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INVESTIGATION OF GENERALIZED HYBRID FIBONACCI
NUMBERS AND THEIR PROPERTIES

GAMALIEL CERDA-MORALES

AssTrRACT. In [19], M. Ozdemir defined a new non-commutative number sys-
tem called hybrid numbers. In this paper, we define the hybrid Fibonacci and
Lucas numbers. This number system can be accepted as a generalization of the
complex (i2 = —1), hyperbolic (h? = 1) and dual Fibonacci number (2 = 0)
systems. Furthermore, a hybrid Fibonacci number is a number created with
any combination of the complex, hyperbolic and dual numbers satisfying the
relation ih = —hi = € + i. Then we used the Binet’s formula to show some
properties of the hybrid Fibonacci numbers. We get some generalized identities
of the hybrid Fibonacci and hybrid Lucas numbers.
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1. INTRODUCTION

The most famous generalization of complex numbers is quaternions. In 1843,
William Rowan Hamilton described the set of quaternions

H={a+bi+cj+dk: i’=j =k*=ijk= -1}
and James Cockle defined coquaternions (split quaternions)
H={a+bi+cj+dk: i’=—-1, P =k*=ijk=1}

in 1849 (see [3]). Quaternions and coquaternions are used to define 3D Euclidean
and Lorentzian rotations, respectively. A set of split quaternions is non-commutative
and contains zero divisors, nilpotent elements, and nontrivial idempotents (see
[17, 20]). Previous studies have examined the geometric and physical applications
of split quaternions, which are required in solving split quaternionic equations [5].

In particular, Fibonacci and Lucas quaternions cover a wide range of interest
in modern mathematics as they appear in the comprehensive works of [I11 [12].
For example, the Fibonacci quaternion denoted by Qrn, is the n-th term of the
sequence where each term is the sum of the two previous terms beginning with the
initial values Qpo = i+j+2k and Qr1 = 1+i+2j+3k. The well-known Fibonacci
quaternion Qr,, is defined as

(1.1) Qrn=Fy+iF11 +jFoi2 + kFhys

and the Lucas quaternion is defined as Qr,, = Ly +iLp41 + jLy42 + kL, 43 for
n > 0, where F),, and L,, are n-th Fibonacci and Lucas number, respectively.
Ipek [14] studied the (p, ¢)-Fibonacci quaternions @ r ,, which is defined as

(12) Qf,n = pQ]:,n—l + QQ]:,n—Qa n > 2

with initial conditions Qr o = i+pj+ (p*+9)k, Qr1 = 1+pi+ (p*+q)j+ (p*+2pq)k
and p? 4+ 4q > 0. If p = ¢ = 1, we get the classical Fibonacci quaternion Qg [7].
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If p = 2¢q = 2, we get the Pell quaternion Qp,n, = Py, +1Pp11 + jPnt2 + kPoys (see
[4]), where P, is the n-th Pell number.

The well-known Binet’s formulas for (p, ¢)-Fibonacci quaternion and (p, ¢)-Lucas
quaternion, see [14], are given by
aa™ — éﬂn

a—p
where «, 3 are roots of the characteristic equation > —pt — ¢ =0, and o = 1 +
ai+ a?j+ o’k and § =1+ Bi+ %) + 8°k. We note that a4+ = p, a8 = —q and
a—fB=+/p?+4q.

The generalized of Fibonacci quaternion @, is defined recently by Halici and
Karatag in [9] as Qu,0 = a + bi + (pb+ qa)j + ((p* + Q)b + pga)k, Qu.1 = b+ (pb+
qa)i+((p*+q)b+pga)j+((p*+2pg)b+q(p*> +q)a)k and Qu,n = PQu,n—1+4Quw,n—2,
for n > 2 which we call the generalized Fibonacci or Horadam quaternions. So,
each term of the generalized Fibonacci sequence {Qu.n}n>0 is called generalized
Fibonacci quaternion.

The Binet formula for generalized Fibonacci quaternion Q. », see [9], is given

by
Aaa™ — BBp"
(1.4) Qun = Ta

where A = b— a3, B = b — aa, and «, 8 are roots of the characteristic equation
2 —pt—q=0,a=1+ai+a’j+c’kand § =1+ Bi+ 5%+ k. If a =0 and
b =1, we get the classical (p, ¢)-Fibonacci quaternion Qr ,,. If a = 2 and b = p, we
get the (p, ¢)-Lucas quaternion Q.

On the other hand, Olariu [I8] defined a different generalization of n-dimensional
complex numbers naming them twocomplex numbers, threecomplex numbers. Olariu
used the name twocomplex numbers for hyperbolic numbers. He studied the ge-
ometrical and the algebraic properties of these numbers. For example, the set of
threecomplex numbers was defined as

Cs={a+bh+ck: a,b,ccR, h> =k, k¥ =h, hk = 1}.

In 2004, Anthony Harkin and Joseph Harkin [10] generalized two dimensional com-
plex numbers as C, = {z = a+bi: a,b € R, iZ = p}. They gave some trigonometric
relations for this generalization. After, Catoni et al. [I] defined two dimensional
hypercomplex numbers as

Cop={z=2+yi: z,y €R, iZ=a+ip}

and extended the relationship between these numbers and Euclidean and semi-
Fuclidean geometry. Furthermore, this generalization is also expressible as a quo-
tient ring R[z]/(z? — fx — ).

In 2017, Zaripov [22] presented a theory of commutative two-dimensional con-
formal hyperbolic numbers as a generalization of the theory of hyperbolic numbers.
Recently, Ozdemir [19] defined a new generalization of complex, hyperbolic and
dual numbers different from above generalizations. In this generalization, the au-
thor gave a system of such numbers that consists of all three number systems
together. This set was called hybrid numbers, denoted by K, is defined as

i=-1,e2=0, h? =1,
ih=-hi=e+i '

(13) Q]:,n = and QL,n = Qan + éﬁna

(1.5) K:{zza—i—bi—i—cz—:—i—dh:a,b,c,deR,

Two hybrid numbers are equal if all their components are equal, one by one. The
sum of two hybrid numbers is defined by summing their components. Addition
operation in the hybrid numbers is both commutative and associative. Zero is the
null element. With respect to the addition operation, the inverse element of z is
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—z, which is defined as having all the components of z changed in their signs. This
implies that, (K, +) is an Abelian group.

The hybridian product is obtained by distributing the terms on the right as in
ordinary algebra, preserving that the multiplication order of the units and then
writing the values of followings replacing each product of units by the equalities
i=-1,e2=0, h®=1and ih = —hi = e + i. Using these equalities we can
find the product of any two hybrid units. For example, let’s find ie. For this, let’s
multiply ih = € +1i by i from the left. Thus, we get ie =1 — h. If we continue in a
similar way, we get the following multiplication table.

TABLE 1. The multiplication table for the basis of K.

x 1 i € h

1 1 i € h

i i -1 1-h e+i
e € 1+h 0 —e
h h —(e+i) ¢ 1

The table [l shows us that the multiplication operation in the hybrid numbers
is not commutative. But it has the property of associativity. The conjugate of a
hybrid number z = a+ bi+ ce + dh, denoted by z, is defined as z = a — bi — ce — dh
as in the quaternions. The conjugate of the sum of hybrid numbers is equal to
the sum of their conjugates. Also, according to the hybridian product, we have
zz = zz. The real number

Clz)=2z=7z=0a>+ (b—c)> — * - d*
is called the character of the hybrid number z = a 4 bi + ce 4+ dh. The real number
v/C(z) will be called the norm of the hybrid number z and will be denoted by ||z|x.
In this study, we define the hybrid Fibonacci and hybrid Lucas numbers. We
give the generating functions and Binet formulas for these numbers. Moreover, the

well-known properties e.g. Cassini and Catalan identities have been obtained for
these numbers.

2. GENERALIZED HYBRID FIBONACCI AND LUCAS NUMBERS

We define the n-th hybrid (p, ¢)-Fibonacci and hybrid (p, ¢)-Lucas numbers,
respectively, by the following recurrence relations

(21) HF, = Fn + Fas1i+ Frioe + Frish
and
(22) Hﬁn = ,Cn + £n+1i + £n+2€ + £n+3h,

where F,, and L£,, are the n-th (p, ¢)-Fibonacci number and (p, ¢)-Lucas number,
respectively. Here {i, e, h} satisfies the multiplication rule given in the Table [l

By some elementary calculations we find the following recurrence relations for
the generalized hybrid Fibonacci and Lucas numbers from (2.]) and @2.2):

pHF, + ¢HF,—1 = p(Fn + Fati1i + Fryoe + Frysh)
+ q(Fno1+ Ful+ Fpy1€ + Fpyoh)
= (pFn + qFn-1) + (0Fn+1 + qFn)i+ (pFnr2 + qFni1)e
+ (pFn+3 + qFni2)h
= Fnt1 + Fnyol + Frise + Fridh
=HF,+1

(2.3)
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and similarly HZ, 11 = pHL,, + ¢HL,, 1, for n > 1.
In this paper, following Halici and Karatag [9], we define the generalized hybrid
Fibonacci numbers as

(24) Hjn - ijnfl + qun727 n Z 25

where HJy = a + bi + (pb + ga)e + ((p? + q)b + pga)h and HJT; = b+ (pb + qa)i +
((p* + )b+ pga)e + ((p* + 2pq)b + q(p* + g)a)h.

So, each term of the generalized hybrid Fibonacci sequence {HJ, }n>0 is called
generalized hybrid Fibonacci number. Furthermore, if a = 0 and b = 1, we get
the hybrid (p, ¢)-Fibonacci number HF,. If a = 2 and b = p, we get the hybrid
(p, q)-Lucas number HL,,.

Generating functions for the generalized hybrid Fibonacci numbers are given in
the next theorem.

Theorem 2.1. The generating function for the generalized hybrid Fibonacci num-
ber is

{ a+bi+ (pb+ qa)e + ((p* + @)b+ pga)h
o0 +t((b — pa) + qai+ gbe + (pgb + ¢*a)h)
2. H Ttr =

(2.5) TZ_O T 1—pt—qt2

Proof. Assuming that the generating function of the hybrid number {H.7,} has the
form G(t) = Y2 HJt", we obtain that

(1—pt—qt>)G(t) = (HTo + HFt + ) — p(HIpt + HT1t* + -+ )
— qHIot? + HTt> + )
=HJ + t(HA — pHT),

since H7,, = pHJ,,—1+ ¢HJ,—2, n > 2 and the coefficients of " for n > 2 are equal
to zero. In equivalent form is

ZHjTtT _ H7 + t(HT — pHT)
r=0

1—pt—qt?
a+ bi+ (pb+ qa)e + ((p* + q)b + pga)h
+t((b — pa) + qai + gbe + (pgb + ¢*a)h
1—pt — qt?
So, the theorem is proved. (I

The next theorem gives the Binet formulas for the generalized hybrid Fibonacci
numbers.

Theorem 2.2. For any integer n > 0, the n-th generalized Fibonacci number is
Aaa™ — BBA"

a—p3 ’
where A = b—af, B=0—aa, and o, are roots of the characteristic equation
2 —pt—q=0, a=1+ai+a’c+ah and B = 1+ pBi+B%+B%h. Ifa=0 and
b =1, we get the hybrid (p,q)-Fibonacci number HF,. If a = 2 and b = p, we get
the hybrid (p, q)-Lucas number HL,,.

Proof. For the Eq. (Z0]), we have
Al Tnq1 + ¢HT, = (Tng1 + Tny2i + Tng3e + Tnyah)
+ (T + Tng1i+ Tnt2€ + Tnysh)
= (aTn+1+qTn) + (@Tnt2 + ¢Tn+1)i+ (@Tnt3 + qTnt2)e
+ (@Tn+a + qTn+3)h.
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From the identity aJ,+1 + ¢Jn = o™ (ab + ga), we obtain

(2.7) oHT+1 + qHT, = aa™(ab + qa).
Similarly, we have
(2.8) BHTn 41 + qHT, = BB™ (Bb + qa).

Subtracting Eq. (Z8) from Eq. (ZX) gives
(@ — B)HTps1 = Aaa™! — BBB™1,

where A = b— a3, B = b — aa and «, 8 are roots of the characteristic equation
t* —pt — q = 0. Furthermore, o = 1+ ai+oe +o’h and B = 1+ fi+ % + °h.
So, the theorem is proved. (I

There are three well-known identities for generalized Fibonacci numbers, namely,
Catalan’s, Cassini’s, and d’Ocagne’s identities. The proofs of these identities are
based on Binet formulas. We can obtain these types of identities for generalized
hybrid Fibonacci numbers using the Binet formula for H.7,. Then, we require a3
and Ba. These products are given in the next lemma. -

Lemma 2.3. We have

(2.9) aB =HLo — (¢° +pg—q+1) +qla - f)(HF - w),

and

(2.10) Ba =HLy — (¢° +pg — q+1) — gl — )(HFy - w),

where w = (1= p)i—qe + (p? +q+ b and o — B = \/p? + 4q.

Proof. From the definitions of a and 8, and using iZ=-1,e2=0, h?* =1 and

ih = —hi =& +1i in Table [ we have
aB = (1+ai+a’e+ah)(1+ Bi+ % + °h)
=2+ (a4 )i+ (® +5%)e+ (&’ + B )h — 1+ af(~1+ a+ 5+ a?5?)
—af(a® = )i —af(a® - 2 — a®B + af?)e + af(a — B)h
=24 pi+ (p° +29)e + (p° + 3pg)h — (¢* +pg —q+ 1)
+ g(a = B)(pi+ (p+q)e — h)
=HLo — (¢ +pg—q+1) +gla - B)(pi+ (p+ g)e — h)
=HLo — (¢° +pg— g+ 1) +g(a — B)(HF) — w),
where w = (1 — p)i— ge + (p?> + ¢+ 1)h and the final equation gives Eq. (Z9). The

other identity can be computed similarly. (I

This lemma gives us the following useful identity:
(2.11) afB + Ba=2(HLo — (¢° +pg — g+ 1)).
Catalan’s identities for generalized Fibonacci quaternions are given in the next

theorem.

Theorem 2.4. For any integers m > r > 0, we have
(2.12)

HJI2 — Hpm s HTp—r = —AB(—q)™F_, { (HLo — (¢* +pg — g+ 1) F, }

+q(HFy — w)L,

where A=b—aB, B=b—aa, w=(1-p)i—qe+ (p*>+q+1)h and F,, L, are
the r-th (p, q)-Fibonacci and (p, q)-Lucas numbers, respectively.
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Proof. From the Binet formula for generalized Fibonacci quaternions H7,, in ([2.6])
and (a — 3)% = p? + 4q, we have

(P* + 4q9) (HT;, — Wt r HT 1)
— (Aa™ — BBB™)? — (Aaa™ " — BBA™ ") (Aaa™ " — BBA™ )
= AB(=¢)" " (@B + Bap” — (—¢)" (aB + Ba) ).
We require Egs. (29) and (Z10). Using this equations, we obtain
HT, — U B

_ AB(—g)™" { (HLo — (¢° +pg — g+ 1)(a® + B —2(—q)") }
p? +4q +q(a — B)(HFo — w)(a® — %)

_AB(—g™" { (HLo — (¢° +pg —q+1))(Lar —2(=q)") }
p? +4q +q(p* + 4q)(HFo — w)For '

Using the identity (p? + 4¢)F2 = Lo, — 2(—q)" gives

m—r HLo — (¢* + —q+l ]:3
Hj,,% — Hjm-‘r’!‘Hjm—T = AB(—(]) { ( ’ +q((qH-F0piZ w)(?FQT )) ’

where L,., F, are the r-th (p, ¢)-Lucas and (p, ¢)-Fibonacci numbers, respectively.
With the help of the identities o, = F.L, and F_, = —(—q) " F,, we have Eq.
(2I2). The proof is completed. O

Taking r = 1 in the Theorem 24 and using the identity F_; = %, we obtain
Cassini’s identities for generalized Fibonacci quaternions.

Corollary 2.5. For any integer m, we have

5 an m—t1 | (HLo—(¢* +pg—q+1))
(213) HJI; — Hmp1HT -1 = AB(—q) { +pg(HFy — w) ’

where A=b—af, B=b—aa andw = (1 — p)i—qe + (p*> + ¢+ 1)h.

The following theorem gives d’Ocagne’s identities for generalized hybrid Fi-
bonacci numbers.

Theorem 2.6. For any integers r and m, we have

(2.14)

_(_m (HLo — (¢* +pg — q+ 1)) Frm
erHjm—i-l - er-l—lHjm - (_q) AB{ +q(H-FO o w)ﬁrfm

Fr, Ly are the r-th (p, q)-Fibonacci and (p, q)-Lucas numbers, respectively.
Proof. Using the Binet formula for the generalized hybrid Fibonacci numbers gives
(»* + 49) (BT HTmt1 — HTp1HT )
= (Aaa” — BBB") (Aaa™*! — BAA™ )
- (Aga™ - BBS") (Aaa™ - BBS™)
= (—q)"AB(a - §) (@Ba’"™ — Bas"").

We require the Eqs. (29)) and (ZI0). Substituting these into the previous equation,
we have
erHjerl - erJrlHjm
_(=9™ g { (HLo — (¢* +pg — g+ 1))(a" ™™ — f7=™) }
a—p +q(o = B)(HFo — w)(a"™™ + 77™)
= (=)™ AB ((HLo — (¢° +pg — ¢+ 1)) Frm + ¢(HFo — @)Ly ) -
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The second identity in the above equality, can be proved using £, _,,, = "™ +4""™
r—m 7ﬁ7‘—m,

and Fp_,y, = O‘T This proof is completed. O

In particular, if m = r — 1 in this theorem and using the identity £; = p, we
obtain Cassini’s identities for generalized hybrid Fibonacci numbers. Now, taking
m = r in the Theorem and using the identities Fy = 0 and Ly = 2, we obtain
the next identity.

Corollary 2.7. For any integer v > 0, we have
(2.15) HTr 10T, — HT T 41 = 2(—¢q)" T AB(HF, — w),
where A=b—af3, B=b—aa and w = (1 —p)i—qe + (p*> + ¢+ 1)h.

After deriving these three famous identities, we present some other identities for
the hybrid (p, ¢)-Fibonacci and hybrid (p, ¢)-Lucas numbers.

Theorem 2.8. For any integers n, r and s, we have
(2.16) HL, 4 HF s —HLpy JHF s = 2(—q)" " Fon(HLy — (¢° + pg — g+ 1)).

Proof. The Binet formulas for the hybrid (p, ¢)-Lucas and hybrid (p, ¢)-Fibonacci
numbers give

(a — B)HL 4+ HF iy s — HL 4 sHF 1)
= (aa™" + BT (@™t — BAmH)
— (o™t + BA"H) (aa™tT — BT
= (aB)"(a*B" — a" ) (aB + Ba).
Using Egs. (29) and (2.10), we have
HL i HF s — HLpy SHFppr = 2(—q)" " For (HLo — (¢° + pg — ¢ + 1))
The proof is completed. Il

After deriving these famous identities, we present some other identities for the
generalized hybrid Fibonacci numbers. In particular, when using the Binet formulas
to obtain identities for the hybrid (p, ¢)-Fibonacci and hybrid (p, ¢)-Lucas numbers,
we require o and QQ. These products are given in the next lemma.

Lemma 2.9. We have

(2.17) a? = (HLy + Tp.q) T (@ — B)(HFo + spq)
and
(2.18) B% = (HLy 4 1rpq) — (a — B)(HFo + $p.q),

where Tpgq = -1+ g(fg +2F3 — .72) + q(fs +2F5 — fl), Sp,q = %(J_'.G +2F3 — .72)
and F,, is the n-th (p, q)-Fibonacci number.

Proof. From the definition of a and using i* = —1,e2 =0,h*> =1,ih = —hi = e +i
in Table[ and o™ = F,,a + qF,,_1 for n > 1, we have
a’ = (1+ai+a’e +a®h)(1 + ai + a’e + a’h)
=2(1 4+ ai+a’e +a’h) + (a® +22° —a® — 1)
=24 20i + (2pa + 2¢)e + ((2p* + 2¢)a + 2pg)h) + (® + 20 — a? — 1)
=2+ pi+ (p* + 29)e + (p° + 3pg)h + (= B) (i +pe + (p* + q)h)
+ ((Fsa + qFs) + 2(Fsa+ qF2) — (Faa+ qF1) — 1)
= (HLo + rp,q) + (a = B)(HFo + sp,q),



8 G. CERDA-MORALES

where 1, g = —142(F +2F3 — Fo) +q(F5+2F2— F1) and sy, 4 = 5(Fs+2F3— F2)
and the final equation gives Eq. (ZIT). The other can be computed similarly. O

We present some interesting identities for hybrid (p, ¢)-Fibonacci, hybrid (p, ¢)-
Lucas numbers and generalized hybrid Fibonacci numbers.

Theorem 2.10. For any integer n > 0, we have

244q-1
(2.19) HE? HF? = { P9 (HL + rpg) Lon + (HFo + 5p.g) Fon }

2 _\n
+2 DT (HL) — (¢ + pg — g +1)).

Proof. Using the Binet formulas for the hybrid (p, ¢)-Fibonacci and hybrid (p, ¢)-
Lucas numbers, we obtain

(0" +4q)(HL}, — HF) = (0” + 4q) (aa” + B8")" — (aa” — B5")"
= (p* +4q —1)(@’® + g*B")
+(p* + 49+ 1)(aB)" (@B + Bav).
Substituting Eqs. [2.9) and ([2.10) into the last equation, we have
(p° + 4q)(HL), — HF}) = (p° + 49 — 1)(@®a® + §257")
+2(p° +4g + 1)(af)" (HLo — (¢ +pg — g+ 1)).

Then, using Eqs. (ZI7) and (ZI8]), we obtain
Q20" 4 B2 = (0 + ) (HLo + 7p.g)

(2.20)

(2.21)
+ (o = B)(HFo + sp,q) (™" = 521).
Substituting Eq. (Z2I) into Eq. (220) gives Eq. 219). O
Theorem 2.11. For any integers m > n > 0, we have
(2.22) HF, HT, — HTmHF, = 2(—q)" T T —n (HFy — w),
where w = (1 —p)i—qe + (p*> +q+ 1)h and J,, = %BBW is the n-th generalized

Fibonacci number.

Proof. The Binet formulas for the hybrid (p, ¢)-Fibonacci and generalized hybrid
Fibonacci numbers give

(p® + 4q)(HF,HT,,, — HT,HF,) = (aa™ — BB") (Aaa™ — BBA™)
~ (Aaa™ - BAA™) (aa” — B3")
= (Aa™p" — Ba"B™)(aB - Ba).
Using Egs. (Z9) and (ZI0), we have

2 n
HFHy, — HT, HF, = %(Aam” — BB ™) (a — B)(HF — w)
= _2(_Q)n+1u7m—n(H]:O - UJ),
where w = (1 — p)i — ge + (p®> + ¢ + 1)h and J,, is the n-th generalized Fibonacci
number defined by 7, = %. So, the theorem is proved. O
Taking m = n in the TheoremP.ITland using Jy = a, we obtain the next identity.

Corollary 2.12. For any integer n > 0, we have
(2.23) HF, HT, — HT,HF, = 2a(—q)" " (HF, — w),
where A=b—aB, B=b—aa and w = (1 —p)i—qe + (p> +q+ 1)h.
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3. CONCLUSIONS

There are differences between the hybrid generalized Fibonacci numbers and the
coefficient generalized Fibonacci quaternions. For example, the usual coefficient
generalized Fibonacci quaternionic units are iZ = j> = k® = ijk® = —1 whereas the
hybrid generalized Fibonacci quaternionic units are i’ = —1,62 =0,h? =1 and
ih=—-hi=¢e+1i.

In this work, we have examined a new type of numbers, which are non-commutative.
We named this number set as generalized hybrid Fibonacci numbers because it is
a linear combination of well-known complex, hyperbolic and dual Fibonacci num-
bers. We have given the relation ih = —hi = € + i between the units {i, e, h} of
these three number systems, and we have seen the algebraic consistency of this re-
lation. Thus, we have obtained some properties of the generalized hybrid Fibonacci
numbers.
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