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LOCALIZATION AND MIRROR SYMMETRY

DUSTIN ROSS

ABSTRACT. These notes were born out of a five-hour lecture series for graduate students at the May
2018 Snowbird workshop Crossing the Walls in Enumerative Geometry. After a short primer on
equivariant cohomology and localization, we provide proofs of the genus-zero mirror theorems for the
quintic threefold, first in Fan-Jarvis-Ruan-Witten theory and then in Gromov-Witten theory. We
make no claim to originality, except in exposition, where special emphasis is placed on peeling away
the standard technical machinery and viewing the mirror theorems as closed-formula manifestations

of elementary localization recursions.
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0. INTRODUCTION

The mirror theorem for the quintic threefold Q C P*, first conjectured in the physics literature
by Candelas, de la Ossa, Green, and Parkes [4], reveals deep and surprising structure in the enu-
merative geometry of rational curves in @). In the two decades since its original proof by Givental
[11], the mirror theorem has undergone countless reinterpretations and generalizations. The proof
we present here is an adaptation of ideas that were developed more generally in [§] and [14], and
they generalize naturally to prove genus-zero mirror theorems for complete intersections in toric
Deligne-Mumford stacks. En route to proving the mirror theorem for the Gromov-Witten theory of
Q, we also take a detour to prove the mirror theorem for the Fan-Jarvis-Ruan-Witten theory of @, a
result that was first proved by Chiodo and Ruan [7]. The combination of these two mirror theorems
leads to the proof of Witten’s genus-zero “Landau-Ginzburg/Calabi-Yau correspondence”, which

we do not discuss explicitly, but which is lurking in the background.
1
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Torus localization is the primary tool used in the proofs of the genus-zero mirror theorems
presented here. Indeed, a direct application of the localization theorem of Atiyah and Bott [2] leads
to an explicit algorithm that computes any genus-zero Gromov-Witten invariant of (). However,
as is typical with such localization computations, the combinatorial complexity of the algorithm
grows at an unmanageable rate, and it quickly becomes apparent that any hope to pin down a
closed formula for the Gromov-Witten invariants must result from the recursive structure of the
localization contributions. The main content of the proof, then, is a clever packaging of localization

recursions.

While the mirror theorems are beautiful and important results in their own right, the intent
of these lectures is not simply to present proofs of these two results for historical enlightenment.
Rather, our goal is to help the student familiarize herself with the methods of manipulating lo-
calization relations in two different but related settings. Localization is one of only a few compu-
tational methods in the Gromov-Witten theory toolkit, and nearly all of the current approaches
to understanding higher-genus Gromov-Witten and Fan-Jarvis-Ruan-Witten theory utilize clever
applications of localization on certain auxiliary moduli spaces. It is in this light that we view the
genus-zero mirror theorems as a useful setting through which the student can begin honing her
localization skills today in order to apply them in more creative settings that push the boundaries

of the field tomorrow.

0.1. Target audience. These lectures are intended for advanced graduate students who have
already taken a few courses in algebraic geometry. Some exposure to moduli spaces of stable curves
and stable maps would certainly be useful; we suggest [12, Chapters 22 - 25] for the requisite
background on mgm and ﬂgm(X ,d). A working knowledge of orbifold curves and line bundles on

them would also be useful; a good starting place is Chapter 1 of [1J.

0.2. Disclaimer. For the sake of brevity, we have chosen to make many omissions, and we have
made no attempt to make this a comprehensive account of mirror symmetry. Two such accounts
already exist, and we highly recommend them: [9] and [I2]. Our hope for these notes is that
they will serve as a more compact reference that only emphasizes the aspects of the story that are

essential to the proofs.

0.3. Acknowledgements. Special thanks to the organizers of the Snowbird workshop Crossing
the Walls in Enumerative Geometry for the invitation to speak; to the basketball and hot tub crew
for providing a good deal of evening entertainment while we were at Snowbird; and to Emily Clader
for many conversations related to these lectures and for feedback on a preliminary version of these

notes.
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1. EQUIVARIANT COHOMOLOGY AND LOCALIZATION

In this lecture, we introduce equivariant cohomology by way of several instructive examples
that will be important throughout the subsequent lectures. We state the localization theorem of
Atiyah and Bott in the form that will be most applicable towards the mirror theorems, and we give

a few simple applications of the localization theorem.

1.1. Equivariant Cohomology. Throughout this section, let X be a smooth, projective variety,
and let T'= {(t1,...,t,)} = (C*)"™ be an algebraic torus acting on X. In the same way that the
cohomology ring H*(X) = H*(X,Q) captures some of the intersection-theoretic geometry of X,
the equivariant cohomology ring, denoted H7(X), captures some of the T-equivariant intersection-
theoretic geometry of X. The formal definitions are not immediately enlightening, so we choose
to forego them; essentially all of the properties necessary for the proofs in these lectures can be

gleaned from the following examples. For a more thorough treatment, the reader is directed to [2].

The first example concerns the case where the geometry (and thus, the action) is trivial.

Example 1.1.1. Let X = pt be a point. Then H7.(pt) is a graded polynomial ring

H;(pt) = Q[ala o ,Oén],

where degp(c;) = 2. One way to interpret the classes a; is via Chern classes of equivariant vector

bundles. It is a standard consequence of the formal definitions that
a; = c1(0y,)

where O,, is the equivariant line bundle on X = pt that is geometrically trivial but with 7-
action on fibers given by v — ¢, Yy, In fact, any T-equivariant vector bundle on a point (i.e.
T-representation) uniquely decomposes as a direct sum of tensor products of the line bundles O,,,
and its Chern classes can be determined by the usual properties of Chern classes with respect to

tensor products and direct sums.

The second important example concerns the case where the geometry is non-trivial, but the

action is trivial.

Example 1.1.2. Let T act trivially on X. Then
Hi(X)=H"(X)®Qlai,...,an].

If V is a(n equivariantly trivial) rank-r vector bundle on X, then the Euler class of V is the top
Chern class:

e(V):=c. (V) € H"(X) C HF (X).
Imposing a T-action on V, such as v +— t~%v := ;" ---t, %0, is the same as tensoring by an

equivariant line bundle: V ® O, where o = a1 + - - - + ana,. In this case,

e(V®0y)=c(V)+eo1(Va+-+a(V)a" ' +a" € HY (X).
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In particular, the Euler class is invertible in equivariant cohomology, as long as we formally invert

the class o:

Sveoy-5 ¥ (-2 cr(V>>k.

'
0<k<dim(X)

More generally, if T acts trivially on X and V is an equivariant vector bundle such that
X = Tot(V)T,

then e(V') is invertible in H7;(X), after formally inverting the some of the equivariant parameters.

The final example concerns the standard torus action on projective space, where both the

geometry and the action are non-trivial.

Example 1.1.3. Let 7 = (C*)"*! act on P" by
[0y ..y 2n] = [toxo, . .« tnZn).

Then
Q[H, ap, ..., o]
(H—ao) - (H —an)
In usual cohomology, we interpret H as a first Chern class, H = ¢1(Opn (1)), and that is essentially
the same here. Recall that the total space of Opn(1) can be defined globally by
€\ {o}) xC
C* ’
where C* acts on the n 4+ 2 coordinates in the numerator diagonally; the first n + 1 coordinates

(1) Hr(P") =

(2) Tot (Opn (1)) =

(xo, ..., xy) correspond to the homogeneous coordinates on P" and the last coordinate v corresponds

to the fiber coordinate. The quotient (2)) can be made equivariant in a canonical way:
[0y .-y Tn, 0] = [toTo, - - - tnTp, V],

and in the T-equivariant geometry of P", we will always take Opn(1) to denote (2)) with this 7-
action, and we define
H = Cl(O]pn(l)) € H%(Pn)

Tensoring Opn (1) by O, is the same as letting T" act on the last coordinate of ([2) by v — t~%v.
From the description (2]), we see that v = x; descends to a T-equivariant section of Opn (1) ® O_,,.
In fact, the set of T-equivariant sections of Opn (1) ® O_,, are the scalar multiples of v = z;. Since
top Chern classes are often interpreted as the (Poincaré dual of) the vanishing of a generic section,

we should interpret H — «; as the vanishing of z;:
H — oy = [{$z = 0}]
Taken a step further, we interpret

[[(H - ) = [{zi =0:VieT},

iel
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FIGURE 1. The T = (C*)3-equivariant structure of P2,

and the relation in (I has the natural interpretation that {x; = 0:Vi} = 0.

If 7; : pj — P" is the inclusion of the jth coordinate point for 0 < j < n, then the description
@) implies that i;O]}Dn(l) = Oq;- Thus, by restricting H to fixed points, we obtain

e
sz—oz].

Similarly, restricting the tangent bundle to p; and using the local coordinates zj, = xj/x;, we obtain

0
Z;T]P)n == @C{O—Zk} - @Oaj—ak.

k#j k#j

1.2. Localization. Let ¢ : F' <— X be a closed subvariety. Via Poincaré duality, there is a well-
defined push-forward map i, : H*(F) — H*t?"(X), where r is the complex codimension of F in
X. The excess intersection formula tells us that pulling back the image of ¢ by ¢* is the same as

multiplying by the Euler class of the normal bundle:
i*i, : H*(F) — H*(F)
¢ = e(Np/x)¢.

Clearly, i*i, is not an isomorphism, because the Euler class of the normal bundle is not generally
invertible. However, if F' is the fixed locus of a T-action on X, then we saw in Example [[.1.2] that
the Euler class is invertible after inverting (some of) the equivariant parameters. This is the main

motivation for the following result.

Theorem 1.2.1 (Atiyah-Bott [2]). Let X be a smooth projective variety with T' = (C*)™ action such
that F = X7 is smooth. Upon inverting the equivariant parameters {a;}, ix : H:(F) — H:’F+2T(X)

s an isomorphism with inverse
-k
i

N e(Np/x)

Remark 1.2.2. While the fixed locus is required to be smooth, it is almost always reducible,

(i)

having many connected components. When applying the localization theorem, it is often the case

that computations boil down to a clever combinatorial packaging of torus fixed loci.
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Remark 1.2.3. The localization theorem holds in much greater generality than stated here. For
the purposes of these notes, it is important to note that it remains true, for example, if variety is
replaced with Deligne-Mumford stack.

Recall that the integration map is defined by [, — = m.(—) : HE*T)(X) — HE*T)(pt) where
m: X — pt can be interpreted with or without a T-action on X. As an immediate corollary of the

localization theorem, we see that

feo= fo () = vy

where the last step uses the fact that F© — pt factors through X. Thus, we obtain a powerful
strategy for computing f X ¢:

Step 1. Put a T-action on X.
Step 2. Choose a lift of ¢ to H}.(X).

Step 3. Compute fF e(}\l,*i;jx)

Remark 1.2.4. In these notes, the classes we integrate will always be given by Chern classes of

vector bundles, and the choice of lift in Step 2 corresponds to the choice of a T-action on the

corresponding vector bundle.

Remark 1.2.5. Since F' often has many components, the integral in Step 3 can be a rather large
sum. While each summand is typically computable, it can be highly nontrivial to package the sum
in a nice way. However, the choice of lift in Step 2 buys us some flexibility. Often by lifting the

class cleverly, you can get it to vanish on some of the fixed loci.

The following examples provide the first applications of this strategy.

Example 1.2.6. The Euler characteristic of P" is the integral of the Euler class of the tangent
bundle:

A(P") = / (TP,

Using the standard action of (C*)"*! on P" from Example [LT.3] (or any other torus action with

the same fixed points), we compute

o n e(i;-T]Pm) - n e(i;-T]Pm) -
/ne(TP)—Zm—ZW—n-FI.

7=0 7=0
Exercise 1.2.7. Use localization to compute x(Gr(k,n)).
Example 1.2.8. We know that sz H? =1, so let’s try to recover this using localization. If we
choose the canonical lift of H, as described in Example [[T.3] we compute

2 sk 772
p2 = e(i3TP?)  (ag —a1)(ap —az) (a1 —ag)(en —az) (a2 —ag)(ae — a1) ’
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where the last step required a bit of magical cancellation. If, instead, we lift the class H € H*(P?)

to H — ag € H;(P?), then the computation would only involve two summands:

2 _ (ap — ap)? (a1 — ag)? _
P?H - (o —o)(ao — a2) " (a1 —ag)(ar —ag) b

and the cancellation becomes slightly less magical. Thus, we see how different choices of lifts can

change the complexity of the localization computations.

Exercise 1.2.9. Find a lift of H" so that only one fixed point contributes to the computation of
Jpn H" = 1.

Exercise 1.2.10. Let T = (C*)"™! act on Mgo(P",d) by post-composing each stable map with

the standard action of T" on P™.
(a) Prove that the stable map
P! — P
[z0, z1] — [z, 4d,0,...,0]

is a fixed point of the T-action.
(b) What is the rank of the normal bundle to this fixed point?
(c) What is the Euler class of the normal bundle to this fixed point?

2. FAN-JARVIS-RUAN-WITTEN THEORY OF THE QUINTIC THREEFOLD

This lecture introduces FJRW theory and the genus-zero FJRW mirror theorem. We do not
aim for completeness in our development of FJRW theory; rather, our intent is to introduce the
structures that will be most important for the proof of the mirror theorem. For the reader that
would like to learn more, we provide several exercises and specific references to places in the

literature where the foundations are developed more thoroughly.

2.1. FJRW theory of the quintic threefold. FJRW invariants are a special class of intersection
numbers on moduli spaces of 5-spin curves. The closed points of the moduli space of 5-spin curves

are defined by

——1/5
Mg,/(ml,...,mn) = {(C7 q1s---54n; L7 f)} / ~
where
e (C;q,...,qn) is a stable, n-pointed, genus-g orbifold curve, with orbifold structure only at

the marks and nodes;
e [ is an orbifold line bundle on C such that
— L has multiplicity m; at ¢;, i.e. near ¢;, the total space of L is a quotient by the cyclic
isotropy group us = (£ = €2™/5) acting by ¢ - (z,v) = (€, £™v) with m; € {1,2,3,4};
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— L satisfies the kissing condition at each node, meaning that the multiplicities on each
branch satisfy m +m’ =0 mod 5 (if m = m/ = 0, then C' and L have trivial orbifold
structure near that node);

e f is an isomorphism

fiL® = W log 1= WO (Z 5[%]) ;

7

where [g;] is the orbifold divisor of the marked point (deg([¢;]) = 1/5).

An isomorphism of two 5-spin curves (C;qi1,...,qn; L; f) ~ (C'; ¢}, ..., q,,; L; f) consists of a pair
of isomorphisms g : (C;q1,...,qn) — (C',¢},...,q,) and h : g*L' — L such that h*f = g*f’. We

use M;/ : to denote the disjoint union over all possible multiplicity vectors.

Remark 2.1.1. If this is your first encounter with the moduli spaces of spin curves, then you
might naturally be wondering about the necessity of the orbifold structure and the role of the
multiplicities. Without orbifold structure at the marked points, a fifth root of wc o would only
exist if 29 — 2+ n € 5Z, so most of these moduli spaces would be empty. Allowing orbifold
structure gives us the flexibility of line bundles with fractional degree and results in a much richer
class of moduli spaces with which we can work. More importantly, perhaps, is the observation
that, regardless of the orbifold structure at the marked points, the orbifold structure at the nodes
is necessary in order to obtain a proper moduli space. For example, if g = 6 and n = 0, then any
smooth curve has a (non-orbifold) fifth root of we, but there does not exist a (non-orbifold) fifth

root on any limit point where the curve splits as a g = 1 curve meeting a g = 5 curve at a node.

The moduli space Ml/ ° is a smooth Deligne-Mumford stack of dimension 3g — 3 + n and

g7m
support a virtual funamental class of (complex) dimension 2n — > m;:

——1/5 vir —-—1/5
[Mg,/m] 6H4n—22mi(Mg,/r?L)‘

The construction of the virtual class is highly non-trivial, but has been carried out in several
equivalent settings [13} [6, 10, 5]. FJRW invariants are defined by
<¢m1¢“1 T ¢77’I7L/l/}an>§:1]’LRw = /[_ ill e gLn € Q,

1/§]vir
g,m

where 1); is the cotangent line class at the ith marked point on the coarse underlying curve |C|.
The general construction of the virtual class is far beyond the scope of these lectures; however,
the construction simplifies a great deal in genus zero. In particular, the genus-zero virtual class can
be defined by .
M| = M| ne ((RUrL®)),

where 7: C — M(l)/ ,% is the universal curve and £ is the universal line bundle over C.

To gain a slightly better appreciation of the genus-zero virtual class, it is instructive to verify

that (a) R'm.L is, in fact, a vector bundle, so its Euler class is well-defined, and (b) the virtual
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dimension is 2n — > m,;. In order to make these verifications, let us first say a few things about
orbifold line bundles. Suppose C is a smooth curve. Locally at ¢;, sections of L correspond to
sections in the orbifold coordinates that are equivariant with respect to the isotropy group action.
In other words, local sections are of the form v(z) = 2™ F'(2®) for some polynomial F. The variable
2° is a local coordinate on the coarse underlying curve. Thus, we see that the orbifold multiplicity

m; imposes a vanishing of degree m;/5 at each orbifold point. We define the round-down of L by

L= Lo 0 (=Y milal).

It follows from the discussion above that |L| is pulled back from the coarse underlying curve |C/,
and, since rounding up/down by m; identifies sections, we have H'(C, L) = H'(|C|,|L|) for i = 0, 1.
In particular, these observations allow us to import the classical Riemann-Roch theorem to this

orbifold setting:
my;
=

Using these observations, the reader is encouraged to work out the following verifications.

HY(C,L) — HY(C,L) = deg(L)+1—g —

Exercise 2.1.2. Prove that R'm.L is a vector bundle by showing that H°(C,L) = 0 for any
Coqry--sqn, L, f) € 1/ i (Hint: compute deg(|L|) on each irreducible component.) In our
definition, we do not allow m; = 0. Would your proof still work if one of the m; is allowed to be

zero?

Exercise 2.1.3. Use Riemann-Roch to prove that the genus-zero virtual class lies in complex

dimension 2n — ) m;.

There are a few additional properties concerning the FJRW invariants that are worth mention-
ing. First of all, the multiplicity-one insertion ¢; plays a special role in this story. In particular,
there is a forgetful map

£ M 0y — My
Roughly speaking, this map rounds down L at the last marked point, then forgets that point and
stabilizes, if necessary. This only works with ¢ insertions because rounding down a 5-spin bundle

at a ¢ insertion produces a 5-spin bundle on the curve without that marked point:
n+1 n
L = we <Z 5[%-1) — (L® O (~[gas1]))®® = we (Z 5[%-1) .
i=1 =1
. 1/5 vir 1/5 vir . .
Exercise 2.1.4. Prove that f* [M } [./\/l ] . Along with the comparison lemma for
y-classes ([12], Lemma 25.2.3), deduce the string and dilaton equations:

>FJRW

(B 0 - Gy - S )i = Z<¢mlwlw¢miw—l P,

and

(Dm0 -+ G 0 - GLOY oI = (1= 2) (D ™+ P 0o
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A final property of the genus-zero FJRW invariants that is important for our techniques con-
cerns how the virtual class restricts to the boundary. Since we do not allow multiplicity zero at the
marked points, then it would be ideal if the virtual class vanished along nodes where the multiplic-
ities were zero. Essentially, this implies that the genus-zero virtual class restricts to the boundary
in a way that is compatible with the gluing map

——1/5 ——1/5 Tf/5
g My a1 X Mo )+1 = Mo

This is indeed the case, as the next exercise verifies.

Exercise 2.1.5. Let D C Mé/;; denote a divisor where the node has multiplicity m = m/ = 0.
Prove that [./\/ll/s] NnD=0.

Remark 2.1.6. This exercise is a bit harder than the previous ones. The trick is to use the
normalization sequence and show that R7. L contains a sub-line bundle that has a trivial first
Chern class (c.f. [7], Lemma 4.1.1).

2.2. The genus-zero FJRW mirror theorem. In order to state the mirror theorem, it is useful
to interpret FJRW invariants as multi-linear functions on the vector space V- = C{¢1,..., ¢4},
where we have one basis element for each possible multiplicity. The space V' has a non-degenerate
pairing defined by (¢;, ¢;) = £0i4+;=5, and we define the dual basis of V' by &' = Bpi_1.

The two main players in the mirror theorem are typically called the J-function and the I-

function. The J-function is the following formal generating series of genus-zero FJRW invariants:

¢m ¢ FJRW
2= s+ + 2 S eyt
= ! n+

where

o t(z) =Y t7¢,2" € V[[z]] and ¢* are considered as formal variables,
o t(¢)" =t(¢1)---t(¢y,) is expanded linearly, and

e (z — )7 ! is expanded as a geometric series in 1.

The I-function is the explicit formal series defined by

d
z) =z Z % H (k2)° | dpas1.

: d+1
d>0 o<k< 4l
(y=¢2EL)

By counting the number of terms in the product, one sees that I(g, z) can be written in the form

1(6,2) = Tola)=ér + B + ()2 + In(a) 2,

and we write
I(q,2) == Io(q)z¢p1 + I1(q) P2,
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for the part of I(g,z) with non-negative powers of z. The FJRW mirror theorem can be stated as

follows.
Theorem 2.2.1 (Chiodo-Ruan [7]). Set

T =1:(q,—2) + 2¢1.
Then
J(1,2) = 1(q, 2).

Remark 2.2.2. The change of variables ensures that J(7,z) = I(g,2) mod z~!. The content of

the theorem is that the coefficients of negative powers of z also agree.

Upon further inspection, the reader might notice that the formulation in Theorem 2.2.1]is not

quite the same as that in [7]. However, it is not too hard to prove that they are equivalent.

Exercise 2.2.3. Prove that Theorem 2.2.1]is equivalent to the more standard formulation:

Ii(q) ~ 1(q,2)
! <W¢2’z> T Io(g)

(Hint: use the dilaton equation.)

The formulation in the previous exercise immediately determines the genus-zero FJRW in-
variants with any number of ¢o insertions and one additional insertion, possibly with a )-class.
However, the next exercise shows that, actually, all genus-zero FJRW invariants are determined by

the mirror theorem.

Exercise 2.2.4. Prove that the formulation in the previous exercise determines all genus-zero
FJRW invariants. (Hint: use the string and dilaton equations along with the formula for the

virtual dimension.)

3. PROOF OF THE FAN-JARVIS-RUAN-WITTEN MIRROR THEOREM

In this lecture, we present a proof of the FJRW mirror theorem, as stated in Theorem [2.2.T],
by showing that it is a consequence of certain localization relations on auxiliary moduli spaces that

have a natural T' = C* action.

3.1. Auxiliary moduli spaces. Consider moduli spaces

-—1/5
GMya = {(Ciar. - 4 Li D: f10)} / ~
where
e (C;q1,...,qn) is a pre-stable, n-pointed, genus-zero orbifold curve, with orbifold structure

only at the marks and nodes;
e [ is an orbifold line bundle on C such that
— L has multiplicity m; at ¢;, with m; € {1,2,3,4};
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q1 q2

Cy=DP! Cy=P!

FIGURE 2. The left-hand image depicts a stable element of gﬂéf2f4, where the
dashes represent marked points and the dots represent points in the support of D.
The right-hand image depicts an unstable object, because no amount of degree in

D will stabilize the top component.

— L satisfies the kissing condition at each node;

D is an effective degree-d divisor on C, supported away from the marks and nodes,
e f is an isomorphism

FiL® =5 weeg ® O(=D);

g:C — Pl is a degree-1 map; and
all of this data satisfies the stability condition: wc jog ® O(eD) ® ¢g*Op1(3) is ample for all
e> 0.

Isomorphisms are required to preserve the divisor D and commute with the map g.

These conditions are a lot to swallow, so let us parse the main ideas. If d = 0, then Qﬂé{%o
parametrizes usual 5-spin curves along with an additional degree-one map to P'. This additional
map parametrizes one irreducible component Cy C C', and the stability condition simply says that
Cy is always stable, regardless of how many special points it has, while every other component
is stable if and only if it has at least three special points. If d # 0, then any non-parametrized

component is stable if and only if it satisfies one of the following two conditions (see Figure [2)):

(1) it has at least three special points (marked points or nodes), or

(2) it has two special points and intersects Supp(D) nontrivially.

As in the case of usual 5-spin curves, Qﬂé{%d has a virtual class, defined by
[gma/ni”d]v = |: Mé,/;l,d} Ne ((R1W*£®5)V) s

and this virtual class vanishes on divisors where the node has multiplicity zero. Unlike the usual
case of 5-spin curves, this moduli space has a torus action. More specifically, define an action of
T =C*on gméf%d by post-composing the map g : C' — P! with the action ¢-[xq, z1] = [tzg, 1] on
P!, This is equivalent to acting directly on |Cp Z P!, Let z denote the T-equivariant parameter,
so that

c1(TPYo) = 2 = —c1 (TP ),
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\ // \ -
|
0V G=p [ o' Cy=p'

FIGURE 3. The left-hand image depicts a generic T-fixed point of gméf :Zd’ where

the marked points and support of D are distributed on the two branches attached
to Cy at 0 and oco. The right-hand image depicts the distinguished fixed locus

—1/5
To € GMY2 410

where 0 = [1,0] and co = [0, 1]. A point of Qﬂé{%d is fixed by the T-action if and only if

ConN <{M} U{g,...,qn} U Supp(D)) C {0, 00}.
See Figure [Bl

3.2. Unification of the J- and /-functions. Let i : 'y — gﬂéﬁl,d be the T-fixed locus where
Gn+1 = 00 € Cj, and define

——1/5 vir

/ P | GMil 1.0 6" N
o

(Vo) P

qd
j(t7q7 Z) = _Z2 Z m

n>0
d>0
1<m<4

The formal series J (t, q, z) unifies the J- and I-functions in the following sense.

Proposition 3.2.1. Setting g =0,
J(£,0,2) = J(t,2).

Setting t = 0,
j(()? q7 Z) = I(q7 Z)'

Proof. First, consider the case ¢ = 0. The first three images in Figure [ depict the three types of

fixed loci and how they contribute to J(t,z). We explain each of these computations in turn.

If n = 0, then deg(wc 1og) = —1, and the moduli space is non-empty only if m = 4, in which case
I'o is a point (with an order-5 automorphism). One checks that H'(C, L) = 0, so the virtual class
restricts to the usual fundamental class. The normal bundle has a single factor of —z = ¢;(T'Cp|xo)
corresponding to moving ¢; away from oco. Dividing by the automorphism group cancels with the
5 in the dual basis: ¢* = 5¢1. Thus, the coefficient works out to be z¢;.

If n = 1, then T'y is still a point (with an order-5 automorphism). On this fixed locus,
1 = c1(TCYlo) = —=z. The virtual class is the usual fundamental class again, and the normal
bundle has two contributions z and —z corresponding to moving the two marked points away from

0 and oo. Putting everything together, the coefficient in this case is t(—z).
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q1 = 0
0 P -
O pr—
tw) g2 = X
——— — (-2
0 p—
t()
t()
FJRW
ﬁ n d)m
t(1) et — o _ 2w <t(¢ z—¢>07n+1
t(?!)) n+1 — 1<m<4
|
0\ cy=p'
D= d[O] n=o0 Zjd! H (kz)5¢d+1
L g 1 I _ O<k<d+1
Co="P (hy=( L)

FIGURE 4. Contributions to J(t,q,z) when ¢ = 0 (first three) and t = 0 (last one).

Forn>2,Ty= ﬂéfﬂ. Using the normalization sequence
0—>Oc—>(’)co@(’)m—>(9q—>0,

one checks that the virtual class on Qﬂé{j 41 restricts to the virtual class on ﬂ(l]/: +1. The normal
bundle has two factors z and —z corresponding to moving the node away from 0 and moving g,+1
away from oo, respectively, and one factor of z — ¥ corresponding to smoothing the node at 0.

Thus, these coefficients are equal to the n > 2 terms of J(t, z).

Next, consider the case t = 0. Then I'g is a point (with an order-5 automorphism) where

C = Cy and D is entirely supported at 0 € Cj (see Figure @]). Since
L% = Wi © O(—d) = O(—d — 1),

we see that L = O (—%) and m = —(d + 1) mod 5. With respect to the open cover consisting of

the complement of 0 and the complement of oo, a basis of Cech sections is given by

_ap d+1 d+1
Hl(C,L):C{xgkgglf : ;0<k<%, <k>:<%>},
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Since the T-action has weight —kz on each basis element, we see that the virtual class restricts as

e(H(C, L)) = [ (k2.

o<k<dfl
wr-(25)

The normal bundle contributes —z corresponding to moving the marked point away from oo and
d!z? corresponding to moving the support of D away from 0. Combining these contributions recovers
the I-function. O

3.3. Proof of the mirror theorem. We now prove the FJRW mirror theorem.

Proof of Theorem [Z22]. Tt suffices to prove
(3) J(t,q,2) =Tt +T,0,2)

where
t= Z t" ¢y,  and T =1,(q,—2)+ P12
1<m<4
If [B) holds, then setting t = 0 recovers Theorem 2.2.T] via Proposition B.2.Jl Notice that (3]) is
true modulo ¢ and it is true modulo z~!. Our strategy is to show that both sides of (B]) satisfy the

same recursion, which determines the coefficients recursively in (d,n) (lexicographic ordering).

Begin with the left-hand side, and consider the equivariant integrals

4 vt (0 ev* e
W /[gMé,/(ia,m>,d]v"e 5(0) -evy i (c0) € Hy(pt) = Q[

where ev},(0) denotes the equivariant class where ¢g=!(0) N Supp(D) # 0 and ev},(co) denotes
the equivariant class where g,11 € g~ '(c0). By definition, (@) is polynomial in z. Therefore, if
we invert z and compute the integral by localization, we obtain relations among the coefficients of

negative powers of z.

To exhibit how these relations can be useful, let us suppose that we are interested in computing
the %™ ... t™n ¢™_coefficient of J(t,q, z). Computing the integral (@) by localization, the fixed
locus T’y contributes d times the coefficient we are interested in (there is a dz from the restriction of
evp(0) and a —z from the restriction of ev}:, ;(c0)). Moreover, the contribution of every other fixed
locus (see Figure []) is determined recursively because the components over 0 and oo either have
degree < d (and any number of special points), or degree = d but with fewer special points. Thus,
with the lexicographic ordering on (d,n), this gives an effective recursion determining J (¢, q, 2)

from ¢ = 0 and the coefficients of the non-negative powers of z.

Inserting these relations as coefficients of the appropriate generating series, we can package

them efficiently as the following statement:

5, 0 —ky _
(5) <8_qj(t7Q7z)7 m—mj(t7Q7 _Z)> [Z ] =0 Vk>Oandl S m S 4.
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Now consider the right-hand side, where we investigate the equivariant integrals
or

[ (a0F ) oo
[gMo,(m,m)+1,o] q

Localizing exactly as before and packaging in the appropriate generating series, we find that

0 0
(6) <a—qj(t +7,0,2), E%—mj(t + 7,0, —z)> [z_k] =0 Vk>0and1l<m<4,
and the relations (B]) determine the z=* coefficients of J (t + 7,0, z) from ¢ = 0 and the coefficients
of the non-negative powers of z.

Since the recursions (B)) and (@) are identical, and they determine the series from ¢ = 0 and

the coefficients of the non-negative powers of z, then the two sides of (3)) are equal. O

4. GROMOV-WITTEN THEORY OF THE QUINTIC THREEFOLD

In this lecture, we introduce GW invariants of the quintic threefold and state the genus-zero
GW mirror theorem. We also apply localization to provide an explicit algorithm for computing

any genus-zero GW invariant of the quintic threefold.

4.1. GW theory of the quintic threefold. GW invariants are a special class of intersection
numbers on moduli spaces of stable maps. The closed points of the moduli space of stable maps are
defined by

Mgn(Q,d) ={(Csq1,.. . aqn; f)} ] ~

where

e (C;qi,...,qn) is a pre-stable, n-pointed, genus-g curve;
e f:C — Qis amap of degree d € Hy(P*) = Z; and
e this data satisfies the stability condition: wc jog @ f*Opa(3) is ample.

An isomorphism of two points is an isomorphism of pointed curves that commutes with the maps to

Q. The stability condition is equivalent to only allowing points with finitely-many automorphisms.

The moduli spaces ﬂgm(Q, d) are not smooth, even as Deligne-Mumford stacks, and they can
have many components of higher-than-expected dimension. It is a highly non-trivial but funda-

mental fact that ﬂgm(Q, d) supports a virtual fundamental class

My (Q,d)]™ € Hap (Myn(Q.d))

which was constructed in [3]. For ¢1,...,¢, € H*(Q), GW invariants are defined by

(1™ - ) OV, = / V(@)% - v (pn)tin € Q,

Mgn (@A)

where ev; : Mg,n(Q, d) — @ evaluates the map f at the ith marked point, and 1); is the cotangent

line class at the ith marked point on the pre-stable curve C.
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In order to state the genus-zero mirror theorem, we require the GW J- and I-functions. Let
V = H*(Q) = Q{¢;}, where {¢;} is a basis of cohomology and let {¢'} denote the dual basis under
the Poincaré pairing. Then for t(z) € V[[z]], the J-function is defined by

6 \OV
J(t,z) ==z +t(— +Zn'< nz—li,b> '

0O,n+1,d

and the I-function is defined by

1(BH + kz
I(g.» _ZZ de )

d>0 k=1 H+k’z)

where H is the restriction of the hyperplane class from H*(P*). The I-function should be expanded
as a polynomial in H € H*(Q). Similarly to the FJRW case, we can write

2 3
10,2 = Iofa)z + T(@)H + ()" + Is(a) o

and we define

I1(q,2) == Io(q)z + Li(¢)H.
The mirror theorem can be stated in the following way.
Theorem 4.1.1 (Givental [I1]). Set
T=11(q,—2) + z¢1.
Then

J(1,2) =1(q, 2).

Exactly as in the FJRW case, the dilaton equation can be used to prove that Theorem E.1.1]

is equivalent to the more standard formulation of the mirror theorem:

Li(q) _ 1(g,2)
! (IO(Q)¢2’z> (g’

and the string and dilaton equation, along with the formula for the virtual dimension, show that

the mirror theorem determines all genus-zero FJRW invariants of the quintic.

4.2. Computing genus-zero GW invariants. Similarly to the FJRW setting, the general con-
struction of the virtual class is far beyond the scope of these lectures. However, the situation greatly
simplifies in genus zero. This is due to the fact that genus-zero stable maps to the quintic embed
into mom(]P"l, d), which is a smooth Deligne-Mumford stack, and the push-forward of the virtual

class can be described concretely as an Euler class:

i [Mon(Q,d)]™ = [Mon(P*,d)] N e(Rm, f*Opa(5)),
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where 7 : C — ﬂo,n(]P"l, d) is the universal curve and f : C — P* is the universal map. Therefore,
if ©1,..., 0, € H*(P*), the projection formula implies that

(evi(pn)ui" -+~ evyy(9n)®") e(ROmy f*Opa (5)),

(Mo, (P*,d)]

T o™ o ™G, = /

where we implicitly restrict ; to H*(Q) in the left-hand side. Since M, (P4, d) has an action of
the torus 7' = (C*)5, the invariants (7]) can be computed by localization, and we now provide a

brief overview of how this works out.

Each component of the T-fixed locus in My ,,(P*,d) can be indexed by a decorated tree. Such
a tree I' has vertices V(I') and edges E(I"). Each vertex v is labeled with an index j, € {0,...,4}
and has legs indexed by I, C {1,...,n}, and corresponds to a connected component of f _1(pju)
containing the fixed points {¢; : i € I,}. Each edge e is labeled with a positive integer d, and
corresponds to a connected multiple cover of the corresponding T-invariant line in P4. For example,
the fixed locus in Exercise[.2.10lis indexed by the graph with two vertices labeled 0 and 1 connected
by an edge labeled d. Figure [ gives a more general example of a localization graph and its

corresponding fixed locus.

Let ir : I — mom(]P"l, d) denote the component of the fixed locus indexed by I', and let G,, 4
denote the set of all decorated graphs that index fixed loci in My, (P?, d). Then the localization

theorem implies that

R D B g { C R H CN G Y ST

W& AT iy e(Nr)

By normalizing the curves in the fixed locus FT, the numerator can be computed as a product
of terms coming from vertices, edges, and flags (i.e. nodes). The normal bundle has a factor
of RO, f*TP* from deforming the map f which can also be computed using the normalization

sequence, along with a factor from smoothing each node.

For each edge e € E, let j. and j. denote the labels on the two adjacent vertices. Let E, denote
the set of edges adjacent to v, and let F(I') denote the set of flags {(v,e) : e € E,}. Carefully
computing the localization contributions to each fixed locus, one derives the following formula. We

refer the reader to [12, Chapter 27] for a careful derivation.

Theorem 4.2.1. The GW invariant (1) is equal to

Z m H V(jo, v, Ev) H E(de, je, jb) H F(j,)

I'eGpq veV(T) ecE(T) (v,e)eF(T)
where
Do klgf iﬁpszk
V(jo, Lo, Ey) = —]/ " ;
H (Oé] - Oé.]’) Mo,val(v) H ( ]d le — /l/}e>
J'#] cEE, ‘
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F1GURE 5. The left-hand image is an example of a localization graph, and the right-
hand image is a schematic description of the maps in the corresponding fixed locus.
The inner triangle in the right-hand image represents the P? inside P* spanned by
the points p1, p2, and p3. The maps in this fixed locus contract two components of
the curve (the one supporting marked points ¢, g2, and g3, and the one supporting
marked points ¢4 and ¢5). The non-contracted components are all mapped onto
the corresponding T-invariant lines in P* as multiple covers of the indicated degree,
where any special points are totally ramified over the two corresponding T-fixed

points in P4.

5d

T (505 + k25

k=0

d )
Q1 —O
H (Oéj—Oél—f‘kjd])
k=0

(1,k)#(4,0)

. 1
E(d7jaj/) = E

=R

l

and
-1

5aj

1 (aj —ayr) ’
i

where, in the vertex terms, we make special conventions for the unstable moduli spaces:

k
/ L (—2)F  and / L _ z.
MOQ z = 1/}2 ﬂo,l z — 1/}1

If you have never computed t-class integrals on M ,,, the following exercise is a fun application

F(j) =

of the string equation.
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Exercise 4.2.2. Prove that

n—3
[ g = (70 ).
Mon al,...,0n

Along with Theorem [£.2.1] Exercise [.2.2] provides an algorithm to compute any genus-zero
GW invariant of the quintic threefold. As a first example, the interested reader can recover the

following classical result.

Exercise 4.2.3. A smooth quintic threefold contains 2875 lines.

All of this seems rather promising; however, the complexity of the graph sums grows at an
enormous rate and computations very quickly become inconceivable, even with the most powerful

computers at our disposal. If you are not convinced, take a stab at the following exercise.

Exercise 4.2.4. Enumerate the T-fixed loci in ﬂo,o(]P"l, d) for d = 2,3,4.

Therefore, in order to prove an explicit result such as Theorem EI.Jl we need to find and

exploit recursive combinatorial structures in the localization graphs.

5. PROOF OF THE GROMOV-WITTEN MIRROR THEOREM

In this lecture, we prove the genus-zero GW mirror theorem for the quintic threefold by study-
ing recursions that arise from the combinatorial structure of the localization graphs that were

described in the previous lecture.

Proof of Theorem [{.1.1,. We begin with the left-hand side of Theorem LTIl Pushing forward to
H*(P*), we obtain

qd HZ GW ‘
isJ(T,2) =bHz+bHT(—2) + Z — <T(¢)” > HY
. =¥/ oms1a
0<i<4

where we can safely include the summand ¢ = 4 because the corresponding invariants vanish. Lifting

to equivariant cohomology, then restricting to the fixed point basis, we can write

i¥isJ (T, 2) 5. ¢ o \CW
e e IR SIS DI COLC S N
’ e(ij/lP’4) [1 (e —ayr) ’ nZC; n! 2=V /[ ont1d
J'#i ’
:,l_[ .(H—Ocj/)
where 7;(z) is obtained from 7(z) by replacing H with «; and p; = J]‘Tj(aij—a,) denotes the equi-
. J

variant cohomology class that restricts to the unit at the jth fixed poijnt.J The correlators in J; can
be computed by the localization formulas of the previous lecture. Each contributing graph has a
distinguished vertex vy that supports the (n + 1)th marked point. We break the graphs up into
two types (see Figure [@]):

(1) Graphs where val(vg) = 2; and
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ds
U
0 d(] d2
n—l—l—@ Jjo n+1
ﬁ{ &
kg, ks

FIGURE 6. Graphs of type (1) (left) and type (2) (right).

(2) Graphs where val(vg) > 2.

Notice that every graph of type (2) can be obtained in a unique way by taking some number
of graphs of type (1), identifying their distinguished vertices as a single vertex, and possibly adding
some additional points at the new distinguished vertex. Therefore, away from the vertex vy, con-
tributions from graphs of type (2) are equal to sums of contributions of graphs of type (1). We

now investigate what happens at the vertex vyg.
For graphs of type (1), the contribution of the vertex vy is

50éj 1

[T (o —ayr) o 4 %0
i do

(®)

This expression can be expanded as a power series in z. For graphs of type (2), the contribution of

the vertex vg is
[T 75(¥x)
(9) 504] / kel, 1
H (Oéj — Oéj/) Mo,val(vo) H (aj.;& _ we) zZ — 1/}714-17

J'7 ec€B, ‘

where the denominator is expanded as a power series in the t-classes. Therefore, in order to
compute the contribution from a graph of type (2), one can compute the contributions from the
corresponding graphs of type (1), multiply them each by F(j) to cancel the pre-factor in (8)), replace
each z with the appropriate —., and then compute the integral over MO,WI(UO) as in ([@).

To summarize the above discussion more succinctly, define the power series Tj(z) by the formula
Tj(—z) := F(j) - (contributions of all graphs of type (1)).

Then

(10) Ji(1,2) = ﬁ 2+ 7i(—=2) + Tj(—2) _‘_Z%/M (Tj(f)_“‘wjz_(;ﬁ))n |
J'#J ’ n>2 0,n+1 n
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where (by (®))) we can write

(11) Ti(—2)= > —ar

i'#5 % T T d
d>0

In addition, by removing the vertex vg and the edge ey from graphs of type (1), we see that
d,j' , . ) o —
(12) T = ¢'F(§)E(d, j, ') F(§) Ty (T,Z _ %> '

Equations (I0), (II)), and (I2)) determine J(7, z) from 7(z). To see why, notice that the ¢=¢ terms
in ([0) are determined by the ¢=¢ terms in Tj(z) (and 7j(2)), and the edge-removal recursion (I2)

computes ¢=?¢ terms of Tj(z) as ¢=¢ terms of Ji(T,2).

Thus, in order to prove Theorem AT.1], we must show that

5d
i g I1 (5 + kz)
(13 R Y e
) H 1 (05— outk2)
=0 260

can also be written in the form (I0) for some Tf’j " that satisfy the edge-removal recursion @2.
Since (I3)) has the same simple poles as (IIl), along with higher-order poles at z = 0, then the

partial fractions decomposition implies that

Yo ~ _
16:2) = e oy (B 702+ T2+ 06)
J#i
where
_ T
Ti(-2) =) —ara
#4527 d

d>0

Moreover, the next exercise, which is a direct computation, verifies that the g-series T;i’j satisfy

(@j.
Exercise 5.0.1. Prove that

.. . it — O
Res _ay-a;1j(g.2) = ¢"E(d, 5,5 )F ()1 <q72 _ JTJ> '
- d
Therefore, the only thing that is left to verify is that I;(g, z) has the form (I0Q)); in other words, we
need to check that

davj

» V) + T, (¢
T e |0 B g [ -

11 n>2 I Mot z2 = Yy
J'#]

(14)  Ii(g,2) =

This last check follows the exact same arguments as the proof of Theorem 2.2, For the reader’s

convenience, we outline the main steps and leave the details as exercises.
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Define moduli spaces
GMona={(Csa1,---,an: D;g)} | ~
where
e (C;q1,...,qn) is a pre-stable, n-pointed, genus-zero curve;
e D is an effective degree-d divisor on C, supported away from the marks and nodes,
e g:C — Pl is a degree-1 map; and
o stability: wejog ® O(eD) ® g*Op1(3) is ample for all € > 0.

Define a T-equivariant virtual class:

L v e(ROﬂ'*(O(5D) ® O5O¢j))
ol = om0, O] 5 0T

The moduli spaces gﬂom,d have a C*-action, and a distinguished fixed locus ir, : I'g — Qﬂom,d.
Define

d 3% [GMopr1.a]VF NE(p)"
B o 3 DI 0
1,d>0 n. 6( Fo)
where t(z) = Zkzo t12*. The following two exercises are straightforward modifications of the

arguments of Lecture [3, and they finish the proof of Theorem [Z.1.1]

Exercise 5.0.2. Define

7j(2) == Lj(q, —2) + 2 = 7;(2) + Tj(2).
Prove that

T;(75:0.2) = b | 24 (-2 + (-2 + 3 /ﬂ (3 () + T5(9))"

II (o5 —ay) = z2 = Yny1

and
Ji(0,q,2) = I(q,2).

Exercise 5.0.3. Prove that
L7)(150 + 5:]'7 07 Z) = L7j(t07 q, Z).

REFERENCES

[1] A. Adem, J. Leida, and Y. Ruan. Orbifolds and stringy topology, volume 171 of Cambridge Tracts in Mathematics.
Cambridge University Press, Cambridge, 2007.

[2] M. F. Atiyah and R. Bott. The moment map and equivariant cohomology. Topology, 23(1):1-28, 1984.

[3] K. Behrend and B. Fantechi. The intrinsic normal cone. Invent. Math., 128(1):45-88, 1997.

[4] P. Candelas, X. C. de la Ossa, P. S. Green, and L. Parkes. A pair of Calabi-Yau manifolds as an exactly soluble
superconformal theory. Nuclear Phys. B, 359(1):21-74, 1991.

[5] H.-L. Chang, J. Li, and W.-P. Li. Witten’s top Chern class via cosection localization. Invent. Math., 200(3):1015—
1063, 2015.



24

(6]
[7]

(8]

D. ROSS

A. Chiodo. The Witten top Chern class via K-theory. J. Algebraic Geom., 15:681-707, 2006.

A. Chiodo and Y. Ruan. Landau-Ginzburg/Calabi-Yau correspondence for quintic three-folds via symplectic
transformations. Invent. math., 182(1):117-165, 2010.

T. Coates, A. Corti, H. Iritani, and H.-H. Tseng. A mirror theorem for toric stacks. Compos. Math., 151(10):1878—
1912, 2015.

D. A. Cox and S. Katz. Mirror symmetry and algebraic geometry, volume 68 of Mathematical Surveys and
Momnographs. American Mathematical Society, Providence, RI, 1999.

H. Fan, T. Jarvis, and Y. Ruan. The Witten equation and its virtual fundamental cycle. arXiv:0712.4025, 2007.
A. Givental. A mirror theorem for toric complete intersections. Progr. Math., 160:141-176, 1998.

K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R. Vakil, and E. Zaslow. Mirror symmetry,
volume 1 of Clay Mathematics Monographs. American Mathematical Society, Providence, RI; Clay Mathematics
Institute, Cambridge, MA, 2003. With a preface by Vafa.

A. Polishchuk and A. Vaintrob. Algebraic construction of Witten’s top Chern class. Contemp. Math., 276:229—
250, 2001.

D. Ross and Y. Ruan. Wall-crossing in genus zero Landau-Ginzburg theory. J. Reine Angew. Math., 733:183-201,
2017.

DEPARTMENT OF MATHEMATICS, SAN FRANCISCO STATE UNIVERSITY, 1600 HOLLOWAY AVENUE, SAN FRAN-

crsco, CA 94132, USA

E-mail address: rossd@sfsu.edu



	0. Introduction
	1. Equivariant cohomology and localization
	2. Fan-Jarvis-Ruan-Witten theory of the quintic threefold
	3. Proof of the Fan-Jarvis-Ruan-Witten mirror theorem
	4. Gromov-Witten theory of the quintic threefold
	5. Proof of the Gromov-Witten mirror theorem
	References

