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REFLEXIVITY OF MODULES

ADRIAN GORDILLO-MERINO, JOSE NAVARRO AND PEDRO SANCHO

ABSTRACT. Let R be an associative ring with unit. We consider R—modules
as functors in the following way: if M is a (left) R-module, let M be the
functor of R—modules defined by M(S) := S ®r M for every R—algebra
S. With the corresponding notion of dual functor, we prove that the natural
morphism of functors M — M** is an isomorphism.

1. INTRODUCTION

Every undergraduate student knows the following, elementary Linear Algebra
fact: if k is a field, V is a k-vector space and V* = Homy(V, k) is its dual vector
space, then the natural morphism

V= V* v~ 9, where 9(w) := w(v), Vw € V*,

is not an isomorphism in general—only if V is finite-dimensional.

In addition, if R is a commutative ring and M* = Hompg (M, R) denotes the dual
of an R-module M , the natural morphism M — M** may not be an isomorphism,
even if M is finitely generated—just take R = Z and M = Z /2Z, so that
M* =Homg(Z /2Z,Z) = 0, and hence M** = 0.

However, it should be noticed that, if we consider modules as functors on the cat-
egory of commutative R-algebras, and the linear dual is the corresponding functor
of homomorphisms, then these module functors are reflexive ([I], []). The aim of
this paper is to extend this result to modules defined over non-commutative rings.

To be more precise, let R be an associative ring with unit, M an R-module,
and N a right R-module. Consider the following covariant functors defined on the
category of R-algebras:

The functor of rings R, defined, for any R-algebra S, as

R(S):=S,

and the functors of R-modules M and AN*, defined by
M(S):=S®r M,
N*(S) := Homg(N ®r S, 5),
for any R-algebra S.
Having adopted this point of view, this is our main result (Th. B3):

Theorem. Let M be an R-module. The natural morphism of R-modules

M — M™
is an isomorphism.
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When R is a commutative ring, this theorem has been proved for finitely gener-
ated modules using the language of sheaves in the big Zariski topology, in [5], and
it is implicit in [4} I1,§1,2.5]. The reflexivity of these quasi-coherent R-modules
M has been used for a variety of applications in theory of linear representations
of affine group schemes ([1],[2],[3]). Likewise, we think that this new reflexivity
theorem will be useful in the theory of comodules over non-commutative rings.

Let us briefly sketch how we get to prove it.

The first two sections include preliminary definitions, as well as certain techni-
calities that will be required later on. In particular, we observe that any R—module
M can be described as a kernel of a morphism (of groups) between algebras:

R(M) —2"% _, R(M & Rz)
p(m) — pim-z)—p(m)- x
where R(M) stands for the R—algebra generated by M (see B.4]).
Using this idea, SecﬁionIZIis devoted to proving that every R—module F naturally
extends to a functor F from the category of right R—modules to the category of

abelian groups.
As examples, for any R—module M , the extension of M is

M(Q) =Ker[Q®r M ®z R ™5 Q®r M @7 R ®z R)
gOIMRr —> gAIMATRL—gIMROILIRTr
and, for any right R—module N, the extension of N* is
N*(Q) = Homg(N, Q),

which is the the functor of (co)points of the R—module N.
Under some assumptions, we are able to prove the existence of the following
isomorphism (Theorem [L.8):

Homg (F,F') = Homxp (F,F).

Finally, in SectionBlwe use the isomorphism just mentioned and Yoneda’s lemma
to prove that
Homg (N, M) = M(N) .
and, as a corollary, that M = M**,

An effort has been made to make this paper as self-contained as possible.

2. PRELIMINARIES

Let R be an associative ring with unit, and let R be the covariant functor from
the category of R-algebras, R-Alg, to the category of rings, defined by R(S) := S,
for any R-algebra S.

Definition 2.1. A functor of R-modules is a covariant functor M: R-Alg — Ab
together with a morphism of functors of sets R x Ml — M that endows M(S) with
an S-module structure, for any R-algebra S.

A morphism of R-modules f: M — M’ is a morphism of functors such that the
morphisms fs: M(S) — M/(S) are morphisms of S-modules.
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If S is an R-algebra, the restriction of an R-module M to the category of
S-algebras will be written
M|S(SI) = M(Sl),

for any commutative S-algebra S’

Definition 2.2. The functor of homomorphisms Homg (M, M) is the covariant
functor R-Alg— Ab defined by

Homg (M, M')(S) := Homs (Mg, M{g),
where HOms(M|s,MTS) stands for the sedl of all morphisms of S-modules from

M\S to MTS,.
In particular, the dual of an R-module M is the functor

M* := Homg (M, R).

In the following, it will also be convenient to consider another notion of dual
module:

Definition 2.3. If M is an R-module, the extended dual MY is the following
functor R-Alg— Ab
MY (S) := Homg (M, S) .

Definition 2.4. The quasicoherent R-module associated to an R-module M is the
following covariant functor

M: R-Alg — Ab, M(S) :=S®r M.
Quasi-coherent modules are determined by its global sections. In particular, we
will make use of the following statement, whose proof is immediate:
Proposition 2.5. Restriction to global sections f v+ fr defines a bijection:
Homg (M, M) = Hompg(M,M(R)),
for any quasicoherent R-module M and any R-module M.
As a consequence, both notions of dual module introduced above coincide on

quasi-coherent modules; that is, M* = MY,
In fact, if S is an R-algebra, then

MY(S) = Homg (M, S) = Homg(M, S)
and, as Mg is the quasi-coherent S-module associated to S ®gr M,

M*(S) = Homg(M,s,S) = Homg(S ®r M, S) = Homp(M,S) = MY(S) .

Finally, any definition or statement in the category of R-modules has a corre-
sponding definition or statement in the category of right R-modules, that we will
use without more explicit mention.

1n this paper, we will only consider well-defined functors Homg (M, M), that is to say, functors
such that Homgs (Mg, M’ g) is a set, for any R-algebra S.
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As examples, if M is an R-module, then M* = Homg (M, R) is a right R-
module. If N is a right R-module, then the dual module defined by

N* := Homg(N,R)

is an R-module, etc.

3. MODULES AS KERNELS OF MORPHISMS BETWEEN ALGEBRAS

Hypothesis 3.1. Let N be a right R-module and let M be an R-module. The
sequence of morphisms of groups
) P1
N@pM 5 N@rM®z,R—___N®gpMcez Rz R
D2
where i(n@m):=n@m®1L, pp(n@MEr):=n@merel and p(n@MEr) =
n®mE1Kr, is exact.

The following three Propositions provide situations where this hypothesis is sat-
isfied.

Proposition 3.2. Let N be a right R-module and let M be an R-module. If M
(or N ) is an R-bimodule or a flat module, then Hypothesis[31l is satisfied.

Proof. Suppose that M is a bimodule. It is clear that Imi C Ker(p; — p2). Let
$: NOrM®zR— N@gpM, s(n@m®r)=n®@mr and s': N9r M ®; R®z R —
N@rM®®zR, s(n@mer®r’)=n@mr®r’. Observe that soi =1d, so that i
is injective. Also, s’ opy =1Id and s’ op; =io0s. Thus, if x € Ker(p; — p2), then
p1(z) — p2(x) = 0; hence, 0 = §'(p1(x)) — §'(p2(x)) = i(s(z)) —z and x € Imi.
In particular, taking the bimodule M = R, the following sequence of morphisms

of groups is exact:
, P
i — s
N > N®z R — N ®z R®yz R .
Thus, if M is flat, tensoring by M it also follows that Hypothesis [3.1]is satisfied.
O

Proposition 3.3. Hypothesis [31] is satisfied if there exists a central subalgebra
R' C R such that Q — Q ®r' R is injective, for any R'-module Q.

Proof. Let us write M’ := M ®p/ R, which is a bimodule as follows: 71 - (m ®
r)-re = r1m @ rrg. The morphism of R-modules i: M — M’, i(m) := m® 1
is universally injective: Given an R-module P, put Q := P ®g M. Then, the
morphism PQr M =Q — Q ®r R =P ®g M’ is injective.

Put Q := M'/M and M” := Q ®r R. Let p; be the composite morphism
M —- M /M=@Q — Q®r R=M". The sequence of morphisms of R-modules

0— M5 M B p"
is universally exact. Consider the following commutative diagram

00— > Nog M —"%"  _ NogM N Qg M"

v b \

d®1 d Id Id
0—>N&p Moz R N op M @, R N o M 94 R

by , by , v

0>N@rM®; R0 R>NorM @, Roz R N®r M" ®; Rz R

Id®p



REFLEXIVITY OF MODULES 5

(where i/ =1d®i®Id® Id and p’ = Id®p ® Id ® Id) whose rows are exact, as well
as both the second and third columns, by Proposition[3.2] Hence, the first column
is exact too.

O

Notation 3.4. If M is an R-module, observe that M ®z R is an R-bimodule and
we can consider the tensorial R-algebra

R(M):=Tr(M ®z R) = (T;M) @z R.

Remark 3.5. If N is a right R-module, then:
R(N):=Tr(R®z N).

Lemma 3.6. The following functorial map is bijective:
Homp_q1y(R(M),S) = Hompg(M,S) , f—f",
where f'(m) = f(m®1) for any m € M .
Proof. Homp_a1(TH(M ®z R), S) = Homgg,r(M ®z R, S) = Homg(M, S). 0O

Any R-linear morphism ¢: M — M’ uniquely extends to a morphism of R-
algebras ¢: R(M) — R(M'), m® 1 — ¢(m) ® 1.

If we use the notation M-"-M - R :== M Rz, S Rz M ®®z R, my---my -1 +—
m - @m, r, then

R(M) =@ ,M-"-M - R,

and the product in this algebra can be written as follows:

!/

(ml-.-mn.’r‘).(mlln-.mn,-T’I>:ml-.-mn.(’lﬁm{l)-mé.-.mnl 7"'
Notation 3.7. Let us use the following notation
M@Rzr=Ma&R , (myr-z)— (m,r).
Lemma 3.8. Let M be an R-module and N a right R-module. Then,
g1 p1
Ker[N®@p R(M) _ N®p R(M & Rz)] = Ker[N @ M @z R__ N ®r M ®z R®yz R,
g2 P2

where for any given p(m) = > m;, ---m;
q1 and q2 are defined as follows:

7,5, € R(IM) and n € N the maps

s

G(n@p(m)) :=n@p(ma) :=n @Y myw---m;w-ri, i,
and

ga(n@p(m)) i=n@p(m)e =n& Y mi ---m Ty i T
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Proof. 1t is easy to prove that the kernel of the morphism
N ®r R(M) — N Qg R(M)[z], n® p(m) — n® (p(m)x — p(mz))

isincluded in N@ p M ®zR. Observe that the morphism of R-algebras R(M ®Rz) —
R(M)[z], m — m and x — z, is an epimorphism.
Then,
Ker(g1 —q2) SN ®r M ®z R
and Ker(q1 — ¢2) = Ker(p1 — p2). O

As a consequence of this Lemma, it readily follows:

Proposition 3.9. Hypothesis [31] is satisfied if and only if the following sequence
of morphisms of groups is exact:

q1

N®r M — N®gr R(M) N ®r R{(M & Rzx)

—_—
q2

—

nmr——=ng®@m, nQ p(m) nep

(mx), n ® p(m)x.

4. EXTENSION OF A FUNCTOR ON THE CATEGORY OF ALGEBRAS TO A FUNCTOR
ON THE CATEGORY OF MODULES

Let F be a functor defined on the category of R-algebras. Our aim in this Section
is to define its extension to a functor F defined on the category of R-modules.
Using this procedure, the reflexivity theorem will be recovered as a particular case
of Yoneda’s lemma.

Notation 4.1. Let M be an R—module. Consider the morphism of R—algebras
hg : R(IM & Rz) — R{(M @ Rz)
defined by hy(m) =m -z, for any m € M, and hy(x) = x.

Definition 4.2. The extension of a functor F of right 'R —modules is the functor
F, from the category of R—modules to the category of abelian groups, defined by

F(M) = Ker[F(R(M)) — F(R(M & Rx)), | = F(ha)(f) — [ - ],

for any R-module M and any f € F(R(M)).

If w: M — M’ is a morphism of R-modules, it induces morphisms of R-algebras

w: RIM)Y = R(M") , w(m) = w(m)
and w: R(M @® Rx) — R(M' & Ru), w(m) = w(m), w(x) = z. Observe that
w o hy = h, ow. Hence, we have the morphism
F(w): F(M) = F(M'),  F(w)(f) = F@)(f)

for any f € F(M) C F(R(M)).
Note 4.3. In a similar vein, we can define the extension of a functor F of R-

modules, which is a functor T from the category of right R-modules to the category
of abelian groups.

Proposition 4.4. Hypothesis[31] is satisfied if and only if
N(M)=N®rM .
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Proof. Tt is an immediate consequence of Lemma 3.8 O

Remark 4.5. Observe that
N(M)=Ker[N @ M @7 R"™5 N ®r M ®z R ®z R] = M(N) .

Proposition 4.6. Let F be a functor of R-modules. Then,
FV(M) = Homg (F, M).
Proof. By Propositions 3.9 and 3.2], the sequence of morphisms
0 M R(M) R(M & Rx)

m——=m, p(m)___ p(mx), p(m)x

remains exact when tensoring by R-algebras. Hence, FV(M) = Homg (F, M).
(]

Let S be an R-algebra and s € S. The morphism of R-modules -s: S — S,
s’ — &' - s induces the morphism of R-algebras -5: R(S) — R(S), s’ — s - s, which
in turn induces the morphism of groups

F(-s): F(S) = F(S), f—=TF(3)(f).

Proposition 4.7. Let S be an R-algebra and s € S. Then, for any f € F(S) C
F(R(S)) B
F(s)(f) = f-s.
Therefore, F(S) has a natural structure of right S-module

Proof. Given f € F(S), we know that F(h,)(f) = f - = in F(R(S @ Rx)). Consider
the morphism of R-algebras R(S @ Rx) =" R(S), s’ + s’ and = — s. We have the
commutative diagrams

R(S @ Ra) =% R(S) F(R(S® Rz)) =Y

lhm \L}; l]F(hz) l]F(E)
F(z=s)

R(S @ Rz) =% R(S) F(R(S & Rz)) ——2 F(R(S))

F(z=s)

and the composite morphism F(R(S)) — F(R(S & Rz)) = F(R(S)) is the
) =

identity, for any s € S. Hence, F(z = s)(f) = f and
F(-s)(f) =F(3)(f) = F(3)(F(z = 1)(f)) = F(z = 5)(F(hs)(f)) = F(z = 5)(f - @)
—Fa=s)(f)-s=]"s

Let S be an R-algebra and let mg: R(S) — S be the morphism of R-algebras
s +— s, for any s € S. Consider the following composition of morphisms of S-
modules

F(S) CF(R(S)) "% F(S).
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Theorem 4.8. Let F be a right R-module such that the natural morphism
F(ms)ims): F(S) — F(S)
is an isomorphism, for any R-algebra S .
If ¥/ is another right R-module, there exists a natural isomorphism
Homg (F,F') == Homg (F,F),
where Homg (F,F’) stands for the set of morphisms of functors of groups from F
to F’.

Proof. First of all, any morphism of right R-modules ¢: F — F’ can be extended
to a morphism of functors of groups

6:F—=TF, bulf)=oran(f),

for any R-module M and any f € F(M) C F(R(M)).
On the other hand, given ¢ € Homg (F,F’), let ¢ € Homg (F,F’) be defined by

s = (F'(7s) 0 ils) 0 ps o (F(ms) 0 is) ™",
for any R-algebra S (ig: F(S) C F(R(S)) and i'y: F'(S) C F/(R(S)) are the inclu-
sion morphisms).
1. ¢ = ¢: The diagram

is commutative. Hence, ZS = (F'(rs)0ilg) o pgo(F(mg)oig) ™t = ¢psoF(ms)oigo
(F(rs) 0is) ™' = ¢s.

2. ¢ = ¢: The diagram
F(N) ——=TF(R(N)) F(R(R(N))) —F(R(N))

\LLPN l‘/’RW) l@mm

F/(N) — F(R(N)) — F(R(R(N))) — F'(R(N))

is commutative. Hence, (ng)N =N [F(N) = PN O

Example 4.9. Any extended dual FV satisfies the hypothesis of Theorem[{.8: the
composition FV(S) C FV(R(S)) — FV(S) is the identity morphism, as follows from
Proposition [[-6 and the fact that the composition S — R(S) "5 S is the identity
morphism.

5. REFLEXIVITY THEOREM

Let M be an R—module. The functor MV is precisely the functor of (co)points
of M in the category of R—modules: if @ is another R—module, in virtue of
Proposition

MV(Q) = Homg (M, Q) = Hompg (M, Q) .



REFLEXIVITY OF MODULES 9

Theorem 5.1. Let M be an R-module and N be a right R-module. Then,
Homg (M*,N) = N(M).

Proof. The dual M* = MV satisfies the hypothesis of Theorem (see Example
[£9), so that

Homg (M*, V') = Homg (M, N') = Homg (MY, N) .

As MY is a functor of points, the statement now follows applying Yoneda’s
lemma:

HOmR(W,N) - N(M) .
O

As a consequence of this Theorem and Proposition [£.4] we obtain the following
formula:

Corollary 5.2. Let M be an R-module and N be a right R-module. The following
equality of abelian groups holds

Homg (M*,N) =N @r M
if and only if Hypothesis[31 is satisfied.

Theorem 5.3. Let M be an R-module. The natural morphism of R-modules
M — M™
is an isomorphism.

Proof. On the one hand, M**(S) = Homs(M*g,S) = Homs(M 5", S).

On the other, any R-algebra S is a bimodule, so that Hypothesis[B.1]is satisfied
(Proposition B.2) and we can apply Corollary As Mg is the quasicoherent
module associated to S ®pr M , it follows:

Homs(/\/lw*,S) =S®Rs SQr M = S®RM=M(S) .
[l

Finally, let us show how the techniques we have developed also allow to prove a
reflexivity theorem for the extended dual of quasicoherent modules:

Theorem 5.4. Let M be an R-module. The natural morphism of R-modules
M — MYV
s an isomorphism.
Proof. Tt is a consequence of MY = M* and Corollary 5.2
MYV (S) = Homg (MY, S) = Homg (M*,S) = S@r M = M(S) .
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