-Samelson variety resolving X,,, along with a proper birational
B-equivariant map, 6 : Zw — Tx Xw-

Theorem A. The map 6, : 2; — T% Xw 15 a B-equivariant resolution of singu-

larities.

Since the map 6,, is B-equivariant, it also yields a resolution of singularities,
GxP0,:GxP 7, — 2"
of the Steinberg component Z7.
Next, we study the system of defining equations for the conormal variety T X,
inside T*X. For i > 1, let E(i) denote a vector space with basis eg, - - - ¢;. We fix a

non-degenerate skew-symmetric bilinear form w on E(2d). Let G either SL(E(n))
or Sp(E(2d),w), and accordingly, let X be either the usual Grassmannian,

Gr(d,n) ={V C E(n)|dimV =d},
or the symplectic Grassmannian,
SGr(2d) ={V C E2d) |V =V"}.
The cotangent bundle of X is given by
T*X ={(V,z) € X x N|Imz C V C kerz},

where, recall that N denotes the corresponding nilpotent cone. Let B be the Borel
subgroup which is the stabilizer of the flag (E(7)); in G. In Theorem B, we provide
a system of defining equations for 7% X, in T*X.

Theorem B. Consider (V,z) € T*X. Then (V,z) € T% Xy if and only if V € X,
and further, for all 1 < j <i <1+ 1, we have

dlm(zE(tI)/E(tj)) < {Til — Ty,

C; — CjJrl .

The numbers r;,¢;,t; are defined in terms of w, see Section 3.14.
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A system of defining equations for Z7 in X% x X x N follows as a consequence.
We simply replace the subspaces E(t;) with the subspace E’(t;), where (E'()); is
the flag fixed by B’, the Borel subgroup at the first coordinate in X8 x X x N.

Theorem B does not hold for the orthogonal Grassmannian. The key difference
between C,, and D,, is the following: Consider the embedding of the Weyl group W
into So,. Then, for C,, the Bruhat order on W is identical to the order induced by
restricting the (type A) Bruhat order on Sy,. This is not true for D,.

In Equation (7.1), we interpret Theorem B in a type-independent manner,
T4 X = p~ (u(T5 X)) N7 (X0).

Here p : T*X — N is the Springer map, and 7 : T*X — X is the structure map
defining the cotangent bundle.

We conjecture that Equation (7.1) holds for any Schubert variety X, in any
cominuscule Grassmannian X. The containment C holds trivially. Besides Theo-
rem B, further evidence in support of this conjecture is provided by Proposition 7.2,
which states that Equation (7.1) holds set-theoretically if X,, is smooth, and by
Proposition 7.4, which states that Equation (7.1) holds scheme-theoretically if the
opposite Schubert variety Xy, is smooth. Combining these results, we see that
Equation (7.1) holds set-theoretically for any cominuscule Grassmannian in types
A, B, and C.

Finally, let us discuss orbital varieties, and their relationship with the conor-
mal varieties of Schubert varieties. Consider a G-orbit N C N. The irreducible
components of the closure A Nupg are called orbital varieties. The reader might
consult [DRO9] for a general survey.

Caution. Some authors define an orbital variety to be an irreducible component of
N3 Nup, where N3 is G-orbit in N. What we call an orbital variety here is an
orbital variety closure in their language.

The key fact relating orbital varieties with conormal varieties is the following:
Given a conjugacy class P, and a Schubert variety X7, the image of the conormal
variety T%» X7 under the Springer map g is an orbital variety. Conversely, every
orbital variety is of the form p(T%sX5B) for some Schubert variety X5 c X5.

Theorem B yields equations for the corresponding orbital varieties.

Theorem C. Let G, B, P, X, w, and i be as in Theorem B. Then

W(Ti X)) = {x € up

2 =0, dim(=Et)/Buy) < 7T Wi<i<j<ly.
Ci — Cj41,

It is in general an open problem to give a combinatorial description of the in-
clusion order on orbital varieties. For varieties of matrices x satisfying 22 = 0,
this problem was solved by Melnikov [Mel05] in type A, and in types B and C by
Melnikov and Barnea [BM17]. In Corollary 6.6, we show how their results can be
recovered as a simple consequence of Theorem C.

Acknowledgements. We thank Anna Melnikov for pointing out a serious error in
an earlier version of this article. We thank Manoj Kummini, V. Lakshmibai, Anna
Melnikov, and Dinakar Muthiah for some very illuminating conversations.
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1. THE CONORMAL VARIETY OF A SCHUBERT VARIETY

In this section, we recall some standard results about Schubert varieties, their
conormal varieties, and cominuscule Grassmannians.

Let k be an algebraically closed field of good characteristic, g a simple Lie algebra
over k, and G a connected algebraic group for which g = Lie(G). We fix a maximal
torus 7" in G, and a Borel subgroup B containing 7.

Let A be the root system of g with respect to t = Lie(T'), and let S and AT be
the set of simple roots and positive roots respectively, corresponding to the choice
of Borel subalgebra b = Lie(B). For a € A, we will write g, for the corresponding
root space.

1.1. Standard Parabolic Subgroups. A subgroup @ C G is called parabolic if

ef

the quotient X@ = G/q is proper. We will say that @ is a standard parabolic
subgroup if B C Q.

Let {s | € S} be the set of simple reflections in the Weyl group W = Na(T)/T;
here Ng(T) is the normalizer of T in G. For any subset R C S, we have a subgroup
Wgr C W, given by Wg = (so | @ € R). The subgroup BWrB C G, given by,

BWgrB = {blwa |b1,b2 eB,we WR},

is a standard parabolic subgroup; further, the map R <+ BWRgB is a bijective
correspondence from subsets of S to the standard parabolic subgroups of G.

1.2. Schubert Varieties. Let Q be a standard parabolic subgroup of G, corre-
sponding to some subset Sg C S. A B-orbit C€ C X© is called a Schubert cell.
The pull-back of C2 along the quotient map G — G/@ = X@ is

BwQ = {bwq|b € B, q € Q}.

The closure X& of the Schubert cell C¢ is called a Schubert variety. The Schu-
bert varieties in X% C X% are indexed by w € W<, where,

(1.3) W = {we W|w@) >0,Ya € So}.

The set W€ is called the set of minimal representatives of W with respect to Q.

1.4. Bott-Samelson Varieties. Let w = (s1,---,s,) be a minimal word for w,
i.e., the s; are simple reflections such that w = s;---s,, and further, there is no
sub-sequence of w whose product is w.

Let P; be the standard parabolic subgroup Bs; B. The Bott-Samelson variety,

def

T B B
Xﬂ: Py X7 % P"/B,

provides a resolution of singularities of X via the map pg : E — X@, given by,

(p1,- - pr) = p1-- - pr(mod Q).
Let Py denote the open set Bs; B C P;. The map p induces an isomorphism,

(Xp)° = PoxPxPPe/p & 0Q.
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1.5. The Cotangent Bundle 7*X®. The cotangent bundle 7 : T* X% — X9 is
the vector bundle whose fibre 7,7 X @ at any point p € X is precisely the cotangent
space of X® at p. We call 7 the structure map defining the cotangent bundle.

Recall that the characteristic of k is a good prime. We have (cf. [BK05, Ch. 5]),
(1.6) T*X9 = G xQug = (Gxuq)/q,

where the quotient is with respect to the action ¢ - (g, ) = (gq, Ad(q~'z)).

1.7. The Springer Map. Let N be the nilpotent cone of g, i.e.,
N = {z € g| Ad(x) is nilpotent} .
The Springer map @ : T*X9 — N, given by,
(g, x) = Ad(g)x,
is a proper map. The product map,
(m,u9) : T X? = X9 x N, (g,2) = (9, 1°(2)),
is a closed immersion, see [CG97] for details.
1.8. The Conormal Variety of a Schubert Variety. Let C9 (resp. X&) be

a Schubert cell (resp. Schubert variety) in X%, corresponding to some w € W&,
The conormal bundle of C€ in X© is the vector bundle,

70 TyoCQ — C8,
whose fibre at a point p € C2 is precisely the annihilator of the tangent subspace
T,C% in T;XQ, ie.,
(T%0CQ)p ={z € T; X9 |a(v) =0,Y0 € T,CS} .
The conormal variety T)*(QXS of X2 in X% is the closure (in T*X?) of the

conormal bundle T’ CQ. The restriction of the structure map 7 : T*X9 — X@
to the conormal variety induces a structure map, m, : T)*(QXE — X@.

1.9. Cominuscule Grassmannians. A simple root v € S is called cominuscule
if the coefficient of  in any positive root is either 0 or 1, i.e.,

ac AT = 2y £ a.
The cominuscule roots for various Dynkin diagrams are labelled in Table 1.10.

Ezample 1.11. Let E(n) be an n—dimensional vector space. The variety of d—
dimensional subspaces of E(n) is called the usual Grassmannian variety,

Gr(d,n) = {V c E(n)|dimV =d}.

It is a cominuscule Grassmannian corresponding to the group G = SL,, and the
cominuscule root ag € A,_1, see Table 1.10.

Ezample 1.12. Let E(2d) be a 2d-dimensional vector space, and w a symplectic
form on F(2d). The variety of Lagrangian subspaces in F(2d),

SGr(2d) = {V C EQ2d)|V =V*},

is called the symplectic Grassmannian. It is a cominuscule Grassmannian corre-
sponding to the group G = Spaq4, and the cominuscule root g € Cq4, see Table 1.10.
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1 d—1 d d+1 n 1 2 n—2 n—1 n
A @0—0—@ 0 B, @—OO0—0==0
n—1
1 2 n—2 n—1 n 1 2 3 n—3 n—2
¢, O—0O0—0=@ D, @—O—O- .
2 2
1 3 4 5 6 1 3 4 5 6 7
E6 E7

TABLE 1.10. Dynkin diagrams with cominuscule simple roots
marked in black.

2. A RESOLUTION OF SINGULARITIES OF THE CONORMAL VARIETY

Let G, B, T, A, AT, and S be as in the previous section. We fix a cominuscule
root v € S. Let P be the standard parabolic subgroup corresponding to S\{~}, and
let u be the Lie algebra of the unipotent radical of P. We will denote the variety
XP = G/p as simply X, and the Schubert varieties X' as simply X,,.

In this section, we study the conormal variety Ty X,, of a Schubert variety X,
in X. In particular, we describe the structure of the conormal bundle T%C,, in
Lemma 2.2, and construct a resolution of singularities of T X, in Theorem A.

Lemma 2.1. For any w € WP, the subspace w, = uN Ad(w=")up is B-stable.

Proof. The subspaces u and Ad(w™!)up are T-stable, and so their intersection
is also T-stable. Further, since Ad(w™!)g, = Fuw-1(a), We have,

Uy = @gaﬂ @ Guw—1(a) = @gau
a>ry aEAT a€ER

where R = {a € A|a > v, w(a) > 0}. Since B is generated by the torus 7' and
the root subgroups U, a € S, it suffices to show that u,, is U,-stable for all o € S.
This follows from the claim,

a€RpBeSa+pfeA = a+FER,

which we now prove. We first consider the case = . For any a € R, we have
v < a, hence 2v < a4+ 8. Now, since + is cominuscule, we have a + 8 & A.

Next, we consider 8 € S\{v}. In this case, since w € W7, it follows from
Equation (1.3) that w(8) > 0. Now, for any « € R, we have w(«) > 0, hence

w(a+ 8) = w(a) + w(B) > 0.
It follows from the definition of R that if a + 8 € A, then a4+ 8 € R. 0

Lemma 2.2. The conormal bundle T3, C,, — C\, is isomorphic to the vector bundle
BwB x8Bu,, — Cy, given by (bw,z) — bw(mod P).

Proof. Let pr : X2 — X, be restriction of the quotient map G/ — G/p to X5.
Since w € W, the map pr restricts to an isomorphism of Schubert cells CZ =5 C,,,
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see [Kum02]. The claim now follows from the observation (cf. [LS17, §4.3]) that
for any (bw,x) € T*X, we have (bw,x) € T%C,, if and only if z € u,,. O

2.3. The Subgroup . As a consequence of the previous lemma, we see that
Stabg(uy) is a standard parabolic subgroup. Let @ be any standard parabolic
subgroup contained in P that stabilizes u,,, i.e.,

(2.4) Q C Stabg(uy) N P.
We define a vector bundle 7& : Z9 — X&, where,
Z% = BwQ x° u,, 7%(g,z) = g(mod Q).
Let w = (s1,--- , 8-) be a minimal word for w. Recall the Bott-Samelson variety

3(1 from Section 1.4. We lift Z2 to a vector bundle 7, : 2; — 3(1 given by,

Zw =" xB---xBPTxBuw,

and my, (p, z) = p(mod B), for p € Py xB ... xP P,.

Proposition 2.5. Let 7 be the quotient map G x@u — G xF u. Viewing Z% as a
subvariety of G x9 u, we have T7(Z2) C T4 Xy. Let 7y : Z8 — T% X, denote the
induced map. We have a commutative diagram,

- 98 Tw

Zy —2 729 T3 X
lﬂ'ﬂ J{ﬂ-g J/ﬂ'w

w~ pi Q pr

Xo X0 Xo

Here pr: X8 — X, is the restriction of the quotient map G/Q — G/p to XS, and

w

9@ : 2;—> Z9 is the map given by Hg(pl,--- D) = (p1- - Pry ).

Proof. Let (Z2)° be the restriction of of the vector bundle 7% : Z9 — X% to
the Schubert cell C@. The quotient map G/B — G/ induces an isomorphism
CE = 09 of Schubert cells. Consequently, the quotient map,

(2.6) Z° = BwB xP u,, — BwQ x u,, (bw, x) — (bw, x),

is an isomorphism. Observe that this map is the inverse of 7|(Z2)°, and so,
7((Z9)°) = T%C C T X

Now, since T% X, is a closed subvariety, it follows that 7(Z9) C T X..

Finally, the commutativity of the diagram is a simple verification based on the
formulae defining the various maps. O

Before we prove Theorem A, let us recall some standard results about proper
maps, which the reader can find, for example, in [Har77, Ch.2].

Proposition 2.7. The following properties are true:

(1) Closed immersions are separated and proper.

(2) The composition of proper maps is proper.

(3) If g: X =Y is a proper map, then g xidz : X X Z =Y X Z is proper.

(4) Let f:Y < Z be a closed immersion. A map g : X —'Y is proper if and
only if f o g is proper.
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Theorem A. The maps Hg and T, are proper and birational, and the composite
map O = 7, 009 is a B-equivariant resolution of singularities 0y, : 2; = T Xy

The map 8, is independent of the choice of Q.

Proof. The birationality of 7, is a consequence of Equation (2.6). Recall from
Section 1.4 that pg induces an isomorphism (X,)° — C%. Consequently, Gg

induces an isomorphism (?ﬁ)o = (22)°. 1t follows that 6% is birational.

Consider now the commutative diagram

— p< -
Ly = Zﬁ? = T% Xy
(2'8) \[f jg \[h
— f?, id r X i
Xy X N —>p_>< v Xg X N L) . dN) Xw X N)

where f, g, h are the closed immersions given by

flpr, - pry@) = (mw(p1, -+ pr, @), Ad(pr -+ pr)z),

g(a,2) = (12 (a, ), Ad(a)z),

h(a,z) = (my(a,x), Ad(a)x).
Observe that the map,

(pr x idar) o (p% x id) = py x idy,
is independent of the choice of @), and therefore, the map 6, = 7, o 92 is also
independent of the choice of Q.

Next, the maps pg and pr are proper; hence pg x idar and 5(1 x N are proper.

Consequently, Hg and T, are proper.

Finally, observe that 2;, being a vector bundle over the smooth variety X, is
itself a smooth variety. Therefore, the map 6, is a resolution of singularities. [

3. THE TYPE A GRASSMANNIAN

In this section, we recall the classical theory of Schubert varieties in type A.
Further, for any Schubert variety X,, C Gr(d,n), we choose a particular standard
parabolic subgroup @ satisfying Equation (2.4). This choice of @ allows us to
present a uniform proof of Theorem B in Section 5. The primary reference for this
section is [LRO8].

3.1. The Root System of SL,. Let E(n) be a n—dimensional vector space with
privileged basis {e1, - ,e,}. The group G = SL, acts on E(n) by left multipli-
cation with respect to the basis ey, -« ,e,. The Lie algebra g of G is precisely the
set of traceless n X n matrices, i.e.,

g = {z € Mat, (k) | trace(z) = 0}.
Let t be the set of diagonal matrices in g. For 1 < i < n, let ¢; € t* be the linear

functional given by
n
<6ia > %‘Ej,j> = aj,
j=1
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where E; ; is the diagonal matrix with entry 1 in the j*" position and zero elsewhere.

We fix B to be the set of upper triangular matrices in G. The Lie algebra b of
B is then precisely the set of upper triangular matrices in g . The root system A
of g with respect to (b, t) is precisely,

A:{Ei—€j| 1§’L7éj§n},
with the simple root o;; € S = A,,_1 being given by o; = €; — €;41. The root ¢; — ¢;
is positive if and only if i < j.
We denote by E; ; the elementary n x n matrix with 1 in the (¢, j) position and 0
elsewhere; and by [E; ;] the one-dimensional subspace of g spanned by E; ;. Then
[E; ;] is precisely the root space corresponding to the root €; — ;.

3.2. Partial Flag Varieties. Let ¢ = (qo, - ,¢-) be an integer-valued sequence
satisfying 0 =qo < g1 <--- < ¢ = n.

For 0 < ¢ < n, we denote by F(i), the subspace of E(n) with basis e, - - , ¢;, and
by E(g), the partial flag E(qo) C --- C E(gr). Let Q be the parabolic subgroup
of SL, corresponding to the subset Sqg = {«;|j # ¢, 1 <i <r}. The variety
X@ = G/q is precisely the variety of partial flags of shape q,

X9 ={F(q)C---C F(g)|dimF(g;) = ¢} .
For brevity, we will denote a partial flag F'(qo) C --- C F'(qr) of shape g by F(q).

As a particular example, let P be the standard parabolic subgroup corresponding
to the subset S\{aq}. Then X? := G/p is precisely,

X =Gr(d,n) ={V|dimV =d}.
3.3. The Weyl Group. The Weyl group of G is isomorphic to S,,, the symmetric
group on n elements. The action of W on A is given by the formula,
w(e; — €5) = €w(i) — Ew(j)-
In particular, w(e; —€;) > 0 if and only if w(i) < w(j).
The set of minimal representatives with respect to @ is given by,
(3.4) S@ ={we S, |wlg+1) <w(g+2) < <w(gy1),V0<i<r}.

3.5. Schubert Varieties. For w € S,, let m,(%,j) be the number of non-zero
entries in the top left i X j sub-matrix of the permutation matrix 3 Ew(k)k 1€,

my (i,7) = # {w(l), - w(i)} N {1, i}
=#{(k,wk)) [k < j,w(k) <i}.
The Schubert cells, C¢ ¢ X? and C? C X, are given by,

C2 = {F(g) € X?|dim(F(¢:) N E(j)) = my (4, ¢:), 1 < j <n, 1 <i <1},

¢l = {V e X | dim(V 1 E(j)) = my(jod), 1 < j < n},
while the Schubert varieties, X2 C X% and X2 C X9, are given by
X3 = {F(g) € X |dim (F(g:) N E(j)) > my(j,q:), 1 <j <n,1<i <},
Xy ={V € X [dim (VN E(j)) > my(j,d), 1 <j <n}.
if and only if F(g;) € XZ for all s.

(3.6)

(3.7)

In particular, we have F(q) € X¢

w
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3.8. The Projection Map. Suppose d = g; for some ¢, and consider the projection
map pry: X — X9 given by F(q) — F(d).

For any w € S,,, we have pry(X¥) = XZ. Further, if w satisfies
w(l) > -+ > w(d),
w(d+1) > >w(n),

then pr; ' (X2) = X&, see [LRO8]. Any w € S, satisfying Equation (3.9) is called
a maximal representative with respect to P.

(3.9)

The following lemmas are easy consequences of standard results on Schubert
varieties. They are used repeatedly in the proofs of Propositions 5.6, 5.9 and 6.1.

Lemma 3.10. Suppose we have integers 0 < k < d < n, a permutation w € S,
and a k-dimensional subspace U C E(n). If U € XF | then

dim(U N E()) > my(i,d) — (d — k) v1<i<n.
Conversely, suppose the above inequalities hold, and further, w(1) > --- > w(d).
Then U € XF.
Proof. Observe that for 1 < ¢ < n, we have,
my, (4, k) > max{0,m,(¢,d) — (d — k)},
with equality holding for all ¢ if and only if w(1) > --- > w(d). O
Lemma 3.11. Consider integers 0 < k < d < n, and a permutation w € S,
satisfying w(k +1) > --- > w(n). Given U € X9, we have U € X2, if and only if,
dim(U N E(7)) > my, (i, k) V1<i<n.
Proof. There exists 1 < i < n such that dim(UNE(i)) = k. Set V=UNE®). It
is clear that V € Xk. Now, since the statement of the lemma only involves w via
the integers m,, (i, k) and m,, (i, d), we may assume without loss of generality that
w(l) > - > w(k).

Let @ be the parabolic group corresponding to the sequence ¢ = (k,d). Then,
we have pri,(V C U) =V and prg(V C U) = U. It follows from Section 3.8 that,

pry (X5) = X& = pry(pr (X)) = X
Consequently, we obtain U € X¢. O

Proposition 3.12. Consider integers 0 < k < d < m < n, and a permutation
w € Sy,. Given subspaces U CV C E(n) satisfying dimU = k, and

dim(U N E(i)) > my(i,d) — (d — k) V1<i<n,
dim(V N E(2)) > my (i, m) V1<i<n,

there exists U' € X2 satisfying U Cc U’ C V.

Proof. Set [ = dim V. Observe that
Il =dim(V N E(n)) > my(n,m) =m.

Let Q' be the parabolic group corresponding to the sequence (k,l), and @ the
parabolic group corresponding to the sequence (k,d, ). We have a projection map
pr: X9 - X9, given by F(k,d,l) — F(k,1).
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Since the statement of the proposition only involves w via the integers m,, (¢, d)
and m,, (i, m), we may replace w by any permutation v satisfying

{o(1), - o(d@)} ={w(1), - ,w(d)},
{o(d+1), - o(m)} ={w(d+1), -, wim)},
{v(m + 1)7 e ,v(n)} = {w(m + 1)7 e aw(n)}a
without changing the statement. In particular, we may assume that
w(l) >w(2) > - > w(d),
(3.13) w(d+1) > - > w(m),
wim+1) > - > w(n).
Using Lemmas 3.10 and 3.11, we deduce that (U C V) € Xg,. Further, it follows
from Equation (3.13) that the projection map X8 — X' is surjective, see [LROS].
In particular, there exists a partial flag F(k,d,l) € X@, for which F(k) = U
and F(I) = V. This partial flag yields the required subspace F(d), satisfying
UCPF(d) CV,and F(d) € X2. O
3.14. The Numbers r;, ¢;. For integers a, b, let (a, b] denote the sequence,
a+1l,a+2,---,b.
We fix w € SP. Following Equation (3.4), we have,
w(l) <w(2) <...<w(d), w(d+1) <...<wn).

Consequently, w € S is uniquely identified by the sequence w(1),-- -, w(d), which
we now write as the following concatenation of contiguous sequences,

(tllvtl]v (tl27t2]7 ) (tzutl]-
Here the t;,t} are certain integers satisfying,
0<ti<ti<thy<---<t_1 <t <t;<n,

and ) (t; — t;) = d. For convenience, we set tp = 0 and ¢;,, = n. The sequence
w(d+1),---,w(n) is precisely,

(tOutll]a (tlat/z]u T (tlv"' 7t;+1]'
Consider the partial sums rqg, -+ ,7, and ¢, -+, ¢j+1, given by,
(315) T S Z (fj - t;-), C; S Z (f; - tj_l).
1<j<i 1<j<i

For 1 <i <, we have t; = r; + ¢;. Further, we have r, = d, ¢;41 =n — d, and

my, (t,75) = min{r;, 75 } = Tmin{s,j1
(3.16) (tisrs) { . i} {i.3}

my, (L, d 4 ¢j) = ri + min{cq, ¢} = 75 + Cmingi s}
for all 1 <14,j <. The permutation matrix of w is described in Fig. 3.17.
Proposition 3.18. Consider the sequence ¢ = (qo,--- ,qai+1) given by
i for 0 <1<,
4= d4ci—; forl<i<20+1.

Let Q be the standard parabolic subgroup associated to the sequence q, in the sense
of Section 3.2. Then @ satisfies Equation (2.4), i.e., Q C Stabg(u,) N P.
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FIGURE 3.17. The permutation matrix of w. The empty boxes
are zero matrices, while the dotted cells are identity matrices of
size 1,19 — 11, , 7] —T]—1,C1,C2 — C1,"*+ ,Cl+1 — €, going left to
right.

Proof. Observe that ¢ = d; hence, we have Q C P. It remains to show that @
stabilizes u,,. Recall the set R and the subspace u,, from Lemma 2.1. It follows
from Section 3.14 that

R = {e; — ¢ | 3k such that ¢ < g, j > qrt1}
Uy = {CC S g|IE((]l+Z) C E(qifl), Vi<i<l+ 1} .
Now, since @ stabilizes the flag E(g), it also stabilizes u,,. O

(3.19)

4. THE SYMPLECTIC GRASSMANNIAN

In this section, we recall some facts about Schubert subvarieties of the symplec-
tic Grassmannian. In particular, for any Schubert variety X, in the symplectic
Grassmannian, we choose a particular standard parabolic subgroup @ satisfying
Equation (2.4). This choice of @ allows us to present a uniform proof of Theo-
rem B in Section 5. The primary reference for this section is [LROS].

4.1. The Bilinear Form. Let E(2d) be a 2d-dimensional vector space with a
privileged basis {e1, -, eaq}. For 1 < i < 2d, we define,

i 2d+1—1i.
Consider the non-degenerate skew-symplectic bilinear form w on E(2d) given by,

0. = if 1 <d
wiepe) =3 L=
—0;5 ifi>d
For V' a subspace of F(2d), we define,
Vi ={ue E@2d)|w(u,v) =0, VveV}.

A simple calculation yields E(i)t = E(2d — i), for 1 < i < 2d. Further, as a
consequence of the non-degeneracy of w, we have the formulae,

(4.2) dim V + dim V+ = 2d, Uutnvt=U+v)*t,
and (V)1 =V, for any subspaces U,V C E(2d).
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4.3. The Symplectic Group Spyq. Let G = Stabsyr,,(w), i.e.,
G ={g € SLag|w(gu, gv) = w(u,v), Vu,v € E(2d)}.
The group G is the symplectic group Spag. Its Lie algebra g is given by
g = {z € slyq |w(zu,v) + w(u,zv) =0, Yu,v € E(2d)} .
Let T’ (resp. t') be the set of diagonal matrices, and B’ (resp. b’) the set of upper

triangular matrices in SLag (resp. slag). The subgroup 7' = 7" N G is a maximal
torus in G, and the subgroup B = B’ N G is a Borel subgroup of G.

4.4. The Root System of Spsy. The group G is a simple group with Dynkin
diagram C4. Recall from Section 3.1, the linear functionals €1,--- ,e9q on t'. By
abuse of notation, we also denote by ¢;, the restriction ¢;]t.

Following [LRO8], we present the root system of G with respect to (B,T). The
simple root a;; € S = Cy is given by

€; — €41 f0r1§i<d,
Q; =
2€q for i =d.

The set of roots A, and the set of positive roots A™, are given by
A={fete|1<i#j<dyu{£2¢][1 <i<d},
AT ={ete|1<i<j<dlu{2e|1<i<d}.
The corresponding root spaces are given by gae, = [E; 3], 9-2¢, = [F; ],

Geite; = [Ez,j + EjﬁL O—ci—¢; — [Ef,j + Ejyi]a Jei—e; = [El}j - EE,Z]
4.5. The Weyl Group. Let s1, -, sq denote the simple reflections in Weyl group
W of G, and let r1,--- ,r2q_1 denote the simple reflections of S53_1. We have an
embedding W < Soy, given by,

rireq_; for 1 <1 <d,
S; .
T4 for i = d.

Via this embedding, we have,
W:{wESQd‘w(i):w(E), 1§i§d}.

The Bruhat order on Ssy induces a partial order on W. This induced order is
precisely the Bruhat order on W. Further, by virtue of being a subgroup of Saq,
the group W acts on slag. One obtains the action of W on g by restricting this
action.

4.6. Standard Parabolic Subgroups. Let ¢ = (go, - , ¢-) be any integer-valued
sequence satisfying 0 = gy < ¢1 < --- < g, = 2d, and further, ¢; + ¢,_; = 2d for
1 < i < r. Suppose @’ is the standard parabolic subgroup of SLys corresponding
to the subset,

{aj€A2d71|j7éqi, ISiST—l}.
Then Q = Q' NG is the parabolic subgroup of G corresponding to the subset,

{aj€S|j#aq, 1<i<[r]}.
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The variety X% = G/q is precisely the variety of isotropic flags of shape g, le.,
X9 ={F(q) € $¥e/q' | F(a1)" = Flar—i)} -

As a particular example, let P’ be the standard parabolic subgroup of SL,,
corresponding to the subset Asy_1\{ag}, and let P = P’ N G. Then P is the
standard parabolic corresponding to S\{«g4}, and further,

X=6/p={VCE@2d)|V=V"}.

Observe that the condition V = V- ensures that dim V = d, see Equation (4.2).

4.7. Schubert Varieties. Consider an element w € W. By viewing w as an
element of Sa4, we define the numbers m,, (4, k) precisely as in Equation (3.6). The
Schubert cells C,,, C9 are then given by,

CF = {F(g) € X?|dim(F(¢:) N E(j)) = mu(j,¢:), 1 <i < 1,1 <j <nj,
Cp ={V € X |dim(V N E(j)) = my(j,d), 1 <j < n},

and the Schubert varieties X,, and X& are given by,

X3 = {F(g) € X9 |dim (F(g:) N E(j)) > my(j, q:), 1 <i <1, 1< j<n},

(48) X ={V e X |dm(VNE®) >m,(i,d), 1 <i<n}.

In particular, any Schubert subvariety of X? can be identified (set-theoretically)
as the intersection of a Schubert subvariety of SL2¢/Q’ with Spea/Q C SLa2a/qQ’.

4.9. Numerical Redundancy. By viewing w as an element of Sy4, we define the
numbers ¢;,t}, 75, ¢; exactly as in Section 3.14 and Equation (3.15). Observe that

since w(i) = w(i) for all 1 < i < 2d, the permutation matrix of w is symmetric
across the anti-diagonal, see Fig. 3.17. Consequently, for any 0 < i <[, we have,

(4.10) ri+c_; =d, ti +t_; = 2d.

In particular, we have E(t;)* = E(t;_;).
The conditions defining the Schubert variety X9 C X©, described in Equa-
tion (4.8), are not minimal. We describe this redundancy in the next lemma.

Lemma 4.11. Consider F(q) € X9. Then F(q) € X if and only if
dim (F(g;) N E(7)) 2 muw(J: ), 1<i<l1<j<2d

Proof. Since the permutation matrix of w is symmetric across the anti-diagonal,
the number of non-zero entries in the top left ¢ x j corner of w equals the number
of entries in the bottom right ¢ x j corner. Further, since each row and column of
this matrix has precisely one non-zero entry, we have,

my, (4, 7) =# {(k,w(k) | k > 2d — j,w(k) > 2d — i}
=2d — # ({(k, w(k)) | k < 2d — j} U {(k, w(k)) [w(k) < 2d —i})
=2d — ((2d — j) + (2d — i) — m,,(2d — i, 2d — j)).
Hence, for 1 < 14,5 < 2d, we have the formula,
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Consider some F(q) € X© satisfying the inequalities of the lemma. Given 1 <4 <1
and 1 < j < 2d, we have,

dim(F(g;) N E(5)) > mw (4, ¢;)
= dim(F(q:) + E(j)) < ¢ +J — mw(J, ¢)
— dim((F(g:) + E(j))") > 2d — (¢ + j — mw(j, @)
= dim(F(q:)" N E@2d - 5)) > my(2d — j,2d — ;).

2
<

The final inequality follows from the penultimate as a consequence of Equation (4.2).
We sce that F(q) satisfies Equation (4.8), and hence obtain F(q) € X&. O

4.12. The Subspace u,,. Let v be the Lie algebra of the unipotent radical of P,
and u the Lie algebra of the unipotent radical of P. We have

o= (P B, t= P o= D E;+E
i<d<j 1<i<j<d 1<i<j<d

In particular, we have u = v N g. Recall the subspace u,, from Lemma 2.1. Since g
is stable under the action of Ad(w™!), we have,

(413)  uy,=unAdw b= (vNg)NAd(w )6 Ng) =vN Ad(w )b’ Ng.
Let qo,q1,- -+ , @2i+1 be the sequence defined by

) for 0 <i <,
GV dte, forl<i<2+1.

It follows from Equation (4.10) that ¢; + go;—; = 2d for all 1 < ¢ < 21.

Proposition 4.14. Let Q be the standard parabolic subgroup of G associated to
the sequence ¢ = (qo, - ,qa1), in the sense of Section 4.6. Then Q satisfies Equa-
tion (2.4), i.e., @ C Stabg(u,) N P.

Proof. Tt follows from Equation (4.10) that ¢;4+1 = ¢; = d, hence go1+1 = g2 = 2d.

Therefore, the standard parabolic subgroup Q' C SLag associated to (qo, -+, q2141)

is the same as the standard parabolic subgroup of S Ly, associated to (qo, -+ , qai)-
Next, it follows from Equations (3.19) and (4.13) that

(4.15) uy, ={z € glzE(q+:) C E(qi-1),V1<i<Il+4+1}.

Now, since Q' stabilizes u,,, and since Q@ = Q'NG, we have Q C Stabg(uy,). Finally,

since ¢; = d, we have Q C P, hence Q C Stabg(u,) N P. (]

5. DEFINING EQUATIONS FOR THE CONORMAL VARIETY IN TYPES A AND C

Fix integers d < n. Let G be either SL, or SOs4, let B be the subgroup of
upper triangular matrices in G, and let P be the standard parabolic subgroup of
G corresponding to the subset S\{ag4} of simple roots. As discussed in Sections 3
and 4, the variety X = G/p is either the usual Grassmannian Gr(d,n) or the
symplectic Grassmannian SGr(2d).

We fix a Schubert variety X,, C X corresponding to some w € W¥. In this

section, we prove Theorem B, which gives a system of defining equations for the
conormal variety Ty X,, as a subvariety of 7*X. Let m : T*X — X be the structure
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map, and g the Springer map. Theorem B states that a point p € T*X is in T% X,
if and only if 7(p) € X, and p(p) satisfies Equation (5.13).

Recall the commutative diagram from Proposition 2.5. We show in Proposi-
tion 5.5 that for any point in Z%2, its image under p o 7, satisfies Theorem B.
Conversely, we show in Propositions 5.6 and 5.9 that any point in 7" X lying over
X, and further satisfying Equation (5.13), belongs to 7,(Z2) = T% X,.

5.1. Combinatorial Description of X,,. Fix w € WF. Let the integers m,, (i, j),
r;, and ¢; be as in Equations (3.6) and (3.15) respectively. It follows from Equa-
tions (3.7), (3.16) and (4.8) that F(q) € X if and only if

dim(F(g;) N E(t;)) > min{r;,r;} = rmingi j} V1<i,j<lI,
dim(F(gi+1) N E(t5)) > rj +min{ci, ¢} =75 + cmingijy V1 <45 <L
In particular, when ¢ = j, this yields F(q;) C E(t;) C F(qit1)-

5.2. The Cotangent Bundle. Let 7 : T*X — X be the structure map defining
the cotangent bundle, and p : T*X — A the Springer map, see Section 1.7. We
identify the cotangent bundle 7*X with its image under the closed embedding
() : T*X < X X N,

T*X = {(V,z) € X x N'|zE(n) C V, zV =0} .

5.3. The Variety Z%. For G = SL,, let g and @ be as in Proposition 3.18. For
G = Spag, let ¢ and @ be as in Proposition 4.14. Recall the variety Z9 from
Section 2.3, and the descriptions of 1, from Equations (3.19) and (4.15). Using the
closed embedding f from Equation (2.8), we obtain,

(5.4) 73 = {(F(g),x) € X3 x N|2F(qiy1) C Fgi1), V1 <i<l+1}.

Theorem B states that given (V,z) € T*X, we have (V,z) € T% X, if and only if
V € X, and z satisfies Equation (5.13). The purpose of the following proposition
is to show that Equation (5.13) is necessary, i.e., if (V,z) € T%X,,, then x satisfies
Equation (5.13).

Proposition 5.5. For any point (F(q),z) € Z2

w

we have, for 1 <j <i <],

dlm(zE(tI)/E(tj)) < {Ti—l — Ty,

C; — CjJrl .

Proof. Consider (F(q),z) € Z2, and integers 1 < j < i < I. We see from Sec-

tion 5.1 that E(t;) C F(giy), and from Equation (5.4) that zF(gi11) C F(gi_1).
Consequently, we have xE(t;) C F(g;—1), and hence,
dim(zE:)/E@y) < dim(F(ai-1)/EB(;))
= dim F'(gi—1) — dim(F(g;i—1) N E(t;))
< Tl =Ty,
where the final inequality follows from Section 5.1. Next, we see from Section 5.1

and Equation (5.4) that *F(qj1;+1) C F(g;) C E(t;). In particular, F'(gj+i+1) is
contained in the kernel of the map,

F(gi+1) = P0W/B@)), v = zv(mod E(t;)).
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Since the image of this map is precisely ¥ (a:+1)/E(¢;), we have,
dim(zF(a+)/E@t;)) < dim F(gi+;) — dim F(gj4+i+1)
= i+l — Gj+1+1 = G — Cjt1-
Finally, since E(t;) C F(g;+1), we deduce that dim(=E:)/E(t;)) < ¢; — ¢jy1- O
The following two propositions lay the groundwork required to prove that Equa-

tion (5.13) is sufficient.

Proposition 5.6. Consider (V,z) € X, x N satisfying Imz C V C kerz, and

(5.7) dim(=Bt)/B@t;)) < rimg — 1y, 0<j<i<Ii+1.

Then, there exists a sequence of subspaces Vo C --- C V; =V, satisfying,
dim V; = ¢;,

(5.8) xE(tiy1) C Vi C E(t;),

dim(V; N E(t;)) > min{r;, 7} = my (¢, ),

forall1 <i,5<I.

Proof. Since V. € X, it follows from Section 5.1 that V; = V satisfies Equa-
tion (5.8). We construct the subspaces V; inductively. In particular, given subspaces
Vi, -,V satisfying Equation (5.8), we construct V;_;.

Applying Equation (5.7) with j = ¢ — 1, we have zE(t;) C E(t;—1). Further,
Equation (5.8) yields xE(t;) C E(t;+1) C V;. Hence, we have,
.IE(tZ) cvin E(tifl).
Set Uy = xE(t;), and Uz = V; N E(t;—1). Applying Equation (5.7) with j = 0,
we see that dim U1 S Tri—1. Let k = Ti—1 — dim Ul.
Observe that Uy N E(t;) is the kernel of the quotient map Uy — Ui/E(t;). Now,
since dim(=E(ti)/B(t;)) < ;-1 — rj, we have, for 1 < j </,
dim(U; N E(t;)) = dim Uy — dim (V1/E(¢;))
2 (rici—k) = (ricx—rj) =7 —k
>min{r;_q,7;} — k
=my(tj,¢i—1) — k-
On the other hand, observe that,

VinE(ti-1) ifi<j,

Us N E(t) =
2N E(t;) {VmE(tj) if i > j,

i— if i < .a
— dim(Uy N E(t;)) > {T Lrt=J

Tj if i > j,
=min{r;—1,7;} = my(t;, gi-1).

It now follows from Proposition 3.12 that there exists a subspace V;_; satisfying
xE(t;) C Vi1 C Uz C E(ti—1), and Equation (5.8). O
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Proposition 5.9. Consider (V,z) € X, x N satisfying Imz C V C kerz, and
(5.10) dim(=Bt)/E(1;)) < ¢; — ¢jt1, VO<j<i<Il+1
Then, there exists a sequence of subspaces V.=V, C --- C Voi41, satisfying,
dim Viyi = qi44,
(5.11) Vigi Ckerz + E(t;),
dim(Vi4; N E(t;)) > rj + min{e;, ¢} = my (¢4, qits)-
forall1 <i,5<I.

Proof. Since V € X, it follows from Section 5.1 that V; = V satisfies Equa-
tion (5.11). We construct the subspaces Vi, inductively. In particular, given
subspaces V, - -, Vi4;—1 satisfying Equation (5.11), we construct Vj;.

We see from Equation (5.11) that Vi4,—1 C kerx + E(t;). Set U = kerz + E(¢;).
We first prove that,

(5.12) dim(U N E(t;)) > r; + min{c;, ¢;} = my(tj, @) V1<j<I+4+1
For j <1, we have E(t;) C U, hence U N E(t;) = E(t;). It follows that,
dim(U N E(t;)) =t; =r; +¢; =r; + min{c;, ¢}
For j > ¢, consider the map,
E(t;) — «EW)/E(t;i_1), v — zv(mod E(t;—1)).
Since zE(t;) C E(t;—1), the subspace U N E(t;) is contained in the kernel of this
map. Further, Equation (5.10) states that dim(=E()/E(t:)) < ¢; — ¢;11, hence
dim(U N E(t;)) > t; — (¢; — ¢i)
=r;+¢ =r; +min{c,c;}.
This finishes the proof of Equation (5.12). It now follows from Equation (5.12),

Lemma 3.10, and Proposition 3.12 that there exists a subspace Vj4; containing
Viti-1, and further satisfying Equation (5.11). O

Theorem B. Consider (V,z) € T*X. Then (V,z) € Tx Xy if and only if V € X,,,
and further, for all 1 < j <i <1+ 1, we have,
Ti—1 — 75,

(5.13) dim(=E(t:)/E(t,)) <
Ci — Cj41-

Proof. Recall the map 7, : Z9 — T% X from Proposition 2.5, given by,
Tu(F(g), x) = (F(d), z).

The map T, is proper and birational (see Theorem A), hence surjective. It follows

that (V,z) € T% X, if and only if there exists F(q) € X& such that F(d) =V, and

(Flq),») € Z3.

Consider (V,z) € T%X,,. It follows from Theorem A that V € X, and from
Proposition 5.5 that Equation (5.13) holds. Conversely, consider (V,z) € T*X
satisfying V € X,,, and Equation (5.13). We will construct F(g) € X& such that
(F(g),z) € Z3, and 7,(F(g), %) = (V, ).
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Using Proposition 5.6, we construct subspaces Vg, - ,V; = V satisfying Equa-
tion (5.8). Similarly, we use Proposition 5.9 to construct subspaces Viy1,- -+, Vaj41
satisfying Equation (5.11).

Suppose first that G = SL,,. We set,

Flgg=WcViC--- CVayqr.

Observe that F(d) = V; = V. Tt follows from Equations (5.8) and (5.11) that
F(q) € X@. Further, for 1 <i <1+ 1, we have,

F(qii) C kerz + E(t;) = xF(qi+:) C zE(t:) C F(gi-1).
This is precisely the condition for (F(q),z) to belong to Z2.

Suppose next that G = Spag. Let F'(g) be the partial flag given by,

Flgs) = Vi for i <1,
W=\, forl<i<al

In particular, we have F(d) = V; = V. It follows from Lemma 4.11 and Proposi-
tion 5.6 that F(q) € X&. It remains to show that (F(q),z) € ZS.

For 0 < i < I, we have zE(t;11) C Vi, hence w(xE(t;11), V;t) = 0. It follows
from Section 4.3 that w(E(t;11),z(V;})) = 0, hence,

2F(qu—i) = (Vi) C E(tiy1)" = E(ti_i1).

The final equality is a consequence of Equation (4.10). Substituting i — [ — ¢
yields 2E(qi+i) C E(t;—1) for all 0 < i < . It follows that (F(q),x) € Z2, hence

(F(d), ) € T Xo. O
6. ORBITAL VARIETIES

Let G, B be as in the previous sections. Consider a G-orbit closure Ny C N.
The irreducible components of Ay Nup are called orbital varieties. Orbital varieties
are closely related to the conormal varieties of Schubert varieties.

Proposition 6.1 (cf. [Spa82]). Given a standard parabolic subgroup @, and a
Schubert variety XQ C X9, the image of the conormal variety T;(QXS under the
Springer map p® : T*X? — N is an orbital variety.

For more details on the relationship between conormal varieties and orbital vari-
eties, the reader may consult [DR09, Spa82]. Providing a combinatorial description
of the inclusion order on orbital varieties, and providing the defining equations for
an orbital variety viewed as a subvariety of ug, are both open problems in general.
For certain orbital varieties in types A, B, C (those corresponding to the nilpotent
orbits satisfying 22 = 0), these problems were solved in [Mel05, BM17].

Suppose G is either S Ly, or Spag, and P is the standard parabolic group corre-
sponding to S\{ag}. We derive, in Theorem C, a system of defining equations for
orbital varieties of the form p(7T%X,,). This is an easy consequence of Theorem B,
and recovers some of the results of [Mel05, BM17].

Theorem C. Let G, B, P, X, w, and u be as in Theorem B. Then,

Ti—1 — 75,

w(TxXy) = {:v €up

22 =0, dim(¢Et:)/B(t,)) < { Vi<i<j< l} .

Ci — Cj+1,
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Proof. Consider z € up satisfying 22 = 0, and

Ti—1 — Ty,

(6.2) dim(=E)/Ety)) < { V1<j<i<l.

Ci — Cj+1,
Substituting j = 0 in Equation (6.2), we obtain,
dim(Im(z|E(t;)) = dim(xE(t;))
<e—a
= dim(kerz N E(t;)) = dim(ker(z|E(t;)))
>t —(ci—c1)
=7ri+c 2.
Let k = d — dim(Im z). Substituting ¢ = [ in Equation (6.2) yields,
dim(Im=z/E@;)) <r_1—r; <d—r;
= dim(Imx + E(t;)) < (d—rj) + t;
= dim(Imz N E(t;)) = dim(Imz) + dim E(¢;) — dim(Imz + E(t;))
>(d—k)+t;—(d—r;+t;)=r; — k.

Observe that since 22 = 0, we have Imz C kerz. It now follows from Proposi-
tion 3.12 and Section 5.1 that there exists V' € X, such that,

Imz CV Ckerx,

ie., (V,z) € T%X,. Consequently, we have z € p(T% Xuw). O

6.3. Orbital Varieties in Type A. When G = SL,, the G-orbits in A are
indexed by the partitions of n. For A a partition of n, the irreducible components
of Nx Nup are indexed by the standard Young tableaux of shape A. For T a
standard Young tableau, we denote the corresponding orbital variety by Or.

In this case, the relationship between conormal varieties of Schubert varieties,
and orbital varieties, as described in Proposition 6.1, provides a geometric realiza-
tion of the Robinson-Schensted correspondence.

Proposition 6.4 (cf. [Ste88]). Suppose T is the left Robinson-Schensted tableau
of some w € S,,. Then Ot = pP? (T, X5).

Proposition 6.5. Let T be a standard Young tableau with evactly two columns.
Then there exists a standard parabolic subgroup P C G, and a Schubert variety X,
in X = G/p, such that Ot = p(T% Xw).

Proof. Let k be the number of boxes in the first column of T, and let P be the stan-
dard parabolic subgroup of G corresponding to A,,_1\{ax}. The longest element
wp of Wp is given by

(i) k+1—1i fori<k,
wp(i) =
P n+1—k fori>k.

Let ay,- -, ax be the entries in the first column of T, written in increasing order,
i.e., top to bottom; and by, - - - , b,—j the entries in the second column, also written
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in increasing order. We consider the element w € S, given by,

. a; for i <k,
w(i) = :
bi—r fori>k.

Let v = wwp. Since w € SY, the Schubert variety X2 is a fibre bundle over X,
with fibre B/p, and we have a Cartesian diagram,

XB e XB

b

XP e XP.

The map X® — X7 is precisely the quotient map G/B — G/p. Consequently,
T;(BX;B is a B/p-fibre bundle over T% X,,, with the map T;(BXE — Tx X being
simply the restriction (to T% ;X7 C T*X C XP x N) of the map,

prxidy: XB x N = X x N.

This yields us p? (T% s X5) = p(T% X ). Finally, we verify that T is the left RSK-
tableau of v, thus obtaining Ot = p? (T35 XJF) = p(T% Xw). O

Corollary 6.6. Let T be a two-column standard Young tableau. Consider integers
0 <j <i<mn, and the skew-tableau T\{1,---,j,i+1,---,n}. Let T} denote the
tableau obtained from this skew-tableau via ‘jeu de taquin’. Then,

Or={renN|Ja]) =TI},

where xf is the square sub-matriz of x with corners (t; + 1,t; + 1) and (t;,t:),
J(z1) denotes the Jordan type of x1, and < denotes the inclusion order on the set
of G-orbits Ny.

Proof. This statement is proved in [Mel05]. We explain here how it also follows as
a consequence of Theorem C and Section 6.3.

Since 2

= 0, we have (:cf )2 = 0 for all 4,5. Consequently, the inequality
J(z)) < T/ is equivalent to the inequality rk(z?) < f/, where f7 is the number of
boxes in the second column of TZ. On the other hand, it follows from Theorem C
and Section 6.3 that

Or = {xEN‘rk(m{)ng}a

for certain integers gf . It is a simple exercise to verify that the integers ff and gf
defined here are equal. (I

7. A TYPE INDEPENDENT CONJECTURE

In this section, we assume that X is a cominuscule Grassmannian corresponding
to some Dynkin diagram. We conjecture, for any Schubert variety X,, C X, the
following equality,

(7.1) T Xw = p~ ((T5 X)) N7~ (Xu)-

The question is well-posed in both set-theoretic and scheme-theoretic settings.
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Suppose X,, C X is a smooth Schubert subvariety. We prove in Proposition 7.2
that Equation (7.1) holds set-theoretically in this case.

Next, let wo denote the longest element in the Weyl group W. We show in
Proposition 7.4 that if X, C X is a Schubert variety such that the opposite Schubert
variety Xy, is smooth, then Equation (7.1) holds scheme-theoretically. This is a
straightforward corollary to [LS17, Theorem 1.1].

When X is the usual Grassmannian or the symplectic Grassmannian, the set-
theoretic version is a consequence of Theorems B and C. In type B, the only comi-
nuscule Grassmannian is the one corresponding to G = SOs,41, and the comi-
nuscule root ay. In this cases, one easily verifies that for each w € WT, either
X, is smooth, or Xy, is smooth, hence settling the set-theoretic version of our
conjecture for all cominuscule Grassmannians in types A, B, and C.

One would like to know in which of these cases Equation (7.1) holds scheme-
theoretically, and also whether Equation (7.1) holds for types D and E. If it does,
can we find a uniform, type independent proof?

Proposition 7.2. Suppose X, is smooth. Then the conormal variety T% X,, sat-
isfies Equation (7.1) set-theoretically.

Proof. A Schubert variety X,, in a cominuscule Grassmannian X is smooth if and
only if X,, is homogeneous for some standard parabolic subgroup L, see [BM10].

Suppose X,, is homogeneous for some standard parabolic subgroup L; let Sy, be
the corresponding subset of S, and wj, the longest word of W supported on Sy.
Then w is the minimal representative of wy, in W, Further, the subspace u,, C u
from Lemma 2.1 is precisely,

Uy = @ Ja

a>y, Supp(a)ZSL
In particular, u,, is L-stable.

The quotient map G/B — G/p induces an isomorphism /B = X,, and the
conormal variety T% X,, — X,, is simply the vector bundle L xBu, — L/B. Con-
sequently, we have,

(73) ;L(T;(Xw) = {Ad(lo)ibo | lo €L, xy € uw}.
Now, consider some (I, z) € Gxu, satisfying 7(l) € X,, and p(l,z) € pu(T% Xy).

We may assume, without loss of generality, that | € L. As a consequence of
Equation (7.3), there exist Iy € L, and z( € u,,, such that,

w(l,x) = Ad(l)x = Ad(lp)xo
— 2= Ad(I" lo)xo.
Now, since u,, is L-stable, we have x € u,,, hence (I, z) € T% X, ([

Proposition 7.4. Suppose the opposite Schubert variety Xy w s smooth for some
w € WF. Then T} X, satisfies Equation (7.1) scheme-theoretically.

Proof. Let Dy denote the Dynkin diagram of G, and let D be the corresponding
extended Dynkin diagram. The loop group LG = G(k[t,t7!]) is an affine Kac-
Moody group corresponding to the extended Dynkin diagram D. Let Gy, G4, and P
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be parabolic subgroups of LG corresponding to the subsets D\{ao}, D\{aq}, and
D\{«o, aq} respectively.

Following [LS17], there exists an embedding ¢ : T%X, — LG/p such that
¢(T% Xw) is an open subset of some Schubert subvariety of LG/p. Further, we can
identify the structure map 7 and the Springer map pu as the restriction to ¢(Tx Xuw)
of the quotient maps nq : LG/ — LG/g, and my : LG/p — LG/g, respectively.

Now, for any Schubert variety Y C LG/p, we have the scheme-theoretic equality,

Y =my (mo(Y)) Nyt (ma(Y)).

From this, we deduce that Equation (7.1) holds for T% X, scheme-theoretically. O
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