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Abstract

This is the third part of a series of articles providing a foundation for the theory
of Drinfeld modular forms of arbitrary rank. In the present article we construct and
study some examples of Drinfeld modular forms. In particular we define Eisenstein
series, as well as the action of Hecke operators upon them, coefficient forms and
discriminant forms. In the special case A = [F,[t] we show that all modular forms
for GL,(T'(t)) are generated by certain weight one Eisenstein series, and all mod-
ular forms for GL,(A) and SL,(A) are generated by certain coefficient forms and
discriminant forms. We also compute the dimensions of the spaces of such modular
forms.

Contents

13 Eisenstein series

14 Hecke action on Eisenstein series
15 Coefficient forms

16 Discriminant forms

17 The special case A =F[t]

3

N BB B e

!Supported by the Alexander von Humboldt foundation, and by the NRF grant BS2008100900027.
2Supported through the program “Research in Pairs” by Mathematisches Forschungsinstitut Oberwol-
fach in 2010.


http://arxiv.org/abs/1805.12339v1

Introduction

This is part III of a series of articles together with [BBP1] and [BBP2|], whose aim
is to provide a foundation for the theory of Drinfeld modular forms of arbitrary rank.
Part 1 developed the basic analytic theory, including u-expansions and holomorphy at
infinity. In Part II we identified the analytic modular forms from Part I with the algebraic
modular forms defined in [Pil3]. In the present Part III we illustrate the general theory
by constructing some important families of modular forms.

The sections of all parts are numbered consecutively, thus Sections 1-6 appear in Part
I and Sections 7-12 in Part II. All the definitions and notation from Parts I and II remain
in force, and we refer to proclamations in the other parts without any special indication.

For the convenience of the reader we recall some definitions and notations which we
will need to describe the contents of this paper.

Let F' be a global function field with exact field of constants I, of cardinality ¢. Fix a
place oo of F' and denote by A the ring of elements of F' which are regular away from oo.
Let F, be the completion of F' at oo, and let C,, denote the completion of an algebraic
closure of F,,. Fix an integer r > 2 and an auxiliary constant £ € CX. As in (L) we
identify the Drinfeld period domain of rank r over C,, with the set of column vectors

Q= {(wl, ow) T eCr ‘ Wi, ...,w, Fy-linearly independent and w, = 5}.

Let L be a finitely generated projective A-submodule of rank r of F", viewed as a set of
row vectors. For any w € ()" we thus obtain a strongly discrete A-lattice Lw c C,, of rank 7.
Our convention on row vectors implies that GL,.(F") acts on F" from the right. We denote
the stabiliser of L by

I'p = {yeGL.(F)|Ly=L}.

For L = A" we simply have I';, = GL,(A). Note that for any non-zero ideal N c A, an
element of GL,.(F') stabilises the lattice L if and only if it stabilises the lattice N~!L; thus
['y-17, =T'. More generally, for any coset v+ L c F" we consider the congruence subgroup

Loz = {yeGL.(F)|vy+Ly=v+L} < I
Also, for any non-zero ideal N c A we consider the principal congruence group

Ir(N) == () Tz = ker(T'p — Auwt(N'L/L)).

veN-1L

All these groups are arithmetic subgroups of GL,.(F).
For any v € GL,.(F) and w € Q7 we let

(T2) j(y,w) =& (last entry of yw) € C%,.

Then matrix multiplication from the left followed by a normalisation defines a left action
of GL,(F) on Q" via

(L3) Y(w) =7 (7,w) w.
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For any integers k and m, the group GL,(F,) acts on the space of functions f: Q" — C,,
via the Petersson slash operator, as follows:

(L.3) (fleany) (W) = det (7)™ (7, w) ™ f((w))-

For any arithmetic subgroup I' < GL,(F') we defined the space of weak modular forms of
weight k£ and type m for I' in Definition as

Wim (L) :={f:Q" - Cs | f is holomorphic and fli., = f}.

When m =0 or det(T") = {1} we suppress the m from our notation.
To define modular forms, we constructed u-expansions of weak modular forms in Section
as follows. Write an element of €2 in the form w = (Z}) with w; € Co, and w’ € Q1. Set

1

enrw (W)

(.14 Uy (wr) = e Cy,,

where ey, is the exponential function associated to the strongly discrete subgroup A'w’ c
Co and A’ c F"! is a certain group of column vectors associated to I' by (£4). In
Proposition [5.4] and Theorem we proved that every weak modular form f: Q" - C,, of
weight k£ admits a unique u-expansion

fw) =2 fa(whupm (w)"

nez

which converges on a suitable neighbourhood of infinity, and where the coefficients f,, are
weak modular forms of weight k& —n for an associated arithmetic group I'y; < GL,_1(F).
We say that f is holomorphic at infinity if f, = 0 for all n < 0, and that f vanishes at
infinity if f,, = 0 for all n < 0. The spaces of modular forms, resp. cusp forms of weight k
and type m for I' are then defined by

./\/lkm(l—‘) :
Sk,m(F) :

{f e Wi (L) | fli.m7y is holomorphic at infinity for all v € GL,(F')} and
{f e Wi (L) | fle.my vanishes at infinity for all v € GL,.(F')}, respectively.

These are finite-dimensional C,-vector spaces, by Theorem [[1.Tl Again we leave out the
index m if m = 0.

Outline of this paper

In Section [13] we construct the Eisenstein series of all weights k£ > 1 associated to all cosets
v+ L and compute their u-expansions in Proposition [3.10l In Theorem we show
that they are modular forms of weight k for the groups 'y, .

In Section [I4] we determine the action of Hecke operators (defined in Section [12]) on
Eisenstein series, restricting ourselves to Hecke operators that are supported away from the
level of the Eisenstein series (see Assumption [[4.1]). In each case, Theorem [[4.11] identifies



the Hecke image of an Eisenstein series as a linear combination of Eisenstein series. In
particular, we deduce that Eisenstein series are eigenforms under many Hecke operators.

Coefficient forms are defined in Section [I5], they are modular forms for I';, which occur
as coefficients of Drinfeld modules, isogenies or exponential functions associated to the
lattice Lw.

Section [16] deals with discriminant forms, which arise as highest coefficients of Drinfeld
modules or as roots thereof. These are always cusp forms. Certain (g — 1)-st roots are
examples of modular forms with non-zero type m.

Lastly, we discuss the special case of A = F,[t] and L = A" in Section [[71 Here we
exploit the explicit description of algebraic modular forms for I'(¢) from [PS14] and [Pil3]
together with our identification of analytic and algebraic modular forms from Part II. This
allows us to prove in Theorem [[7.1] that the graded ring M, (I'(¢)) of modular forms of all
weights for I'() is generated over Co by the weight one Eisenstein series E ., for all v e
t~' L\ L. Using invariants, we then deduce that the rings M, (GL,(A)) and M, (SL.(A))
are generated by suitable algebraically independent coefficient forms. This generalises
known results from the r = 2 case due to Cornelissen, Goss and Gekeler, respectively.
Lastly, we give some dimension formulae in Theorem I7.111

13 Eisensteln series

For any integer k > 1 and any vector v € F" we define the FEisenstein series of weight k
associated to the coset v+ L by

(13.1) Eppir(w) = > (aw)™

0#xev+L

Proposition 13.2 This series defines a holomorphic function Q" — C,,.

Proof. By Proposition 3.4 it suffices to show that the series converges uniformly on the
affinoid set Q7 from (B.2]) for every n. For this observe that any x € F" x {0} determines a

unimodular F,-linear form ﬁ on F7.. For any w € € it follows that

(31 B2 3.3
ww] = ol [Fw] > Jol-h(w) ol > Jal- 7wl > el 7 - )L

As 2 runs through (v + L) \ {0}, the norm |x| goes to infinity; hence |zw|™* goes to zero

uniformly over Q7 as desired. ]

Some basic transformation properties of Eisenstein series are:
Proposition 13.3  (a) For every v € GL,.(F') we have Ey i p|kY = Eg oLy
(b) In particular Ey .1 is a weak modular form of weight k for the group Iy, .

(¢) For any A-submodule of finite index L' ¢ L we have Ey yir, = Y yip Egwrr, where
the sum extends over all L'-cosets v' + L' cv+ L.



Proof. (a) results from the calculation

(Beerhin) () =2 i) 3 ()

>, ((rw) zy(w))™

0#zev+L
L3 .
= ) (aw)™
0#zev+L
= Ek,v'y+L'y(w)-

(b) is a direct consequence of (a), and (c) is obvious from the definition (I3.1]). o

Our next goal is to determine the u-expansion of Ej .1, which requires some prepara-
tion. For any strongly discrete F,-subspace H c C, consider the power series expansion
of the exponential function

(13.4) en(z) = z- [] (1—%) = ZeH,qizqi
he {0} i=0

with ey ,i € Co and ep; = 1 that is furnished by Proposition 2.21

Proposition 13.5 (a) For any strongly discrete F -subspace H c Co we have

en(2)™ = Y (z-h)"".

heH

(b) For every k > 1, there exists a unique so-called Goss polynomial Gy(X,Y],Ys,...)
with coefficients in Fy, in the variables X and Y; for all integers 1 <1 <log, k, such
that for every strongly discrete F,-subspace H c Co, we have

Gk(eH(z)’l, €H,q, €H.g2 ) = > (z-h)"

heH

(c) These polynomials further satisfy:
(i) Gy is monic of degree k in X and divisible by X .
(ii) Gy =X and Gy = X(Gho1 + Licictog, k YiGr-q) for all k> 1.
(iii) Gy =GP
(iv) X?%Gy, = kG

Proof. The existence of these polynomials was first obtained by Goss in [Go80c, Prop.
6.6], but in this generality see Gekeler [Gel3, Thm. 2.6]. o



Remark 13.6 We shall see in Proposition [I3.13]that the vanishing order at infinity of the
Eisenstein series Ej .1, is controlled by the vanishing order of the Goss polynomial G}, at
X =0. By part (i) of Proposition (c) this vanishing order is > 1, and part (ii) implies
that it is equal to k for all k < ¢. In [Gel3|, Gekeler gives a formula for the order of the
Goss polynomial at X =0 in the case A =F,[t] and H = 7A, where p is prime and 7 is the
Carlitz period. This determines the vanishing order of the Eisenstein series in the rank 2
case for A =T,[t].

Corollary 13.7 For any ve F™ N L we have
Eypir(w) = ero(vw)™.

Proof. Direct computation using the substitution z = v — £ and Proposition (a):

Bipr(w) = > (aw)™ = DY (w-tw)™" = ep,(vw)™.

0#xev+L leL O

Now define A-submodules L’ and L; by the commutative diagram with exact rows

(13.8) 0—> Fr-1 Fr F——0
U z'—(0,z") U (z1,2")»z1 U
0 L L Ly 0.

Since L is finitely generated projective of rank r, the A-modules L’ and L, are finitely
generated projective of ranks r —1 and 1, respectively. Also fix a subgroup L; ¢ L which
maps isomorphically to Ly, so that L = Ly & ({0} x L). Write v = (vy,0") € F" = F x Fr~1,

Lemma 13.9 The subgroup A' ¢ Fr=1 from ([.7) that corresponds to Ty, nU(F) is the
finitely generated A-submodule of rank r —1

N o= {NeF | (n+L)Ncl'}.
Moreover, for any x1 € (v + L1) ~ {0} the inclusion x1 A’ ¢ L' has finite indez.

Proof. Forany A\ € F~!and (z1,2') € F" = FxF"~1 we have (xl,x’)((l) All) = (x1, ;A +2').
By the definition of I',,; in the introduction it follows that A’ € A’ if and only if for every
(z1,2") € v+ L we have (0,21)\") € L, or equivalently z1\ € L. As (z1,2’) runs through
v + L, its first component x; runs through v, + Ly, so the formula for A’ follows.

Since L' and L; are finitely generated A-modules of ranks r — 1 and 1, respectively,
the formula implies that A’ is a finitely generated A-submodule of rank r — 1. For x; €
(v1 + L1) ~ {0} it follows that x1A’ ¢ L’ is an inclusion of finitely generated A-modules of
the same rank and hence of finite index. O

As before we write w = (‘:}}) € " c Co x Q1. Then the expansion parameter from
(AT4) is the function u := uy (W) := epr (wr) 7L
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Proposition 13.10 We have

Ek,v+L(((:;)) = Z

z=(z1,2') ev+iy

{ By wrvrr (W) if x1 =0,

Gk(eL’w’(xw)_la €rw gy CLW g2 ) if x1#0,
where Gy, is the k-th Goss polynomial from Proposition[13.53 and in the second case

[ eaw(zi'lw)

Vel’~x1 A’ mod z1A’

T [T (1-enw(@™ (¢ —a")w') u)

Vel mod x1 A/

ulL @1A']

ewa/(xw)_l =

Moreover, the right hand side converges locally uniformly for all (u,w") in a suitable tubular
neighbourhood of {0} x Q=1

Proof. Using the fact that L= L; ® ({0} x L), we break up the series defining Ej .1, as

(13.11) Brpi(w) = > (aw)™ = Y ( > (yw)k)

0#xzev+L zev+Ly \0#yex+({0}xL")

Write x = (x1,2") € F7 = F x F"-1 and observe that for any y = (y1,y’) € F" = F x F"~! we
have yw = y w1 + y'w'.
If 1 =0, the inner sum of (I3.17) is just

>, W)™ = Broer(W).

0#y' ex’+L'

Such a term occurs only if v lies in L + ({0} x F'"~!), and then it occurs for a unique x.
If 1 40, we write y = x — (0,¢"), so that yw = 2w — {'w’. By Proposition I35 (b) the
inner sum of (I3.I1]) then becomes

Z (Iw—flw/)fk = Gk(eL/w/($W)71, 6L1w17q, 6Llwl7q2’ )
0el’

To transform e (xw) we proceed as in the proof of Proposition First, by Lemma
[3.9we have an inclusion of finite index A'w’ c 271 L'w’, and by the F,-linear independence
of the coefficients of w the index is precisely [ L’ : z1A’]. By the additivity of the exponential
function we have

e (271 2w) = enn(wr + 27 0'W’) = ™t +epn (27t 2'W)
with u = epr,(w1)~t. Using Proposition 2.3] we deduce that

epw (Tw) = a1 -exilyw,(x[la:w)
= I eeA,w,(milLlwl)(eA’wI(LUlew))

-1 =17,
= I eeA,w,(mI1L,w,)(u + €Arwl($1 T W ))
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By the definition and the additivity of the exponential function this in turn yields

ut+epn (27w’
e Tw) = x -(u’1 te a7l W’ ) 1- WAl
L/w/( ) 1 A/w’( 1 ) [’sL/H\(L'lA, eA/w/(xilglw/)
modulo z7 A/
e 7 0 - 2w —ut
= X1 (u_l + EAr ([L’Ill',w,)) . H A,w’( 1 ( ) )

-1
ZIEL/\mlAI €Arwr(£€1 glwl)

modulo 1A/

L+eny (27" 0'w’) - u I e (271 (0 = 2" )W) u—1
= - .
1 u[L’;x1A'] treliNay A eA,w,(l»Ilglw/)
modulo xq A/
H (1 —eAlw/(,’,UIl(g/—,flj‘/)w/) u)
I e’ mod x1A'

. ' _ )
ulLz1A] [T enw(ai'lw’)
Vel’~x1A’ mod z1A’

where the last transformation uses the fact that (-1)[L 1411 = 1 because [L': 2;A'] is a
power of q. Combining everything we obtain the desired formula.

For the convergence take any n > 0. By Proposition L7 (c¢) there exists a constant
¢, > 0, such that for any w’ € 7! and any 2’ € FZ;1 we have |epr, (2'w’)| < ¢,. In particular
this inequality holds for z7'¢ and z7' (¢ - 2') in place of z’. Thus if |u| < ry, := (2¢,)71, we
have |epr (271 (¢ = 2")w') - u| < 271, so the geometric series for

1
1-epg (it (0 =2 )w') - u

converges uniformly to a value of norm 1. Combining the inequalities yields the bound

—1pr 1

e xy l'w
U[L’:xlA,] . Z’EL’\gmAl’_[mod :E?I,\U;},( ' ) < TLL’:ZlA’]CLLL,:hA,]71 _ 27[L’1£1A’]
T [T (1-epnw (2 (¢ -2")w') u) ) |1 z1len

Vel mod z1 A/

Also recall that Gy is a polynomial of fixed degree in X which is divisible by X, and
the values ey q, €rir g2, ... for the other variables are holomorphic functions on 71
and hence bounded on Q7-1. As both |z;| and [L’ : 1A’] go to infinity with z;, this
proves that the right hand side of the formula for Ej ./, (w’) converges uniformly for all
(u,w") € B(0,1,) x Qr-1. Varying n it therefore converges locally uniformly on the tubular
neighbourhood U,,5; B(0,r,) x Q7. o

Remark 13.12 In principle, the u-expansion of Ej ,.; in terms of powers of u can be
computed from Proposition [[3.10] by multiplying out the geometric series involved. As it
stands, however, the sum is essentially a sum over a coset of L, c F', which is a fractional
ideal of A. In the rank 2 case, Petrov [Pel3] has shown that there are many Drinfeld mod-
ular forms with such expansions and that they exhibit many desirable properties because
of it. One may ask if there are other examples in the higher rank case.



Proposition 13.13  (a) The u-expansion of Ej,.(w) has constant term Ej yrop(w') if
veL+(0,2") for some x' € Fr=1, and constant term 0 otherwise.

(b) If v ¢ L+ ({0} x F"=Y), the order at infinity of E,.r(w) with respect to the group
Lo NU(F) is at least

ordx (Gy) -min{[L’ cx '] ‘ T, €V + Ll}.

Proof. Assertion (a) follows from Proposition [I3.101and the fact that the Goss polynomial
Gy, is divisible by X. In (b) let d := ord x (G},) denote the vanishing order at X = 0 of Gy, as a
polynomial in independent variables X,Y1,Y5,... and write G, = X?H (Y1,Y5,...) + (higher
terms in X). Then each summand in Proposition [3.10] contributes

H 6A/w/(£L’Il£'u)’)

[L/:z1A'] | 0el’~x1 A" mod z1A’

d

u ~H(6L/wz,q, €L g2 - - ) + (higher terms in u)

€

to the u-expansion of Ej, ., (w). Recall that v = (v1,v"), so that as z = (z;,2") runs through
v+ Ly, its first component z; runs through v; + Ly. Combining this yields the desired lower
bound. O

Remark 13.14 For the purposes explained in Remark [16.8 below, one should hope that
the inequality in Proposition [[3.13] is always an equality in the case k = 1. By (I6.2)) this
would yield a formula for the order at infinity of every discriminant form. For example we
have:

Proposition 13.15 If A =F,[t], for any v e t"*L N\ L the order at infinity of E\ ,.1, with
respect to the group Ty NU(F) is 0 if ve L+ ({0} x F™1) and 1 otherwise.

Proof. As above write v = (vy,v’). If vy € Ly, the u-expansion of Ey .. has constant term
E, .1 by Proposition (a), which is non-zero by Corollary [[3.7} hence the order is 0
in this case.

Otherwise we have ¢t7*L; = F - vy + Ly and this A-module is generated by a unique
element x1 € v1 + L. By Lemma [13.9 we deduce that A’ = :cIlL’. This x is then the unique
element of the coset v; + Ly that satisfies [L’ : x1A’] = 1. Since, moreover, G1(X) = X by
Proposition (b), Proposition implies that E,.r(w) = ;- + (higher terms in u).
The order is therefore 1 in that case. O

Theorem 13.16 The Eisenstein series Ey .1, 1s a modular form of weight k for the group
FU+L'

Proof. By Proposition 3.3 (b) it is already a weak modular form for I'y,;. Moreover,
for every v € GL,(F') we have Ej ,.r|kY = Ek,py+1y by Proposition I3.3 (a), and the latter
is holomorphic at infinity by Proposition [I3.10 O



14 Hecke action on Eisenstein series

For any coset v + L the quotient (Av + L)/L is a finite A-module that is generated by one
element; hence it is isomorphic to A/N for a unique non-zero ideal N. Equivalently N is
the largest ideal of A such that I',,; contains the principal congruence subgroup I'r(N).
We can therefore view N as a kind of level of the Eisenstein series Ej ,.r. In this section
we compute the effect on Ej ., of a Hecke operator that is supported away from N.

For any finitely generated A-submodule L c F" of rank r and any prime p c A let L,
denote the closure of L in Fy, which is a finitely generated Ap-submodule of rank r. Note
that L can be recovered from the submodules L, for all p as the intersection F" n ], L,
within (AL)". Consider finitely generated projective A-submodules L, L' ¢ F" of rank r,
vectors v, v’ € F", and an element § € GL,(F'), which together satisfy:

Assumption 14.1 For every prime p ¢ A we have:
(a) vo+ Lyd cv'+ L,
(b) v+ Lyd = v+ Ly whenever v ¢ Ly, and
(c) Ly ¢pLy.

Here (a) is equivalent to vd + Ld c v' + L', which includes the fact that L c L’. Given
(a), condition (b) means that Ej .. and Ej . are Eisenstein series of the same level N
and that Ty is supported only at primes not dividing N. Property (c) is equivalent to
L§ ¢ pL’ for any prime p, which serves as normalisation. If L = L/ = A", then (a) means
that ¢ has coefficients in A and maps v into v’ + A”. Then, in addition, condition (b) means
that the determinant of § is relatively prime to NV, and (c) means that ¢ is not congruent
to the zero matrix modulo any prime of A. Assumption [I4.1] will remain in force until

Theorem [I4.11] below.

To begin with we abbreviate

F, = FUI+LI’
I 571FU+L50F’U’+L’ = Dusers N Dy < TV,

For any prime p ¢ A we consider the open compact subgroups

Ky = { ke GL(F) [vh+ Lik=v'+ L }.

K, = {keGL.(F)|v'k+Ljk=v"+L, and vik + L,k =vd + L,§ } < K.

Since L'/Lé6 is finite, for any prime p not dividing its annihilator we have L,0 = L] and
hence vd + Ly0 = v" + Lj. Thus for almost all p we have K, = K. By Assumption [4.1] (b)
this is so in particular if v ¢ L,. Also, the equalities L' = F" n ][, Ly and L = F" n[], L,
imply that IV = GL,(F) n[1, K; and I' = GL,.(F) n [T, K.

Lemma 14.2 For every p we have det(K,) = det(K}).
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Proof. Ifv ¢ Ly, this follows from the fact that K = K. Otherwise by assumption we have
Lyd =vo+ Lyo c v’ + Lj = Ly and both are free Ap-modules of rank r within F;". To prove
the desired statement we can conjugate everything by an arbitrary element of GL,.(F). By
the elementary divisor theorem we may thus without loss of generality assume that L = A}
and that L,d = Ajh for some diagonal matrix h € GL,(F},). For any a € Ay the diagonal
matrix diag(1,...,1,a) then lies in K, with determinant a; hence A; < det(kK,). As Aj
is the unique largest compact subgroup of Fy, it follows that det(/,) = det(K}) = Ay, as
desired. ]

Lemma 14.3 There is a natural bijection
r\r- I, K\ K,

Iy (K),-

Proof. If two cosets I'y; and Iy, have the same image, we have K,y = K,7, and hence
175" € K, for all p. Thus 7175 € GL,.(F) n ][, K, = I', and so I'y; = I'yo. The map is
therefore injective. For the surjectivity consider any collection of cosets Kk, ¢ K;. By
Lemma [[4.2] we may without loss of generality assume that k, € SL,(F}) n K. By strong
approximation in the group SL, there then exists an element v € SL,.(F") n [, Kyk,. This
element lies in GL,(F") nT], K; = I'’; hence the map is surjective. i

Next observe that for any v € [V the subset vdy + Loy c F" depends only on the coset
I'y. For any x € F'" we let C(z) denote the number of such cosets for which = € vdy + Ld~y.
Similarly, for any k € K the subset vok + L,0k c F, depends only on the coset K k. For
any x € Fy we let Cy(z) denote the number of such cosets for which x € vok + L,dk. For
any fixed x € F" the module (Ax + Av' + L')/Ld is finite, so for any prime p not dividing
its annihilator we have x € v/ + L} = vd + L,6 and K} = K, and hence C,(x) = 1.

Lemma 14.4 For any x € F" we have C(x) =[], Cy(x).
Proof. Since v e F” and L = F" n[], L,, for any v € I'" we have the equality vdy + Loy =
Fr o (vdy + 1, Lpoy) within (A%)". Since x € Fr, it follows that = € vdy + Loy if and only

if x € voy + L,oy for all p. But the latter condition depends only on the coset K,v, so the
product formula follows from Lemma [I4.3] m]

Now let g, denote the order of the residue field k(p) := A/p. In principle one can give
an explicit formula for C,(z) as a polynomial in ¢, with coefficients in Z. But we are only
interested in Cy(2) modulo (p), so we restrict ourselves to determining this residue class.
Let charx denote the characteristic function of a subset X c Fy.

Lemma 14.5 For any prime p consider the unique integers fiy1 > ... > fly, > 0 such that
Ly Lyd = @, Alpt»i. Then for any x € F we have
CharUI+L;(9:) if pp1 <1
Cp(w) = 4 chary () if 2< pup S ppr—1 + 1 mod (gy).
0 if bp1 2 Hp o1+ 2
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Proof. By Assumption [[41] (a) we have vd + L,é c v’ + Ly, so for any k € K| we also have
vék + Lyok c v’ + Lj. Thus Cy(x) = 0 if x ¢ v"+ L. So till the end of the proof we assume
that z € v'+ Ly. If in addition vd + Ly,0 = v’ + Ly, we have K, = K, and vok + Ly,0k =v' + L,
and hence Cy(z) = 1. Till the end of the proof we therefore assume that vé + L,6 # v' + L.
By Assumption [I4.1] (b) this implies that v € L, and hence Ly0 = vd + L,0 $v' + L) = Lj,.
For ease of notation we abbreviate the chosen exponents to p; = f4,;. Then py > 1, and
Assumption [[4.1] (¢) requires that pu, = 0.

Both Lyd c Lj are free Ap-modules of rank r within F}". To prove the desired statement
we can conjugate everything by an arbitrary element of GL,.(F'). By the elementary divisor
theorem we may thus without loss of generality assume that L] = A} and L,d = @j_; pHiA,.
Then K| = GL,(4,) and

Kp = hfl GLT(Ap)h,ﬁ GLT(Ap) = { (CLZ])Z] € GLT(AP) ‘ V1 2] Qjj € p'u'ji‘uiAp }

Next observe that p*1Lj c L,0 c Lj. Consider the factor module L = Ly Ly =
(A/pr1)" and its submodule L := Ly0/p* L] = @] priA,[p1A,. Then K surjects to
K’ := GL,(A/p*), and the image K < K’ of K, < K| is the stabiliser of L. In partic-
ular we have [K’: K] =[K}: K,]. To compute this number note that the image of I, in
GL,(k(p)) is the parabolic subgroup

P(k(p)) = { (a@i)i; € GL(k(p)) | Vi>j: pj > pi = a;; =0},

and a straightforward calculation shows that [GL, (k(p)) : P(k(p))] = 1 modulo (g,). From
this we deduce that
(14.6) [Kp: K] e [T (14 4,2).
27
Also, let z € L’ denote the image of z € v + Ly, = L. Then
[{k e K'|z e Lk}| {keK'|zk'e L}
C, = — = [K}: K,]- _ :
p(.f(}') |K| [ P P] |K,|

If z = 0, we deduce that Cy(x) = [K} : K,]. Otherwise Z lies in the subset S, := p¥ L'\ p+1 L’

for a unique exponent 0 < v < p;. Since S, is an orbit under K, the last fraction is equal
to the proportional size of L NS, versus S,; hence

|LnS,)|
Sl

(14.7) Co(z) = [K,: K]
To compute these cardinalities observe that
Lop"L' = D (A, np Ay [p Ay = D pmax{uj’V}Ap/p”jAp
j=1 Jj=1

and hence .
LoprD] = [T ™.

J=1

12



The same calculation with v + 1 in place of v shows that
T v+l T - —max{p;,v+1}
LoD = [T,
]11 s
Together this implies that

o1 (i —max{p;,v+1})

LnS,| = gontmmetmed

Since py > p = 0, we certainly have py — max{u,,v} > pg — max{p,,v + 1}, so the first
exponent is greater than the second. Therefore

(14.8) ILn3S,| ¢ quLl(urmax{uj,wl}) (~1+q,2).

A similar, but simpler, computation shows that

(14.9) 1S, € ¢ (-1 +¢,2).

Combining the formulas (I4.6) through (I4.9) we deduce that
Co(z) € ¢ (1+q,2)

for
c(v) = > max{0, ;- p; = 1} + Y (g1 — max{p;, v+ 1}) = (s —v - 1).

i>5 j=1
By (I4.6]), the same formula is true in the case Z = 0 if we set v := .

It remains to find out when this exponent is greater than 0. Combining the terms for
1 =1 with the rest of the formula and using the fact that u, = 0 yields

c(v) = Ymisymax{0, p; - p; — 1} + ¥y (max{0, p1; — 1} - max{0, p; - v - 1})
= Zr>i2j max{O, Mg — g — 1} + Z;:l maX{O’ min{lu“j - 1a V}}

Here all summands are > 0. Since pq > ... > p,, the first sum contains a positive term if
and only if puq — -1 — 1 2 1, and the second sum contains a positive term if and only if
min{p; —1,v} > 1. Thus

c(v)>0 if py 2 pprq+2o0r (g >22and v 1),

c(v)=0 if pg <pp1+1 and (g <1 or v=0).

Combining all the cases we conclude that

)=0 if x¢o' + L,

)=1 if zev' + L =vd+ Ly,

Cp(z) =0 mod (qp) ifxev'+ Ly #vd+ Lyd and (1 > ptr—y +2 or (p1y > 2 and x € pLy)),
)=1 mod (gp) if xev + L, #v0+ Ly and py < ptp—y + 1 and (py < 1or x ¢ pLy),

13



Since v’ + L), = vd + Lyd if and only if Lj = L,0 if and only if y; = 0, the desired formula
follows. O

Now recall from Definition [I2.1T] that the Hecke operator associated to the double coset
[0l 1 is defined by

(14.10) Ts: Mp(Dosr) — Mi(Corsr), fre—= 2 fle,
where ~ runs through a set of representatives of the quotient Iy, \I'yy 0Ty 1.

Theorem 14.11 Under Assumption [14.1] consider the integers p,,; from Lemma[I{.5 If
Hp1 2 [y r—1 +2 for some p, we have

TsEk v, = 0.

Otherwise let S be the finite set of primes p for which 2 < py1 < ppr-1 + 1. For any subset
IcS set Ly =Tl p- L'. Thenv'+ L' =v" + L' for some element v" € (v' + L") N Nypes P L,
and
T5Epper = Y. (-1 B iy
IcS
Proof. By the construction of I' and I we have Tsf = > Ek ik 67y, where ~ runs
through a set of representatives R of ['\I'”. Using the transformation rule from Proposition
133l (a) and the definition (I3.1]) of Eisenstein series we deduce that
(LBrwr) (W) = ) Brosprsn(w) = 3, ), (aw)™ = 37 Cx)- (aw)™
veR YER 0#xecvdy+Ldy 0#xeFT
Here C'(z) is determined by Lemmas [[4.4] and If pip1 > pip -1 +2 for some p, we have
C(z) =0 for all z € F". Otherwise, for any prime p in the indicated set S, we have v € L,
and hence v’ € L, by Assumption [4.1] (b). Thus p does not divide the annihilator N of
the coset v/ + L'/L'. By the Chinese remainder theorem there therefore exists an element
a € Mpesp with a = 1 modulo N, and then v” := av’ lies in (v' + L") N Nyes pL,. For any
subset I c S we then have
v+ Ly ifpé¢l Ly ifpé¢l
r i ’ _ r p ) _ o /
FOH{ pLl ifpe[,} v+(F nH{pL{J ifpel v+ L.

all p all p
Lemmas [14.4] and I4.5] then imply that

Cx) = JI chary,z; () - [1 charry pr; () modulo (q)

pgs peS

= J1 chary,r; () - I [CharL;(x) - CharpL;(:B)]
pes peS

= J1 chary,r; () - Z(—l)'l| 11 charr; (z) - I charyr; (2)
pés IcS peS~\I pel

= > -DI-T] chary .,y () - I charyr; ()
IcS pel pel

= Z(—1)|I| -Charv,,+L}(:L').
IcS

14



The desired formula now follows from the definition (I3]) of Eisenstein series. ]

Corollary 14.12 Consider any 6 € GL,(F') such that for every prime p c A we have:
(a) v6+ Lyd c o'+ L,
(b) v6+ Lyd = v + L) whenever v ¢ Ly, and
(¢) pLy & Lyd.

Then the Hecke operator Ty associated to the double coset I, 01y 1 satisfies
TsEgvir = Erpir.

Proof. In that case Assumption [4.] holds with s, < 1 for all p; hence we are in the
second case of Theorem [4.11] with S = @. o

Proposition 14.13 Consider any arithmetic subgroups I', T" < GL,.(F"), any element ¢ €
GL,(F), and any scalar a € F*. Then the Hecke operators Ty and T,-15 associated to the
double cosets T'OI'" and T'a 161" satisfy

Ty = aF-Ts.

Proof. As v runs through a set of representatives of T'\I'0I”, the element a~'7 runs
through a set of representatives of I'\I'a™10I". Since f|x(a='v) = flx(a™ - Id,)|xy = @ - flxy
by (L) and (L), the formula follows from the definition of Hecke operators I2.11] i

Remark 14.14 Using Proposition [14.13 one can express any Hecke operator in terms of
another Hecke operator that is associated to a matrix with coefficients in A. If one prefers,
one can also require that the inverse matrix has coefficients in A.

Remark 14.15 Combining Proposition 14.13] with Theorem [I4.11] or Corollary 14.12] one
obtains an explicit formula for T,-15E} .. as well. In the special case v’ + L' = v + L one
obtains many Hecke operators for which E,,; is an eigenform with eigenvalue 1 or a*.

Remark 14.16 In the case r = 2 Theorem [I4.11] was proved by Gekeler [Ge86, VIIL.1].
For instance, for L = L’ = A%, the Hecke operator in [Ge86] associated to a prime element

me Ais Ty for the matrix § = ((1) 7?_1) and satisfies TsEy, 1 = 7% - Ej, ..

15



15 Coefficient forms

As before we fix a finitely generated projective A-submodule L ¢ F” of rank r. We will
show that the coefficients of the exponential function ey, and of the associated Drinfeld
A-module are modular forms for the group I'y; these are the coefficient forms in the title.
We will also exhibit them as polynomials in Eisenstein series. The coefficients of ey, have
been studied in a special case, for instance in [Ge86, 11.2] and [Gell].

For every k > 0 we write ey 1.(w) = e, 4+, 50 that e, (2) = X2y er.p(w)2?" with eg f, = 1.
Then by [BR09, (9)] we have

k-1 .
(15.1) err = Egoap+) e Epiy g
j=1

By direct calculation [Bal4, Lemma 3.4.13] this is equivalent to the more suggestive fact
that z — Y5, Eyi1.r(w)z9 is the compositional inverse of er,,, in other words, that for all
w e ) and z € C we have

(15.2) ero(z= Y Bpan(@)e”) = =

i1

By induction on k the recursion formula (I5.1]) implies that ey is a universal polynomial
with coefficients in F,, in the Eisenstein series £;i_; 1, for all 1 <7 < k.

Proposition 15.3 For all k >0 we have:

(a) exLlgx 17 = €k 1y for all v € GL.(F).
(b) ex.r is a modular form of weight ¢* -1 for the group T'f.

(¢) The u-expansion of exr has constant term ey with L' as in (I3.8). In particular
ek 1S not a cusp form.

Proof. For any v € GL,(F') the exponential function associated to the lattice Ly(w) c Cq
satisfies

2.3 . _ 4
CLyw) = CitrwLw(2) = (W) teryw (i (7, w)z2).

Comparing coefficients of 24" in the respective power series expansions yields

€L gk (V(W)) = ](77 w)qkileL%qk (W),

proving (a). Part (b) follows from Theorem and the formula (I5.1]) by induction
on k. To prove (c), write w = (‘:}) as before. For any fixed w’ € Q71, if w; goes to infinity,
the defining formula (I3.4]) shows that er,, goes to ey coefficientwise. Thus e 1 goes to
er,1v, and since the latter is non-zero, it follows that e 7, is not a cusp form. O
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Next let (G, qor, ") be the Drinfeld A-module of rank r over " that was associated

to L in (Z.3). Following (7.2) and (2.1 and Corollary I3.7] for any a € A\ {0} and any
w € 2" we then have

(15.4) V(X)) = a- X H (1-Erper(w) - X).

modulo L

This is an F,-linear polynomial of degree [a'L: L] = ¢"4°#(®) in X. We expand it as

(15.5) PE(X) = Y gki(w) X

120

with holomorphic functions gii on Q7 which are non-zero for i = 0 and i = rdeg(a) but
zero whenever ¢ > rdeg(a). The formula (I5.4) implies that each g, is a homogeneous
symmetric polynomial of degree ¢* — 1 in the functions Ej 1. 7
For an alternative description recall that 1f« can be characterised as the unique F,-

linear polynomial such that ¥« (er,(2)) = e, (az). Plugging the expansions for ¢L« and
erw into this functional equation and using the fact that ey ; = 1, we deduce that for all
k >0 we have

k-1 )
(15.6) gik + Z gii -eZZLL = epr- a”.

i=0
By induction on k this recursion relation implies that g%, is a universal polynomial with
coefficients in A in the functions e, for all 1 < j <k, or again in the Eisenstein series
Ej_ypforall 1<i<k.

More generally, consider any non-zero ideal N ¢ A. Then some positive power of N is
a principal ideal, say N™ = (a) for a € A~ {0}, and we choose an element N* € C,, such
that (N*)" = a. This element is well-defined up to multiplication by a root of unity, and
for any principal ideal (@) the value (a)* is equal to a times a root of unity. We also set
deg(N) := dimg,(A/N), so that [N-1L: L] = g"d&(N) In analogy with the definition (Z.2))
of pLv we define

(15.7) ]I\//w = N*'eeLw(N—le)'

- times a root of unity; hence everything

Note that for any principal ideal we have g(La Vi = 9k

that follows about g ; applies equally to g,
For general N, by (2.1 and Corollary [I3.7 we have

(15.8) V(X)) = N X [ (1-Enemn(w)-X).
veN"1L\L
modulo L

As in (I5.5) we define holomorphic functions g% ; on Q" by expanding

(15.9) UR(X) = Y gra(w) - X7,

120
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which are non-zero for i = 0 and i = r deg(N) but zero whenever i > rdeg(N). The formula
(I58) implies that each g%, is a homogeneous symmetric polynomial of degree ¢* -1 in
the functions E .z ’

For an alternative description observe that by the definition of ¢4* and Proposition 2.3]
(a) we have

(15.10) Vi (erw(2)) = N*en1r(2).

Plugging the respective expansions into this functional equation and using the fact that
er1 =1, we deduce that for all £ >0 we have

k-1

(15.11) gNk+ZgNZ ek ip = N -epnr
=0

By induction on k this recursion relation implies that g% , is a polynomial with coefficients
in F,[N*] in the functions e; ; and e; y-1, for all 1 < j <k, or again in the Eisenstein series
Ej i and Ejiy vy forall 1<i<k.

Proposition 15.12 For any non-zero ideal N ¢ A and any k > 0 we have:

(a) g% g1y = g for all v € GL(F).

(b) gx . is a modular form of weight ¢* — 1 for the group T'L.

(¢) The u-ezpansion of gk, has constant term g& , with L' as in (I3.8). In particular
gx . 18 a cusp form whenever k> (r —1)deg(N), but not for k= (r - 1) deg(N).

Proof. By construction g]Lw is a homogeneous symmetric polynomial of degree ¢* — 1
in the functions F;,.r. Thus the transformation formula in Proposition (a) directly
implies (a). Part (b) follows from Theorem and the formula (I5.I1]) by induction
on k. To prove (c), write w = (Z‘j) as before. For any fixed w’ € Q! if w; goes to
infinity, the defining formula (I34]) shows that ey, and en-17, go to epry and en-1p:.,
respectively. The functional equation w]LV‘*’(e 10(2)) = N*-en-11,(2) and its counterpart for
L'w'" in place of Lw thus imply that %~ goes to L'w' Taking coefficients this shows that
the u-expansion of each gN . has constant term gN - Finally, that constant term is zero

for k> (r - 1)deg(N) and non-zero for k = (r — 1) deg(N). i

16 Discriminant forms

Definition 16.1 For any non-zero proper ideal N ¢ A we call A% := gﬁ,rdeg(m the dis-
criminant form associated to N. Likewise we set AL := gfrdeg(a).
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Since [N'L: L] is a power of ¢, we have (-1)[V""EL]-1 = 1 in F,; hence by (I5.8) and
(I5.9) the above definition means that
(16.2) Af(w) = N*- J] Erpr(w).

veN"LI\L
modulo L

Proposition 16.3  (a) AL (w) #0 for allwe Q.
(b) AL is a cusp form of weight q"4¢N) —1 for the group I',.
(¢) A =al=a" " AL for anyaeF.

Proof. (a) follows from ([I6.2]) and Corollary 3.7, and (b) is a special case of Proposition
15121 Assertion (c) results from applying Proposition I5.12 (a) to v = a - Id,. ]

Next recall that for any a € AN{0} the degree deg(a) is a multiple of the degree deg(oo)
of the residue field at co over F,. Therefore ¢"9°8(4) — 1 is a multiple of g7 dee(®) — 1.

Proposition 16.4 There exists a non-zero cusp form AL of weight ¢q"d¢(=) — 1 for the
group T'p, such that for every a € A~ {0} we have

rdeg(a)_q
AL = (ALYar 3=t . (some root of unity).

Moreover this AL is unique up to multiplication by some root of unity.

Proof. Since ¢” is a Drinfeld module, for all a,b € A~ {0} we have 9L (X) = L (L (X)).
Substituting the expansions from (I5.H) for ¢5 and L and ¢ and taking highest coeffi-
cients implies that AL = AL (AL)**” " As the ring A is commutative, interchanging a
and b yields the same value; hence

rdeg(b)

A (AT = AL-(Af)T

By Proposition [16.3 we may divide by AZAL, obtaining the equality
(16.5) (ALY 451 ARy s -1

To exploit this fact, recall that by the Riemann-Roch theorem, every sufficiently large
multiple of deg(oo) arises as deg(a) for some element a € AN {0}. In particular we can find
non-constant elements b, ¢ € A such that deg(b) = deg(c) + deg(oo). Then by Proposition
the quotient

(16.6) AL = AbL/(ACL)qT-deg(oo)

is a well-defined holomorphic function on 7. The fact that A} and A% are modular forms
of respective weights ¢"4¢8(®) — 1 and ¢rdes(e) — 1 for I';, implies that AL is a weak modular

form of weight
(qrdeg(b) _ 1) _ (qrdeg(c) _ 1) . qrdeg(oo) — qrdeg(oo) -1
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for I'y. Also, by direct calculation the formula (I6.0) in the case a = ¢ implies that
(AL)qr'deg(b)_l _ (Alg)qr'deg(m)_l‘
Combining this with the formula (I6.5]) for arbitrary a we deduce that
(AL)(qrdeg(oo)71)(qrdeg(b)71) _ (AL)(qr-deg(a)il)(qrdeg(b)il).

rdeg(a)_y
Thus AL/(ALF) e 3)-1 is a holomorphic function on Q" whose (g7 deg(=) —1) (g7 de2(®) —1)-th
power is identically 1. As the rigid analytic space 2" is connected, this function is therefore
constant and a root of unity. The last formula also shows that a positive power of Al is
holomorphic at every boundary component; hence the same holds for AX. Thus A’ has
all the desired properties. Finally, the uniqueness is clear from the stated condition. |

Proposition 16.7 For every non-zero proper ideal N ¢ A we have
ANT'L (A%)qr‘“g(“’)*l = (AL V1 (some constant).

Proof. The formulas (I5.7) and (I5.10) imply that ¢k = N*-h%, where hk is an
isogeny of Drinfeld modules (G, or, %) = (Gaqr, ¥ 'L). For any a € A we then have
YN Lo bk = hk oL, Taking highest coefficients implies that

rdeg(N)

Aflv_lL ) (A]Lv)q””deg(a) - AJL\T . (AaL)q . (some COl’lStaIlt).

Dividing by AL and substituting the formulas for AN"'L and AL from Proposition [6.4] we
obtain

g gty r deg(a) g des(V), a7 280
(AN Lygrdest=)n . (ALY L= (AD) q"4°8(>=)-1 . (some constant).
Varying a or extracting roots as in Proposition [16.4] yields the desired formula. O

Remark 16.8 If the class group CI(A) of A is trivial, the above relations show that AX
is the unique fundamental discriminant form for I'y.

In general, for any non-zero proper ideal M & A we have I'jy;-1y = I';. The discriminant
forms AM 'L and AM 'L and AN 'L are therefore cusp forms for the same group I';. Let
‘H denote the multiplicative group of nowhere vanishing holomorphic functions on Q" up
to constants that is generated by all of them. Then the formulas in Propositions [6.3] (c)
and [[6.4] and 6.7 imply that as N runs through a set of representatives of the ideal class
group Cl(A), the functions AN"'L generate a subgroup of finite index, say H'.

On the other hand each discriminant form corresponds to a section of a certain invert-
ible sheaf on the Satake compactification of I';\Q. As such, its divisor is a formal Z-linear
combination of the irreducible components of codimension 1 of the boundary. These irre-
ducible components are in bijection with CI(A), so the group D of divisors supported on
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the boundary is a free abelian group of rank Cl(A). Taking divisors maps the above group
‘H injectively into D.

One can expect that the image of H has finite index in D. In fact, precisely such a
statement is proved for an arbitrary congruence subgroup in the case r = 2 by Gekeler
[Ge86|, VII Thm. 5.11] and |Ge97, Thm. 4.1], and by Kapranov [Ka87, top of page 546] for
arbitrary r in the case A = F,[t].

Note that, since H’ is generated by |CI(A)| elements and has finite index in #, the
expectation is equivalent to saying that  is a free abelian group of rank | CI(A)|. This in
turn means that, up to taking roots, the formulas in Propositions (c) and [16.4] and
[16.7 generate all multiplicative relations up to constant factors between the discriminant
forms.

Example 16.9 Suppose that Spec A is a rational curve and oo is a point of degree 2
over F,. Let P c A be the prime ideal associated to a point of degree 1 over F,. Then
the ideal class group of A has order 2 and is generated by the class of P. Write P? = (a)
for an element a € A of degree 2. Then by Proposition [6.4] we have AL ~ AL where “~”
denotes equality up to a constant. Also, in the notation of the proof of Proposition [1[6.7 we
have a-hE Lo bl = L. Taking highest coefficients implies that AL L. (AL)d" ~ AL ~ AL,
Together with the same relation for P~1L in place of L and with the fact that Agsz =
A%'L ~ AL by Proposition [[6.3) (c), we conclude that

APTL (ALY ~ AL and
AL (AETLY ~ APTL

In this case we can therefore view AL and A?lL as the two fundamental discriminant
forms for I'p, and by Remark [I6.§] they should be multiplicatively independent.

Remark 16.10 In the case A = F,[t] one can take AL = Al in Proposition [6.4l In [Bal6]
this function is shown to satisfy a product formula which generalises the Jacobi product
formula in the rank 2 case of Gekeler [Ge85]. Another product formula, involving r — 1
separate parameters with constant coefficients, rather than u-expansions treated in the
present paper, was obtained by Hamahata [Ha02].

Remark 16.11 For any v € F'"\ L, the Eisenstein series Ej .z, is a non-zero modular form
of weight 1 for the group Iy, by Corollary I3.7] and Theorem Using Proposition
M6.4 it follows that for any integer & > 0, the product A E}  is a non-zero cusp form of
weight grdeg(=) —1 + k for I',, .. In this way we can explicitly produce non-zero cusp forms
for I',,; of any sufficiently large weight, giving more substance to the abstract result of
Proposition

To finish this section we construct Drinfeld modular forms of non-zero type by extract-
ing roots from discriminant forms. This rests on the observation that for every a € Fy,
applying Proposition [[3.3] (a) to 7 = « - Id, implies that

(16.12) Eravr = Bipaha-1d, & o B
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Plugging this into (I6.2), we can write each discriminant form as a (g — 1)-st power of
another holomorphic function on €.

Specifically, choose a set of representatives R% of N~'L \ L modulo addition by L and
multiplication by Fy. Choose an element Ay € C,, satistying )\‘fv_l = —-N*. Consider the
function

(16.13) (W) = Anv- [[ Eroer(w).

L
VERY

Proposition 16.14  (a) We have (6%)97t = Ak In particular, another choice of repre-
sentatives or of An changes 6% only by a factor in F.

rdeg(N)71

(b) The function 6% is a cusp form of weight % —— and type deg(NN) for the group I'.

Proof. Abbreviate k := [RL]| = qrdcqgf(llv)_l and note that ([Toees @)* = (-1)* = -1. Using
this, the definitions of 0¥ and AY and (16.12) imply that

(5]1\/[)11—1 - _N*.H Eil,_vi—L = N*H H Oé_lEl,U.;.L = N*H H El,av+L = A%(W),

L L X L X
veRY; vERY acFy veRY aely

proving (a). The proof of (b) rests on properties of the Moore determinant, assembled in
[Go96l, Chapter 1.3]: For any elements xy,...,x, of an F -algebra the Moore determinant
is defined as

T T
q q
Xz T
. 1 n
(1615) M(l’l,IQ,...,LE‘n) = . .
n—1 n—1
xd -t

Its most important property is [Go96, Cor. 1.3.7]

(16.16) M(xy,29,...,2,) = H (i%‘%’)a

(a17~~~7an) i=1

where the product extends over all tuples in F7? \ {(0,...,0)} whose first non-zero entry
is 1. Also, for any matrix B = ()i j=1,..», With coefficients in F, we have ﬁfj = Bi;; hence
the multiplicativity of the determinant implies that

(1617) M(Z ﬁilxi, cvey Zﬁml’l) = det(B) : M(LEl,ZL’Q, R ,In).
i=1 i=1
To apply this, choose elements vy, ...,v, € N"1L\ L whose residue classes form a basis

of the F,-vector space N~'L/L. Then the set R% of all elements of the form Y, a;v;, for
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tuples (au,...,a,) € F2 N {(0,...,0)} whose first non-zero entry is 1, is a set of represen-
tatives of N'L \ L modulo addition by L and multiplication by F. The formula (I6.16])
and the additivity of the exponential function then imply that

M(epy(01w),. . eru(vaw)) = ] (ZaieLw(viw)) = T ero(ww).
(a1 ..... an) i=1 UER%\I
Take an arbitrary element v € I',. Then the same calculation with the basis vi7y,..., v,y
yields
M(eLw(U17W)> s >6Lw(vn7w)) = H 6Lw('U7w)'
’I)ER%

For each j choose §;; € F, such that vy = Yi.; B;;v; modulo L. Then by the F,-linearity
of the exponential function we have e, (vjyw) = Y1, fBijers(viyw); hence with B :=

(Bij)ij=1,...n the formula (I6.17) implies that
M(eLw(vlfyw),...,eLw(vnfyw)) = det(B)-M(eLw(vlw),...,eLw(vnw)).

Combining these computations we deduce that

[] erw(vyw) = det(B)- [] erw(vw).

veRE veRL
Using Proposition (a) and Corollary [3.7 we find that
(Oxl)(@) = Av [T Broech)(w) = Ave [T Broper(w)

UERk ’UER%
= Ay -det(B)™*- H Erper(w) = det(B)™- 05 (w).

L
veR Y

To determine det(B) note that since L is a projective module of rank r over A, the module
N-1L/L is a free module of rank r over A/N. Without loss of generality we may therefore
assume that the F,-basis vy, ..., v, is formed by multiplying an A/N-basis of N-'L/L with
an F -basis of A/N. For a suitable order of this basis, the matrix A is then simply a block
diagonal matrix with m := dimg, (A/N) = deg(IN) copies of v on the diagonal. Therefore
det(B) = det(y)™. In view of (LH) the above calculation thus implies that

S lemy = det(y)™- 6&lwy = oK.

In other words 0% is a weak modular form of weight & and type m for the group I';. But by
Theorem and construction it is already a modular form for the congruence subgroup
I (N). It is therefore a modular form for I';. Finally, since A% is a cusp form, assertion
(a) implies that d% is a cusp form as well. This finishes the proof of (b). o

Remark 16.18 In the case A=TF,[t] and L = A", the cusp form §% was first constructed
by Gekeler in the 1980’s, and is called h(w) in the literature. The r = 2 case appears in
|[Ge88al] while the r > 2 case was unpublished until [Gel7]. In the meantime, it made an
appearance as a weak modular form in [Ge89] and was shown to be holomorphic at infinity
by Perkins [Peld]. In [BB17, Thm.5.3] it is shown to satisfy a product formula derived
from the product formula of AL.

23



17 The special case A =F[t]

Throughout this section we set A := F,[t] and L := A”. Then I'y = GL,(A), and I'(¢) :=
['1((t)) is the subgroup of matrices in GL,(A) which are congruent to the identity matrix
modulo (t). Recall from (6.11]) that the graded ring of modular forms of all weights for an
arithmetic group I is defined as

M.(T) = @M(D).

k>0

For I" = I'(¢) this ring can be described very explicitly, and for a subgroup containing I'(¢) a
description can be deduced by taking invariants. In the case r = 2 the ring was determined
by Cornelissen [Co96] for I'(t), by Goss [Go80a] for GL2(A), and by Gekeler [Ge88a] for
SLy(A).

Theorem 17.1 The ring M.(I'(t)) is generated over Cy, by the Eisenstein series Ey ,.p,
of weight 1 for all vet 'L~ L, and all polynomial equations between them are induced by
the relations

Eioper = a1 By pup forallvet 'L~ L and a € Fy, and

El,v+L . El,v’+L = El,v+v’+L . (El,v+L + El,v’+L) fOT all v, v et LN L with v+’ ¢ L.

Proof. Let K(t) < GL,(A) denote the subgroup of matrices that are congruent to the
identity matrix modulo (¢). By construction it is open compact and fine in the sense of

[Pi13l, Def.1.4]. Let M, ., be the associated fine moduli space of Drinfeld A-modules of

rank r with a full level (¢) structure. Then GL,(A") = GL,(F) - K(t), and so (B4) with
g =1 provides an isomorphism 7; : T'(¢)\Q" — M7, KY)(COO). The Satake compactification

M "k Was described explicitly in [PS14] and [Pil3], as follows.

Abbreviate V := t"1L/L, and let Ay denote the graded polynomial ring over F, in
independent variables Y; of degree 1 for all v € V' \ {0}. Let ay ¢ Ay be the homogeneous
ideal that is generated by the elements of the form

Yo —a 1Y, for all v € V'~ {0} and a € F, and
YiYe = Youw - (Yo +Yy)  for all o, o/ € V N {0} with o+ £ 0.

Let Ry := Ay /ay denote the graded factor ring. Then by [Pil3] Thm. 7.4] there is a natural
isomorphism

(17.2) M’y k2 Proj(Ry ®g, F),

which also identifies the invertible sheaf £ from Section [I0] with the ample sheaf O(1) on
Proj(Ry ®p, F). Combined with Theorem 0.9 we thus obtain an isomorphism of graded
Coo-algebras

(17.3) M. (T(t)) = Ry &, Co.
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By the proof of [Pil3] Thm. 7.4}, the isomorphism (I7.2)) also realises the universal gen-
eralised Drinfeld A-module over M, k(1) B8 the pair (F, @) consisting of the line bundle
whose sheaf of sections is the invertible sheaf dual to O(1) and the generalised Drinfeld
A-module with
F(X) = t-X- [ (1-Y;-X),
veV {0}

where Y; € Ry denotes the residue class of Y;. On the other hand from ([RB9) we have a
natural isomorphism

W;(Ev @) = (Ga,QT' ) ¢L)7
and by equation (I5.4) we have

PEX) =t X J] (- Erpr(w)- X).
vet 'I\L
modulo L

Furthermore, the respective level structures send a non-zero residue class v = v + L to the
element Y; ! in one case and to the function Ej ,,7(w)™" = er,(vw) in the other. Under the
isomorphism (I7.3)) the element Y, therefore corresponds precisely to the Eisenstein series
E, ,.1. By the construction of Ry these Eisenstein series therefore generate M., (I'(t)) and
satisfy precisely the stated algebraic relations. O

Corollary 17.4 The quotient field of M, (I'(t)) is a rational function field over Co, that
is generated by the algebraically independent elements K .1, as v; + L runs through any
[F,-basis of t"*L/L.

Proof. By [PS14] the ring Ry is an integral domain and its quotient field is a rational
function field over F, that is generated by the algebraically independent elements Y3, for
any basis vy, ...,0, of V. The corollary thus follows from the isomorphism (I7.3). O

Theorem 17.5 (a) The ring M, (GL (A)) is generated over C, by the coefficient forms
gfi of weight ¢* =1 for all 1 <@ <1, which are algebraically independent over Co,. The
same statement holds with the coefficient forms e; 1, or the Eisenstein series qu_l,L
in place of g

(b) The ring M. (SL,.(A)) is generated over Co by the coefficient forms gm of weight

¢ -1 for all 1 <i<r-1 and the determinant form 6F of wezght , which are
algebraically independent over C.,. The same statement holds wzth the coefficient
forms e; 1, or the Fisenstein series Eyi_y 1, in place of gtLZ

(c) Let T'1(t) denote the subgroup of matrices in GL.(A) which are congruent modulo
(t) to an upper triangular matriz with diagonal entries 1. The ring M, (I'1(t)) is
generated over C., by the modular forms

Z El,t‘l(0,...,0,1,04”1,...,ar)+L

Qi1 00€Fg

of weight 1 for all 1 <i<r, which are algebraically independent over C,
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Proof. For any subgroup I' < GL,(A) containing I'(t), the formula (6.7) shows that
M., (T') is the subring of I'-invariants in M, (I'(¢)) for the natural action by f ~ f|xy on
each My (I'(t)). By Proposition [I3.3] (a) the action is given on the generators of M, (I'(t))
by Eiuipl1y = E1py+n. This action factors through the factor group I'/T'(t), which is
GL,(F,) in the case (a), respectively SL,.(F,) in the case (b), respectively the subgroup
of upper triangular matrices with diagonal entries 1 in the case (c¢). Using a theorem of
Dickson, the respective ring of invariants was shown in [PS14] Theorem 3.1] to have the
set of generators that is first named in each case. The recursion relations (I5.6]) and (I5.1])
imply that by induction on ¢, each generator gf’ ; can be replaced by e; 1, or again by E,i_; .

Since we are taking invariants under a finite group, the ring M, (I'(¢)) is an integral
extension of M, (T'(t))''. The respective quotient fields therefore have the same transcen-
dence degree over C,,. For the former this transcendence degree is r by Corollary I7.4l In
each case the r given generators of the subring M, (I'(¢))" must therefore be algebraically
independent over C.,. O

Theorem 17.6 For any integer k we have

0<m<qg-1

In addition, for any integer 0 <m < q—1 we have
Min(GL(A)) = (55"~ M, 1 (GL, (4)).
In particular, every modular form for GL.(A) of type #0 modulo (¢ —1) is a cusp form.

Proof. The determinant induces an isomorphism GL,(F,)/SL,(F,) — F}; hence the
action f + flpy of GL,(F,) on My (SL,(A)) factors through an action of F}. As any
linear action of ) on an I -vector space is diagonalisable, it follows that M (SL,(A)) is a
direct sum of eigenspaces. By Definition and ([L3]) these eigenspaces are just the spaces
M.m(GL,.(A)), proving the first equality.

The descriptions from Theorem (a) and (b) imply that M, (SL,(A)) is a free mod-
ule with basis 1,65, ..., (6F)4°2 over the subring M, (GL,(A)). Since (6£)™ is a modular
form of weight m%, this results in the second assertion. The last one now follows from
the fact that 67 is a cusp form. ]

Remark 17.7 The last statement of Theorem was already established independently
in Corollary (b) using the u-expansion. Combined with Proposition [7.8 below and
the fact that 4% is a modular form of weight % and type 1 it directly implies the second
statement of Theorem by induction on m.

Proposition 17.8 The Satake compactification ]\_JT’A L, (A) has only one boundary compo-
nent of codimension 1, and the cusp form 6F has vanishing order 1 there.
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Proof. The first statement can be deduced from the fact from Proposition 6.3 (a) that
GL,(A%) = GL,(A) - P(F) with the parabolic subgroup P < GL, from (5.6)).

For the second statement note first that under the isomorphism ¢ of (4.3) the subgroups
L'(t)nU(F) < GL,.(A)nU(F) correspond to the subgroups (At) ! c A7=! of F~1 which
have index ¢"~! in each other. Now consider any element v € 'L ~ L. By the proof
of Proposition the subgroup I'y,, nU(F') corresponds to the subgroup (At)™1 if
v¢ L+ ({0} x F*-1). By Proposition we thus have

0 ifvelL+ ({0} xFr1),

Ol"dr(t)mU(F)(El,u+L) = OrdFU+LmU(F)(E1,v+L) = { 1 otherwise.

Taking the product over a set of representatives as in (I6.13]), where the second case occurs

r—1

q"—q

4 = ¢! times, we deduce that
q-1

ordr(yau(ey (67) = ¢
Since [GL,(A) nU(F) : I'(t) nU(F)] = ¢" 1, it follows that ordgr, (aynu(m)(6F) = 1, as

desired. O

Corollary 17.9 The cusp forms of all weights and type 0 for GL.(A) form the principal
ideal of M, (GL,(A)) that is generated by AL. In other words, for every integer k we have

Se(GL.(A)) = AF Mj_yra1 (GL.(A)).

Proof. The cusp form 6% is non-zero everywhere by Propositions [6.3] (a) and 16.14] (a).

Thus for every cusp form f € Sy o(T'), the quotient f/éF is again a weak modular form,

and by Proposition [7.8 it is holomorphic at infinity; hence f/0f € M, o1 (GL,(A)).
q-1"

By Theorem with m = ¢ — 2 this in turn implies that f € (6F)7 " My_gr110(GL,.(A)),
as desired. ]

Corollary 17.10 The space of cusp forms Si(GL.(A)) is zero for k < ¢" — 1 and one-
dimensional with basis AF for k =q"—1. In particular AL is an eigenform for the Hecke
operator associated to any double coset GL,.(A)d GL,(A) c GL,(F).

Proof. By Theorem (a) we have My(GL,(A)) =0 for k<0 and = C,, for k=1. By
Corollary this implies the first statement, which in turn implies the second. ]

Theorem 17.11 We have the following dimension formulas for all k>0 and m:

(@) dme. MT@) = ¥ q=re ()

11,eyir—1€{0,1} ZV 7

27



(b) Denote by Ps(k) the number of partitions of k with parts in S = {q-1,¢*>-1,...,¢"-1}.
Then

if (q-1) +k,
+O(k™?) if (g-1)lk.

0
dim(coo Mk(GLT(A)) = PS(]{:) = { 1 kr-1
2 2(q - 1) (T )

Ps(k-m<3) if k>mis
(C) dimCthm(GLr(A)):{ OS( mq71) Zf mq71;

otherwise.
(d) dimc, M(T1(t)) = (17]).

Proof. Assertion (a) follows from Theorem [I7.1] together with [PS14) Thm. 1.10]. The
first equality in (b) results from Theorem[I7.5(a). Clearly Ps(k) is the number of partitions

of - 1 with parts in {q T :11, .,Tll}, which by |[Na00, Thm. 15.2] has the asymptotic
behav1our given in (b). Assertion ZC) is a direct consequence of Theorem Finally,
by Theorem (c) the dimension in (d) is just the number of partitions of k into r

summands, which is well-known to be (fj) |

Remark 17.12 Taking invariants one may obtain similar dimension formulas for arbitrary
arithmetic subgroups I' containing I'(¢). In particular [Pil3l Thm. 8.4] gives an explicit
formula when I'(t) < I < I'1(¢). It seems an interesting problem to find a dimension formula
in general.

Remark 17.13 Combining Theorem [I7.1] and [PS14, Thm. 1.7] shows that M, (I'(t)) is
a Cohen-Macaulay normal integral domain. By taking invariants, the argument in [PS14]
§2] shows the same for M, (") whenever I'(t) < T' < I'y(¢). For I' = GL,(A) and SL,(A)
the same follows from the explicit description in Theorem One may ask: Is this only
a rare event for small level, or is it a general phenomenon?
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