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A note on certain superspecial and maximal curves of genus 5
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Abstract

In this note, we characterize certain maximal superspecial curves of genus 5 over finite fields.
Specifically, we prove that the desingularization T}, of zyz®+2°+y® = 0 is a maximal superspecial
trigonal curve of genus 5 if and only if p= —1 (mod 15) or p = 11 (mod 15). Moreover, we give
families of maximal curves of more general type, which include T},.
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1 Introduction

By a curve, we mean a projective, geometrically irreducible, non-singular algebraic curve. Let K
be a field of positive characteristic p > 0. A curve C of genus g over K is said to be superspecial if
its Jacobian variety is isomorphic to the product of supersingular elliptic curves over the algebraic
closure K of K. Any superspecial curve is a supersingular curve, which is a curve such that
its Jacobian variety is isogenous to the product of supersingular elliptic curves. Furthermore,
superspecial curves are closely related to maximal curves and minimal curves, where a curve over
[F, is called a maximal (resp. minimal) curve if the number of its [F -rational points attains the
Hasse-Weil upper (resp. lower) bound ¢ + 1 + 2g,/q (resp. ¢ + 1 — 2g,/q). It is known that a
superspecial curve over an algebraically closed field in characteristic p descends to a maximal or
minimal curve over Fp2. In contrast, any maximal or minimal curve over F 2 is superspecial. Note
that superspecial curves over [F,» are not necessarily [F,»-maximal. This note studies superspecial
curves in order to find [F.-maximal curves.

Finding maximal curves is an active research problem in the study of curves over finite fields,
see e.g., [10], [12], [22], [23], [24], [25], and [26]. In particular, Tafazolian and Torres (cf. [22], [23],
[24], [25], [26]) characterize maximal curves of various types, e.g., hyperelliptic curves y? = 2™ +
and y? = 2™ + 1, Fermat type 2™ + y* = 1, Hurwitz type 2™y® + 3™ + 2? = 0, other types such
as y" = z*(z™ + 1). They use Serre’s covering result (cf. [II, Prop. 2.3], [I9]): Any curve over F
non-trivially F 2-covered by a maximal curve over 2 is also a maximal curve over F 2. They prove
the maximality of curves by finding subcovers of a maximal curve such as the Hermitian curve.

Another problem is the enumeration of superspecial (or maximal) curves. Enumeration means
here that we count the number of K-isomorphism classes of superspecial (or maximal) curves of
genus g over F, for K = F, or F,. If g < 3, some theoretical approaches to enumerate superspecial
(or maximal) curves are available, and they are based on Torelli’s theorem (cf. [3], [27, Prop. 4.4]
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for g = 1, [7], [9], [21] for g = 2, and [6], [§] for g = 3). If g > 4, however, it is thought that these
approaches are not so effective; different from the case of ¢ < 3, the dimension of the moduli space
of curves of genus g is strictly less than that of the moduli space of principally polarized abelian
varieties of dimension g.

To deal with the case of ¢ > 4, alternative approaches based on both theory of algebraic
geometry and computer algebraic methods are proposed in [14], [15], [16], [I7] and [18]. In [I§],
superspecial trigonal curves of genus 5 over F, are completely enumerated for ¢ = 5, 52, 7, 7%,
11 and 13. In particular, there are precisely four Fq;-isomorphism classes of superspecial trigonal
curves. Enumerated isomorphism classes are represented by the non-singular models of the singular
plane curves zyz> + sz + ty® = 0 with a singularity [0 : 0 : 1] in P? = Proj(Fy1 [z, y, 2]) for some
s € F{{ and t € F{}. The non-singular model with s = ¢ = 1 is also an F;;2-maximal curve, see [I8|
Remark 5.1.2].

In this note, we investigate the superspeciality of the non-singular model of zyz> + s2® 4+ ty® = 0
with s € F* and t € Fj for arbitrary q. We also investigate the [F-maximality of the curve with
(s,t) = (1,1) for arbitrary p > 11. Moreover, we consider curves of more general type: the non-
singular model of the homogeneous equation z% + y® + zbz°y¢ = 0 for natural numbers a, b and ¢
with b+ 2¢ = a. Main results of this note are as follows:

Theorem 1.1. Let (s,t) be a pair of elements in F. Put I := wyz3 + sx® +ty®. Let V(F) denote
the projective zero-locus in P? = Proj(IFTq[m,y,z]) defined by F = 0. Then the desingularization
T, of V(F') is a superspecial trigonal curve of genus 5 if and only if p = 2 (mod 3) and p = 1,4
(mod 5).

We directly prove Theorem [LIl by computing the Hasse-Witt matrix of T},. Since F2-maximal
curves are superspecial, the condition p = 2 (mod 3) and p = 1,4 (mod 5) is necessary for T}, to be

[F,2-maximal. In fact, the converse is true for (s,t) = (1,1).

Theorem 1.2. Let V(F) denote the projective zero-locus in P? defined by F = xyz3 4+ 2° + 15 = 0.
Then the desingularization T, of V(F) is an Fj2-maximal trigonal curve of genus 5 if and only if
= —1 (mod 15) or p =11 (mod 15).

We prove Theorem below by constructing explicit equations for subcovers of the Hermitian

curve, similarly to methods in [22], [23], [24], [25] and [26].

Theorem 1.3. Let a, b and ¢ be natural numbers with b+ 2¢ = a. Put n := ab/ged(a, b, c). Let
Cp.ap,c be the non-singular model of x* + y* + 2Px¢y¢ = 0. Then we have the following:

(1) The curve Cpqp, . is marimal over F2 if p= —1 (mod n).

(2) Suppose that a and b are coprime. Since there exists an integer d such that d = 2 (mod a)
and d =0 (mod b), and since any two such d are congruent modulo ab, we fix such a d in the
interval [0,ab). Then the curve Cp . is mazimal over F2 if p=d—1 (mod n).
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2 Superspeciality of the trigonal curve 7,

As in the previous section, let K be a perfect field of characteristic p > 2. Let K[z, v, z] denote the
polynomial ring of the three variables x, y and z. As an example of a superspecial curve of genus
g = 5 in characteristic 11, we have the desingularization of the projective variety zyz>+sz®+ty®> = 0
with (s,t) € (K*)? in the projective plane P? = Proj(K|[z,v, 2]), see [I8, Theorem B].

In this section, we shall prove that the desingularization of the variety zyz> + sz® +ty® = 0 over
K is (resp. not) a superspecial curve of genus 5 if p = 2 (mod 3) and p = 1 (mod 5) or if p = 2
(mod 3) and p = 4 (mod 5) (resp. otherwise). Throughout this section, we set F := xyz3+ sz’ +ty°.
Let 7T}, denote the non-singular model of the projective variety V(F) in P? defined by F = 0.

2.1 Singularity of V(F)
First, we prove that the variety V(F') has a unique singular point if p > 5.

Lemma 2.1.1. If p > 5 (resp. p = 5), then the variety V(F') has a unique singular point [0 : 0 : 1]
(resp. at least two singular points).

Proof. Let J(F') denote the set of all the elements of the Jacobian matrix

<?’9_§ %_5 %_§>:(yz3+5sx4 xz® + 5yt 3wyz? ).

Namely, the set J(F) consists of the following 3 elements: f; = yz> + 5sz?, fo = 223 + 5ty* and

f3 := 3xyz%. Assume p > 5. It suffices to show that z and y belong to the radical of the ideal
generated by F' and J(F'). By straightforward computations, we have

F—afi—5Yyfo+5tafi = —3sz°

F—yfo—5"'afi+5 'yfo = —3t°

which belong to the ideal (F, J(F')) in K|z,y, z]. Thus,  and y belong to its radical.
_ Ifp =5, then the point [s71/%: —t=1/5: 0] on V(F) is a singular point over the algebraic closure
F5 for each (s,t) € K®2 < {(0,0)}. O

2.2 Irreducibility of F

In this subsection, we show that the variety V(F) with F' = xyz3 + saz® + ty° is irreducible for s
and t € K*, equivalently the quintic form F' is irreducible over the algebraic closure K.

Lemma 2.2.1. The quintic form F = xyz3 + sa® + ty® is irreducible for s and t € K> over the
algebraic closure.

Proof. 1t suffices to prove that s ' F = 2 + s~ ty® + s lwyz3, which is monic with respect to z, is
irreducible over K. If s~ F is reducible, we have either of the following two cases: (1) s™'F = g1g4
for some linear form g; and some quartic form g4 in K[z, y, 2], or (2) s 'F = gog3 for some quadratic
form go and some cubic form g3 in K|[z,v, 2].

(1) We may assume that the coefficient of z (resp. z*) in g; (resp. g4) is 1. Writing
g1 = T+a1y+azz, and
gy = zt + a3x3y + a4m3z + a5x2y2 + a6x2yz + a7x2z2 + a8$y3 + a9$y2z
Fayryz® 4+ a2z’ + apy® + a13y32 + aay®2? + asy2d + age?



for a; € K with 1 <14 < 16, we have
g1gs = x°+ (a1 + az)xty + (ag + ag)zz + (araz + a5)x3y> + (azaz + aragae)zyz + (azay + a7)x3 2>
+(aras + ag)x?y> + (agas + arag + ag)x?y*z + (agag + arar + a10)x?y2% + (azar + ary)z?2?
+(arag + a12)zy? 4 (azag + ayag + a13)xy>z + (azag + ajayg + as)zy>2?
+(
(

3.2 2.3 4 5
+(asaq3 + a1a14)y 25+ (a2a14 + a1a15)y 27+ (a2a15 + a1a16)yz + asaq62°.

3 4 5 4
asa1g + arair + a15)xyz + (agall + a16)a;z +aiary” + (a2a12 + alalg)y z

Note that a; # 0 and a2 # 0 since the coefficient aja;o of y° is s~ 1. Since the coefficient of
2% in F is zero, we have asaig = 0 and thus as = 0 or a1 = 0. Assume as = 0. In this case, we
have aja; = 0 and hence a; = 0 for 13 < i < 16 since the coefficients of yz*, 4223, y32% and y*z
are zero. The coefficients of 3° and zy23 are aja12 = s~ 't and asai9+aia11+a15 = aja; = s
respectively, and thus ta;; = a12 by a1 # 0. The coefficient of 2223 is asar + a1 = aqy is
zero, which contradicts ta;; = a1s # 0. Assume as # 0 and a1 = 0. Since the coeflicients of
yzt, 4223, y322 and y*z are zero, one has a; = 0 for 12 < i < 15. The condition aj2 = 0 is a
contradiction.

Writing
ga = a2+ bizy+ boxz + byy® + bayz + bs2%, and
g3 = 3+ b6x2y + b’z + ngy2 + boryz + bioxz? + blly3 + blgyzz + blgy22 + byy2?

for b; € K with 1 <14 < 14, we have

G295 = x4 (b + bg)xty + (by + by)xtz + (bibg + bs + bg)z3y?

+(babg + biby + by + bg)x3yz + (baby + by + big)z>2

+(b3bg + bibs + b11)x*y® + (babe + b3br + babs + bibg + bio)2’y*z

+(bsbe + baby + babg + bibig + bi3)x?yz® + (bsbr + babig + big)z?2?

+(bsbs + bibi1)zy® + (babg + bsbg + babi1 + bibia)zy’z

+(bsbs + babg + bsbig + babiz + bybiz)wy®z?

+(bsbg + babig + babig + bibia)zyz® + (bsbio + babra)zz?

+b3bi1y” + (babr1 + bsbia)y'z + (bsbir + babiz + bsbis)y® 2>

+(bsb12 + babrs + b3b1a)y* 2> + (bsbis + babra)yz" + bsbiaz®.
Note that b3 # 0 and by; # 0 since the coefficient bsby; of 3° is s~'¢. Since the coefficient of z°
in F' is zero, we have bsb14 = 0 and thus b5 = 0 or by4 = 0. Assume b5 # 0 and b4 = 0. Since
the coefficients of yz*, y?23 and y>2? are zero, we have bjs = bjg = by; = 0, which contradicts
bi1 # 0. Assume bs = 0 and by # 0. Since the coefficients of 324, y?23 and y32? are zero,
we have by = b3 = 0, which contradicts b3 # 0. Assume bs = b4 = 0. Since the coefficient
of 4?23 is zero, we have bybi3 = 0. If by = 0, then we have b3 = 0 since the coefficient of
Y322 is bsbiq + babio + bzbiz = b3bis and since by # 0. Now we have by = bs = bjg = by = 0,
which contradicts that the coefficient of zyz> is not zero. If bj3 = 0 and by # 0, then we have

b1 = 0 since the coefficient of y>22 is bsb11 + babia + b3bi3 = babi2 and since by = (. Since the
coefficient bybi1 + b3bia = bsb1y of y*z is zero, we have by; = 0, which is a contradiction for

b1 # 0.
O



2.3 Superspeciality of T,

In the following, we suppose p > 5. It is shown in [I8] that we can decide whether the desingu-
larization T, of V(F') is superspecial or not by computing the coefficients of certain monomials in
(F)P~L, where F' = xyz3 + s2° + ty°.

Proposition 2.3.1 ([I8], Corollary 3.1.6). With notation as above, the desingularization T, of V (F)

is superspecial if and only if the coefficients of all the following 25 monomials of degree 5(p — 1) in
(F)P~L are zero:

($3yz)p—l’ x3p—1yp—3zp—1’ $3p—2yp—2zp—l, $3p—2yp—lzp—2, x3p—1yp—2zp—2’
mp—3y3p—lz;z)—17 (.Z'y32)p_1, xp—2y3p—2zp—17 xp—2y3p—lzp—27 xp—1y3p—22p—27
x2p—3y2p—lzp—l’ $2p—ly2p—3zp—1’ ($2y2z)p—1’ x2p—2y2p—lzp—2’ x2p—1y2p—2zp—2’
x2p—3yp—122p—17 x2p—1yp—3z2p—17 x2p—2yp—2z2p—17 (x2y22)p—1’ x2p—1yp—222p—27
xp—3y2p—1z2p—l’ :Ep—1y2p—3z2p—1’ :Ep—2y2p—2z2p—1’ xp—2y2p—1z2p—2’ (xy2z2)p—1‘

To prove Theorem [[T] stated in Section [I] (and in Section 2.3.3]), we compute the 25 coefficients
given in Proposition 23311 We have

o= Y (p‘l)@yzs)“(sw%b(ty%c

a,b,c
a+b+c=p—1 »

_ Z (Z ; 1) ($ayaz3a)(8bx5b)(tcy50)

a+b+c=p—1

= Z Sbtc . <p - 1>$a+5bya+50z3a (2‘1)

a,b,c
a+b+c=p—1

by the multinomial theorem. To express (F)P~! as a sum of the form

(F)p—l = Z cid’kx"yjzk,

we consider the linear system

a+b+c=p—1,

a+ bb =1,
a-+5c=7j, (22)
3a =k,
and put
S(i, 4, k) == {(a,b,c) € [0,p — 1]%3 : (a,b, c) satisfies Z2)} (2.3)

for each (i,7,k) € (ZZO)EB?’. Using the notation S(i, j, k), we have

(Fpt= Y Yy e <p - 1) iy k. (2.4)

X a, bv C
(i,j,k)e(zzo)éﬁii (a,b,c)€S(i,4,k)



2.3.1 Case of p =2 (mod 3)
We first consider the case of p =2 (mod 3).

Lemma 2.3.2. With notation as above, if p = 2 (mod 3), the coefficients of the monomials x'y’ 2P~
and iy’ 2272 in (F)P~1 are zero for all (i,7) € (Zs0)®*.

Proof. Recall from (ZI]) that the z-exponent of each monomial in (F)P~! is 3a, which is divided
by 3. On the other hand, the z-exponents of the monomials x'y/2P~! and x'y/2?P~2 are p — 1 and
2p — 2, which are congruent to 1 and 2 modulo 3 respectively. Thus their coefficients in (F)P~! are
all zero. O

Let M be the set of the 25 monomials given in Proposition 2Z3.1] and set
E(M) :={(i,j,k) € (Z=0)®* : 2’y 2¥ = m for some m € M},
which is the set of the exponent vectors of the monomials in M.

Lemma 2.3.3. Assume p = 2 (mod 3). Ifp = 1 (mod 5) or p = 4 (mod 5), then we have
S(i,4,k) = 0 for any (i,,k) € B(M).

Proof. Note that for each (i,7,k) € E(M), we have i + j + k = 5(p — 1), see Proposition 2311
Using matrices, we write the system (22]) as

1 11 “ p—1
1 50 1
1 05 ZC) o j ’ (2.5)
300 k
whose extended coeflicient matrix is transformed as follows:
111 p-1 11 1 p—1
1 50 R 01 —4 .—j.—l-(p—l)
1 05 j 0 0 15 i+4j—5(p—1)
300 k 00 O 0
Considering modulo 5, we have the following linear system over Fs:
111 g p—1
01 1 | e
00 0 i/ = i . (2.6)
00 O 0

Note that the system (ZGl) over F5 has a solution if and only if i — j = 0 (mod 5). Assume p = 2
(mod 3). We claim that if p=1 (mod 5) or if p =4 (mod 5), the original system (Z3]) over Z has
no solution in [0, p — 1]¥3 for any (i, j, k) € E(M). Indeed, if p=1 (mod 5) or p=4 (mod 5), and
if the system (23] has a solution in [0,p — 1]%3 for some (i, j, k) € E(M), the system (Z8) has a
solution. Since p = 2 (mod 3), it follows from Lemma that k #% p—1 and k # 2p — 2, i.e.,
k=2p—1or k=p—2. Thus we may assume that (i, j, k) is either of the following:

(3p—27p_17p_2)7 (3p—17p_27p_2)7 (p_273p_17p_2)7 (p_173p_27p_2)7



2p—2,2p-1,p—2), (2p—-1,2p—-2,p-2), 2p-3,p—1,2p—-1), (2p—1,p—3,2p—1),

The value ¢ — j takes 2p — 1, 2p+ 1, —2p—1, —2p+ 1, -1, L, p—2, p+ 2, p, —=p — 2 or —p + 2,
—p, each of which is not congruent to 0 modulo 5 if p =1 (mod 5) or if p =4 (mod 5). This is a
contradiction. N

Proposition 2.3.4. Assume p =2 (mod 3). If p=1 (mod 5) or p =4 (mod 5), then the desin-
gularization T, of V(F') is superspecial.

Proof. Tt follows from Lemma 3.3 that the coefficient of x'y72* in (Z4)) is zero for each (i,j, k) €
E(M). By Proposition 2.3.1] the desingularization of V(F') is superspecial. O

It follows from the proof of Lemma 2:33] that (2:2)) is equivalent to the following system:

at+b+c=p-—1,
b—dc=—j+(p—1), (2.7)
15¢c=1i4+45 —5(p—1).

Different from the case where p =1 (mod 5) or p =4 (mod 5), the desingularization of V (F)
is not superspecial if p = 3 (mod 5).

Lemma 2.3.5. Assume p =2 (mod 3). If p =3 (mod 5), then we have #S(3p—2,p—1,p—2) = 1.
In other words, the system 1) with (i, j, k) = (3p—2,p—1,p—2) has a unique solution in [0, p—1]%3.
The solution is given by

(a, b, ¢)=((-2)/3, 42p—-1)/15, (2p—1)/15). (2.8)
Note that (p —2)/3, 4(2p — 1)/15 and (2p — 1)/15 are less than p — 1.

Proof. The system to be solved with (¢,7,k) = (3p — 2,p — 1,p — 2) is given by

a+b+c=p-—1, (2.9)
b—dc=0, (2.10)
15¢ = 2p — 1 (2.11)

with (a,b,c) € [0,p—1]%3. Note that 2p—1=2-2—1=0 (mod 3) and2p—1=2-3—1=0 (mod 5),
and thus 2p — 1 is divided by 15. We have ¢ = (2p — 1)/15 by (211 and b = 4c = 4(2p — 1)/15 by
(ZI0). Since b+ c= (2p —1)/3, it follows from (ZI)) that a = (p — 2)/3. O

Lemma 2.3.6. Assume p = 2 (mod 3). If p = 3 (mod 3), then the coefficient of the monomial
23P=2yP=1.0=2 n (F)P~1 s not zero.

Proof. Let c3p—2p,-1p—2 be the coefficient of x3P~2¢yP~12P=2 in (F)P~1. Recall from (24) that

C3p—2,p—1,p—2 i given by
byc p—1
E st ,
(a, b, c)

(a,b,c)ES(3p—2,p—1,p—2)



where S(3p — 2,p — 1,p — 2) is defined in (23). By Lemma 233 the set S(3p — 2,p — 1,p — 2)
consists of only the element given by (Z.8]), and hence

(p—1)!

C3 —2p—1,p—2 = )
pmepmp p—2), (42— 1), (20— 1),
3 ) 5 )\ 15 )

which is not divisible by p. O

Proposition 2.3.7. Assume p = 2 (mod 3). If p = 3 (mod 5), then the desingularization T, of
V(F) is not superspecial.

Proof. Tt follows from Lemma 2.3.6] that the coefficient of 2°P~2¢yP~12P=2 in (F)P~! is not zero. By
Proposition 2:31] the desingularization of V(F’) is not superspecial. O
2.3.2 Case of p=1 (mod 3)

Next, we consider the case of p =1 (mod 3).

Lemma 2.3.8. Assume p = 1 (mod 3). Then we have #S(2p — 2,2p — 2,p — 1) = 1. In other
words, the system (7)) with (i,7,k) = (2p — 2,2p — 2,p — 1) has a unique solution in [0, p — 1]3.
The solution is given by

(a, b, ¢)=(-1/3 (G-1/3 (»-1)/3). (2.12)
Proof. The system to be solved with (7,7,k) = (2p —2,2p — 2,p — 1) is given by

a+b+c=p—1, (2.13)
b—4dc=—(p—1), (2.14)
15¢=5(p—1) (2.15)

with (a,b,c) € [0,p — 1]¥3. Since p — 1 is divided by 3 from our assumption, it follows from (ZI5])
that ¢ = (p — 1)/3. By [214]) and (2I3), we have a =b= (p—1)/3. O

Lemma 2.3.9. Assume p = 1 (mod 3). Then the coefficient of the monomial x*~2y*P=22P=1 in

(F)P~1 is not zero.

Proof. Let cop_22p-2,-1 be the coefficient of z?~2y?=22P~1 in (F)P~1. Recall from (24) that

Cop—2,2p—2,p—1 is given by
bye p—= 1
stT - ,
> <a, b c)

(a7b7c)es(2p_272p_27p_1)
where S(2p — 2,2p — 2,p — 1) is defined in ([Z3]). By Lemma 2:3:8] the set S(2p — 2,2p — 2,p — 1)
consists of only the element given by ([ZI2), and hence

(p—1)!

Cop—2,2p—2,p—1 = )
P P vy p—l ' p—l ' p—l '
3 ' 3 ' 3 '

which is not divisible by p. O




Proposition 2.3.10. Assume p =1 (mod 3). Then the desingularization T, of V(F') is not super-
special.

Proof. Tt follows from Lemma 2239 that the coefficient of 22P~2y2P=22P~1 in (F)P~! is not zero. By
Proposition 23], the desingularization T}, of V (F') is not superspecial. O

2.3.3 Proofs of the superspeciality of T,

Theorem 1.1. Let (s,t) be a pair of elements in Fy. Put F := xyz®+ sa® +ty°. Let V(F) denote
the projective zero-locus in P? = Proj(K|[z,y, z]) defined by F = 0. Then the desingularization T, of
V(F) is a superspecial trigonal curve of genus 5 if and only if p=2 (mod 3) and p=1,4 (mod 5).

Proof. Since F is an irreducible quintic form over K, the desingularization T}, of V(F) is a trigonal
curve of genus 5 over K, see [I8 Section 2]. The assertion follows from Propositions 2.3.4] 2.3.7]
and 23101 0

Corollary 2.3.11. There exist superspecial trigonal curves of genus 5 in characteristic p for in-
finitely many primes p. The set of primes p for which T, is superspecial has natural density 1/4.

Proof. Note that p = 2 (mod 3) and p = 1 (mod 5) (resp. p = 2 (mod 3) and p = 4 (mod 5)) is
equivalent to p = 11 (mod 15) (resp. p = 14 (mod 15)). Since both 11 and 14 are coprime to 15,
it follows from Dirichlet’s Theorem that there are infinitely many primes congruent to 11 or 14
modulo 15. Thus, the first claim follows from Theorem [Tl The second claim is deduced from the
fact that the natural density of primes equal to 11 or 14 modulo 15 is

1 1 1 1

1
o(15) p(i) 8 8 @

where ¢ is Euler’s totient function. O

Problem 2.3.12. Does there exist a superspecial trigonal curve of genus 5 in characteristic p for
each of the following case?

(1) p=1 (mod 3). Cf. the non-existence for p =7 (and 13 over F13) is already shown in [18§].
(2) p=2 (mod 3) and p=3 (mod 5).

2.4 Application: Finding maximal curves over K = F,. for large p

In the following, we set K := 2. It is known that any maximal or minimal curve over [ is
supersepcial. Conversely, any superspecial curve over an algebraically closed field descends to a
maximal or minimal curve over F 2, see the proof of [I6, Proposition 2.2.1]. Under the condition
given in Theorem [T, we computed the number of F.-rational points on T}, with s = ¢ = 1 for
7 < p < 1000 using a computer algebra system Magma [I]. Table [[lshows our computational results
for 7 < p < 179. We see from Table [l that any superspecial T}, is maximal over 2 for 7 < p < 179
(also for 180 < p < 1000, but omit to write them in the table). From our computational results, let
us give a conjecture on the existence of IF,.-maximal (trigonal) curves of genus 5.

e For any p with p = 2 (mod 3) and p = 1,4 (mod 5), the desingularization T, of V' (F') over

[F,2 is maximal.
In the next subsection we prove this conjecture (in fact, the condition p =2 (mod 3) and p = 1,4

(mod 5) is a necessary and sufficient condition for the maximality of 7},).



Table 1: The number of F2-rational points on the desingularization T}, of V(F') for 7 < p < 100
with p =2 (mod 3), where F = zyz3+2° 4+ y°. We denote by #7T,(F,2) the number of F 2-rational
points on 7j, for each p.

p || pmod5 | S.sp. or not | #T,(F,2) p || pmod5 | S.sp. or not #T,(F2)

11 1 S.sp. 232 (Max.) || 89 4 S.sp. 8812 (Max.)
29 4 S.sp. 1132 (Max.) || 101 1 S.sp. 11212 (Max.)
A1 1 S.sp. 2092 (Max.) | 131 1 S.sp. 18472 (Max.)
59 4 S.sp. 4072 (Max.) || 149 4 S.sp. 23692 (Max.)
71 1 S.sp. 5752 (Max.) || 179 4 S.sp. 33832 (Max.)

3 Main results

Let T}, denote the non-singular model of 2% +y° 4+ 2y2® = 0. In this section, we prove that T, is
F o-maximal if and only if p = 2 (mod 3) and p = 1,4 (mod 5). Furthermore, we give a family of
[ 2-maximal curves defined by equations of a more general form.

p
p

3.1 Maximality of T, : 2° + y° + zyz* =0

Theorem 1.2. Let V(F) denote the projective zero-locus in P? defined by F = xyz3+2° +y° = 0.
Then the desingularization T, of V(F) is an F2-mazimal trigonal curve of genus 5 if and only if
p=—1 (mod 15) or p =11 (mod 15).

Proof. First, we suppose that T}, is F2-maximal. Since an F2-maximal curve is superspecial, the
curve T}, is superspecial. By Theorem [T, we have p = —1 (mod 15) or p =11 (mod 15).

Conversely, assume p = —1 (mod 15) or p = 11 (mod 15). It suffices to show that T}, is covered
by an [ .-maximal curve. Note that we have 1 + Y +yz2 =0 for x = 1.

Case of p = —1 (mod 15). There exists an integer m such that p + 1 = 15m. It follows from the
following morphism

Hppp : 1+YPH L 7200 =0 o 144° 4422 =0
(Y, 2) o (Ym Yy —mzem)
that 7T}, is covered by the maximal Hermitian curve Hpy1. Thus T, is also maximal over F ..

Case of p =11 (mod 15). In this case, there exists an integer m such that p +1 = 12 4+ 15m. It
follows from the following morphism

Hppr : YP4+Y = —2ZPF0 1+9° = —yz?
(K Z) s (Y3m+2’ Y—(m+l)25m+4)

that T}, is covered by Hpy1. Thus T}, is also maximal over F ..
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3.2 A generalization of the maximal curve of the form z° + ¢° + 2y2® =0

More generally, we consider the homogeneous equation %+ y® + 2P2°y¢ = 0 for natural numbers a,
b and ¢ with b+ 2¢ = a. Let Cj 4. be the non-singular model of z@ + y® + 2°z°y¢ = 0. Note that
Cp.ap,c has genus

1
3 (ab—a+2—ged(b,a — ¢) — ged(b, ) .
Here, we give sufficient conditions under which Cj, 4  is [F,2-maximal.

Theorem 1.3. Let a, b and ¢ be natural numbers with b+ 2¢ = a. Put n := ab/ged(a,b,c). Let
Cp.ap,c be the non-singular model of x* + y* + 2Pxcy¢ = 0. Then we have the following:

(1) The curve Cpap.c is mazimal over F2 if p=—1 (mod n).

(2) Suppose that a and b are coprime. Since there exists an integer d such that d = 2 (mod a)
and d =0 (mod b), and since any two such d are congruent modulo ab, we fix such a d in the
interval [0,ab). Then the curve Cp qp.c is mazimal over Fe if p=d—1 (mod n).

Proof. Tt suffices to show that T}, is covered by an Fj2-maximal curve. For z = 1, we have 1+ y® +
b,,c
2’y¢ = 0.

(1) Assume p=n —1 (mod n). There exists an integer m such that p + 1 = nm. It follows from
the following morphism

Hp+11+Yp+1—|—Zp+1:0 — 1+ya+zbyC:0
(Y, Z) —> (Y ngl():;vavC) s YgC(;(lclz)L,c) chd?;r,lb,c) >

that C) 4p,c is covered by the maximal Hermitian curve H,41, and so is [F,2-maximal.

(2) Assume that @ and b are coprime. Let d be a unique integer with 0 < d < ab such that d = 2
(mod a) and d =0 (mod b). Note that cd and a — 2¢ (resp. ¢(d —2) and a) are divisible by b
(resp. a). Since ged(a,b) = 1, the sum cd + (a — 2¢) = ¢(d — 2) + a is divisible by ab. We also
assume that p = d—1 (mod n), and then there exists an integer m such that p+1 = nm + d.
It follows from the following morphism

Hp+1:Yp—|—Y:—Zp+1 N 1—|—y“+zbyC:0

bm _’_H —cm _c(d=2)+a am +g
(S/v7 Z) [EEN Y gcd(a,b,c) a Y gcd(a,b,c) ab 7/ gcd(abe) T b

that C), 4 is covered by the maximal Hermitian curve Hpy1, and so is maximal over F .
O

Now we can see that Theorem is a special case of Theorem for (a,b,c) = (5,3,1) with
d=15.

Remark 3.2.1. We replace y and z in 1+y®+2%y¢ = 0 with 2 and y respectively, say 1+z%+y’z¢ =
0. It follows from ged(a,b) = 1 with b+ 2¢ = a that ged(b,¢) = 1, and that a and b are odd
numbers. There exist £ and k such that kb + fc = 1. Without loss of generality, we may assume
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Table 2: Parameters for which C) ,p . are maximal and superspecial curves over F,2. There are

two cases listed in Theorem
genus congruence (a,b,c) case
A p =15 (mod 16) | (8,2,3) case (1) with n = 16
p=9 (mod 10) | (10,2,4) case (1) with n =10
=14 (mod 15 case (1) with n =15
, (= meas [ )
p =11 (mod 15) case (2) with (n,d) = (15,12)
6 p =13 (mod 14) | (14,2,6) case (1) with n = 14
p =23 (mod 24) | (12,2,5) case (1) with n =24
=20 (mod 21 case (1) with n =21
p= (mod2)) [ )
7 p =38 (mod 21) case (2) with (n,d) = (21,9)
8 (mod 9) (9,3,3) case (1) withn =9
. =31 (mod 32) | (16,2,7) case (1) with n = 32
=17 (mod 18) | (18,2,8) case (1) with n =18
9 =23 (mod 24) | (6,4,1) case (1) with n =24
10 = 39 (mod 40) | (20,2,9) case (1) with n =40
=21 (mod 22) | (22,2,10) case (1) with n = 22
= 32 (mod 33) case (1) with n = 33
(11,3,4)
11 = 23 (mod 33) case (2) with (n,d) = (33,24)
=15 (mod 16) | (8,4,2) case (1) with n = 16

¢ <0 with 0 < —¢ < b. One can check that —fa +2 = 2 (mod a) and —¢a + 2 = 0 (mod b) with
0 < —fa+ 2 < ab, and thus can take d to be —fa + 2. Considering (z,y) — (27, —y/z¥), we
transform 1 4 2 4 y?2¢ = 0 into y* = z(1 4+ 27%¢). Assume p=d — 1 (mod ab), i.e., p= —la + 1
(mod ab). If p = —la + 1 (mod — lab), it follows from [25, Proposition 4.12] that the curve
C(b,—la+1) : y* = 27 + 2 is maximal over F,z2, and hence 1 + 2% + y°z¢ = 0 is also maximal
over [F2

3.3 Examples

There exists an Fj.-maximal and superspecial curve for each case in Table 2l Three concrete
examples introduced below are constructed from parameters in Table 2l We also refer to [20] for the
existence of (smooth) supersingular curves over F,,, and [13] for the existence of (non-hyperelliptic)
superspecial curves of genus 4.

(1) The curve Cpg o3 with (a,b,c) = (8,2,3), given by 2% + ¢® + 2223y = 0, is an IF2-maximal
superspecial curve of genus 4 if p = 15 (mod 16), e.g., p = 31, 47, 79, 127, 191. Since 31 =1
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(mod 3) and 31 =1 (mod 5), the superspecial (and hence supersingular) curve C3; g2 3 is not
obtained in [20, Theorems 1.1 and 5.5] nor [13, Theorem 3.1]. The existence of a superspecial
curve of genus 4 for p =1 (mod 3) is a positive answer to [I3] Problem 3.3].

For (a,b,c) = (12,2,5), the curve Cp1925 with 22 + y'2 + 222%y% = 0 is an [F2-maximal
superspecial curve of genus 6 if p = 23 (mod 24), e.g., p = 23, 47, 71, 167, 191. Since 191 =9
(mod 13) and 191 = 2 (mod 7), the superspecial (and thus supersingular) curve Cig1 1225 is
not obtained in [20, Theorems 1.1 and 5.5].

For (a,b,c) = (7,3,2), the curve Cp, 732 of genus 7 is F.-maximal and superspecial if p = 20
(mod 21), e.g., p = 41, 83, 167 or if p = 8 (mod 21), e.g., p = 29, 71, 113, 197. Note that
except for p = 29, each p listed above does not satisfy any of congruences (p = 14 mod 15 and
p = 15 mod 16) for g = 7 listed in [20, Theorems 1.1 and 5.5].
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