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ASSOCIATED FORM MORPHISM

MAKSYM FEDORCHUK AND ALEXANDER ISAEV

ABSTRACT. We study the geometry of the morphism that sends a smooth hyper-
surface of degree d 4+ 1 in P"~! to its associated hypersurface of degree n(d — 1)
in the dual space (P”fl)v.
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1. INTRODUCTION

One of the first applications of Geometric Invariant Theory is a construction of
the moduli space of smooth degree m hypersurfaces in a fixed projective space P?~!
[15]. This moduli space is an affine GIT quotient

U = (PH*(P""1,0(m)) \ A) J/ PGL(n),

where A is the discriminant divisor parameterizing singular hypersurfaces. The GIT
construction produces a natural compactification

U C Vi = (PHY(P"1,0(m)))™ ) PGL(n),

given by a categorical quotient of the locus of GIT semistable hypersurfaces. We
call V,, , the GIT compactification of U, .

The subject of this paper is a certain rational map Vi, n --+ Vin—2),, where
n > 2, m > 3 and where we exclude the (trivial) case (n,m) = (2,3). While this
map has a purely algebraic construction, which we shall recall soon, it has several
surprising geometric properties that we establish in this paper. In particular, this
rational map restricts to a locally closed immersion A: Unm,n = Vi(m—2)n, and often
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contracts the discriminant divisor in V,, ,. Consequently, the closure of the image of
Ain Vi(m—2)n 18 & compactification of the GIT moduli space Uy, ,, that is different
from the GIT compactification V;, .

To define A, we consider the associated form morphism defined on the space of
smooth homogeneous forms f € Clzy,...,z,] of fixed degree m > 3. Given such an
f, its associated form A(f) is a degree n(m — 2) homogeneous form in the graded
dual polynomial ring Cl[z,...,2,]. In our recent paper [10], we proved that the
associated form A(f) is always polystable in the sense of GIT. Consequently, we
obtain a morphism A from U, ,, to Vi(m—2),n sending the image of f in Uy, ;, to the
image of A(f) in Vj,(—2)n-

Our first result is that the morphism A is an isomorphism onto its image, a locally
closed subvariety in the target.

Theorem 1.1. The morphism
A: Um,n — Vn(m—2),n
18 a locally closed tmmersion.

In the process of establishing Theorem 1.1, we generalize results of [2] to the
case of an arbitrary number of variables, and, in particular, prove that the auxiliary
gradient morphism sending a semistable form to the span of its partial derivatives
gives rise to a closed immersion on the level of quotients (see Theorem 2.1).

Our second main result is Theorem 2.2, which describes the rational map
A: Vi ==+ Vim—2),n in codimension one. Namely, we study how A extends to
the generic point of the discriminant divisor in the GIT compactification (see Corol-
lary 5.8), and prove that for n = 2,3 and m > 4, as well as for n > 4, m > 0, the
morphism A contracts the discriminant divisor to a lower-dimensional subvariety in
the target (see Corollary 5.9). In the process, we prove that the image of A contains
the orbit of the Fermat hypersurface in its closure and as a result obtain a new proof
of the generic smoothness of associated forms (see Corollary 5.10).

1.1. Notation and conventions. Let S := SymV ~ Clzy,...,z,] be a symmetric
algebra of an n-dimensional vector space V, with its standard grading. Let D :=
SymVV ~ Clzy,..., z,] be the graded dual of S, with the structure of the S-module
given by the polar pairing S x D — D, which is defined by

(1.1) g(x1, ..., xp) 0 F(21,...,2n) :=9(0/021,...,0/021)F (21, ..., 2n).

A homogeneous polynomial f € 5, is called a direct sum if, after a linear change
of variables, it can be written as the sum of two non-zero polynomials in disjoint
sets of variables:

f = fl(:Ela cee 733a) + f2(33a+1,- .. ,xn)-

We will use the recognition criteria for direct sums established in [8], and so we keep
the pertinent terminology of that paper. We will say that f € S,, is a k-partial
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Fermat form for some k < n, if, after a linear change of variables, it can be written
as follows:

f:an++$7kn+g(xk+l7v$n)

Clearly, any n-partial Fermat form is linearly equivalent to the standard Fermat
form. Furthermore, all k-partial Fermat forms are direct sums. We denote by 96,,
the locus of direct sums in S5,,.

2. ASSOCIATED FORM OF A BALANCED COMPLETE INTERSECTION

Fix d > 2. In what follows the trivial case (n,d) = (2,2) will be excluded. A
length n regular sequence gi,...,g, of elements of S; will be called a balanced
complete intersection of type (d)". It defines a graded Gorenstein Artin C-algebra

A(gla"' 7gn) = S/(gla"'7gn)7

whose socle lies in degree n(d — 1). In [2] an element A(gi,...,9n) € Dpig—1),
called the associated form of g1,...,gn, was introduced. The form A(g,...,gn) is
a homogeneous Macaulay inverse system, or a dual socle generator, of the algebra
A(g1,---,9n). Tt follows that [A(g1,...,9n)] € PDy(4—1) depends only on the linear
span (g1, ..., 9gn), which we regard as a point in Grass(n, Sy).

Recall that gi,...,g, is a regular sequence in Sy if and only if (g1,...,g,) does
not in lie in the resultant divisor Res C Grass(n, Sy). Setting Grass(n, Sq)Res :=
Grass(n, Sg) \ Res, we obtain a morphism

A Grass(n, Sq)Res = PDp(g—1)-

Given f € Sy1, the partial derivatives 0f /0x1,...,df/0x, form a regular sequence
if and only if f is non-degenerate. For a non-degenerate f € Syi1, in [1, 3] the
associated form of f was defined to be

A(f) = A(af/axb s 78f/axn) € Dn(d—l)'
Summarizing, we obtain a commutative diagram

A

P(Sat1)a P(Dp(a-1))

vl A

Grass(n, Sq)Res,

where P(Sg441)a denotes the complement to the discriminant divisor in P(S441) and
V is the morphism sending a form into the linear span of its first partial derivatives.
The above diagram is equivariant with respect to the standard SL(n)-actions on S
and D. By [2], the morphism A is a locally closed immersion, and it was proved
in [10] that A sends polystable orbits to polystable orbits. Passing to the GIT
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quotients, we thus obtain a commutative diagram

A

P(Sat1)a// SL(n) P(Dya-1))*// SL(n)

o TR,

Grass(n, Sq)res// SL(n),

where V := V// SL(n) is a finite injective morphism (see [9]) and A := A/ SL(n) is
a locally closed immersion. The main focus of this paper is the geometry of diagram
(2.1).

Noting that by [9] the map V extends to a morphism from P(S41)* to
Grass(n, Sg)*® and thus induces a map V of the corresponding GIT quotients, we
will now state our two main results as follows:

Theorem 2.1. The morphism V: P(Sg41)%¢ )/ SL(n) — Grass(n, S4)%// SL(n) is a
closed immersion.

Theorem 2.2. The rational map
A: P(Sat1)™// SL(n) --» P(Dpa-1))** /) SL(n)

extends to the generic point of the discriminant divisor A/ SL(n) in the GIT com-
pactification and contracts the discriminant divisor to a lower-dimensional variety
for all sufficiently large d as described in Corollaries 5.8 and 5.9.

3. PRELIMINARIES ON DUALITIES

In this section we collect results on Macaulay inverse systems of graded Gorenstein
Artin C-algebras. We also recall the duality between the Hilbert points of such
algebras and the gradient points of their inverse systems.

Recall that we regard S = C[zy,...,x,] as a ring of polynomial differential oper-
ators on the graded dual ring D := C|zy,..., 2,] via polar pairing (1.1). For every
positive m, the restricted pairing

Sy X D, — C
is perfect and so defines an isomorphism
(3.1) Dy, ~ S

where, as usual, V'V stands for the dual of a vector space V.
Given W C D, we define

Wt ={feS|fog=0, forallge W} cCS.
Similarly given U C S, we define
Ut :={geD|fog=0, foral feU}CD.
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Claim 3.1. Isomorphism (3.1) sends an element w € Sy, to the element

w(xlllxizn) i i
D, = | Z R s B € Dy,.
11+ Fip=m
Conversely, an element g € D, is mapped by isomorphism (3.1) to the projection
Sm = Sm/(gj_)m ~C,
where the isomorphism with C is chosen so that 1 € C pairs to 1 with g.

Proof. One observes that fo®, = w(f) for every f € S,,, and the first part of the

claim follows. The second part is immediate from definitions. O
Corollary 3.2. Given w € S}, for every (a1,...,a,) € C" we have

(3.2) Dy(ar, ... an) = w((alxl 4+ anznn)m/m!).

Proof.

. e m
(a1z1 + m'+ AnTp,) 0D,

_ (ala/azl + m'—f— ana/azn) @w — Qw(CLl? . 7an)7

where the last equality is easily checked, say on monomials. O

w((arz1 + -+ + apzy)™/ml) =

Remark 3.3. Tt follows from Corollary 3.2 that all forms in a subset W C D,,, vanish
at a given point (ag,...,a,) € C"if and only if (ayz1 + - + apz,)™ € W,

Notice that the maps
[(Dw) C D] = [(D5)m C Sm) = [ker(w) C Siy)
define isomorphisms

Grass(1, Dy, ) ~ Grass (dimc Sy, — 1, Sp) -

More generally, for any 1 < m < (m:fl_ 1) — 1 the correspondence

(W C D) = [(WH)m C S
yields an isomorphism
(3.3) Grass(k, Dy,) ~ Grass (dim¢ Sy, — k, Spn) -

Let I C S be a Gorenstein ideal and v the socle degree of the algebra A = S/I.
Recall that a (homogeneous) Macaulay inverse system of A is an element fu € D,
such that

fa=1
(see [11, Lemma 2.12] or [6, Exercise 21.7]). As (f), = I,, we see that all Macaulay
inverse systems are mutually proportional and (f4) = ((L,)L)V. Clearly, the line
(fa) € Grass(1,D,) maps to the v*" Hilbert point H, € Grass(dimc S, — 1, S,) of
A under isomorphism (3.3) with k£ = 1.



6 MAKSYM FEDORCHUK AND ALEXANDER ISAEV

Remark 3.4. Papers [3, 4], for any w € S with ker w = I,,, introduced the associated
form of A as the element of D, given by the right-hand side of formula (3.2) with
m = v (up to the factor v!). By Corollary 3.2, under isomorphism (3.3) with
k = 1 the span of every associated form in D, also maps to the v*" Hilbert point
H, € Grass(dim¢ S, — 1,5,) of A. In particular, for the algebra A any associated
form is simply one of its Macaulay inverse systems, and equation (3.2) with m = v
and kerw = I, is an explicit formula for a Macaulay inverse system of A (see [12]
for more details).

3.1. Gradient points. Given a polynomial F' € D,,, we define the p" gradient
point of F to be the linear span of all p*" partial derivatives of F in Dyp—p. We
denote the p** gradient point by V?(F). Note that

VP(F) ={goF|ge S5}

is simply the (m —p)** graded piece of the principal S-module SF. The 15 gradient
point VF := (0F/0z1,...,0F/0z,) will be called simply the gradient point of F'.

Proposition 3.5 (Duality between gradient and Hilbert points). The p* gradient
point of a Macaulay inverse system fa € D, maps to the (v — p)™* Hilbert point
H,_, of A under isomorphism (3.3).

Proof. Let G be the p* gradient point of f4, that is

o o . .
= — 7 ++Zn: .
azgl-..az:yf““’ 1 p

We need to verify that I,_, = (G+),_,. We have

op

Zil N az;}/n

(GL)V—p:{fGSV—p‘foa fAZOforaHil+”’+in:p}

{f €S, p| fxill o-xim o fu =0 for all degree p monomials}

fesS, | a:’f coginf e fj for all degree p monomials}

{f €S, p| a:lf .xinf € T, for all degree p monomials}
I

v—p>

where the last equality comes from the fact that I is Gorenstein. g

As a corollary of the above duality result, we recall in Proposition 3.6 below a gen-
eralization of [1, Lemma 4.4]. Although this statement is well-known (it appears, for
example, in [5, Proposition 4.1, p. 174]), we provide a short proof for completeness.
We first recall that a non-zero homogeneous form f in n variables has multiplicity
¢+ 1 at a point p € P*~! if and only if all partial derivatives of f of order ¢ (hence
of all orders < /) vanish at p, and some partial derivative of f of order ¢ + 1 does
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not vanish at p. We define the Veronese cone C,, to be the variety of all degree m
powers of linear forms in S,,:

Cm:={L™|L €S} CSn.

Proposition 3.6. Let I C S be a Gorenstein ideal and v the socle degree of the
algebra A = S/I. Then a Macaulay inverse system fa of A has a point of multi-
plicity £+ 1 if and only if there exists a non-zero L € Sy such that LY=* € I,,_y, and
L=V & I,_, 1. In particular, fa has no points of multiplicity ¢ + 1 or higher if
and only if

I,_/NCl_p= (0)

Proof. By Proposition 3.5, the ¢! gradient point of f4 is dual to the (v —¢)*" Hilbert
point of A

Hy_¢:5,_¢— A,y

We conclude by Remark 3.3 that all partial derivatives of f4 of order ¢ vanish at
(a1,...,ay,) if and only if

(alarl +---+ ana:n)”_g cekerH, y=1,_y.
It follows that L = ayz1 + - - - + anx, satisfies LV ¢ € I,_,and LY "1 & I,_,_ if
and only if f4 has multiplicity exactly ¢+ 1 at the point (a1, ...,ay). O
4. THE GRADIENT MORPHISM V

In this section, we prove Theorem 2.1. Recall that we have the commutative
diagram

IP’(SdH)SS YV . Grass (n, Sd)ss
- ;
P(S4+1)**// SL(n) v, Grass(n, S4)* /) SL(n).
Let D67 := P(®S441)** be the locus of semistable direct sums in P(Sg11)*. By
8, Section 3], the set DS, ; is precisely the closed locus in P(Sg41)** where V has
positive fiber dimension.

Suppose f € Sg11 is a semistable form. Then, after a linear change of variables,
we have a maximally fine direct sum decomposition

k
(4.1) f=>fix),
=1

where V; = <xl> are such that V = @levi, and where each f; is not a direct sum in
SymV;. Set n; := dimc V;. We define the canonical torus O(f) C SL(n) associated
to f as the connected component of the identity of the subgroup

{g € SL(n) | V; is an eigenspace of g, for every i = 1,...,k} C SL(n).
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Clearly, O(f) ~ (C*)*~1, and since
V() = V(D) @ & V([fil), where V([fi]) € Grass(n;, Sym? V;),

we also have O(f) C Stab(V([f])), where Stab denotes the stabilizer under the
SL(n)-action.

From the definition of ©(f), it is clear that ©(f) - [f] € V"Y(V([f])), and in fact
[8, Corollary 3.12] gives a set-theoretic equality V=*(V([f])) = ©(f) - [f]. We will
now obtain a stronger result:

Lemma 4.1. One has V-YV([f])) = O(f) - [f] scheme-theoretically, or, equiva-
lently,

ker(dVs)) = Tiz(©(f) - [£]),
where Ty denotes the tangent space at [f].

Proof. Under the standard identification of T[yP(S411) with Sgy1/(f), the sub-
space T(;(O(f) - [f]) is identified with (f1,..., fx)/(f). It now suffices to show
that every g € Syy1 that satisfies V[g] C V[f] must lie in (f1,..., fx), where
Vig] := (9g/0x1,...,09/0z,) C Syq. This is precisely the statement of [8, Corollary
3.12). O

We note an immediate consequence:
Corollary 4.2. If f € 837, is not a direct sum, then V is unramified at [f].

Further, since V is equivariant with respect to the SL(n)-action, we have the
inclusion Stab([f]) € Stab(V([f])). As the following result shows, the difference
between Stab([f]) and Stab(V([f])) is controlled by the torus ©(f).

Corollary 4.3. The subgroup Stab(V([f])) is generated by O(f) and Stab([f]).

Proof. Suppose o € Stab(V([f])). Then V(o - [f]) = V([f]) implies by Lemma 4.1
that o - [f] = 7 - [f] for some 7 € O(f). Consequently, 7= o ¢ € Stab([f]) as
desired. O

Next, we obtain the following generalization of [2, Proposition 6.3, whose proof
we follow almost verbatim.

Proposition 4.4. The morphism V is a closed immersion along the open locus
U :=P(S441)*° \ DG of all elements that are not direct sums.

Proof. Since for every [f] € U we have that V is unramified at [f] and V=Y(V([f])) =
[f], it suffices to show that V is a finite morphism when restricted to . Since, by
[9], the induced morphism on the GIT quotients is finite, by [13, p. 89, Lemme]
it suffices to verify that V is quasi-finite and that V sends closed orbits to closed
orbits. The former has already been established, and the latter is proved below in
Proposition 4.5. ]

SS

Proposition 4.5. Suppose f € Sji is polystable and not a direct sum. Then the
image V([f]) € Grass(n, Sq)** is polystable.
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The above result is a generalization of [9, Theorem 1.1}, whose method of proof
we follow; we also keep the notation of loc.cit., especially as it relates to monomial
orderings. We begin with a preliminary observation.

Lemma 4.6. Suppose f € Sqy1 is such that there exists a non-trivial one-parameter
subgroup N of SL(n) acting diagonally on x1,...,x, with weights \1,...,\, and
satisfying
wy(iny (Of /0x;)) = dN;.
Then f is a direct sum.
Proof. We can assume that
)\1 < S)\a<)\a+1 ::)\n
for some 1 < a < n. Then the fact that
wy(iny(Of /0x;)) = dN; = dAy,

forall i =a+1,...,n, implies
Of |0xqs1,...,0f 0xyn € Clxgyt, ..., Tn].
Consequently, f = g1(x1,...,24) + 92(Tas1,- -, Tpn) is a direct sum. O

Proof of Proposition 4.5. Since f is polystable, by [9, Theorem 1.1] it follows that
V([f]) is semistable. Suppose V([f]) is not polystable. Then there exists a one-
parameter subgroup A acting on the coordinates 1, ..., z, with the weights A1,..., A\,
such that the limit of V([f]) under X exists and does not lie in the orbit of V([f]).
In particular, the limit of [f] under A does not exist.
Then by [9, Lemma 3.5], there is an upper triangular unipotent coordinate change
T1 T+ C1222 + -+ Cipy,

T2 T2+ -+ ConTn,

Ty > Tn
such that for the transformed form
h(x1,. .., xn) = f(x1 + 122+ -+ CinTp, T2 + -+ ConTny o ooy Tp)

the initial monomials
iny(0h/0x1),...,inx(0Oh/0x,)
are distinct. Now, setting
Wi := wy(iny(Oh/0x;)),
by [9, Lemma 3.2] we have
1+ -+ i = 0.
It follows that with the respect to the one-parameter subgroup X acting on x; with

the weight d\; — u;, all monomials of h have non-negative weights (cf. [9, the proof
of Lemma 3.6]). Write h = hg + h1, where all monomials of hy have zero \'-weights
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and all monomials of h; have positive N-weights. Then hg € SL(n) - h = SL(n) - h,
by the polystability assumption on f. Furthermore, hg is stabilized by .

If \ is a trivial one-parameter subgroup, then p; = d\; for all i = 1,...,n, and
by Lemma 4.6 the form h is a direct sum, which is a contradiction.

Suppose now that )\ is a non-trivial one-parameter subgroup. Clearly, we have

w,\(inA((‘)ho/(‘)xi) Z w,\(in,\(c‘?h/axi),
since the state of hg is a subset of the state of h. If one of the inequalities above is

strict, then V([ho]) is destabilized by A, contradicting the semistability of V([hg])
established in [9, Theorem 1.1]. Thus

wy (inx(Oho/0z;)) = wy(iny(Oh/0x;)) = ;.

Moreover, since hg is N-invariant, we have that dhg/0z; is homogeneous of degree
—wy (x;) = pi —d\; with respect to X. Let p be the one-parameter subgroup acting
on ry,...,xr, with the weights p1, ..., . It follows that

wy,(in, (Oho/0x;)) = dwy(iny(Oho/0x;) + wy (iny (Oho /0x;) = dp; — s + dX;.

Then the one-parameter subgroup A + p acting on x1, ..., x, with the weights A\; +
1y An + Wy satisfies

Wit (inx4,(Oho/0x4)) = wy(iny(Oho/Ox;)) + wy,(in,(Oho /0x;)) =
dpi — pri 4 dX; + pg = d(p; + Ng).

Applying Lemma 4.6, we conclude that either hg is a direct sum, or
Ai+p;=0 foralli=1,...,n.

In the latter case, it follows that A is proportional to X' = d\ — p. Since the limit of
h under )\ exists and is equal to hg, the limit under X\ of h must exist and be equal
to hg as well. Observing that the inverse of an upper-triangular matrix with 1’s on
the diagonal has the same form, we see that the limit of

flx1,...,2n) = h(xy + oz + -+ + pTn, T2+ + CopTny oo ., Tp)
under A also exists. This contradiction concludes the proof. O

Corollary 4.7. The morphism V: P(Sq11)%% — Grass(n, Sq)*® preserves polystabil-
1ty.

Proof. Suppose f = f1 +---+ fi is the maximally fine direct sum decomposition of
a polystable form f, where f; € Sym?*! V;, and where V = @®F_,V;. Then each f;
is polystable and not a direct sum in Sym®!V;. Hence V([fi]) is polystable with
respect to the SL(V;)-action.

Since ©(f) C Stab(V([f])) is a reductive subgroup, to prove that V([f]) is
polystable, it suffices to verify that V([f]) is polystable with respect to the cen-
tralizer Cgr,,)(©(f)) of Stab(©(f)) in SL(n), see [14, Corollaire 1 and Remarque
1]. We have

Csr(n)(O(f)) = (GL(V1) x - -+ x GL(Vy)) N SL(n).
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Arguing as on [9, p. 456], we see that every one-parameter subgroup A of Cgr,(,)(O(f))
can be renormalized to a one-parameter subgroup of SL(V;) x - -+ x SL(V};) without
changing its action on V([f]). Since V([f;]) is polystable with respect to SL(V;), it
follows that

V() =V{AaD® - & V([ fu])
is polystable with respect to the action of A thus proving the claim. ]

Proof of Theorem 2.1. Suppose that f is polystable, consider its maximally fine di-
rect sum decomposition and the canonical torus O(f) in Stab(V([f])) as constructed
above. In what follows, we will write X to denote P(S4+1)% and Y to denote
Grass(n, S4)%. Set p := mo([f]) € X/ SL(n).

We will prove that V is unramified at p. Let Ny be the normal space to the
SL(n)-orbit of [f] in X at the point [f], and Ny[s)) the normal space to the SL(n)-
orbit of V([f]) in Y at the point V([f]). We have a natural map

t: Nipp = Ny

induced by the differential of V. The map ¢ is injective by Lemma 4.1.

Since both [f] and V([f]) have closed orbits in X and Y, respectively (see Corol-
lary 4.7), to verify that V is unramified at p, it suffices, by Luna’s étale slice theorem,
to prove that the morphism

(4.2) s(f): Nigp// Stab([f]) = Ny ((s))// Stab(V([f])

is unramified.

As V is not necessarily stabilizer-preserving at [f] (i.e., Stab([f]) may not be
equal to Stab(V([f]))), we cannot directly appeal to the injectivity of ¢. Instead,
consider the ©(f)-orbit, say F, of [f] in X. Let Ny x be the O(f)-invariant normal
bundle of F in X. Since by Lemma 4.1 we have V~1(V([f])) = F, there is a natural
O(f)-equivariant map J : N, r/x — Ny We now make a key observation that
for the induced map .J : Np/x//O(f) = Ny(y)) one has

JWNpx /10(f)) = (Nip) -

Since V is finite by [9, Proposition 2.1], the morphism s(f) from Equation (4.2)
is quasi-finite. Applying Lemma 4.8 (proved below), with Spec A = N[y, Spec B =
Ny, T = O©(f), H = Stab([f]), G = Stab(V([f])), as well as Corollary 4.3, we
obtain that s(f) is in fact a closed immersion, and so is unramified. Note that
here the group G is reductive by Matsushima’s criterion. This proves that V is
unramified at p.

We now note that V is injective. Indeed, this follows as in the proof of [9, Part
(2) of Proposition 2.1] from Corollary 4.7 and the finiteness of V. We then conclude
that V is a closed immersion. g

Lemma 4.8 (GIT lemma). Suppose G is a reductive group. Suppose T C G is
a connected reductive subgroup, and H C G is a reductive subgroup such that G
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is generated by T and H. Suppose we have a G-equivariant closed immersion of
normal affine schemes admitting an action of G

Spec A — Spec B.

such that Spec AT — Spec BC is quasi-finite. Then Spec A¢ ~ Spec A™ and, con-
sequently, Spec A” — Spec BE is a closed immersion.

Proof. We have the following commutative diagram

Spec AHC Spec B

| T |

(Spec A™) )T ~ Spec A9“—— (Spec BH) /T ~ Spec B®.

Since the diagonal arrow is quasi-finite by assumption, and the bottom arrow is
a closed immersion, we conclude that the GIT quotient Spec A¥ — (Spec A7) /)T
is quasi-finite as well. Since this is a good quotient by a connected group, the
morphism Spec A — (Spec A®) /T ~ Spec A® must be an isomorphism. O

Corollary 4.9 (Theorem 1.1). The morphism
A: P(Sat1)a// SL(n) — P(Dy(4-1))*// SL(n)

18 a locally closed tmmersion.

5. THE MORPHISM Agr

In this section, we prove Theorem 2.2. In fact, we study in detail the rational
map A: (PSq41)% // SL(n) --» P(Dy4-1))**// SL(n) in codimension one.

As in Section 2, fix d > 2. As always, we assume that n > 2 and disregard the
trivial case (n,d) = (2,2). Given U € Grass(n, S4), we take Iy to be the ideal in S
generated by the elements in U. Consider the following locus in Grass(n, Sy):

Wi.a ={U € Grass(n, Sy) | dimc(S/1v)p@—1)—1 = n}-

Since dimc (/11 )p(d—1)—1 is an upper semi-continuous function on Grass(n, Sq) and
for every U € Grass(n, Sg) one has dimc(S/1y)n(4—1)-1 = 1, we conclude that W, 4

is an open subset of Grass(n, Sg). Moreover, since for U € Grass(n, Sq)Rres the ideal
Iy is Gorenstein of socle degree n(d — 1), we have Grass(n, Sq)res C Wi, d-
Applying polar pairing, we obtain a morphism

Agr: Wiyg — Grass(n, Dyg—1)-1);
A, (U) = |:(IU)7JL_(d—1)—1 - Dn(d—l)—l] .
From the duality between Hilbert and gradient points it follows that
V(A(U)) = Ac:(U) for every U € Grass(n, Sq)Res-
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We conclude that we have the commutative diagram:
P(Sat1)**// SL(n) P(Dy(a-1))* // SL(n)

) T2

P(S441)% «+——P(Sgi1)A

l /

v \Y% \Y%
Grass(n, 8¢)*° «————Grass(n, Sq)Res — Grass(n, Dpg—1)-1)**
AGr

™ 3

Grass(n, Sq)**J/ SL(n) Wh.d Grass(n, Dy(4—1)-1)*°// SL(n).

Proposition 5.1. Suppose U € Grass(n, Sy) is such that
V(IU) = {p17 v 7pk}

is scheme-theoretically a set of k distinct points in general linear position in P,
Then U € W,, 4.

Remark 5.2. A set {p1,...,px} points in P*~! is in general linear position if and
only if £ < n, and, up to the PGL(n)-action,
in the homogeneous coordinates [z7 : - - - : 2] on P71,

Proof of Proposition 5.1. Since depth(Iy) = n — 1, we can choose degree d gen-
erators ¢gi,...,9n, of Iy such that ¢1,...,9,—1 form a regular sequence. Then
I' :=V(g1,...,gn_1) is a finite-dimensional subscheme of P"~!. By Bézout’s theo-
rem, I' is a set of d"~! points, counted with multiplicities.

Set R := S/(g1,.-.,9n—1). Consider the Koszul complex Ko := Ko(g1,---,9n)-
We have

Ho(Ke) = S/(g1,---,9n) = S/1y.
Since ¢1,...,gn_1 is a regular sequence, we also have
H;(Ko,) =0 foralli>0

and

Hi(Ke) = (((g15--+,9n-1) :5(915--.90))/ (91, - - -, gn—1)) (—d) =~ Anng(gn)(—d).
To establish the identity
codim ((Itr)p(d—1)—1: Sn(a—1)-1) =1
it suffices to prove
Hi(Ke)n(g-1)-1 = 0.
Indeed, in this case the graded degree n(d — 1) — 1 part of the Koszul complex will
be an exact complex of vector spaces and so the dimension of (S/1v),,4_1y—; will
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coincide with that in the situation when g¢i,..., g, is a regular sequence, that is,
with n.
As we have already observed, we have

Hl(K-)n(d—l)—1 = AHHR(gn)n(d—1)—1(—d) = AnnR(Qn)n(d—1)—1—d-

Hence it suffices to prove that Anng(gn)n(g—1)-1-4 = 0. Write T' = I UT", where
I"#4 @ and I := {p1,...,px}. Since g, vanishes on all of I'” but does not vanish
at any point of I', every element of Anng(g,)n(g—1)—1-a comes from a degree n(d —
1) — 1 —d form that vanishes on all of IV. We apply the Cayley-Bacharach Theorem
[7, Theorem CB6], which implies the following statement:

Claim 5.3. Set s:=d(n—1)—(n—1)—1=n(d—1)—d. Ifr < s is a non-negative
integer, then the dimension of the family of projective hypersurfaces of degree r
containing I modulo those containing all of I is equal to the failure of T to impose
independent conditions on projective hypersurfaces of complementary degree s — .

In our situation » = s —1, and I imposes independent conditions on hyperplanes
by the general linear position assumption. Hence we conclude by Claim 5.3 that
every form of degree n(d—1) —1—d that vanishes on all of I also vanishes on all of
I'” and therefore, as the ideal (g1, ..., gn—1) is saturated, maps to 0 in R. We thus
see that Anng(gn)n(d—1)-1—4¢ = 0. This finishes the proof. 0

Motivated by the result above, we consider the following partial stratification
of the resultant divisor Res C Grass(n,S;). For 1 < k < n, define Zj to be the
locally closed subset of Grass(n, Sy) consisting of all subspaces U such that V(Iy)
is scheme-theoretically a set of k distinct points in general linear position in P"~1.
Clearly, Z; is dense in fRes, and

7kDZk+1U'-'UZn.

We will also set ¥ := V71(Z;) C P(Sq41). By the Jacobian criterion, ¥ is the
locus of hypersurfaces with only k ordinary double points in general linear position
and no other singularities.

Lemma 5.4. For every 1 < k < n, one has that Zy, is a non-empty and irreducible
subset of Grass(n, Sy), and X is a non-empty and irreducible subset of P(Sg41)%*.

Proof. 1t follows from the Hilbert-Mumford numerical criterion that any hypersur-
face in P"~! of degree d + 1 with at worst ordinary double point singularities is
semistable.

Having k singularities at k fixed points pi,...,pr (resp., having k fixed base
points py,...,pg) in general linear position is a linear condition on the elements of
P(Sg4+1) (resp., the elements of the Stiefel variety over Grass(n,S;)) and so defines
an irreducible closed subvariety (p1,...,px) in P(Sgy1) (resp., Z(p1,...,px) in
Grass(n,Sg)). The property of having exactly ordinary double points at pi, ..., pk
(resp., having the base locus being equal to {pi,...,pr} scheme-theoretically) is
an open condition in X(py,...,pk) in P(Sge1) (resp., Z(p1,...,pr) in Grass(n,Sy))
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and so defines an irreducible subvariety X°(p1,...,px) (resp., Z%(p1,...,px)). We
conclude the proof of irreducibility by noting that ¥, = PGL(n) - %(p1, ..., pr)
(resp., Zy = PGL(n) - Z°p1, ..., pr))-

Since X = V~1(Z},), it suffices to check the non-emptiness of ;. If F € 3, has
ordinary double points at p1,...,p,, then by the deformation theory of hypersur-
faces, there exists a deformation of F' with ordinary double points at pq, ..., pr and
no other singularities. Indeed, if G € S;41 is a general form vanishing at py,...,px
and non-vanishing at pgy1,...,Dn, then F +tG € X°(p1,...,pr) will have ordinary
double points at p1,...,pr and no other singularities for 0 < t < 1.

It remains to prove that Y, is non-empty. Indeed, the following is an element of
Yn:

(d=1) (214 An) = (d4+1) (x1 +- A 2) @t a?) 22 - ad .

In fact, a generic linear combination of all degree (d 4+ 1) monomials with the ex-
ception of x?”, fori=1,...,n, and a:ij, fori,j=1,...,n,i < 7, is a form with
precisely n ordinary double point singularities in general linear position. O

By Proposition 5.1, we know that Ag, is defined at all points of Z1 U---U Z,. In
fact, we can explicitly compute Ag,(U) for all U € Z,,, as well as the orbit closure
of Ag,(U) for all U € Z,,_;. We need a preliminary fact.

Proposition 5.5. Suppose U € Grass(n,Sy) and p € V(Iyy) C PVY. Let L € V'V
be a non-zero linear form corresponding to p. Then L™d=D=1 ¢ (IU)#(d_l)_l.
Proof. Since p € V(Iyy), all elements of (I17),(4—1)—1 vanish at p, and it follows that
ForMd=D=1—forall Fe (It )n(a—1)-1 (cf. Remark 3.3). O

Corollary 5.6. Suppose U € Zj. is such that

V() = {pr = [0 0L poim 051w 0]y im [0 12 O]},
Then
Ac(U) = (z?(d_l)_l, . ,zz(d_l)_l,gkﬂ(zl, cesZn)y s On(Z1, -0y 20)),
for some gi11,...,9n € Dya—1)—1- In particular, for U € Z, one has

Ace(U) = (D71 2n@ Dy — g ([ L gp@en),

n

Moreover, for a generic U € Zy, we have Acy(U) € Grass(n, Dy (g—1))Res-

Proof. Since the point p; = V(z1,...,%;,...,2,) € PV corresponds to the linear
form z; € V'V, Proposition 5.5 implies that z?(d_l)_l € Ag,(U) foreveryi=1,... k.

As Z, C Z}, and Ag:(U) € Grass(n, D,y (d—1))Res for every U € Zy, it follows that
A, (U) is also spanned by a regular sequence for a generic U € Zj. The claim

follows. O
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Consider the rational maps
P(Sq41)*//SL(n) - - - = === == - - - - - - +P(Dya-1))*// SL(n)

v __-"a
Grass(n, S4)%°J/ SL(n)

of projective GIT quotients.

Theorem 5.7. There is a dense open subset Y, of Zj. such that
A: Grass(n, Sq)* /) SL(n) -=» P(Dya—1))**// SL(n)

is defined on m(Yy), k = 1,...,n. Moreover, for U € Yy the value A(my(U)) is
the image under mo of a polystable k-partial Fermat form. In particular, for every
U € Z, and for a generic U € Z,,_1

A(Trl(U)) = T2 (z?(d—l) R ZZ(d—l)) '

Proof. Recall that Z, is non-empty by Lemma 5.4. Suppose U € Z}, is generic, then
by Corollary 5.6 in suitable coordinates we have

A—Gr(U) = <2?(d_1)_17 oo 7ZZ(d_l)_1ugk+1(Zla o 7Zn)7 o 7971(217 cee 7Zn)>7

and Aq,(U) ¢ Res. It follows (as in the proof of [10, Proposition 2.7]) that the
closure of the SL(n)-orbit of Ag,(U) contains

<Z11’L(d—1)—1 n(d—1)—1

(51) Yo R 7gk+l(zk+17---7zn)7"'7§n('zk+lv"'7zn)>7

where g; := ¢;(0,...,0,241,...,2,) for i =k+1,...,n. Then the claim follows for
for k =n —1 and k = n as in these cases we necessarily have g, = z:f(d_l)_l.
For k arbitrary, since V is a closed immersion by Theorem 2.1, we conclude

that A is defined at m(U). Let F' € P(D,4_1))*® be a polystable element with

mo(F) = A(m(U)). Then we must have V(F') € SL(n) - Ag:(U), and so V(F) is
linearly equivalent to an element of the form (5.1). It follows at once that

A(m(U)) =7y (Z?(d_l) +oet zZ(d_l)_l + G(2k41s - - - ,zn))
is the image under w9 of a polystable k-partial Fermat form. O
We will now establish Theorem 2.2 as detailed in the next two corollaries.

Corollary 5.8. The rational map

A: (BS4:1)" [/ SL(n) ~> P(Dyia—r))* J/ SL()

is defined at a generic point of mo(X,—1) and at every point of mo(X,,). For a generic
f€X,_1 and for every f € ¥, we have

A(WO(f)) = 772(25?(6[_1) 4+ 4 Z;L(d—l)).
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Corollary 5.9. When n = 2, the rational map A contracts the discriminant divisor
to a point (corresponding to the orbit of the Fermat form in Dag_4) for all d > 3.
When n = 3, the rational map A contracts the discriminant divisor to a lower-
dimensional subvariety if d > 3. More generally, for every n > 4 there exists dy
such that for all d > dy the map A contracts the discriminant divisor to a lower-
dimensional subvariety.

Proof. Notice that 3 is dense in the discriminant divisor A. Hence, for n = 2 the
statement follows from Corollary 5.8.

When n = 3, Theorem 5.7 implies that A(m(¥1)) lies in the locus of a 1-partial
Fermat form in D3(4_1). The linear equivalence classes of 1-partial ternary Fermat
forms are in bijection with the linear equivalence classes of binary degree 3(d — 1)
forms. The dimension of this locus is 3d — 6, which for d > 3 is strictly less than
the dimension (d;r?’) — 10 of the discriminant divisor.

If n > 4, by Theorem 5.7 the set A(mo(¥1)) lies in the locus of a 1-partial Fermat
form in Dy4_1). The linear equivalence classes of 1-partial Fermat forms in n

variables are in bijection with the linear equivalence classes of degree n(d— 1) forms
d—1)+(n—2)
n—2

), which for sufficiently

large d is strictly less than the dimension of the discriminant divisor ((dﬂzi(l"_l)) —

(n? +1). O

in n—1 variables. The dimension of this locus is ("(

We conclude the paper with an alternative proof of the main fact of [1] (see
Proposition 4.3 therein).

Corollary 5.10 (Generic smoothness of associated forms). The closure of Im A in
P(Dy,a-1))** contains the orbit

SL(n) - {z?(d‘” TR zg“—l)}

of the Fermat hypersurface. Consequently, A(f) is a smooth form for a generic
smooth f € Sqi1.

Proof. By Corollary 5.8, we have
ﬁg(z?(d_l) o4 20Dy e T (A).

Since the orbit of the Fermat hypersurface is closed in P(Dy,(4—1)), it lies in the
closure of Im A. 0

REFERENCES

[1] Jarod Alper and Alexander Isaev. Associated forms in classical invariant theory and their
applications to hypersurface singularities. Math. Ann., 360(3-4):799-823, 2014.

[2] Jarod Alper and Alexander Isaev. Associated forms and hypersurface singularities: The binary
case. J. reine angew. Math., 2016. To appear, DOI: 10.1515/crelle-2016-0008.

[3] Michael Eastwood and Alexander Isaev. Extracting invariants of isolated hypersurface singu-
larities from their moduli algebras. Math. Ann., 356(1):73-98, 2013.



18

MAKSYM FEDORCHUK AND ALEXANDER ISAEV

[4] Michael Eastwood and Alexander Isaev. Invariants of Artinian Gorenstein algebras and isolated

hypersurface singularities. In Developments and retrospectives in Lie theory, volume 38 of Dew.
Math., pages 159—173. Springer, Cham, 2014.

[5] Richard Ehrenborg and Gian-Carlo Rota. Apolarity and canonical forms for homogeneous

polynomials. European J. Combin., 14(3):157-181, 1993.

[6] David Eisenbud. Commutative algebra with a view toward algebraic geometry, volume 150 of

Graduate Texts in Mathematics. Springer-Verlag, New York, 1995.

[7] David Eisenbud, Mark Green, and Joe Harris. Cayley-Bacharach theorems and conjectures.

Bull. Amer. Math. Soc. (N.S.), 33(3):295-324, 1996.

[8] Maksym Fedorchuk. Direct sum decomposability of polynomials and factorization of associated

forms, 2017. arXiv:1705.03452.

[9] Maksym Fedorchuk. GIT semistability of Hilbert points of Milnor algebras. Math. Ann., 367(1-

2):441-460, 2017.

[10] Maksym Fedorchuk and Alexander Isaev. Stability of associated forms. J. Algebraic Geom., to

appear. arXiv:1703.00438.

[11] Anthony Iarrobino and Vassil Kanev. Power sums, Gorenstein algebras, and determinantal

loci, volume 1721 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1999.

[12] Alexander Isaev. A criterion for isomorphism of Artinian Gorenstein algebras. J. Commut.

Algebra, 8(1):89-111, 2016.

Domingo Luna. Slices étalés. Mémoires de la S. M. F'., 33:81-105, 1973.

Domingo Luna. Adhérences d’orbite et invariants. Invent. Math., 29(3):231-238, 1975.

David Mumford, John Fogarty, and Frances Kirwan. Geometric invariant theory, volume 34
of Ergebnisse der Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Related
Areas (2)]. Springer-Verlag, Berlin, third edition, 1994.

(Fedorchuk) DEPARTMENT OF MATHEMATICS, BOSTON COLLEGE, 140 COMMONWEALTH AVE,

CHESTNUT HiLL, MA 02467, USA

E-mail address: maksym.fedorchuk@bc.edu

(Isaev) MATHEMATICAL SCIENCES INSTITUTE, AUSTRALIAN NATIONAL UNIVERSITY, ACTON,

CANBERRA, ACT 2601, AUSTRALIA

FE-mail address: alexander.isaev@anu.edu.au



	1. Introduction
	2. Associated form of a balanced complete intersection
	3. Preliminaries on dualities
	4. The gradient morphism 
	5. The morphism A`39`42`"613A``45`47`"603AGr
	References

