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Abstract

In this paper we consider the curves H
(p)
k,t : yp

k
+ y = xpkt+1 over Fp and and find an exact

formula for the number of Fpn-rational points on H
(p)
k,t for all integers n ≥ 1. We also give

the condition when the L-polynomial of a Hermitian curve divides the L-polynomial of another

over Fp.
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1 Introduction

Let q be a prime power and Fq be the finite field with q elements. Let X be a projective smooth

absolutely irreducible curve of genus g defined over Fq. Consider the L-polynomial of the curve

X over Fq, defined by

LX/Fq(T ) = LX(T ) = exp

(

∞
∑

n=1

(#X(Fqn)− qn − 1)
T n

n

)

.

where #X(Fqn) denotes the number of Fqn-rational points of X . It is well known that LX(T )

is a polynomial of degree 2g with integer coefficients, so we write it as

LX(T ) =

2g
∑

i=0

ciT
i, ci ∈ Z. (1)

It is also well known that c0 = 1 and c2g = qg.
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Let k be a positive integer and t be a nonnegative integer. In this paper we will study the curves

H
(p)
k,t : yp

k

+ y = xpkt+1

which are defined over Fp. The curve H
(p)
k,t has genus pkt(pk − 1)/2 except for (p, t) = (2, 0),

and if (p, t) = (2, 0), the genus of H
(p)
k,t is 0.

In this paper we will prove the following theorem which gives the number of rational points

over all extension Fp.

Theorem 1. Let k = 2vw where w is an odd integer. Let n be a positive integer with d =

(n, 4kt) and c = (n, 4k). Then

−p−n/2[#Hk,t(Fpn)− (pn + 1)] =







































0 if 2v+1 ∤ d and d | kt,
ǫ · (pc/2 − 1) if 2v+1 || d and d | kt,
ǫ · (pc/4 − 1) if 2v+2 | d and d | kt,
pc − 1 if d ∤ kt, d

2
| kt and t is even ,

−(pc − 1)(pd/2 − 1) if d ∤ kt, d
2
| kt and t is odd ,

(pc − 1)(pd/4 − 1) if d ∤ 2kt, d | 4kt

where ǫ = 0 if p = 2 and ǫ = 1 if p is odd.

When t = 1 this curve is very well known to be a maximal curve over Fp2k . We have calculated

the number of rational points over all extension of Fp. We will write H
(p)
k for H

(p)
k,1 .

Corollary 1. Let k = 2vw where w is an odd integer. Let n be a positive integer with d =

(n, 4k). Then

−p−n/2[#H
(p)
k (Fpn)− (pn + 1)] =











0 if 2v+1 ∤ d,

−pd/2(pd/2 − 1) if 2v+1 || d,
pd/4(pd/4 − 1) if 2v+2 | d.

We will usually drop the superscript in H
(p)
k,t and write Hk,t. Throughout the paper

(

·

p

)

denotes

the Legendre symbol.

In Section 2, we will give some backgrounds which we will use in our proofs. In Section 3, we

will give the proofs of two general tools which are useful for proving our results. In Section

4, we will find the Fpn-number of rational points of Hk,0 where p is an odd prime. In Section

5, we will find the Fpn-number of rational points of Hk,t where p is an odd prime. In Section

2



6, we will find the Fpn-number of rational points of Hk,t where p = 2. In Section 7 and 8, we

will give some remarks on maximal curves which are related to our previous results. In Section

9, we will prove that in which condition the L-polynomial of a Hermitian curve divides the

L-polynomial of another Hermitian curve over Fp.

2 Background

In this section we will give some basic facts that we will use. Some of this requires that p is

odd, some of it does not.

2.1 More on Curves

Let X be a projective smooth absolutely irreducible curve of genus g defined over Fq. Let

η1, · · · , η2g be the roots of the reciprocal of the L-polynomial of X over Fq (sometimes called

the Weil numbers of X , or Frobenius eigenvalues). Then, for any n ≥ 1, the number of rational

points of X over Fqn is given by

#X(Fqn) = (qn + 1)−
2g
∑

i=1

ηni . (2)

The Riemann Hypothesis for curves over finite fields states that |ηi| =
√
q for all i = 1, . . . , 2g.

It follows immediately from this property and (2) that

|#X(Fqn)− (qn + 1)| ≤ 2g
√
qn (3)

which is the Hasse-Weil bound.

We call X(Fq) maximal if ηi = −√
q for all i = 1, · · · , 2g, so the Hasse-Weil upper bound is

met. Equivalently, X(Fq) is maximal if and only if LX(T ) = (1 +
√
qT )2g.

We call X(Fq) minimal if ηi =
√
q for all i = 1, · · · , 2g, so the Hasse-Weil lower bound is met.

Equivalently, X(Fq) is minimal if and only if LX(T ) = (1−√
qT )2g.

Note that if X(Fq) is minimal or maximal then q must be a square (i.e. r must be even).

The following properties follow immediately.

3



Proposition 1. 1. If X(Fq) is maximal then X(Fqn) is minimal for even n and maximal for

odd n.

2. If X(Fq) is minimal then X(Fqn) is minimal for all n.

Proposition 2. [2] If X is a curve defined over Fq and X(Fq2n) is maximal, then #X(Fqn) =

qn + 1.

The best known example of a maximal curve is Hk over Fp2k .

2.2 Supersingular Curves

A curve X of genus g defined over Fq (q = pr) is supersingular if any of the following equiva-

lent properties hold.

1. All Weil numbers of X have the form ηi =
√
q · ζi where ζi is a root of unity.

2. The Newton polygon of X is a straight line of slope 1/2.

3. The Jacobian of X is geometrically isogenous to Eg where E is a supersingular elliptic

curve.

4. If X has L-polynomial LX(T ) = 1 +
2g
∑

i=1

ciT
i then

ordp(ci) ≥
ir

2
, for all i = 1, . . . , 2g.

By the first property, a supersingular curve defined over Fq becomes minimal over some finite

extension of Fq. Conversely, any minimal or maximal curve is supersingular.

2.3 Quadratic forms

We now recall the basic theory of quadratic forms over Fq, where q is odd.

Let K = Fqn , and let Q : K −→ Fq be a quadratic form. The polarization of Q is the symplectic

bilinear form B defined by B(x, y) = Q(x + y) − Q(x) − Q(y). By definition the radical of

4



B (denoted W ) is W = {x ∈ K : B(x, y) = 0 for all y ∈ K}. The rank of B is defined to be

n− dim(W ). The rank of Q is defined to be the rank of B.

The following result is well known, see Chapter 6 of [1] for example.

Proposition 3. Continue the above notation. Let N = |{x ∈ K : Q(x) = 0}|, and let

w = dim(W ). If Q has odd rank then N = qn−1; if Q has even rank then N = qn−1 ± (q −
1)q(n−2+w)/2.

In this paper we will be concerned with quadratic forms of the type Q(x) = Tr(f(x)) where

f(x) has the form
∑

aijx
qi+qj for any prime power q and Tr maps to Fq. If N is the number of

x ∈ Fqn with Tr(f(x)) = 0, then because elements of trace 0 have the form yq − y, finding N

is equivalent to finding the exact number of Fqn-rational points on the curve C : yq − y = f(x).

Indeed,

#C(Fqn) = qN + 1. (4)

2.4 Relations on the Number of Rational Points

In this section we state a theorem which allows us to find the number of Fpn-rational points of

a supersingular curve by finding the the number of Fpm-rational points only for the divisors m

of s, where the Weil numbers are
√
p times an s-th root of unity. Note that s is even because

equality holds in the Hasse–Weil bound over Fps .

Theorem 2 ([3]). Let X be a supersingular curve of genus g defined over Fq with period s. Let

n be a positive integer, let gcd(n, s) = m and write n = m · t. If q is odd, then we have

#X(Fqn)−(qn+1) =















q(n−m)/2[#X(Fqm)− (qm + 1)] if m · r is even,

q(n−m)/2[#X(Fqm)− (qm + 1)] if m · r is odd and p | t,
q(n−m)/2[#X(Fqm)− (qm + 1)]

(

(−1)(t−1)/2t
p

)

if m · r is odd and p ∤ t.

If q is even, then we have

#X(Fqn)− (qn + 1) =

{

q(n−m)/2[#X(Fqm)− (qm + 1)] if m · r is even,

q(n−m)/2[#X(Fqm)− (qm + 1)](−1)(t
2
−1)/8 if m · r is odd.
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2.5 Discrete Fourier Transform

In this section we recall the statement of the Discrete Fourier Transform and its inverse.

Proposition 4 (Inverse Discrete Fourier Transform). Let N be a positive integer and let wN be

a primitive N-th root of unity over any field where N is invertible. If

Fn =

N−1
∑

j=0

fjw
−jn
N

for n = 0, 1 · · · , N − 1 then we have

fn =
1

N

N−1
∑

j=0

Fjw
jn
N

for n = 0, 1 · · · , N − 1.

2.6 Divisibilty Theorems

The following theorem is well-known.

Theorem 3. (Kleiman–Serre) If there is a surjective morphism of curves C −→ D that is

defined over Fq then LD(T ) divides LC(T ).

Moreover, If there is a surjective morphism of curves C −→ D that is defined over Fq, we will

say that D is covered by C.

However, there are cases where there is no map of curves and yet there is divisibility of L-

polynomials. We suspect that H
(p)
k and H

(p)
2k is such a case, see Corollary 2.

Proposition 5 ([2]). Let C and D be supersingular curves over Fq. If L(C) divides L(D), then

sC divides sD.

3 The Image of the Maps y → yp
k ± y over Fpn

In this section, we will give some useful tools. We will use these tools in sections 5 and 6.
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Lemma 4. Let n and k be integers with (n, k) = d. For integer m ≥ 1 define

Sm = {ypm − y : y ∈ Fpn}.

Then the set equality Sk = Sd holds.

Proof. Since both y → yp
k − y and y → yp

d − y are additive group homomorphism from Fpn

to Fpn with kernel Fpd , the cardinalities of Sk and Sd equal. Since

yp
k − y =





k/d−1
∑

i=0

yp
di





pd

−
k/d−1
∑

i=0

yp
di

,

we have Sk ⊆ Sd and therefore Sk = Sd.

Note that if p = 2, we will prefer to use Lemma 4 instead of the following lemma.

Lemma 5. Let n and k be integers with (n, k) = d. Let k/d is odd and n/d is even. Then

{ypd + y : y ∈ Fpn} = {ypk + y : y ∈ Fpn}.

Proof. Since n/d is even, there exist µ ∈ F×

pn such that µpd = −µ. Since k/d is odd, we also

have µpk = −µ.

We have

{ypd − y : y ∈ Fpn} = {ypk − y : y ∈ Fpn}
by Lemma 4. If we multiply the sets by −µ−1,

{−µ−1(yp
d − y) : y ∈ Fpn} = {−µ−1(yp

k − y) : y ∈ Fpn}

holds. Since {µy : y ∈ Fpn} = {y : y ∈ Fpn},

{−µ−1((µy)p
d − (µy)) : y ∈ Fpn} = {−µ−1((µy)p

k − (µy)) : y ∈ Fpn}

holds. Simply put,

{ypd + y : y ∈ Fpn} = {ypk + y : y ∈ Fpn}
holds.
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4 The Number of Fpn-Rational Points of yp
k

+ y = x2 where p

is odd

Let p be an odd prime. In this section we will find the number of rational points of Hk,0 over

Fpn for all n ≥ 1 where k is a positive integer and prove Theorem 10.

Lemma 6. Then the curve Hk,0 is maximal over Fp2k and minimal over Fp4k .

Proof. Let µ be a nonzero element in Fp2k such that µpk = −µ. Since (x, y) 7→ (−µx,−µy)

is an one-to-one map from Fp2k to Fp2k , we have #Hk(Fp2k) equals the number of Fp2k-rational

points of

Gk,0,µ : yp
k − y = µx2.

We have

TrF
p2k

/F
pk
(µx2) = µx2 + µpkx2pk = µ(x2 − x2pk)

for all x ∈ Fp2k . Since deg(x2(pk−1) − 1, xp2k−1 − 1) = 2(pk − 1), we have that the number of

Fp2kt-rational points of Gk,d,µ is

1 + pk(1 + 2(pk − 1)) = p2k + 1 + (pk − 1)pk.

by (4). Therefore, we have

Hk,t(Fp2kt) = Gk,t,µ(Fp2kt) = (p2k + 1)− (pk − 1)pk.

Since the genus of the curve Hk,0 is (pk − 1)/2, Hk,0 is maximal over Fp2k and therefore it is

minimal over Fp4k by Proposition 1.

Lemma 7. Let d | k. The number of Fpd-rational points of Hk,0 is pd + 1.

Proof. Since upk = u for each u ∈ Fpd, we have

0 = yp
k

+ y − xpk+1 = 2y − x2.

Since for each x ∈ Fpd there exists a unique y ∈ Fpd satisfying the above equality, we have the

result.

Lemma 8. Let d | k with 2d ∤ k. The number of Fp2d-rational points of Hk,0 is p2d + 1 + (pd −
1)pd.

8



Proof. Write k = 2ut where u is a non-negative integer and t is odd. There exists an odd e such

that k = d · e and e | t. Since e is odd, there exists an integer f such that e = 2f + 1.

Let u ∈ Fp2d . Then

upk = upd·e = upd·(2f+1)

= up2d·f+d

= upd.

Hence we have

yp
k

+ y − x2 = yp
d

+ y − x2

for all x, y ∈ Fp2d . Therefore, we have

#Hk,0(Fp2d) = #Hd,0(Fp2d).

Since Hd,0 is maximal over Fp2d by Theorem 6, we have the result.

Lemma 9. Let d | 4k with d ∤ 2k. The number of Fpd-rational points of Hk,0 is pd+1+ (pd/4−
1)pd/2.

Proof. Write d = 4e where e is an integer and k = 2ut where u is a non-negative integer and

t is odd. There exists an odd f such that k = e · f and f | t. Since f is odd, there exists an

integer g such that e = 4g + 1 or e = 4g − 1.

Case A. e = 4g + 1. We have

upk = upe·f = upe·(4g+1)

= up4e·g+e

= upe

for all u ∈ Fp4e . Hence we have

yp
k

+ y − xpk+1 = yp
e

+ y − x2

for all x, y ∈ Fp4e . Therefore, we have

#Hk,0(Fp4e) = #He,0(Fp4e).

Since He,0 is minimal over Fp4e by Lemma 6 , we have the result.

Case B. e = 4g − 1. We have

upk = upe·f = upe·(4g−1)

= up4e·(g−1)+3e

= up3e

for all u ∈ Fp4e . Hence we have

yp
k

+ y − xpk+1 = yp
3e

+ y − xp3e+1 = (yp
e

+ y − xpe+1)p
3e

for all x, y ∈ Fp4e . Therefore, we have

#Hk,0(Fp4e) = #He,0(Fp4e).

Since He,0 is minimal over Fpd by Lemma 6 , we have the result.

9



Theorem 10. Let k = 2vt where t is an odd integer. Let n be a positive integer with d = (n, 4k).

Then

−p−n/2[#Hk,0(Fpn)− (pn + 1)] =











0 if 2v+1 ∤ d,

−(pd/2 − 1) if 2v+1 || d,
pd/4 − 1 if 2v+2 | d.

Proof. It follows by Lemma 7, 8 and 9.

5 The Number of Fpn-Rational Points of Hk,t where p is odd

Let p be an odd prime. In this section we will find the number of rational points of Hk,t over

Fpn for all n ≥ 1 where k and t are positive integers and mainly prove the Theorem 1 for odd

primes.

Lemma 11. Let t be an odd integer. Then the curve Hk,t is maximal over Fp2kt and minimal

over Fp4kt .

Proof. Let µ be a nonzero element in Fp2k such that µpk = −µ. Since (x, y) 7→ (µx, µy) is

an one-to-one map from Fp2kt to Fp2kt , we have #Hk(Fp2kt) equals to number of Fp2kt-rational

points of

Gk,t,µ : yp
k − y = µxpkt+1.

Since

TrF
p2kt

/F
pk
(µxpkt+1) = TrF

pkt
/F

pk
[TrF

p2kt
/F

pkt
(µxpkt+1 + µpktxp2kt+pkt)]

= TrF
pkt

/F
pk
(xpkt+1(µ+ µpkt))

= TrF
pkt

/F
pk
(0)

= 0

for all x ∈ Fp2k , by (4) we have

Hk,t(Fp2kt) = Gk,t,µ(Fp2kt) = 1 + p2kt · pk = (p2kt + 1) + pkt(pk − 1)
√

p2kt.

Since the genus of the curve Hk,t is pkt(pk − 1)/2, Hk,t is maximal over Fp2kt and therefore it is

minimal over Fp4kt by Proposition 1.

Lemma 12. Let t be an even integer. Then the number of rational points of Hk,t over Fp2kt is

p2kt + 1− (pk − 1)pkt and Hk,t is minimal over Fp4kt .
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Proof. Let µ be a nonzero element in Fp2k such that µpk = −µ as in Lemma 11. Since

(−µx,−µy) is an one-to-one map from Fp2kt to Fp2kt , we have #Hk(Fp2kt) equals to number of

Fp2kt-rational points of

Gk,t,µ : yp
k − y = µxpkt+1.

We have

TrF
p2kt

/F
pk
(µxpkt+1) = TrF

pkt
/F

pk
[TrF

p2kt
/F

pkt
(µxpkt+1 + µpktxp2kt+pkt)]

= TrF
pkt

/F
pk
(xpkt+1(µ+ µpkt))

= TrF
pkt

/F
pk
(2µxpkt+1)

for all x ∈ Fp2k . Since x → xpkt+1 is pkd+1-to-1 map from F×

p2kt
to F×

pkt
and since TrF

pkt
/F

pk
(x)

is a linear map from Fp2kt to Fpk , we have that the number of Fp2kt-rational points of Gk,d,µ is

1 + pk(1 + (pkt + 1)(pk−1 − 1)) = (p2kt + 1)− (pk − 1)pkt.

by (4). Therefore, we have

Hk,t(Fp2kt) = Gk,t,µ(Fp2kt) = (p2kt + 1)− (pk − 1)pkt.

Let Q(x) = TrF
p4kt

/F
pk
(µxpkt+1). Then

B(x, y) = Q(x+ y)−Q(x)−Q(y)

= TrF
p4kt

/F
pk
(µ(xyp

kt

+ yxpkt))

= TrF
p4kt

/F
pk
(µyp

kt

(x+ xp2kt))

is a bilinear form over Fpk . Then the radical of B is

W = {x ∈ Fp4kt | xp2kt + x = 0}.

Since xp2kt + x divides xp4kt − x, we have dimF
pk
W = 2t. Since 4t− dimF

pk
W = 2t is even,

by Proposition 3, we have

N = p4kt−k ± pk(4t−2+2t)/2 = pn(k−1) ± (pk − 1)pk(3t−1).

Hence by (4) we have

#Hk,t(Fp4kt) = p4kt + 1± (pk − 1)p3kt = p4kt + 1± (pk − 1)pkt
√

p4kt.

Therefore, Hk,t is either maximal or minimal over Fp4kt . It cannot be maximal by Proposition

2. Therefore, it is minimal over Fp4kt .
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Lemma 13. Let d | kt. The number of Fpd-rational points of Hk,t equals to the number of

Fpd-rational points of Hk,0.

Proof. Since upkt = u for each u ∈ Fpd, we have

0 = yp
k

+ y − xpkt+1 = yp
k

+ y − x2.

Therefore, we have the result.

Lemma 14. Let d | kt with 2d ∤ kt and let (k, d) = c. The number of Fp2d-rational points of

Hk,t equals to he number of Fp2d-rational points of Hc,d/c.

Proof. Write kt = 2uv where u is a non-negative integer and v is odd. There exists and odd e

such that kt = d · e and e | v. Since e is odd, there exists an integer f such that e = 2f + 1.

Let u ∈ Fp2d . Then

upkt = upd·e = upd·(2f+1)

= up2d·f+d

= upd.

Hence we have

yp
k

+ y − xpkt+1 = yp
k

+ y − xpd+1

for all x, y ∈ Fp2d . Since (2d, k) = (d, k) and since 2d/c is even and k/c is odd, by Proposition

5, there exists z ∈ Fp2kd such that

yp
k

+ y − xpd+1 = zp
c

+ z − xpd+1

for all x, y ∈ Fp2d . Therefore, we have #Hk,2d(Fp2d) = #Hc,d/c(Fp2d).

Lemma 15. Let d | 4kt with d ∤ 2kt and let (k, d) = c. The number of Fpd-rational points of

Hk,t equals to he number of Fpd-rational points of Hc,d/4c.

Proof. Write d = 4e where e is an integer and k = 2uv where u is a non-negative integer and

v is odd. There exists and odd f such that kt = e · f and f | t. Since f is odd, there exists an

integer g such that e = 4g + 1 or e = 4g − 1.

Case A. e = 4g + 1. We have

upkt = upe·f = upe·(4g+1)

= up4e·g+e

= upe

for all u ∈ Fp4e . Hence we have

yp
k

+ y − xpkt+1 = yp
k

+ y − xpe+1

12



for all x, y ∈ Fp4e . Since d/c is even and k/c is odd, by Proposition 5 we have

yp
k

+ y − xpkt+1 = yp
c

+ y − xpe+1

for all x, y ∈ Fp4e . Therefore, we have #Hk,t(Fpd) = #Hc,d/4c(Fpd).

Case B. e = 4g − 1. We have

upkt = upe·f = upe·(4g−1)

= up4e·(g−1)+3e

= up3e

for all u ∈ Fp4e . Hence we have

yp
k

+ y − xpkt+1 = yp
k

+ y − xp3e+1

for all x, y ∈ Fp4e . Since d/c is even and k/c is odd, by Proposition 5 we have

yp
k

+ y − xpkt+1 = yp
c

+ y − xp3e+1

for all x, y ∈ Fp4e . Since (xp3e+1)p
e
= xpe+1 for all x ∈ Fp4e and the map (x, y) → (xpe , y)

from Fp4e to Fp4e is one-to-one and onto, we have #Hk,t(Fpd) = #Hc,4d/c(Fpd).

Now we can prove Thorem 1 for odd primes.

Proof of Theorem 1 where p is odd. It follows by Lemma 13, 14, 15 and Theorem 2.

6 The Number of Fpn-Rational Points of Hk,t where p = 2

This section is similar to the previous section. We will clarify what the differences are and prove

Theorem 1 for p = 2.

Lemma 16. Let k and n be integers. The cardinality of the set {(x, y) ∈ F2
2n : yp

k
+ y = x2}

is pn.

Proof. Since the map x 7→ x2 is an automorphism on Fq where q is even, we have

|{(x, y) ∈ F2
2n : yp

k

+ y = x2}| = |{(x, y) ∈ F2
2n : yp

k

+ y = x}|.

Moreover, by Proposition 4, we have

|{(x, y) ∈ F2
2n : yp

k

+ y = x}| = |{(x, y) ∈ F2
2n : yp

d

+ y = x}|

13



where d = (n, k). This cardinality basically equals to

pd · |{x ∈ F2n : TrF2n /F
2d
(x) = 0}| = pk · pn−k = pn.

This finishes the proof.

Note that this result in Lemma 16 is also follows by the fact that the genus of Hk,0 is 0.

Lemma 17. Let k and t be integers. Then Hk,t is maximal over F22kt and minimal over F24kt .

Proof. We want to note that every root of x2k + x is in F2k and 2x = 0 for all such x since we

are in characteristic 2. Now the proof is similar to the proof of Theorem 11.

Lemma 18. The followings hold.

1. Let d | kt. The number of F2d-rational points of Hk,t equals to Hk,0.

2. Let d | kt with 2d ∤ kt and let (k, d) = c. The number of F22d-rational points of Hk,t

equals to he number of F22d-rational points of Hc,d/c.

3. Let d | 4kt with d ∤ 2kt and let (k, d) = c. The number of F2d-rational points of Hk,t

equals to he number of F2d-rational points of Hc,d/4c.

Proof. The proofs are respectively same as the proofs of Lemmas 13, 14 and 15.

Now we can prove Thorem 1 for p = 2.

Proof of Theorem 1 where p = 2. It follows by Lemma 18 and Theorem 2.

7 Remarks on Maps between the Curves Hk,t

The Hermitian curve Hk is well known to be a maximal curve over Fp2k . We also proved this

fact in Lemma 11.

It is important to find the covering relationships between our curves Hk,t and the well known

Hermitian curves Hk. In the following propositions we will give the coverings of Hk,t and show

that each Hk,t covers and is covered by some Hermitian curves.

14



Proposition 6. Let k be an integer and t be an odd integer. Then we have the following map

Hk,t → Hk

(x, y) 7→ (x(pkt+1)/(pk+1), y).

Proposition 7. Let k be an integer and t be an odd integer. Then we have the following map

Hkt → Hk,t

(x, y) 7→ (x,
t−1
∑

i=0

(−1)iyp
ki
).

Proposition 8. Let p = 2 and let k and t be integers. Then we have the following map

Hkt → Hk,t

(x, y) 7→ (x,
t−1
∑

i=0

yp
ki
).

The proofs are simple verification.

8 Remarks on Maximal Curves

Assume t is odd if p is odd. Since Hk,t is a maximal curve over Fq2kt , any curve covered by Hk,t

is a maximal curve over Fq2kt . This follows easily from Theorem 3. This fact allows us to state

the following theorems.

Proposition 9. Let k and t be positive integers and assume t is odd if p is odd. Let m ≥ 2 be a

positive integer dividing pkt + 1. Then the curve

C : yp
k

+ y = xm

is a maximal curve over Fq2kt .

If we apply the method in the proof of Lemma 11, we have the following result.

Proposition 10. Let k and t be positive integers and assume t is odd if p is odd. Let m ≥ 2 be

a positive integer dividing pkt + 1. Let µ be a nonzero root of xq + x = 0. Then the curve

C : yp
k − y = µxm

is a maximal curve over Fq2kt .
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9 Divisibility Property of the Curves Hk

In this section, we will interest in L-polynomials of Hermitian curves and prove the Theorems

21 and 22. Similar proofs can be given for the curves Hk,t.

Lemma 19. Let k be a positive integer. For n ≥ 1 define

Un = −p−n/2[#H2k(Fpn)−#Hk(Fpn)]

and write Un as a linear combination of the 8k-th roots of unity as

Un =
8k−1
∑

j=0

ujw
−jn
s .

Then we have

un ≥ 0

for all n ∈ {0, 1, · · · , 8k − 1}.

Proof. Let U0 = Us. Write k = 2vz where v is a positive integer and z is an odd integer. By

Corollary 1 we have

Un =



















0 if 2v+1 ∤ n,

p(n,k)(p(n,k) − 1) if 2v+1 || n,
0 if 2v+2 || n,
p(n,2k)(p(n,2k) − 1)− p(n,k)(p(n,k) − 1) if 2v+3 | n.

Therefore, by Inverse Fourier Transform we have that

un =
1

8k

8k−1
∑

j=0

Ujw
jn
8k

=
1

8k

[

2z−1
∑

j=0

U2v+1(2j+1)w
jn
4z +

z−1
∑

j=0

U2v+3jw
jn
2z

]

because Un = 0 if 2v+1 ∤ n or 2v+2 || n

≥ 1

8k

(

U0 −
x−1
∑

j=1

|U2v+3j| −
2z−1
∑

j=1

|U2v+1(2j+1)|
)

by the triangle inequality

≥ 1

8k

[

p2k(p2k − 1)− 3zpk(pk − 1)
]

because Us = U0 = p2k(p2k − 1)− pk(pk − 1)

and all others are ≤ pk(pk − 1)

=
1

8k
pk(pk − 1)(pk(pk + 1)− 3z)

≥ 0.
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This finishes the proof.

We write L(Hk) for LHk
.

Corollary 2. Let k be a positive integer. Then

L(Hk) | L(H2k).

Proof. Lemma 19 shows that the multiplicity of each root of L(Hk) is smaller than or equal to

its multiplicity as a root of L(H2k).

We do not know if there is a map from H2k to Hk.

Lemma 20. Let k be an integer and t be an odd integer. Then

L(Hk) | L(Hkt).

Proof. Since t is odd, pk +1 divides pkt +1 and therefore there is a map of curves Hkt −→ Hk

given by

(x, y) →
(

x(pkt+1)/(pk+1),

l−1
∑

i=0

(−1)iyp
ik

)

.

Hence L(Xk) | L(Xkt) by Theorem 3.

Theorem 21. Let k and m be positive integers. Then

L(Hk) | L(Hkm).

Proof. If m = 1, then the result is trivial. Assume m ≥ 2 and write m = 2st where t is odd.

Since t is odd, by Lemma 20 we have

L(Hk) | L(Hkt)

and by Corollary 2 we have

L(H2i−1kt) | L(H2ikt)

for all i ∈ {1, · · · , s}. Hence

L(Hk) | L(Hkm).

17



Theorem 22. Let k and ℓ be positive integers such that k does not divide ℓ. Then L(Hk) does

not divide L(Hℓ).

Proof. The period of Hk is 4k and the period of Hℓ is 4ℓ. Since 4k does not divide 4ℓ, we have

L(Hk) does not divide L(Hℓ) by Proposition 5.
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