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LEFSCHETZ PROPERTIES FOR HIGHER ORDER NAGATA
IDEALIZATIONS

ARMANDO CERMINARA*, RODRIGO GONDIM** GIOVANNA ILARDI*,
AND FULVIO MADDALONT*

ABsTrRACT. We study a generalization of Nagata idealization for level algebras.
These algebras are standard graded Artinian algebras whose Macaulay dual
generator is given explicitly as a bigraded polynomial of bidegree (1,d). We
consider the algebra associated to polynomials of the same type of bidegree
(d1,d2). We prove that the geometry of the Nagata hypersurface of order e
is very similar to the geometry of the original hypersurface. We study the
Lefschetz properties for Nagata idealizations of order dp, proving that WLP
holds if d1 > da. We give a complete description of the associated algebra in
the monomial square free case.

INTRODUCTION

The Lefschetz properties are algebraic abstractions inspired by the so called Hard
Lefschetz Theorem about the cohomology of smooth projective varieties over the
complex numbers (see |[Lal [Rul). Since the cohomology ring of such varieties are
standard graded Artinian K—algebras satisfying the Poincaré duality, from the al-
gebraic viewpoint these algebras can be characterized as standard graded Artinian
Gorenstein algebras, AG algebras for short (see [MW]). In this con-

d

text, A = @ Ay, the Hard Lefschetz Theorem can be reformulated as a possible

k=0
purely algebraic property of the algebra A.

It is important to highlight that nowadays the Lefschetz properties are consid-
ered in a number of distinct contexts, such as Khaler manifolds, solvmanifolds (see
[Kal), arithmetic hyperbolic manifolds (see [Be]), Shimura varieties (see ), con-
vex polytopes (see [KN]), Coxeter groups (see [NW]), matroids, simplicial complexes
[Stl, [St2, BN [GZ], [KN] among others. In these new contexts the Lefschetz properties
showed to have interactions with the algebra itself, the geometry and the combi-
natorics. This work lies at the intersection of these three areas. In fact, standard
graded AG algebras can be presented as A = @)/ Ann(f) where f € K[z, ..., 2n]d
is a homogeneous form of degree d in a polynomial ring, @ = K[dy,..., 0] is
the associated ring of differential operators and Ann(f) is the ideal of differential
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operators that annihilates f. Therefore, in this paper we are interested in the al-
gebraic structure of A, together the geometry of the hypersurface X = V(f) C P»
and the combinatorics of the form f in a very particular way.

The cornerstone of the algebraic theory of Lefschetz properties were the original
papers of Stanley [Stl [St2 [St3] and the works of Watanabe, summarized in
[HMMNWW]|. A very important construction that appears many times in these
works is the so called Nagata idealization also called trivial extension. In general
Nagata idealization is a useful tool, developed by Nagata, to convert any R—module
M in a ideal of another ring, A x M. In our perspective the starting point
is a very interesting isomorphism between the Nagata idealization of an ideal
I = (g90,---,9m) C Klug,...,un] and a level algebra in such way that the new
ring is an AG algebra and we get an explicit formula for the Macaulay generator f
(see [ HMMNWW] Proposition 2.77])

(1) f=2090+ ...+ Tngn € Klzo, ..., 20, u1, ..., U] (1,d4-1)-

This bigraded polynomial is closely related with Gordan-Noether and Perazzo con-
structions of forms with vanishing Hessian (see [GN| [Pel [CRS, [GRul). It is not
a coincidence since in [MW] the authors present a Hessian criterion for the SLP
saying that the vanishing of a (higher) Hessian implies the failure of SLP. This
criterion was generalized in |[GZ2| also for the WLP using mixed Hessians. Fol-
lowing the original ideas of Gordan-Noether and Perazzo, the second author in
[Gol constructed families of polynomials whose k-th Hessian is zero. A natural
generalization of () should be to consider polynomials of the form:

(2) f= zglgo + ...+ zflllgn € Klzo, ..., zn,u1, .. -aUm](dl,dg)-

These polynomials are called Nagata polynomials of order dy (see Definition B.1]).

The study of the hypersurfaces with vanishing Hessian began in 1852, when
O. Hesse wrote two papers (see [He, [Hell), in which he claimed they must be cones.
Given an irreducible hypersurface X = V(f) C PV of degree deg f = d > 3, P.
Gordan and M. Noether proved in [GN] that Hesse’s claim is true for N < 3, but
it is false for N > 4; in fact it is possible to construct counterexamples in PV for
each N > 4 and for all d > 3. Moreover, they classified all the counterexamples
to Hesse’s claim in P* (see [CRS, [Gol [GN]). Perazzo classified cubic hypersurfaces
with vanishing Hessian in PV for N < 6 (see [Pe]), this work was revisited and
generalized in [GRu]. The problem is open in the other cases. In all the cases where
the classification of hypersurfaces with vanishing Hessian are done they share two
very particular geometric properties (see [CRS, [GR] [GRul [Rul):

(i) there is a linear space L in the singular locus of X, that is the linear
span of the dual variety of the image of the polar (gradient) map, that is
L=<7Z*>;

(ii) the hypersurface is a tangent scroll over the dual of the polar image.

In this paper we study the Lefschetz properties for the algebras associated to
Nagata polynomials of order d;, the geometry of the Nagata hypersurfaces of order
dy and the interaction between the combinatorics of f and the algebraic structure
of A in the case that the g; are square free monomials, by using a simplicial complex
to study this case.

We show that the geometry of Nagata hypersurfaces is very similar to the
geometry of the known hypersurfaces with vanishing Hessian. Hence these are
hypersurfaces, satisfying at least a Laplace equation (see [DI, [DDI]). We proved
that they are scroll hypersurfaces in Theorem 2.9 and Corollary These are
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our first main results.

From the algebraic viewpoint we are interested in the Lefschetz properties and
the algebraic structure of Nagata idealizations. The Lefschetz properties are studied
in two cases:

(1) di < da, in this case we give examples with small numbers of summands
where the SLP holds and we recall a result proved in [Go| (see Proposition
2.5);

(2) dy > da, in this case A has the WLP as proved in Proposition 271 This is
our second main result.

The structure of the algebra A, including the Hilbert vector and a complete
description of the ideal I was proved in Theorem for the case in which the g;
are square free monomials. This is our third main result. To prove it, we use the
combinatorics of the simplicial complex associated to the monomials g; in order to
describe both A and I.

Part of this paper was inspired by the discussions of a group work in the workshop
Lefschetz Properties and Artinian Algebras at BIRS, Banff, Canada in Mach, 2016.
The participants of the group work were M. Boij, R. Gondim, J. Migliore, U. Nagel,
A. Seceleanu, H. Schenck and J. Watanabe.

1. ARTINIAN GORENSTEIN ALGEBRAS AND THE LEFSCHETZ PROPERTIES

In this section we recall some basic facts about Artinian Gorenstein algebras and
the Lefschetz properties. For a more detailed account, let see [HMMNWW]| [MNT1]
Rul, MW, [Gd].

1.1. Standard graded Artinian Gorenstein algebras and Hilbert vector.
In all the paper K denotes a field of characteristic zero.

Definition 1.1. Let R = K[z, . .., z,] be the polynomial ring in n+1 variables and

I C R be an homogeneous Artinian ideal such that I; = 0. We say that a graded
d

Artinian K—algebra A = R/I = @ A; is a standard graded Artinian K—algebra

=0
if it is generated in degree 1 as algebra. Setting h; = dimg A;, the Hilbert vector is
Hilb(A) = (1, h1,...,hq). If I; =0, then h; is called the codimension of A.

Definition 1.2. A standard graded Artinian algebra A is Gorenstein if and only if
dim A4 = 1 and the restriction of the multiplication of the algebra in complementary
degree, that is, Ay X Ag_r — A4 is a perfect paring for k =0,1,...,d (see [MW]).
If A; =0 for j > d, then d is called the socle degree of A.

Remark 1.3. Since Ap x Ay_p — Ay is a perfect paring for £ = 0,1,...,d, it
induces two K—linear maps, A4 — Aj, with A} := Hom(Ay, Aq) and A —
Ah_ ., with A%, = Hom(A4—k, Aq), that are two isomorphisms.

Let R = K[xo,...,Z,] be the polynomial ring in n + 1 variables. We denote by

Ris = K[z, ...,2,]q the K—vector space of homogeneous polynomials of degree d.
We denote by @ = K[Xy,...,X,] the ring of differential operators of R, where
X, = a%i fori =0,...,n. We denote by Q = Q[X,...,Xn]r the K—vector space

of homogeneous differential operators of R of degree k.
For each d > k > 0 there exist natural K—bilinear maps Ry X QQr — Rg_ defined
by differentiation:

(fva) - f(l = Oé(f)
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Let f € R be a homogeneous polynomial of degree deg f = d > 1, we define:

Ann(f) = {a € Qla(f) = 0} C Q.
This is called the annihilator of f.

Since Ann(f) is a homogeneous ideal of @, we can define

.
A= Za(p)

A is a standard graded Artinian Gorenstein K—algebra.

Conversely, by the theory of inverse systems, we get the following characteriza-
tion of standard graded Artinian Gorenstein K—algebras.

Theorem 1.4. (Double annihilator Theorem of Macaulay)
Let R =Kz, ...,x,] and let Q = K[Xo, ..., X,] be the ring of differential opera-
d

tors. Let A = @ A; = Q/I be an Artinian standard graded K—algebra. Then A is

i=0
Gorenstein if and only if there exists f € Rq such that A ~ Q/ Ann(f).
A proof of this result can be found in [MW] Theorem 2.1].

d
Remark 1.5. With the previous notation, let A = @Ai = @/I be an Artinian

=0
Gorenstein K—algebra with I = Ann(f), Iy = 0 and A4 # 0. The socle degree of
A coincides with the degree of the form f.

Now we deal with standard bigraded Artinian Gorenstein algebras, i.e. Artinian
d

Gorenstein algebras, A = @ A;, such that
i=0

Ag#0

k
Ap = @A(i,k—i) for k < d
i=0
The pair (dy, dz), such that A, 4,) # 0 and dy + do = d, is said the socle bidegree
of A.

Remark 1.6. Since A} ~ A;_j and since duality is compatible with direct sum,
we get Aa‘,j) ~ A(qy —ida—j)-

By abuse notation, we denote the polynomial ring viewed as standard bigraded
ring in the set of variables {xg, ..., 2z, } and {u1, ..., um} by R = K[zg, ..., Tn, u1, ..., Unm].
A homogeneous polynomial f € R4, 4,) is said to be bihomogeneous polynomial of
total degree deg f = d = di + ds if f can be written in the following way:

(3) F=> figi,
i=1

where f; € K[zo, ..., 2|4, and g; € Klua, ..., um]d,, Vi < s.

Remark 1.7. All bihomogeneous polynomials f € Kz, ..., 2y, u1,. .. Un]d,,d,)
can be written as @), where f; € K[xo, ..., 2,4, and ¢; € Kluq, ..., umld,, Vi < s,
are monomials.
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A homogeneous ideal I C R is a bihomogeneous ideal if
=P Luj
i,j=0
where I(; jy = INR(; ;) Vi, j. Let Q = K[Xo,...,X,,Ui,...,Uy,] be the associated
ring of differential operators and let f € R(q, 4,) be a bihomogeneous polynomial
of total degree d = dy + da, then I = Ann(f) C @ is a bihomogeneous ideal and
A = @Q/I is a standard bigraded Artinian Gorenstein algebra of socle bidegree
(d1,d2) and codimension N =n +m + 1.

Remark 1.8. Let f € R4, 4,) be a bihomogeneous polynomial of degree (d, d2),
and let A be the associated bigraded algebra of socle bidegree (di,dz), then for
i >dy or j > do:

Liij) = Qi.g)-
In fact for all @ € Q(; ;) with ¢ > dy or j > dy we get a(f) =0, so Qi ;) = I(;j)-
As consequence, we have the following decomposition for all Ay:

Ay = T A gy
i<dy,j<d2,i+j=k

Furthermore for ¢ < dy and j < da, the evaluation map Q; jy — A4, —i,d,—j) given
by a — a(f) provides the following short exact sequence:

0 L g) Quj — Adr—ido—j) — 0.
1.2. The Lefschetz properties and the Hessian criterion.

Definition 1.9. Let
d
A= EB A;
i=0
be an Artinian graded K—algebra with Ay # 0.
The algebra A is said to have the Weak Lefschetz Property, briefly W LP, if there
exists an element L € A; such that the multiplication map
ol : Az — AiJrl
is of maximal rank for 0 <¢ <d—1.

The algebra A is said to have the Strong Lefschetz Property, briefly SLP, if there
exists an element L € A; such that the multiplication map
OLk : Ai — Ai—i—k

is of maximal rank for 0 <:<dand 0 <k <d —1.
A is said to have the Strong Lefschetz Property in the narrow sense if there exists
an element L € A; such that the multiplication map

OLd_% : Ai — Ad—i

is bijective for i = 0,..., [4].

Remark 1.10. In the case of standard graded Artinian Gorenstein algebras the
two condition SLP and SLP in the narrow sense are equivalent.

d
Definition 1.11. Let f € Ry be a homogeneous polynomial, let A = @Ai =
i=0
@ be the associated Artinian Gorenstein algebra andlet B = {a;|j =1,...,0%} C

Amn(f)
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Aj, be an ordered K—basis of Ax. The k—th Hessian matriz of f with respect to B
is

Hess]} = (i (f))75— -
The k—th Hessian of f with respect to B is

hess]]f = det(Hess’;).

Theorem 1.12. ([Wal|, [MW]) Let notation be as above. An element L = a1 X1 +
oot an X, € Ay is a strong Lefschetz element of A = Q/ Ann(f) if and only if
hess’;(al, ceevay) £ 0 for all k =0,...,|d/2]. In particular, if for some k < | 4]
we have hess’; =0, then A does not have the SLP.

2. HIGHER ORDER INAGATA IDEALIZATION

2.1. Nagata idealization.

Definition 2.1. Let A be a ring and M be a A—module. The idealization of M,
A x M, is the product set A x M in which addition and multiplication are defined
as follows:

(a,m) + (b,n) = (a+ b,m +n) and (a,m).(b,n) = (ab,bm + an).

The following is a known result whose proof can be found in [HMMNWW!| The-
orem 2.77].

Theorem 2.2. Let R = Kuy,...,uy] and R’ = Kluq, ..., upn,Zo,...,Zy] be poly-
nomial rings and let Q = K[01,...,0,] and Q" =K][01,...,0n,00,...,0,] the asso-
ciated ring of differential operators. Let I = (g1,...,9m) C Q be an ideal generated
by forms of degree d and let A = Q/Ann(g1,...,gm) be the associated level al-
gebra. Let f = xogo + ... + Tmgm € R’ be a bihomogeneous polynomial and let
A" = Q'/Ann(f) be the associated algebra. Considering I as an A—module, we
have
AxT~A

2.2. Lefschetz properties for higher order Nagata idealization.

Definition 2.3. A bihomogeneous polynomial

(4) fzzﬂﬁ?lgi € Klzo, .-, T, Ut - -5 Um](dy )

i=0
is called a Nagata polynomial of order dj, if the polynomials g; are linearly inde-
pendent and they depend on all variables.

By Theorem[2Z2] the algebra A = @)/ Ann(f) can be realized as a trivial extension
and it is said Nagata idealization of order d;, socle degree d; 4+ dy and codimension
n+m+ 1.

Let R = K[zo,...,Zpn,u1,...,un] be the polynomial ring and f € R4, 4,), with

n
d1 > 1, be a polynomial of type f = Z xflgi, where g; is a polynomial in u1, ..., U,

i=0
variables, for all « = 0,...,m. We denote by Q = K[Xo,...,X,,U1,...,Uy] the
ring of differential operators of R, where X; = %, fori=0,...,nand U; = %,
i J

forj=1,...,m. Let A= %(f) the associated algebra.

In the case di < ds, we have an example such that A has the SLP, hence A has
the WLP:

Example 2.4. Let f = 2%u? +y?v3 be a bihomogeneous polynomial. Hence A has
bidegree (2,3), Hilbert vector (1,4,6,6,4,1) and A has the SLP. By the Hessian
criterion, Theorem[LI2] there are two Hessians to control, hess} # 0 and hess?c #0.



LEFSCHETZ PROPERTIES FOR HIGHER ORDER NAGATA IDEALIZATIONS 7

If the number of summands in f is great enough, we get the following Proposition:

Proposition 2.5 ([Go|, Proposition 2.5). Let xo,...,z, and ui,...,uy, be in-
dependent sets of indeterminates with n > m > 2. For j = 1,...,s, let f; €
Klzo,...,zn)a, and g; € Kluq, ..., umla, be linearly independent forms with 1 <

di <ds. If s > (mjjdl), then the form of degree di + da given by

f=figr +-+ fogs
satisfies
hess]; =0
Corollary 2.6. Let A be a Nagata idealization of order di < da, then A fails SLP.
If we consider d; > ds, we have the following Proposition:
Propgsition 2.7. With the same notations, if di > do, then A has the WLP and

L= Z X, is a weak Lefschetz element.
i=0

Proof. (The idea of this result was shared by the work group in Banff).
We denote by k = |93 |. We note that di > k. Infact, by hypothesis di > da,
hence:

2d dy+d dy+d di +d
d1+d12d1+d2=>712%=>d12 1; 2> 1; 2

| =k

We have:
A = Ar,0) © A—1,1) D+ © A(k—dy,do)-
We want to prove that for L = Xg+ ...+ X, € Q[Xo,..., Xnh
oL: Ap—iyiy = Ak—it1,i)

has maximal rank for all i = 0,...,ds. Since A is a standard graded AG algebra it
is enough to check it in the middle (see [MMN], Proposition 2.1).

We denote w; = X]’?ﬂ'aj, where a; € Q[Ur,...,Up)i, for 5 = 0,...,n and we
suppose that {w;} is a basis for A¢,_; ;). Hence we get

ijwj:O:bj:O.

J

It implies that the a;(g;) are linear independent in K(z1,...,zx).
Let ©; = Xf‘“rlozj = oL (wj), we want to prove that {Qo,...,{,} is a linear
independent system for A;_;;1,4). We consider the following linear combination

Z ¢;§l; = 0. By definition, we get:
J

0=> cQ(f) = ¢ (Z xflgz) = el T ay(g;).
j j i j

Since «(g,) are linear independent in K(z1,...,2,), for all j =0,...,n, we have

. dy—k+i—1
CJZC]-

The result follows. ]

:0:>Cj:0.

For this case, there is nothing we are able to say about the SLP.
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2.3. The geometry of Nagata hypersurfaces of order d;.

Definition 2.8. Let R = Klzg,...,Zn, U1, ..., Uy] be the polynomial ring, with K
an algebraically closed field. Let f € R be a Nagata polynomial of order d; and
degree deg f = d = dy + ds.

The hypersurface X = V(f) C PV is called a Nagata hypersurface of order d;.

Let X = V(f) € PV be a Nagata hypersurface of order d;. We can consider two
linear space respectively P! with coordinates w1, ..., u,, and P” with coordinates
20,T1,...,Zn. Let po € P™~! be a point and we consider the following linear space
of dimension n + 1:

Lo = (Pa;P") = {(Pasq) 1 g € P"}.

If we consider the intersection £, with X, we obtain a variety Y,. Y, is reducible
whose irreducible components are the linear space P" and a variety, called residue
and denoted by Y,. Y, is a cone of vertex p, over a (n — 1)—dimensional basis.

Theorem 2.9. A Nagata hypersurface X = V(f) C PN of order e consists of the
union of the residue parts Yy, i.e.

X =U,Y,.
Proof. Fixed a point po = (0:...:0:a1:...:a,) €EP" Landlet p= (To:...:
T :0:...:0) be a point in P*. We consider the line that joins the points p, and
D:
o = )\SCO
Z, Tn = ATn
U1p = paq
Uy, = [y,
with A, p € K.

Since X = V (f) is a Nagata hypersurface of order d;, we have:

f :xglgoqL...Jrzzlgn.

If we consider the intersection between the line %, and the Nagata hypersurface
X, we get:

n
fe. = AT go(par, ... pam)+. . AN TR g (pay, . pag) = XD 7N gi(a)
1=0

where a is the vector (a1, ..., an).
n
Since p, and P are points of X, then Zz_idlgi (a) = 0. Therefore

=0

Y, =V (Z -T_idlgi(g)>

and, by arbitrariness of the points p, € P! and p € P", we have U,Y, =
X. O

As consequence of the above theorem, we can say how many linear spaces there
are in a Nagata hypersurface of order e. We note that P™~! and P" are linear
spaces on X. Thus we have:
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Corollary 2.10. Let X = V(f) C PV be a Nagata hypersurface of order dy. There
is a family of lines of dimension m+n —1 on X.

Proof. Let p, € P™~! be a point, then there is a family of lines of dimension n
that joins p, and the linear space P™, for all p, € P™~1. This family covers Y,,.
Then we have a family of lines of dimension (n) + (m —1) =n+m —1 on X. The
singular locus of X contains P™~1.

Conversely, let p € P™ be a point, then there is a family of lines of dimension
m—1 that joins P and all points ¢ in the linear space P™~!. So the proof follows. [

3. SIMPLICIAL NAGATA IDEALIZATION OF ORDER £k

Definition 3.1. A bihomogeneous polynomial
n

(5) f:fogi6K[wo,...,xn,ul,...,um](kﬁd,k)
i=0

is called a simplicial Nagata polynomial of order k if all g; are square free monomials.
The following combinatorial constructions were inspired by [GZ].

Definition 3.2. Let V = {u1,...,u,} be a finite set. A simplicial complex A
with vertex set V is a collection of subsets of V, i.e. a subset of the power set 2V,
such that for all A € A and for all subset B C A, we have B € A.

We say that A is a simplex if A =2V,
The members of A are referred as faces and the maximal faces (respect to the
inclusion) are the facets. The vertex set of A is also called 0—skeleton. If A € A
and |A| = k, it is called a (k — 1)—face, or a face of dimension k — 1: the 0—faces
are the vertices and the 1—faces are called edges.

Definition 3.3. If all the facets have the same dimension d > 0, the complex is
said to be pure.

Let A be a pure simplicial complex of dimension d > 0 with vertex set V =
{u1,...,um}, we denote by fi the number of (k — 1)—faces, hence fo =1, f1 =m,
fa+1 is the number of facets of A and f; =0, for j > d+ 1.

Remark 3.4. There is a natural bijection between the square free monomials, of

degree 7, in the variables uy, ..., u,. and the (r — 1)-faces of the simplex 2", with
vertex set V' = {uq,...,un,}. In fact, a square free monomial g = u;, - - - u;,, in the
variables u1, . . ., Uy, corresponds to the finite subset of 2V given by {u;,, ..., u; }.

9, to any finite subset F of 2", we associate the monomial mp = H u; of square
u; €F
free type.

An important result about simplicial Nagata idealization can be found in [GZ]
Theorem 3.2].

3.1. Simplicial Nagata idealization of order k. Let f € K[z, ..., Zn, U1, .., Um]kr+1)
be a simplicial Nagata polynomial of order k:

(6) f=> g
r=1

with g, monomials in variables ui, ..., u,, of degree k + 1.

We want to characterize the Hilbert vector of the algebras associated to the Na-
gata polynomial of type (@).
Let A be a pure simplicial complex of dimension k, with vertex set V- = {u1, ..., un}.
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We denote by fi the number of (k — 1)—faces, hence fo = 1, f1 = m, fry1 is the
number of the facets of A and f; =0 for j > k + 1.

The facets of A, associated to f, corresponding to the monomials g;, will be
labeled by g;. The associated algebra is Aa = Q/ Ann(fa). By abuse of notation,
we will always denote fa with f and Ax with A.

If p € Kluq, ..., un] is a square free monomial, we denote by P € K[Uy,...,Up,)
the dual differential operator P = p(Uy,...,Upy).

Theorem 3.5. Let f € K[zo, ..., T, U1, .., Um]kkt1) be a simplicial Nagata poly-

nomial of order k:
n
f= Z zfgr
r=1

with g, monomials in variables uy, ..., U, of degree k+1. Let A be a pure simplicial
complex of dimension k and let A = Q/ Aun(f). Then
d=2k+1
A= @ Al where Al = A(i,O) 5P A(i*l,l) D---D A(O,i)a Ad = A(k,kJrl)
i=0
(1) forallj=1,...,k+1:
1 for i=0

dimAg =4 (n+1)-f;  for 1<i<k
Jit1—j for i=k

where f_j is the number of the subfaces, of dimension j — 1, of the facet, g;,
of A.
(2) I =Anng(f) is generated by

(a) (Xo,..., X)) and U2,... U2 ;

(b) the monomials in I representing the minimal faces of the complement
of A, A¢;

(c) the monomials X.P,, fori=1,...,k, such that, fived the facet M, of
A, corresponding to the monomial g, P, is the dual differential opera-
tor of pr; pr is a monomial in the variables uy, ..., Uy, corresponding
to a face M' of A s.t. M' N M, = {;

(d) the binomials Xfér — Xfés where g, = GrGrs and gs = GsGrs and grs
represents a common subface of gr, gs.

Proof. (1) Let f be of type (6] associated to the pure simplicial complex A of
dimension k. The variables uy,...,u,, represent the vertices of A.

We consider the following cases:

o fori =0and j=1,...,k+1, A ) is generated by the only monomials
of degree j, in the variables Uy, ..., Uk4+1, that do not annihilate f.
These monomials represent (j —1)— faces of A. We need to show that
they are linearly independent over K.

Consider {€,...,€,} a system of monomials of Qg ;), where €2, for
s=1,...,v, is associated to any (j — 1)— face w. We take any linear
combination:
0=> a(f) =) e d oilg) = 3w (9.

r=0 r=0 s=0 s=0 r=0

Therefore we get ZCTQT(QS) =0, for all s = 0,..
r=0
r =0,...,v, there is a s = 0,...,n, such that if Q,.(gs) # 0, then

n. For each

9
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¢, = 0 for all r. Hence dim Ao ;) = f;, where f; is the number of
(j — 1)—faces of A.

efor 1 <i < kandj = 1,...,k + 1, the generators of A ; are
the monomials of type X!U, U,,---U,, for s = 0,...,n, for all j.
Fix s = 0,...,n, and let M, be the facet of A, corresponding to
the monomial g5, the monomial U, U, ---U,; of Q) is the dual
differential operator of the monomial w,, u,, - - up,;, that gives the
(j — 1)—dimensional subfaces of M. The monomials XU, Uy, - -- Uy,
for s = 0,...,n, for all j are linearly independent. In fact, denoting
by Q¢ the monomial X:U, Uy, ---U,,, for s =0,...,n, we note that:

Q;(f) = cz’;ii(Uﬁ T UTj)(gS) 7£ 0

since (Uy, - - - Ur,)(gs) identifies the vertices of the (j —1)—dimensional
face. We get:

chﬂi(f) =0<c,=0 Vs.
s=0

For s = 0,...,n, in correspondence of Q%(f), we can get a number of
(j —1)—dimensional faces of A. Denoting such number by f;, we have

e fori=Fkand j=1,...,k, by duality A7,

(0.k+1—j) = A(k,j), thence we

have:
dim A(k,j) = dim A>(k0,k+1fj) = fk+1*j'

(2) Let I = Ann(f) be the annihilator. We consider the following exact se-
quence:

(7) 0 I ) Quj) — Aph—iht1—j) — 0.

we have the following cases:
e fori=0and 1 <j<k+1, we have by (@)

Since Ao, ;) has a basis given by the (j — 1)—faces of A, then I j
is generated by monomials representing all the (j — 1)—faces of the
complement of A. In I, it is enough to consider the minimal faces of
A€, by definition of ideal.

We note that in (g 5y there are also the monomials UZ, ..., Uz, since
the monomials g;, in the variables u1, ..., u,, are square free.

o for1 <i<kand1l<j<k+1, fix the facet M, of A, corresponding
to g,, since A(; ;) has a basis given by the (j —1)—dimensional subfaces
of M, then I; ;) is generated by monomials X?P, where P, is the dual
differential operator of p,; p, is a monomial in the variables u, ..., Um,
corresponding to a (j — 1)—dimensional face M, s.t. M, € A° or
M, € A and M, N M, = 0.

e fori =kand 1 <j < k+ 1, we fix two facets of A, M, and Mj,
corresponding to the monomials g, and g, and such that M, N M, # (.
Let M,y = M, N Mj; we denote the monomial corresponding to it by
grs. We consider M, = M, \M,s and M, = M\M,s. Let g, and
gJs be the monomials corresponding to M, and M,. We note that
M,NM, = (. Hence the binomials, XfC:'T —Xfés, are in Iy, jy, where

G, and G, are the dual differential operators of §, and §, respectively.
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Let us consider the following exact sequence:

0 Tk ) Qi) — Awkr1-5 — 0,

we get dim I, jy = dim Qg ;) — frr1—j. Let Q(k,j) be the K—space
spanned by all the monomials Xfér, where G, is the dual differential
operator of g, that is a monomial in the variables uq,...,u,,, cor-
responding to a subface of M,. Let T(kﬁj) C I, be the K—vector
space spanned by the monomials XffPT, where P, is the dual differ-
ential operator of the monomial, in the variables ui, ..., U, pr, Not
corresponding to a subface of M,. They are two K— Vector spaces s.t.
Q) = Q(k 5 D I(k 5)- We consider the ideal I(k 5 C Q(k]) The
exact sequence given by evaluation restricted to Q(;w) becomes:

0 Tk 5 Quej) — Awk+1-j) — 0.

We note:

dim I, j) = dim Qqx j) — frs1-j = dim Q) + dim Ty j) — fry1—j =
—dlmlkj + frr1- ]—l—dlml (kyj) — Jr+1—j —dlmI(kj)—i—dHnI(kj)

Hence I, ;) = I(k 5 P I(k 5)- The generators of I(k 5y are the binomial
X kG - X ’“C{S precisely. The result follows.
Moreover for i = k+1 and j = 0, it is clear that I(;41,0) = (Xo, ..., X,)*"
In fact Xf“(f) =0, for i =0,...,n, since the monomials in xq, ..., x, of
f have degree k, by Remark [[L.8
O

We discuss the following example:
Example 3.6. Let V = {uj,...,ug} be a finite set. We have:

V:{(Z),{ul},...,{uﬁ},...,{ul,...,uf;}}

Let A be the following simplicial complex:

A = {@, {Ul}, ey {u6}, {’U,l,’LLQ}, ey {’LL5,’LL6}, {’U,l,’LLQ,’LLg}, ey {’LLQ,’LLQ,, UG}}

vertices edges 2—faces

It is given by two pyramids, with the common basis, of vertices uq,...us and ug
and faces labeled by go, ..., ge¢ and gr:




LEFSCHETZ PROPERTIES FOR HIGHER ORDER NAGATA IDEALIZATIONS 13

The 2—faces are the facets of A, then A is pure of dimension 2.
Let

f=/a= $3U1U2U3 + HU%U1u2u4 + x§u1U4U5 + $§U1U3U5+

+ z§u2u3u6 + x§u2u4u6 + x§U4U5u6 + z$U3U5u6

be the bihomogeneous polynomial of degree 5. It is a Nagata polynomial of order
2 and the monomials gy = uiusus, g1 = U1UU4, Jo = UIULU5F, §3 = ULUIUs5,
g4 = UgU3Ug, §5 = U2U4Ug, g6 = UsUsUg and g7y = ususug are of square free type.

We have

A=A DA A D A3 D AL © As

and the Hilbert vector is given by:
h():l:hg, and hl :14:h4

We calculate hy = dim A and hz = dim As.
By Theorem B8], we have

hy = dim Ay = dim A3 ) + dim Ay 1) + dim A 9) =
=f3+8 - fitfa=8+8-3+12=44
hs = dim A3z = dim A3 gy + dim A3 1) + dim A(; 5) + dim A (g 3) =
=0+ fo+8-fa+fs=12+8-3+8=144
Hence the Hilbert vector is (1,14, 44,44,14,1).

By Theorem B3] I = Ann(f) is generated by:
e (Xg,...,X7)3 and U2, ..., U2, by the part (2a);
e since the complement of A is:

A = {{ur,up}, ..., {uz,us}, {ur,us,us}, ..., {us, us, ugt,
diagonals 2—faces
{u1,u,us,us}, ..., {us, us, us,ue}t, ..., {us,...,ug}}
3—faces

and since diagonals are the minimal faces of A¢, then the monomials U; Us,
UsUys and UaUs are in I = Ann(f), by the part (2b).
e For i = 1,2, fix the facet My = {uy,us,u3z} € A, corresponding to the
monomial gy, we have that the monomial py represents:
— one of the remaining vertices, for example u4:

and finally we get: Py = po(Us,...,Us) = Us. Thence the monomial
of degree i + 1, XU, is in I = Ann(f). The other monomials of this
type are obtained with the same procedure.
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— one of the remaining edges, for example the edge that joins the vertices
us and ug:

We get:
Py = po(Uy,...,Us) = UsUs
and the monomial of degree i + 2, X UsUs, is in I = Ann(f), by part

(2¢). The other monomials of this type are obtained by the same way.
e The faces gyp and g3 have the common edge that joins the vertices ujus :

91,3 represents the edge that joins the vertices vy and us. go and g3 represent
the vertices us and us respectively. We have:

éo = go(Ul,...,U6) = U2 and ég = §3(U1,...,U6) = U5.

The binomial, of degree 3, X3Us — X3Us, is in I = Ann(f) by the part
(2d). The other binomials of degree 3 of this type are obtained by the
same procedure. We note that the faces go and go have the common vertex
uy, hence, in the ideal I = Ann(f) there is the binomial, of degree 4,
X2UyUs — X2U4Us; the other binomials, of degree 4, are obtained by the
same procedure.
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