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Abstract

In this paper we consider the curves H ,g,t) : ypk +y = 2?1 over FF, and and find an exact

formula for the number of F,~-rational points on H ,gp t) for all integers n > 1. We also give
the condition when the L-polynomial of a Hermitian curve divides the L-polynomial of another
over [F,.
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1 Introduction

Let g be a prime power and [F, be the finite field with ¢ elements. Let X be a projective smooth
absolutely irreducible curve of genus g defined over IF,. Consider the L-polynomial of the curve
X over I, defined by

n=1

Lxr,(T) = Lx(T) = exp (Z(#X(Fqn) —q" - 1)%) :

where # X (F,») denotes the number of F.-rational points of X. It is well known that Ly (T")
is a polynomial of degree 2g with integer coefficients, so we write it as

29
Lx(T) =Y T, ¢ € L. (1)
=0

It is also well known that ¢y = 1 and ¢y = ¢7.
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Let k be a positive integer and ¢ be a nonnegative integer. In this paper we will study the curves
HE oy +y =

which are defined over FF,,. The curve H ,gpt) has genus p*(p* — 1)/2 except for (p,t) = (2,0),
and if (p, ) = (2,0), the genus of H,”) is 0.

In this paper we will prove the following theorem which gives the number of rational points
over all extension [F),.

Theorem 1. Let k = 2w where w is an odd integer. Let n be a positive integer with d =
(n,4kt) and ¢ = (n, 4k). Then

(0 if 2" Y dandd | kt,
e (p? —1) if 2"tV || dandd | kt,
(pet —1) if 272 | dandd | kt
P (E) — (" 1)) = 4 ’
Pt HealEyr) = (p ) pt—1 if dfkt, 2| ktandtiseven,
—(p*=1)(p**=1) if dtkt, 4| ktandtisodd
L - DY - 1) i d2ked | Akt

where e = 0ifp =2and e = 1 if pis odd.

When t = 1 this curve is very well known to be a maximal curve over 2. We have calculated
the number of rational points over all extension of F,,. We will write H\"' for H\").

Corollary 1. Let k = 2w where w is an odd integer. Let n be a positive integer with d =
(n,4k). Then

0 lf v+l ,f d,
—p " PHEE () — (07 + 1) = P (e~ 1) if 24 ||,
pd/4(pd/4 _ 1) lf 2v+2 | d.

We will usually drop the superscript in H. ,gp t) and write H} ;. Throughout the paper (;) denotes

the Legendre symbol.

In Section 2, we will give some backgrounds which we will use in our proofs. In Section 3, we
will give the proofs of two general tools which are useful for proving our results. In Section
4, we will find the F},»-number of rational points of H} , where p is an odd prime. In Section
5, we will find the Fj,»-number of rational points of H},; where p is an odd prime. In Section
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6, we will find the F},»-number of rational points of H}; where p = 2. In Section 7 and 8, we
will give some remarks on maximal curves which are related to our previous results. In Section
9, we will prove that in which condition the L-polynomial of a Hermitian curve divides the
L-polynomial of another Hermitian curve over I,

2 Background

In this section we will give some basic facts that we will use. Some of this requires that p is
odd, some of it does not.

2.1 More on Curves

Let X be a projective smooth absolutely irreducible curve of genus ¢ defined over I,. Let
M, - , 724 be the roots of the reciprocal of the L-polynomial of X over IF, (sometimes called
the Weil numbers of X, or Frobenius eigenvalues). Then, for any n > 1, the number of rational
points of X over I~ is given by

2g
HX(Fp) = (¢"+1) = >} 2)
=1

The Riemann Hypothesis for curves over finite fields states that |n;| = /g foralli =1,...,2g.
It follows immediately from this property and (2)) that

[#X(For) = (¢" + D] < 29" 3)

which is the Hasse-Weil bound.

We call X (F,) maximal if n; = —,/q forall i = 1,---,2g, so the Hasse-Weil upper bound is
met. Equivalently, X (IF,) is maximal if and only if Lx(T) = (1 + /qT)%.

We call X (IF,) minimal if n; = \/q foralli = 1, - -, 2g, so the Hasse-Weil lower bound is met.
Equivalently, X (IF,) is minimal if and only if Lx(T) = (1 — /qT)*.

Note that if X (F,) is minimal or maximal then ¢ must be a square (i.e. 7 must be even).

The following properties follow immediately.



Proposition 1. 1. If X(F,) is maximal then X (F ) is minimal for even n and maximal for
odd n.

2. If X(F,) is minimal then X (F ) is minimal for all n.
Proposition 2. [2/] If X is a curve defined over IF, and X (F 2n) is maximal, then #X (Fn) =
q" + 1.

The best known example of a maximal curve is Hy, over [ 2.

2.2 Supersingular Curves

A curve X of genus g defined over I, (¢ = p") is supersingular if any of the following equiva-
lent properties hold.

1. All Weil numbers of X have the form 7; = /q - ¢; where (; is a root of unity.
2. The Newton polygon of X is a straight line of slope 1/2.

3. The Jacobian of X is geometrically isogenous to £9 where E is a supersingular elliptic
curve.

29 )
4. If X has L-polynomial Lx(T) =1+ > ¢;T" then
i=1

ordy(c;) > %, foralli=1,...,2g.

By the first property, a supersingular curve defined over [F, becomes minimal over some finite
extension of [F,. Conversely, any minimal or maximal curve is supersingular.

2.3 Quadratic forms

We now recall the basic theory of quadratic forms over [, where ¢ is odd.

Let K = F,n,andlet ) : K — [F, be a quadratic form. The polarization of () is the symplectic
bilinear form B defined by B(x,y) = Q(z + y) — Q(z) — Q(y). By definition the radical of



B (denoted W)is W = {x € K : B(z,y) = 0forall y € K}. The rank of B is defined to be
n — dim(1V'). The rank of () is defined to be the rank of B.

The following result is well known, see Chapter 6 of [1]] for example.

Proposition 3. Continue the above notation. Let N = |{x € K : Q(x) = 0}|, and let

w = dim(W). If Q has odd rank then N = ¢q"~1; if Q has even rank then N = ¢"~' 4 (q —
1)q(n72+w)/2.

In this paper we will be concerned with quadratic forms of the type Q(x) = Tr(f(x)) where
f(x) has the form 3~ a;;29 T for any prime power ¢ and Tr maps to IF,. If N is the number of
x € Fyn with Tr(f(x)) = 0, then because elements of trace 0 have the form y? — y, finding N
is equivalent to finding the exact number of F»-rational points on the curve C': y? —y = f(z).
Indeed,

#C(Fgr) = gN + 1. (4)

2.4 Relations on the Number of Rational Points

In this section we state a theorem which allows us to find the number of [F-rational points of
a supersingular curve by finding the the number of IF,~-rational points only for the divisors m
of s, where the Weil numbers are ,/p times an s-th root of unity. Note that s is even because
equality holds in the Hasse—Weil bound over [s.

Theorem 2 ([3]). Let X be a supersingular curve of genus g defined over IF, with period s. Let
n be a positive integer, let gcd(n, s) = m and write n = m - t. If q is odd, then we have

g HX (Fgm) — (™ + 1)) ifm-riseven,
LX (Fp)—(q"+1) = ¢ ™PH#X (Fgm) — (™ + 1)) ifm-risoddand p | t,

gn=m)/2 [#X (Fym) — (g™ + 1)] (%) ifm-risoddandpft.

If q is even, then we have

G2 #HX (Fym) — (g™ + 1)) if m-ris even,

P D= {q@—mv?[#xaﬁ'qm) — (" + D) EE s odd



2.5 Discrete Fourier Transform

In this section we recall the statement of the Discrete Fourier Transform and its inverse.

Proposition 4 (Inverse Discrete Fourier Transform). Let N be a positive integer and let wy be
a primitive N-th root of unity over any field where N is invertible. If

N-1
F, = fjw;f]n
7=0
forn=0,1---, N — 1 then we have
1 V-1 i
fn = N Fij
j=0

forn=0,1--- N —1.

2.6 Divisibilty Theorems

The following theorem is well-known.

Theorem 3. (Kleiman—Serre) If there is a surjective morphism of curves C' — D that is
defined over F then Lp(T') divides L (T).

Moreover, If there is a surjective morphism of curves C' — D that is defined over [, we will
say that D is covered by C.

However, there are cases where there is no map of curves and yet there is divisibility of L-

polynomials. We suspect that H” and H() is such a case, see Corollary 1

Proposition 5 ([2]]). Let C and D be supersingular curves over F,. If L(C') divides L(D), then
s¢ divides sp.

3 The Image of the Maps y — ypk + y over [

In this section, we will give some useful tools. We will use these tools in sections [3 and



Lemma 4. Let n and k be integers with (n, k) = d. For integer m > 1 define
Spm={y"" —y : y€Fp}.

Then the set equality Sy, = Sy holds.

Proof. Since both y — ypk —yandy — ypd — y are additive group homomorphism from F»
to [F» with kernel IF,1, the cardinalities of Sy and Sy equal. Since

d
k/d—1 Pr ka1

ypk _y= Z ypdi . Z ypdi’
1=0 =0

we have S;, C S, and therefore S;, = .S;.

Note that if p = 2, we will prefer to use Lemma @] instead of the following lemma.

Lemma 5. Let n and k be integers with (n, k) = d. Let k/d is odd and n/d is even. Then

{?/pd+y : yGIFpn}:{ykary cy €l

Proof. Since n/d is even, there exist ;1 € IF,. such that (" = —p. Since k/d is odd, we also
have ,upk = —/L.

We have
d k
v/ —y yeFpt={y" —y : y€Fp}
by Lemmaldl If we multiply the sets by —pu 1,
(17" —y) Yy €Fp} = {—n'(y" —y) : yE€Fp}
holds. Since {py : y € Fpn} ={y : y € Fpn},
_ d _ k
{—p ()" = (ny)) = y €Fpn} = {—p ()" — () : y € Fp}

holds. Simply put,
d k
Wty yeFpf={y" ty: yeFun}
holds.



4 The Number of [F,.-Rational Points of ypk +y = 2% where p
is odd

Let p be an odd prime. In this section we will find the number of rational points of H}, o over
[F,» for all n > 1 where k is a positive integer and prove Theorem [0l

Lemma 6. Then the curve Hy, o is maximal over F 2 and minimal over IF .

Proof. Let pu be a nonzero element in I« such that p? = —p. Since (z,y) — (—px, —py)
is an one-to-one map from IF,2« to IF,2«, we have # H},(F 2« ) equals the number of IF2«-rational
points of
k
Grop: yP —y = pa’.
We have

TrIFle€ /Fpk (/isz) — quQ 4 'upkx2pk _ u(IQ _ x?pk)

for all z € Fk. Since deg(z2® ) — 1,271 — 1) = 2(p* — 1), we have that the number of
IF,2r:-rational points of G 4, is

L+ p 1+ 20" = 1)) =p™ + 1+ (" — 1)p".
by ). Therefore, we have
Hyt(F o) = Gryp(Fpow) = (p* +1) — (" — 1)p".

Since the genus of the curve Hy o is (p* — 1)/2, Hy is maximal over [F,2x and therefore it is
minimal over F .« by Proposition[Il O

Lemma 7. Let d | k. The number of Fa-rational points of Hy is p?+ 1.

. k
Proof. Since u”" = u for each u € I, we have

0=y +y—a? ! =2y — 22

Since for each = € IF . there exists a unique y € . satisfying the above equality, we have the
result. n

Lemma 8. Let d | k with 2d { k. The number of F ,ea-rational points of Hy.o is p** + 1 + (p* —
1)p.



Proof. Write k = 2"t where u is a non-negative integer and ¢ is odd. There exists an odd e such
that K = d - e and e | t. Since e is odd, there exists an integer f such thate = 2f + 1.

Letu € szd. Then

k d-e d-(2f+1) 2d-f4d d
u? =uP =P =P =uf.

Hence we have
gy — a2t =y 4y —a?
for all z,y € F,24. Therefore, we have
#Hm(szd) = #Hd,o(FPQd).
Since H is maximal over I« by Theorem [6l we have the result. O

Lemma 9. Let d | 4k with d t 2k. The number of Fa-rational points of Hy is p* + 1+ (p¥/* —
1)p?2.

Proof. Write d = 4e where e is an integer and £ = 2"t where u is a non-negative integer and
t is odd. There exists an odd f such that k = e - f and f | t. Since f is odd, there exists an
integer g such thate = 4g + 1 ore =4g — 1.

Case A. e = 4g + 1. We have

de-g+e e

k e f e (4g+1)
wP =uP T =P =P =P

for all u € .. Hence we have
yp’“ +y—:ppk+1 :ypeer_xz
for all z,y € IF4.. Therefore, we have
#Hy, o(Fpac) = #He o(Fpae).
Since H.  is minimal over . by Lemmal6l, we have the result.

Case B.e = 4g — 1. We have
WP gt Y g pte e e
for all u € .. Hence we have
yp’“ +y— 2P yp3€ +y— 2P (ype +y— xp€+1)p3€
for all z,y € 4. Therefore, we have
#Hpo(Fpae) = #He o(Fpae).

Since H,q is minimal over [F,,« by Lemmal6l, we have the result. O

9



Theorem 10. Let k = 2Vt where t is an odd integer. Let n be a positive integer with d = (n, 4k).
Then

0 lf v+l J[d,
—p P Ha(Fy) — 07+ 1)) = 1) i 2
p¥t—1 if 272 d.
Proof. Tt follows by Lemmal/[7 [§] and Ol O

S The Number of [F,.-Rational Points of 77, ; where p is odd

Let p be an odd prime. In this section we will find the number of rational points of H}; over
[F,» for all n > 1 where k and ¢ are positive integers and mainly prove the Theorem [I] for odd
primes.

Lemma 11. Let t be an odd integer. Then the curve Hy; is maximal over I 2 and minimal

over I .
Proof. Let ;1 be a nonzero element in F 2« such that (P = —p. Since (z,y) — (ux, py) is
an one-to-one map from Iz« to Fp2u:, we have # Hj,(F 21 ) equals to number of [F2.-rational
points of

Grip: ypk —y = ,uxpktﬂ.
Since

Kkt Kkt Kt 2kt kt
TrIFpW /F o (pa?” ) = TrIFpkt /Fok [TrIFth [ F pkt (pa?” )]
ot ot
- TrIFpkt /F ok (l,p i </~L + p” ))
- Tr]Fpkt /F ok (0)
=0

for all z € F2«, by @) we have
Hy i (Fpon) = Grppu(Fpon) = 1+ p* - pF = (p° + 1) + pM(p" — 1)/p?*.

Since the genus of the curve Hy; is p**(p* — 1)/2, H}; is maximal over IF,2x: and therefore it is
minimal over F . by Proposition [Il U

Lemma 12. Let t be an even integer. Then the number of rational points of Hy,, over I 2x: is
p** + 1 — (p*F — 1)p* and Hy,, is minimal over F .

10



Proof. Let ;1 be a nonzero element in F 2. such that p?* = —p as in Lemma [[1l Since
(—px, —py) is an one-to-one map from Fze: to IFp2ee, we have # Hj,(F 21 ) equals to number of
[F 2r¢-rational points of

Gl ypk —y = ,uxpktﬂ.

We have

Kt Kt Kt 2kt | Kt
Tr]Fp2kt /F & (Mxp +1) = Tr]Fpkt /F [Tr]Fp2kt /F ket (Mxp o + pPa? P )]
i i
- Terkt /F ok (@ o (1 + w0 t))

= Term /F ok (QprktJrl)

forall € F . Since z — 27"+ s pF 4 1-to-1 map from IF;M to IF;M and since Trz ,, /¥ , (7)
is a linear map from IF 21« to IF,x, we have that the number of I, 2k -rational points of G, 4, is

L+p" 1+ (" + D" = 1)) = (0™ + 1) — (0" = 1)p™.
by ). Therefore, we have

Hk,t(Fp%t) = Gk,t,u(Fp%t) = (p2kt + 1) - (pk - l)pkt

Let Q(z) = Trr 4, /7 (ua?***1). Then

B(z,y) = Qz +y) — Qz) — Qy)
= Trp . /e, (g +ya?"))
=Trg /v, (" (x+27"))

is a bilinear form over Fpk. Then the radical of B is
W ={z € Fu | " 4+ =0).

Since 27”* + z divides 27" — z, we have dimg , W = 2t. Since 4t — dimg , W' = 2t is even,
by Proposition[3] we have

N — p4k:t—k‘ + pk(4t—2+2t)/2 — pn(k‘—l) + (pk _ 1)pk‘(3t—1).
Hence by @) we have

#Hk,t(Fp4kt) — p4kt T 14+ <pk . 1)p3kt — p4kt 4 1+ (pk . 1)pkt /p4kt-

Therefore, Hj,; is either maximal or minimal over I ux:. It cannot be maximal by Proposition
2l Therefore, it is minimal over ¥ jae. O

11



Lemma 13. Let d | kt. The number of F-rational points of Hy; equals to the number of
¥ ,a-rational points of Hy,p.

Proof. Since wP"" = u for each u € ¥4, we have
0:ypk+y—xpkt+1 :ypk+y—x2.
Therefore, we have the result. O

Lemma 14. Let d | kt with 2d { kt and let (k,d) = c. The number of F .a-rational points of
Hy s equals to he number of ¥ 2a-rational points of H, 4..

Proof. Write kt = 2"v where u is a non-negative integer and v is odd. There exists and odd e
such that kt = d - e and e | v. Since e is odd, there exists an integer f such thate = 2f + 1.

Let u € F24. Then
kt d-e d-(2f+1) 2d-f+d d
up —= up = up —_= up —= up .

Hence we have
pk pkt+1 pk pd+1
Yy ty— =y +y—=x

for all z,y € F2q. Since (2d, k) = (d, k) and since 2d/c is even and k/c is odd, by Proposition
[l there exists z € [F2ta such that

gy — P = g g
for all x,y € IF,2a. Therefore, we have # Hj, 5q(F2a) = #H q/c(IFp2q). O

Lemma 15. Let d | 4kt with d { 2kt and let (k,d) = c. The number of F a-rational points of
Hy s equals to he number of ¥ ,a-rational points of H. gy

Proof. Write d = 4e where e is an integer and £ = 2"v where u is a non-negative integer and
v is odd. There exists and odd f such that kit = e - f and f | t. Since f is odd, there exists an
integer g such thate =4g + lore = 4g — 1.

Case A.e = 4g + 1. We have

kt e f e-(4g+1) de-g+e e
up — U/p — U/p — U/p — U/p

for all u € .. Hence we have

ypk ty— S yp]C +y— 2P+

12



forall z,y € Fps. Since d/c is even and k/c is odd, by Proposition 5 we have
yiviC +y— LPHHL ypc +y— P
for all z,y € . Therefore, we have # Hj, ;(Fpa) = #H, q/ac(Fpa).

Case B. e = 4g — 1. We have
W= _ upe-(4g—l) _ up4e-(g—1)+3€ _ up3e
for all u € .. Hence we have
ypk y— xpkt+1 _ ypk Yy l‘p36+1

forall z,y € Fps. Since d/cis even and k/c is odd, by Proposition 5 we have

ypk +y _ xpkt+1 _ ypc +y _ xp3e+1

for all z,y € Fpe. Since (z7*t1)?" = 27"*! for all 2 € F,u and the map (z,y) — (2*°,y)

from Fuc to Fuc is one-to-one and onto, we have #Hy, ;(Fpa) = #H aq/c(Fpa).

Now we can prove Thorem [Il for odd primes.

Proof of Theorem[Ilwhere p is odd. Tt follows by Lemma[13] [14] [[5]and Theorem 2l

6 The Number of [F,.-Rational Points of 77, ; where p = 2

O

This section is similar to the previous section. We will clarify what the differences are and prove

Theorem [Tl for p = 2.

Lemma 16. Let k and n be integers. The cardinality of the set {(z,y) € F2, : y*" +y = 22}

isp".

Proof. Since the map = — x? is an automorphism on F, where ¢ is even, we have
{(e,y) €F5 : y” +y =2} = {(w,y) €F3 : ¢ +y=a}l.
Moreover, by Proposition 4], we have
{(e,y) €F5 : y” +y=a} = [{(x,9) €F : v +y=u}]

13



where d = (n, k). This cardinality basically equals to
pd . ‘{SU € an . TTFQn/[FQd(SU) = 0}‘ :pk -pnik :pn

This finishes the proof. [

Note that this result in Lemma[L@lis also follows by the fact that the genus of Hy g is 0.

Lemma 17. Let k and t be integers. Then Hy,, is maximal over Fozre and minimal over Foax:.

Proof. We want to note that every root of 22" + x is in For and 22 = 0 for all such z since we
are in characteristic 2. Now the proof is similar to the proof of Theorem [L1l O

Lemma 18. The followings hold.

1. Let d | kt. The number of Foa-rational points of Hy, ; equals to Hy, .

2. Let d | kt with 2d { kt and let (k,d) = c. The number of Fyza-rational points of Hy,
equals to he number of [Fy2a-rational points of H. /..

3. Let d | 4kt with d 1 2kt and let (k,d) = c. The number of Fya-rational points of Hy,
equals to he number of IFya-rational points of H. gy 4.

Proof. The proofs are respectively same as the proofs of Lemmas [13] 14l and O
Now we can prove Thorem [l for p = 2.

Proof of Theorem[Ilwhere p = 2. It follows by Lemma[18 and Theorem 2| O

7 Remarks on Maps between the Curves ;. ;

The Hermitian curve Hy, is well known to be a maximal curve over [F2«. We also proved this
fact in Lemma[T11

It is important to find the covering relationships between our curves Hj; and the well known
Hermitian curves . In the following propositions we will give the coverings of }, ; and show
that each H},; covers and is covered by some Hermitian curves.

14



Proposition 6. Let k be an integer and t be an odd integer. Then we have the following map

Hk,t — Hk
(z,y) — (x(p’“+1)/(p’“+1),y)_

Proposition 7. Let k be an integer and t be an odd integer. Then we have the following map

Hy — Hy

t—1

(w,y) = (2, (1))

i=0
Proposition 8. Let p = 2 and let k and t be integers. Then we have the following map
Hy — Hy

(z.y) = <zy>

The proofs are simple verification.

8 Remarks on Maximal Curves

Assume ¢ is odd if p is odd. Since Hj}; is a maximal curve over I 2k, any curve covered by Hy
is a maximal curve over F .. This follows easily from Theorem 3l This fact allows us to state
the following theorems.

Proposition 9. Let k and t be positive integers and assume t is odd if p is odd. Let m > 2 be a
positive integer dividing p** + 1. Then the curve

C:ypk—i—y:xm

is a maximal curve over Fqth.

If we apply the method in the proof of Lemmal[l1l we have the following result.

Proposition 10. Let k and t be positive integers and assume t is odd if p is odd. Let m > 2 be
a positive integer dividing p** + 1. Let ;1 be a nonzero root of 19 + x = 0. Then the curve

k
C:y” —y=pz™
is a maximal curve over Fqth.

15



9 Divisibility Property of the Curves

In this section, we will interest in L-polynomials of Hermitian curves and prove the Theorems
21land22] Similar proofs can be given for the curves Hy ;.

Lemma 19. Let k be a positive integer. For n > 1 define
Un = _p_n/Q [#HZk(Fp") - #Hk(Fp”)]

and write U,, as a linear combination of the 8k-th roots of unity as

8k—1
U, = g ujw;’".
J=0

Then we have
u, >0

foralln € {0,1,--- 8k —1}.

Proof. Let Uy = Us. Write k = 2Yz where v is a positive integer and z is an odd integer. By
Corollary [Tl we have

0 if 201 4,

p(n7k) (p(nvk) — 1) lf 21)+1 || n’
Un = .

0 if 2042 ||

p(n,Qk) <p(n,2k) _ 1) _ p(n,k) <p(n,k) _ 1) if ov+3 | n.

Therefore, by Inverse Fourier Transform we have that

8k—1

1 -
Un =Sk jZO Ujwgy,
1 2z—1 ' z—1 .
= 5 Z UQUH(sz)ng + Z U2v+sjw$] because U,, = 0 if 207! fnor Qut2 | n
Jj=0 §=0
1 z—1 2z—1
- Sk (UO N |Ugvts| — Z |U2v+1(2j+1)|> by the triangle inequality
J=1 j=1
1
> @ [ka(pQIc — 1) — 3Zpk(pk _ 1)] because U, = Uy = ka(ka . 1) _pk(pk . 1)
and all others are < p*(p* — 1)
1
= '@ - DO 1) - 32)
>0

16



This finishes the proof. H

We write L(H}) for Ly, .
Corollary 2. Let k be a positive integer. Then

L(Hy) | L(Hay).

Proof. Lemma/[I9 shows that the multiplicity of each root of L(H}) is smaller than or equal to
its multiplicity as a root of L(Hyy). O

We do not know if there is a map from Hyy, to Hy,.

Lemma 20. Let k be an integer and t be an odd integer. Then

L(Hy) | L(Hg).

Proof. Since t is odd, p* + 1 divides p** + 1 and therefore there is a map of curves Hy, — Hj,
given by

-1
(x,y)—>< PN/ N (] )

1=0
Hence L(X}) | L(X:) by Theorem 31 O

Theorem 21. Let k and m be positive integers. Then
L(Hy) | L(Hgm)-

Proof. 1If m = 1, then the result is trivial. Assume m > 2 and write m = 2°t where ¢ is odd.
Since ¢ is odd, by Lemma 20 we have

L(Hy) | L(Hge)

and by Corollary 2] we have
L(Hyi-1g) | L(Haipt)

foralli e {1,---,s}. Hence
L(Hy) | L(Hgpm).

17



Theorem 22. Let k and { be positive integers such that k does not divide (. Then L(H}) does
not divide L(H,).

Proof. The period of Hy, is 4k and the period of Hy is 4¢. Since 4k does not divide 4/, we have
L(Hy) does not divide L(H,) by Proposition 3l O
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