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THE BOLTZMANN EQUATION WITH TIME-PERIODIC
BOUNDARY TEMPERATURE

RENJUN DUAN, YONG WANG, AND ZHU ZHANG

ABSTRACT. This paper is concerned with the boundary-value problem on
the Boltzmann equation in bounded domains with diffuse-reflection boundary
where the boundary temperature is time-periodic. We establish the existence
of time-periodic solutions with the same period for both hard and soft po-
tentials, provided that the time-periodic boundary temperature is sufficiently
close to a stationary one which has small variations around a positive con-
stant. The dynamical stability of time-periodic profiles is also proved under
small perturbations, and this in turn yields the non-negativity of the profile.
For the proof, we develop new estimates in the time-periodic setting.
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1. INTRODUCTION

EEEEEEEEm=

Let a rarefied gas be contained in a bounded domain Q C R? with smooth
boundary 92 on which the diffuse-reflection condition is postulated. We assume
that the velocity of the boundary is zero while the temperature of the boundary

is periodic in time.

time-periodic motion of such rarefied gas with the same period.
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One basic problem is to see whether or not there exists a
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To treat the problem, we assume that the motion of the rarefied gas is governed
by the Boltzmann equation

OF +v-V,F=Q(F,F), tcR, 2€9Q, veR> (1.1)

Here F' = F(t,z,v) > 0 stands for the density distribution function of gas particles
with position 2 € Q and velocity v € R3 at time ¢t € R. The Boltzmann collision
operator Q(-,-) is of the non-symmetric bilinear form:

Q(G,F) = /R 3 /S B —u,w)G()F(v) dudu
- /R /S B(v — u,w)G(u)F(v) dwdu.

Here the relation between the velocity pair (v, u’) after collision with the velocity
pair (v,u) before collision for two particles is given by

vV=v—[v—u)ww, v=u+[v-u)- ww,

with w € S?, satisfying the conservations of momentum and energy due to the
elastic collision:

VA =vtu, )P4 ) = o)+ el
The Boltzmann collision kernel B(v — u, w) takes the form of
B(v—u,w) = [v —u|"b(¢),

with
—3<y<1, 0<b) <C|cosq|, cosqﬁ:zw

lo—ul

for a generic constant C. Note that the angular cutoff assumption is required and
we allow for both hard and soft potentials in the full range.

To solve the Boltzmann equation (I.I]) in the bounded domain, it is supplemented
with the following diffuse-reflection boundary condition:

F(t0)] o =0 [ Fltwlusn(o)]du. (1.2)
u-n(x)>0

for any ¢t € R, where n(x) denotes the outward normal vector at the boundary point
x € 09, and py takes the form of

1 __v?
1o = io(t,z) (V) = me 200, (1.3)

Here we have assumed that the boundary velocity is zero and the boundary tem-
perature is a function (¢, z) which is periodic in time and may also depend on the
space variable.

Throughout this paper, we assume that = {z : £(z) < 0} is connected and
bounded with £(x) being a smooth function in R3. We assume VE(z) # 0 at each
boundary point z with £(z) = 0. The outward normal vector n(z) is therefore given
by n(x) = V&(x)/|VE(z)|, and it can be extended smoothly near 02 = {z : {(z) =
0}. We define that Q is convex if there exists a constant ¢¢ > 0 such that

3 2
S ST @) > el

;0
ij=1"""""
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for all 2 such that £(x) < 0 and for all ¢ = ({1,(2,(3) € R3. We denote the phase
boundary in the space Q x R3 as v = 09 x R3, and split it into the outgoing
boundary 4, the incoming boundary «_, and the singular boundary -y for grazing
velocities, respectively:

vy = {(z,v) € 9Q x R : n(z) - v > 0},
vo =A{(z,v) €N xR®: n(z)-v <0},
70 = {(z,v) € 9Q x R : n(z) - v = 0}.

Note that pg satisfies the boundary condition (I2]) but may not be a solution
to the Boltzmann equation (II)) since the boundary temperature (¢, z) may have
nontrivial variations in ¢ or z. When 6(¢,z) is identical to a constant 6y > 0,
for instance, without loss of generality we assume 6y = 1 to the end, the global
Maxwellian corresponding to (L3)) is reduced to

1 lv|?
b= ) = e (1.4)
which satisfies both (1)) and (T2]). In such case, there have been extensive studies
of existence, large-time behavior and regularity of small-amplitude L*° solution
around p to the initial-boundary value problem on the Boltzmann equation, for
instance, [2] @, [10, 12 [13] 15, [16]. Readers may also refer to references therein for
related works.

When 6(t,z) is a time-independent function #(z) which has a small variation
around 6y, namely, supyg, |0 — 6p| is small enough, one may expect that the large-
time behavior of solutions to the initial-boundary value problem on the Boltzmann
equation is determined by solutions to the following steady problem

v- V. F=Q(F,F), z€Q, velR?

1.5
F(x, v)|vvn(m)<0 = Ha(z) / F(z,u)|u-n(x)| du. (1.5)
u-n(x)>0
Indeed, for hard potentials 0 < v < 1, [2] established the existence and dynamical
stability of a stationary solution F*(z,v) to (IH). Recently, the result of [2] has
been extended in [5] to the case of soft potentials —3 < v < 0. We refer readers to
[5] for extensive discussions on the subject.

In the current work, we consider the case when (¢, x) is a general time-space-
dependent function assumed to be periodic in time with period T' > 0 and suf-
ficiently close to #(z). Under such situation, we shall prove that there exists a
unique time-periodic solution FPe"(t,x,v) around F*(x,v) with the same period
T for the problem (L) and (2], and further show the dynamical stability of
FPer(¢,z,v) under small perturbations in the sense that the solution F(t,z,v) to
the initial-boundary value problem on the Boltzmann equation (1)) with initial
data F(0,z,v) = Fy(z,v) and boundary data (2] exists globally in time and is
time-asymptotically close to FP¢" (¢, z,v) whenever Fy(z,v) is sufficiently close to
Frer(0,2,v). Note that the limiting situation T' = 0 for the period of (¢, z) is
also allowed and this corresponds to the stationary case considered in [2] and [5] as
mentioned above. Therefore, the current work can be regarded as an extension of
[2, 5] to the time-periodic boundary.

In what follows we state the main results of this paper. Let

wa,(v) = (1 +[of?) % etll? (1.6)
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be the velocity weight function, and let F*(z,v) be the steady solution to (L3
corresponding to the stationary boundary temperature 6(z) constructed in [2} [5].
We assume that F*(x,v) has the same total mass as that of the global Maxwellian

pin (L), ie.,
/Q /R3 [F*(x,v) — p(v)] dvdz = 0.

To the end, for brevity we shall write wq g as w by ignoring the dependence of w on
parameters ¢ and 5. The first result is concerned with the existence of time-periodic
solutions of small amplitude.

Theorem 1.1. Let -3 <~y <1,0<¢g< % and B > max{3,3 —v}. Assume that
O(t,x) is a time-periodic function with period T > 0. Then there exist § > 0 and
C > 0 such that if

6= sup [0(t,-) — 0(-)|p=o0) <6, 02 :=0(-) — 1|p=(a0) < 9,
0<t<T

then the Boltzmann equation (LI) with the diffuse-reflection boundary (L2) admits
a unique nonnegative time-periodic solution with the same period T ':

FPE(t,2,0) = F*(,0) + /() f£(E, 2,0) 20, (1.7)
satisfying
/ / 1Pt z,v)/p(v)dvde =0, teR, (1.8)
Q JR3
and

sup_f?" ()12 + sup_ | f?" ()] ) < b1, (19)
0<t<T 0<t<T

Moreover, if Q is conver, 0(t,x) is continuous on R x 98, and 0(x) is continuous

on 9, then FPe"(t,x,v) is also continuous away from the grazing set R x 7.

The second result is concerned with the large-time behavior of solutions to the
initial-boundary value problem

OWF +v-V,F=Q(F,F), t>0,2€Q, veR?

Bt ’U)’v-n(m)<0 = Ho(t,x) A_n(m)>0 F(t,z,u)lu-n(z)|du, (1.10)
F(0,z,v) = Fy(z,v),
whenever Fy(z,v) is around FP"(0,z,v) in a sense to be clarified later on.

Theorem 1.2. Let -3 <y <1,0<¢g< % and 8 > max{3,3 — v}. Then there
exist constants &', ¢ > 0, g9 > 0 and C > 0 such that if

sup [0(t,-) = 1|z (o) < 9,
0<t<T

and Fy(z,v) = FP(0,2,v) + /p(v) fo(z,v) > 0 satisfies
/Q 5 fo(z,v)y/ p(v) dvda = 0, (1.11)

and

lwfollLe < eo,
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then the initial-boundary value problem (LI0O) on the Boltzmann equation admits a
unique global-in-time solution

F(t,z,v) = FP(t,2,v) + /() f(t,z,v) >0, t>0,2€QveR?
satisfying

/ f(tafﬂ,v)mdvdx:()
Q JR3

and
[wf Ol o+ [w0f ()] ey < Cem Nwfoll o<, (1.12)
for all t > 0, where p > 0 is determined by
1 if v e€l0,1],
p= | (1.13)
—— € (0,1) o ~e(-3,0).
57 €O (-3.,0)
Moreover, if Q is convez, Fy(x,v) is continuous except on -y satisfying
Fo(e, o). =m(020) [ Fofwyu)lu- no)]du,
u-n(x)>0

and 0(t, x) is continuous over R x 0S2, then the solution F(t,z,v) is also continuous
in [0,00) x {2 x R3\ y0}.

Remark 1.3. In the soft potential case —3 < v < 0, the time-decay estimate
([LI2) implies that there is no loss of velocity weight in the weighted L™ space for
the solution compared to the one for initial data, which is different from the recent
result [16]. We refer readers to [5] for more details.

The issue about the time-periodic solutions to the Boltzmann equation has been
studied in [I7] and [7]. Particularly, [I7] first considered the case where the Boltz-
mann equation is driven by a time-periodic source term in the whole space. The
main idea of [I7] is to study the extra time-decay property of the linearized solution
operator U(t) and look for the time-periodic solution as a fixed point to an integral
equation

f@) :/_ U(t —s)Ny(s)ds,

where Ny(-) includes both the nonlinear term and the time-periodic inhomogeneous
source. The approach of [I7] was later applied in [7] to consider the Boltzmann
equation with a small time-periodic external force. Note that [7] has to require
a strong assumption that the space dimensions are not less than five, and it has
remained a big open problem to remove such restriction.

A similar time-periodic problem on the Vlasov-Poisson-Fokker-Planck system in
the whole space was also considered in [6] when the background density profile
is time-periodic around a positive constant, where the proof is based on another
approach different from [I7]. It should be pointed out that three space dimensions
are allowed in [6] due to the exponential time-decay structure of the linearized
system.

In the current work, we carry out a proof of existence of time-periodic solutions
which is different from [6] [7, [I7] mentioned above but is similar to the one in [5] for
the steady problem. In fact, instead of solving the Cauchy problem, the basic idea
in the present paper is to regard the time-periodic problem as a special boundary
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value problem over [0,7] x € x R3, with the time-periodic boundary condition at
t =0and t = 7T. For the proof, we develop new estimates in the time-periodic
setting.

In the end we remark that motivated by the works [I] and [18], the existence
and dynamical stability of time-periodic profiles to the Boltzmann equation in a
bounded interval recently have been also established in [§] in the case when one
boundary point moves with a small time-periodic velocity. Compared to the current
work in the case when the boundary temperature is time-periodic, the mathematical
analysis in [8] is much harder, since the reformulated problem is related to the
Boltzmann equation with a time-periodic external force in the bounded domain.

The rest of this paper is organized as follows. In Section 2, we make a list of
basic lemmas which will be used in the later proof. Then, Section 3 and Section 4
are devoted to the proof of Theorem [[.T] and Theorem [I.2] respectively.

Notations. Throughout this paper, C denotes a generic positive constant which may
vary from line to line. C,,Ch,- - denote the generic positive constants depending
on a, b,---, respectively, which also may vary from line to line. A < B means
that there exists a constant C' > 0 so that A < CB and A <, B means that the
constant depends on a. || - ||z denotes the standard L?(Q2 x R3)-norm and || - || Lo
denotes the L>°(Q x R?)-norm. We denote (-,-) as the inner product in L?(Q x R?)
or L*(R3). Moreover, we define || - || z2(jo,7y,r2) = ||II - ||L2||L2[O,T]' For the phase
boundary integration, we define dy = |n(x) - v|dS(x)dv, where dS(z) is the surface
measure and define |f[}, = fv | f(x,v)|Pdy and the corresponding space is denoted
as LP(0Q) x R?) = LP(09Q x R?; dvy). Furthermore, we denote |f|ro(y.) = |f1y.|Lr
Tn|d |fle(ve) = [f1yi]e~. For simplicity, we denote |f|rec(y) = |flooe(yy) +
Flreeroy-

2. PRELIMINARIES

Recall (cf. [3]) that around the global Maxwellian p as in (I4]), one can write

1
ﬁQ(qu\/ﬁfaqu\/ﬁf) =—Lf+I(f. /),

where L and I'(+, ) are the corresponding linearized operator and nonlinear operator
respectively given by

1 = ~—={ QU VB + QUL

and
1
NG

Moreover, one has L = v — K, where the velocity multiplication v = v(v) is defined
by

F(fag) = Q(\//_Lfv \/:L_Lg)

o) = [ [ Blo = wwn(e dudu~ (15 o)

and the integral operator K := K; — K> is defined in terms of

D) = [ [ Bl = ww) Vel () dudu,
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and

(Kah) = [ [ Blo— )RRt () ded

+ / / B — u,w)y/ p(uw)p(v) f(u") dwdu.

Lemma 2.1 ([11,12]). The operator L is self-adjoint and non-negative. The kernel
of L is a five-dimensional space spanned by the following bases:

eo=(2m) iV e = (2m) TR/, i=1,2,3; e4=
Define the projection P by

(2m)~4
(v = 3)VE

4

Pf =3 (f.eei

i=0
Then there exists a constant co > 0 such that

(LI, f) = ol (I = P) f|72ps).
Note that the integral operator K can be written as

Kfw) = [ k) dn
R
with a symmetric kernel k(v,n).

function 0 < x,, < 1 with 0 < m < 1 such that

As in [I1] 4], we introduce a smooth cutoff
Xm(s) =1 for s <m; xm(s) =0 for s > 2m.
Then we define

(5m0)(0) = [ [ B =)l = ) ValaaG) £ dudu

+ /Re |, Bl —wwhom(jo —ul) (w0 f(u') dwdu

_ /]R3 . B(v — u,w)xm(Jv — ul)v/ p()p(u) f(v) dwdu
= K3'f(v) — K{"f(v),

and K¢ = K — K™. Correspondingly, one can write

) = [

) f(m) dn, (K°F)(v) = /
RS

ke (v, m) f () dn.
R3
The following estimates on K™ and K¢ can be found in [4].

4
Lemma 2.2. Let —3 <~ < 1. Then, for any 0 < m < 1, it holds that
v|2
(K™g)()] < Om™*7e™ "% g,

where C'is a generic constant independent of m. The kernels k™ (v,n) and k°(v,n)
satisfy that for 0 <a <1,

(2.3)
_3—x
B, < C{lo = + o =9l =7 e

_ w2 +nl?
16
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and
Cmetr—1) 1 Ce—n2 =022

k(v, < e~ 10 e 16lv—nl?
(0, m)] < v — 2= (L4 Jo] + )2 =)

S

] n|?

+ Clo = n"[L = xm(Jo —nl)le™ 4 e 1, (2.4)

where C' is a generic constant independent of m and a.

N

Particularly, since the constant C' in (Z4]) does not depend on a € [0, 1], we have
the following estimates on k¢(v,n) by taking a = 1 and a = 0.

Lemma 2.3 ([4]). Let =3 <y < 1. One has

Cmy—1 Co—n2 12 =im?)?

kc < 10 16]v—n|? 25
| (’U,n)| = |'U _77|(1 + |’U| + |77|)1776 e 1 9 ( )
and
c 2 ni? e ] 11 el Tl
ke (v, m)| < Clo — e e~ 4 Clo — g T e =W e or L (26)
Moreover, it holds that
1 2)5 alvl®
ey - SEPDE g < o2, @)
B
R3 (1 -+ |n|2)2e‘Z|77|2
and
2\5 calv?
k(v, )| - A+ o)z e dn < O+ )~
1 B 2 n )
(14 [nf2) Fealn

where 8 > 0 is an arbitrary positive constant and 0 < q < 1/8. Here the constant
C in all estimates above is independent of m.

In what follows we recall the back-time trajectory in phase space with respect
to the diffuse-reflection boundary condition ([2]) which was first introduced in [12].
First of all, for each boundary point z € 0f2, we define the velocity space for the
outgoing particles:

V(z)={v € R®: v -n(z) >0},
associated with the probability measure do = do(x) := p(v')|v’ - n(x)|dv’. Given
(t,z,v), let [X(s;t,z,v),V(s;t,z,v)] be the backward bi-characteristics for the
Boltzmann equation, which is determined by

dX (s;t,z,v)

P =V(s;t,z,v),
dV(s;t,z,v) 0
ds o

(X (t;t, z,v), V(t;t,x,0)] = [z, v].
The solution is then given by
(X (s;t,z,v), V(s;t,z,v)] =[x —v(t — s),v].
For each (z,v) with 2 € Q and v # 0, we define the backward exit time tp(z,v) > 0
to be the last moment at which the back-time straight line [X (s; 0, z,v), V (s; 0, z,v)]

remains in :

tp(z,v) =inf{r > 0:2 —vr ¢ Q}.
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We therefore have x — tpv € 9Q and &(z — tpv) = 0. We also define
zb(z,v) =z — tprv € ON.

Note that v-n(xp) = v-n(zp(z,v)) < 0 always holds true. Let z € Q, (z,v) ¢ yoUy—
and (to, zo, vo) = (¢, x,v). For vky1 € Vi1 := {Vky1 - n(zk41) > 0}, the back-time
cycle is defined as

Xal(sit,z,v) Z Lty ) ()@ — vt — 8)}

Cl Satvx 'U § ltk+1,tk) Uk,

with
(tht1s Trt1, Vit1) = (te — to(@k, Vi), Tb (Tks Vk), Vikt1)-
Define the near-grazing set of v; as

, 1
e :{(x,v)€7+: |v-n(z)| <& or|v]>¢€ or |’U|§§} (2.8)
Then we have

Lemma 2.4 ([I2]). Let &’ > 0 be a small positive constant, then it holds that

t
Lo, g ladr

< Coa{I5 O+ [ [l + 10+ Vsl ]ar),

where the positive constant Cer o > 0 depends only on €' and Q.

In the end we conclude this section with the following iteration lemma which
will be crucially used later on. The proof of this lemma can be found in [5].

Lemma 2.5. Let {a; 2o be a sequence with each a; > 0. For an integer k > 0,
we define a new sequence {A¥}2, by

A;'C:ma'x{aiuai-‘rla"' 7ai+k}7 Z:Oalu
(i) Let D > 0 be a constant. If
1
a’i+1+k§§A§+D7 7;:0517"'7
then it holds that

[+H]

foranyi>k+1.
(i) Let 0 < <1 withpttt > L If
i1k < éAf +Cpe T i=0,1,
then it holds that
AF < (%) il . max{Ag, Ab oo AR 4 2Ck8 47_ kn”k, (2.10)
foranyi>k+1.
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3. EXISTENCE OF TIME-PERIODIC SOLUTIONS

3.1. Linear problem. We start from the following linear problem with time-
periodic inhomogeneous source term and boundary data:

Of+v-Vof +Lf =gy,
[tz v)ly. =Py f+r.
Here the boundary operator P, is defined by

Pofwe) = VHG) [ f(ea )OI )]

Both the inhomogeneous terms g = g(t,z,v) and r = r(t, z,v) are periodic in time
with period T' > 0. Recall the weight function (L) and we write w(v) = wq,5(v)
for brevity. We define

(3.1)

h(t,z,v) = w(v)f(t, z,v).
Then the equation for h reads:

Oth+v-Vih+v(w)h = Kyh + wg,

h(t,z,v)|, = %// o h(t,z,v" )w(v")do" + wr(t, z,v),
where
B) = — Kuh=wk(")
S w)/p) w’”

The proof of Theorem [[.T] heavily relies on the solvability of the linearized time-
periodic problem (B.1).

Proposition 3.1. Let -3 <~y <1,0<¢< % and B > max{3,3—~}. Assume that
g and r are time-periodic functions with period T > 0, and satisfy the zero-mass
condition

/Q/RB g(t, z,v)\/p(v) dvde = / r(t, z,v)\/p(v) dy = 0, (3.2)

for allt € R, and L*> bounds

sup [lv " wg(t)||L + sup |wr(t)|pee(y_y < oo
0<t<T 0<t<T

Then there exists a unique time-periodic solution f = f(t,x,v) with the same period
T to the linearized Boltzmann equation [B1)), such that

/ f(t,z,v)y/ndvde =0
QxR3
forallt e R, and
sup [lwf(t)llze + sup |wf(t)Le<(y)
0<t<T 0<t<T

< C sup |wr(t)|pey )+ C sup v wg(t)|r=. (3.3)
0<t<T 0<t<T

Moreover, if Q is conver, and g is continuous in R x Q x R3 and r is continuous
in R x y_, then f(t,z,v) is also continuous away from the grazing set R X .

The following two subsections will be devoted to the proof of Proposition [3.1]
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3.2. A priori L*> estimate. To prove Proposition B.I], we start from the a priori
L estimate on solutions to the following time-periodic problems:

Ohtl + v - VR 4 (e + v(v))hTHE = AK™R + AKS R + wyg,

1 (3.4)

RN, 2z, 0 7:~—/ h'(t,x,v do’ + w(v)r(t, z,v),
(t,z,v)ly w(v)vn()>0( N (v")do" +w(v)r(t, ,v)
for i = 0,1,2,---, where h® := hO(t,z,v) is given. Here 0 < A < 1 and £ > 0 are
given parameters, and ¢(t, z,v) and r(¢, z,v) are both time-periodic functions with
period T' > 0. Before doing that, we need some preparations. The following lemma
gives the mild formulation of h**t1. As the proof is more or less the same as [12]
Lemma 24], we omit it for brevity.

Lemma 3.2. Let 0 < A < 1 and ¢ > 0. For any t € [0,T], for almost every
(z,v) € Q x R3\ (o U~-) and for any s < t, we have

hH—l t,x, ’U ZJ@—‘,-Zl{t1>S}Jg (35)
with

J = l{tlSs}e*(””(”))(hs)h”l(s, x—o(t—s),v),
t
Jo+J3+ Jy = /

max{ti,s}

eV (@W(t=T) [/\Kglhi + AKE R + wg} (r,2 —v(t — 7),v)dr,

Js = e~ E O () r(ty, 21, 0),

o~ (ev () (t—t1) k2
Jo = o) /nk 1, ;1{t1+1>s}w(vl) (b1, Tigr, vi)dE (fg),
—(e+v(v))(t—t1)
Jr = /,c , Z 1{t1+1<5<tz}h i+l l(S xr; — ’Ul(tl - S) Ul)dzl( )

—(et+v(v))(t—t1)
Js+ Jg + Jig = T /H;‘ 1y, & 1/ 1{tl+1<s<tl}

1

AKTRT 4 AKE W+ wg) (1, 2 — o(ty — 1), v)dS (1),

; ; ; (e+v(v))(t—t1) k=1 oy
- 1
11+ Jiz+ Jis () /H;?jvj ;/ {tig1>s}

tiya

K™= AKE R+ wg| (7, 2 — v(ty — ), v)dZ (1),

; (v (@) (t-t1) I .
= —-——————--- v - t — — t .
14 o0) /n; = {tr>s} (tr, Ty vE—1)d k-1 (tk)

Here we have denoted

d¥;(r) = {HgC l1+1do'j} . {ﬁ)(vl)ef(sﬂz(vl))(tlﬂ-)dal}
(o),

and doj = p(v;){n(z;) - v;}dv;.
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Next, the following lemma is due to [I2], which gives a quantitative smallness
estimate on the measure of possible velocities, so that the particle can not reach
down the underlying initial plane, in terms of the number of reflection.

Lemma 3.3. Let T'> 0. Let n be sufficiently large. There exist constants Cy and
Cy independent of n such that for k = Cy(nT)3 and (t,z,v) € [0,T] x Q x R3, it

holds that
/.

Proposition 3.4. Let -3 <y <1l,e >0,0<¢g < 1/8 and 8 > 3. Assume that
hi(t,z,v) are all time-periodic functions with period T > 0 and satisfy

sup {[|h*(#)[lLo + [P (t)| oo ()} < 00,
0<t<T

1 Co(nT) 1
) (3.6)

1{tk>*nT} H?;lldaj < (5

k—1y,.
j=1YJ

fori=20,1,2,---. Then there exist two universal constants C' > 0 and n > 1 large
enough, independent of i, A and e, such that for k = OQ(TLT)%, it holds, for i >k,
that

sup [|[BFH()|[Le + sup [R7TH(E)|poc ()
0<t<T 0<t<T

1 ) hi*l
<< W)=} + C ———
< 80?@{02?%” Oll=} + 0‘??2%{ (oYM L2([O,T];L2)}
+C sup {[[v" wg(®)llL + [wr(t) Lo (o)} (3.7)
0<t<T

Here we have denoted (v) := (1+ |[v|*)Y/2. Moreover, if k* = h fori=1,2,---, i.e.,
h is a solution, then [B) is reduced to the following form

sup |[[h(t)|lLe + sup [h(t)|Le(y)
0<t<T 0<t<T

h

e (3.8)

< C sup {|lv" wg(t)|| e + [wr(t)| ey )} + C
0<t<T

L2([0,T};L?)

Proof. Let s = —nT in (3X) with n > 1 large enough such that (6] holds true.
We first estimate J;. Note that by periodicity, we have

Rt s,z — (t — s)v,v) = B0, 2 — (t — s)v,v).
Then if 0 <~ <1, v(v) > vy > 0 for some constant 9. Then it is direct to get
|| < e 0 ENT) gup | (8) poe - (3.9)
0<t<T
If =3 <~y <0, v(v) ~(1+|v])” no longer has a positive lower bound, when |v]| is
sufficiently large. In this case we note that

d
0 < tp(z,0) < |—"|
v

where dgq := sup, ,cq |r — y| is the diameter of Q. Then for [v] > Z—%, it holds that

t1 —s=t—tp(x,v)+nT > 0.
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In other words, J; appears only when the particle velocity |v| is rather small, so
that we have

Ji <1 ol e YW= qup ||KT()]| Lo
|1 < 1gr <oy {lo]< g OgthH e

< 1< quicye /W sup [ Lo
o<t<T

< Cem0 D) sup ||RFH(E) || poe (3.10)
0<t<T

for the suitably large n, where for simplicity of notations we have still denoted
the strictly positive constant vy > 0 to be the infimum of v(v) over |u] < 1. For
contributions coming from g and r, we notice that

5(0) 1 eli-a )\vl2

wW) = ——=—""-5
V2 (1 + [v]?) %
so it holds that

1
w(v) ~

Moreover, we have

<V2 (1+|U| )26 (F-9)v? < Ce~ 3l (3.11)

5\1’m\
Hk 1dO'J <,
kv,

5\Um\
/Hk 1y, Zl{t1+1<5<t1}e 16 Hk 1dUJ < Ck, (3.12)
J =1

. Slvml?
/H* Zl{tl+1>s}e 16 Hleld()’j < Ck,

k—1
j=1 Vj =1

for all 1 <m < k — 1. Combining this with periodicity of » and g, we get that

| Jal + |J1o| + [J1s] < Ck sup |lv™ wg(t)| e,
0<t<T

(3.13)
|Js| + |6l < Ck sup|wr(t)| ooy )-
0<t<T

Next, we shall estimate J7. If 0 < v < 1, we use the fact that v(v) > vy > 0 as well

as (BI1)) and (3I2) to get

_ 1112 — t+nT i+1—1
|J7| < Ceslolgmroltdn )1<I}1<a]§<1{ sup ||hZ )L}

‘/Hk 1 Z 1{tl+1<s<tl}w(’vl) H 1de

Vi =1

1 2 .
< Ckesl0I"gmvolt4nT) ALY e b 3.14
< Che s"e s (IO e} (3.14)
If —3 < v < 0, we again note that v(v) no longer has a positive lower bound. In
this case, it holds from Young’s inequality that
[v]? o
v(v)(m1 —12) + I6 >c(m —12)%,
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for any 7 > 7o, where we have taken a = %M, and ¢ > 0 is a constant independent

of 71, 7o and v. In the sequel ¢ > 0 may take different values at different places.

So, from ([BIT]) we have
e_V(U)(t_tl) [v]2

Ce™ 16 ¢

—c(t—t1)®
w(v) ’

and

_l? ) i+1—1
|J7| <Ce™ 6 emclt=t) 1<r{1<a]§(1{ sup [P+ (#) | oo }

y Z/l Vl{tl“Ss<tl}ﬁ)(vl)6_"(”l)(tl_S)dalﬂé;lle_”(”f)(tj_tf“)daj.

For each I, we take |vy,| = max{|v1], -, |v|}. Then it holds that

Tt v (i)t —tj41) o o=v(vi)(ti=s) w(vy) < —V(Um)(tl—s)e% < g—clti—s

) 5lvm|?
Jj=1 e

16

Thus one has

lv|? « ;
< e~ —c(t—s) i+1-1
|J7| <e Toe lg?gcx . { Oiug I1h (t)||Lao}

l
5lvml? 1
x Z Lty <s<yye” @ 1y doy
It v,

=1 j=1Y7
2

< 2~ —c(t+nT)* i+1—1 Y )
< Ck*e”Toe | nax 1{ sup ||h )=} (3.15)

Here we have used the elementary fact that a® + b® > (a + b)® for a, b > 0 and
0 < a < 1. For Jyg, it follows from B8] and BII]) that

sup ||hHE () || e (3.16)

0<t<T

0I2
|J14] < Ce™ 't (5

For the contribution from K™, we use (23] to obtain

v2
o] < Cm* w(v)e 5" sup [|hi(t)]| e < CmPe B sup || ()] o
0<t<T 0<t<T

(3.17)
Similarly, we use (Z3]), BI1I) and BI2) to get
Js] <Cm*7e % max (s 10705~}
- 1<i<k—1
/ Zl{tm<s<tl / e Dy (o) drv ™ ()i (w) 1152 doy
Hk 1VJ =1
2
SCkmgjL'Ve*% max { sup ||h*(t)||p~}, (3.18)

1<I<k—1 "o<i<T
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and

lv|?
<Cm*Te = Rt .
[l <O e ( swp [0 1))

/H,C . Zl{W} / e T () dry (o) () TS do

[ZESY

< e = il o }. :
Ckm™e™ " max 1{ sup IIh ()l p=} (3.19)

It remains to estimate the terms involving K¢. Firstly, we have

| Jo| < Cemslvl? Z/ doj_q - dal/ / / S G P
1V v, JR3

x (v |kS, (v, v )hiil(T, xp — v (t; — 7),v")|drdv’ doy

k—1 t
e %WZ/ doy_; - dol/ / / Ddrdv'do;
=1 JIY; Vin{|v|>N} JR3
1 2k_1 b
+CeslY / doj_q ---doy / / / )drdv'doy
= JILY; Vin{|v|<N} JR3
k—1
(Jo1r + Jo21). (3.20)

=1

For Jg1;, we use ([BI2) to obtain that

k-1
1 2
< —5lvl i—l o
lgl Jo1; < Cke™s 1<Iln<a]§<1{ sup 1A= ()| /F1 doj_y -+ -doy

j=1"J
b 71/(,0 )(t 77_) 7\1’1\2 5‘“l\
X e~ V\WITTy (y)e” 32 dre 16 doy
Vin{lu| >N}
1 2 1 2
< Che-bhPe=h 1) e ). .
< Cke 8" e 32 1<r%1<a]5(1{ sup ||h )=} (3.21)

For Jyo;, it holds that

t
Joar < 067%‘142/ Hé';lldaj/ / / (- )drdvdo,
-1y, vin{lu|<N} /R St — 4

ti— 4
+Oe*§‘vl2/ Hg;lldaj/ / e t=) = §luil® gy,
iy Vin{lu|<N} /s

|v;—v

‘ N2
X kS ! l d ~— 61 . hz l
/U/|>2N| (v, v e v'e , Jnax 1{Oiu£T OIS

-1 o
+ Ce™ sl I~ do; dr
mziv, s Vin{|v|<N} J|v/|<2N

J

1 2 i
X Lty <s<t}@ s RS (o, oYW (T, — ot — 7),07) |0/ duy.
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Then, by ([2.6) we have

tlff
Jooy SC’e*%‘”F/ Hl 1d03{/ / /
miZiy; Vin{|u| <N} J|v/|<2N

X 1{tl+1gs<tl}67§|vl‘2|kﬁ,(’l}[,’U/)hiil(T, x — vt — T),U’)|dv’dvld7}

1‘|2

C
—l—Ne slv max { sup ||hl L) Lo }. (3.22)

1<i<k—-1

By Holder’s inequality, the integral term on the right-hand of (3:22)

tl7L
/ N/ / (---) dv/dudr := /// () d'dudr  (3.23)
s Jinguleny Jivi<an D

is bounded by

1/2
Cn {/// glodl? |ke, (v, v )|2dv’dvld7'}
h=Hr, xp — vt — 1), 0
(st

5 1/2
!
(" Ylw(v") dv dvldT}

) Bl - 1) [
1/2, y—1 - :
<Cyn'/“m {‘//‘/D Lo <s<t} <U/>|’Y\w(vl)

Here we have used ([23]) in the last inequality. Note that y; := x; —vi(t; — 7) € Q

for s < 7 < #; — +. Making change of variables v; — 1, we obtain that is
N g g Y

bounded by
" 9 1/2
ONn1/2m7_1 {/ dr} .
s L2

We use periodicity of h*~! to further bound the above term by

1/2
d’U/d’UldT} )

Rl (T)
<1}>|’Y‘w

T || pi—l 2 1/2 i—l
h h
Can/zm"*_l{/ ST (‘T) dT} < Cynm? 71 YAy P )
o )Pl ()Ml 20,7y,2)
Combining this with (320), (32I)) and B.22), we get
Ck _ w2 1
<= - s
Bl <GS e s ) )
_lei2 hi~!
+CNpme” 5 max — ) (3.24)
1<i<k—-1 <v>‘7|w L2([0,T);L2)
Similarly, for Ji2 one has
Ck _1v2 !
<—e ' i oo
ol <G ¥ e { s 710 o)
2 hi~!
+CNpme 8  max —_— . (3.25)
v<i<k=1 | (o) w || 12 o 7y, 12y



BOLTZMANN EQUATION WITH TIME-PERIODIC BOUNDARY 17

Collecting all estimates (39), (310), BI13), GI4), BI5), BI0), BI7), BGII),
BI9), B24) and [B25), we get that for ¢ € [0, 7],

t
B+t 2, v)| < / e WD kG (0,0 (7, = (= 7)o, )|dv'dr

max{t1,s} R3

+ Ai(t,v), (3.26)

where we have denoted

Ai(t,v) ;:Ck%*% {m3+’y 4 e—clt+nT)*

A 5 1 .
2—Cg(nT)4 - hz—l t -
+ g o {sup IR0}

+ Ce—cltAnT) sup ||h/i+1(t)||Loo
0<t<T

+ck{ sup [l wg(t)|z~ + sup |U””(t)|L°°(7)}
0<t<T 0<t<T

Lz ‘ hi—l
+CONpnme” = max {0y 7
osisk=1 | [ ()W | g2 (01912
and
k= Ci(nT)% ~ (nT)%. (327

Denoting 2’ := z — (t — 7)v and t} = t1(7,2',v’), we use B28) for h(r,2’,v) to
evaluate

t

W (1, 2, )] <Au(t,v) + /

max{t1,s}

t T
+/ e—v(v)(t—r)dT/ / / {e—uw')(r—r')
max{ty,s} R3 Jmax{t|,s} JR3

x kS (v, 0" kS (v, "YW TN 2 — (1 — )W, U”)|}dv”d7’dv’

e’"(v)(t#)/ ke, (v, 0") Ay (7, 0")dv'dT
]RS

=A;(t,v) + B1 + Ba, (3.28)

where B; and By denote two integral terms on the right-hand respectively. It
follows from ([27)) that

By <Ck? {mtle‘ch 4 mBY f emettn )T | g=Cotn)T | %}

X B )| Lo
Ofgfngk{ozltlETH ()|}

+ckm“{ sup [y wg(t)| 1= + sup ||1U7”(t)||L°°(v)}
0<t<T

0<t<T
hi—l
. (3.29)
L2([0,T};L2)

<1}>|’Y‘w

+ CN p,m max
0<i<k
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Finally, we estimate Bs. If |v| > N, we have from (7)) that

m2(—1)

By < Omz(’y’l)(l + |v|)’2 sup ||hi’1(t)||Loo <C
0<t<T

If |v] < N, we denote the integrand of By as U(7',v’,v"”; 7, v), and split the integral
domain with respect to d7’dv”dv’ into the following four parts:

UL, 0; :={|v'| > 2N} U {|/| < 2N, |v"| > 3N}
1
U{|v'| <2N, || <3N, 7 — N <7 <7}

1
U{|v'| <2N,|v"| < 3N, max{t},s} <7’ <7 — N}

Over 07 U Oy, we have either |[v — v'| > N or |[v/ —v”| > N, so that one of the
following is valid:

2 v—na' 2 2 o —u!! 2
IS (0, 0)] < e 5T e 5Tk (0, 0)] or [ (v, 0")| < e BT e o kS (o, 0")].
Recall (Z3). Then it holds that

v—v'|?2
. |kfﬂ(v,v')|e‘ s do < Cmu(v)
R

)

or
\1/—11”\2

kS (v, 0")|e s —dv” < CmYtu(v).
R3

Therefore one has

t
/ e~ v(@(=7) / U(r' o' 0" v)do”dr’dv’dr
O1UO05

max{t1,s}

2 .
< Cm*0 Ve % sup ||BN(E)||pe.  (3.31)
0<t<T

Over O3, it is direct to obtain

t

/ e_V(U)(t_T)/ U, v 0" v)do”dr’ dv’dr

max{ti,s} O3

m2(7_1) -

<C ~ sup ||[A7HE) ||l pe.  (3.32)
0<t<T

For Oy, we have, from (2.3]), that

/ U(r' 0" 0" v)do”dr’ do’
Oy

1

< CN{/ |kf‘)(v7v/)kf‘)(vla’U”)|2d’U/d’UHdTI}
Oy

X { / l{max{t’l,s}g‘l’/gr}
Oy

< C'N,n,m{ / l{max{t’l,s}gr’gr}
Oy

1
2

hi—l(T/ y/ ’U”) 2

<v”>|’Y‘w(v”)
hi_l(T/,yl,U”)
<’U”>|'Y"LU(1)”)

dv'dv” dr’ }

1

2 2
dv'dv"dr'} , (3.33)
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where we have denoted ¢’ := y — (7 — 7")v’. Making change of variable v — ¢’, the
right-hand side of (333)) is further bounded by

T
C(N,n,m {/

Then it holds that

2 pi—1

<’U>‘7|’LU

hifl(T/)

/
/
W dr } < CN,n,m ‘

L2 L2([0,T],L?) '

hz 1

/ / (7,0, 0" mov)do"dr dv'dr < Cnnm, H Tl .
max{ty,s} /Oy Tw L2([0,T],L?)

The above estimate together with (B30), (B31) and (332)) yield that
OmQ('yfl) hi—1

By < —— R )|z~ + Cnonm
v S s Ol + Crn |

L2([0,T],L?) '
Combining this with (3:28)) and [B.29]), we get, for ¢ € [0, T], that

P 0] <O sup [ @)~ g { sup D))
oeter <1<k

+Cn®*m Y sup v wg()llLoo+ sup [wr(t)|e(y_)}
0<t<T 0se<T

hi—l

e (3.34)

+ CN,n,m sup
0<I<k

L2([0,T];L2) ,

where we have denoted
5
a

ég(ﬂ]) 2( 1)
v— — + 7)™ 1
n= On5/2{m 18 enT + 7713 “+ e_c(" ) <_> “+ m N }

( 1 )ﬁ s
= — n_ 26+
32C ’

choose n suitably large, and then choose N large enough, so that it holds that

We now take

1 1
C —cnT < Z < .
=2 "T=76
Then we obtain 1) from 3.34). Finally, (8:8) directly follows from (7). There-
fore, the proof of Proposition [34]is complete. O

3.3. Approximation solutions. It is very delicate to make the construction of
approximation solutions. For readers’ convenience, we first outline the procedure
by four steps as follows.

Step 1. Construct the solution f7€ to the following time-periodic problem:

Ofre +v- Vo5 + (e +v(v)f7* =g

4 1 4 (3.35)
f]7€(t7xvv)|’7— =(1- _-)P’Yf]7€ + 7
J
Step 2. Construct the solution f° to the following time-periodic problem:
Off+v-Vauft+(+v)ff =g,
Z-f f (5 () f* =g (3.36)
f (t,CL',U)Hf = PVf + 7,

by passing to the limit 7 — oo.
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Step 3. Make the uniform-in-\ a priori estimates on the solution f*¢ to the follow-
ing time-periodic problem:

OcfE + v VafN 4 (e +v(v) [ = AK A + g, (337
PRt )]s = Pyfre 4, '
and bootstrap from A =0 to A = 1. Then the solution f¢ to
O f* +v-Vaof +(e+v(v)f* = K[ +g, (3.38)
fs(tvxvv”’)’— :P'Yf€+Ta '

is therefore constructed. We remark that the zero-mass condition (32]) is not nec-
essary up to the present step.

Step 4. Take the limit € — 0. Note that in the limit process, the artificial damping
term guarantees that the following key zero-mass condition

/ O fe(t, z,v)\/ p(v)dvda —/ felt, z,v)/ p(v)dvde = 0, (3.39)
Q

holds true for any ¢t € R. In fact, let

P (t) = /Q fe(t, z,v)/ u(v)dvda.

Taking the inner product of ([3.38) with \/u(v) over  x R? and using the zero-mass
condition [B2)), we get

€

dp
dt
Since p(t) is periodic in time, we then obtain p®(t) = 0.

+ep® = 0.

In what follows, we will proceed the proof along the way mentioned above. The
first lemma is related to the issue stated in Step 1. For the choice of j in the second
line of ([B34]), one can fix jo > 1 to be large enough such that

1

_ k1
L2, 3\
8 j 252 =

holds true for any j > jo, where k ~ (nT)%* is defined in (27). Then we only
consider j > jo in the problem (333]).

N | =

Lemma 3.5. Let -3 <~v<1,6>0,0<¢g<1/8 and 8 > 3. Assume that g and
r are time-periodic functions with period T > 0 and satisfy
sup |lv~!

wg(t)| e + sup |wr(t)|pe (4 ) < 00
0<t<T 0<t<T

Then there exists a unique solution f¥¢ to [B.35), which is time-periodic with period
T, and satisfies

sup [[wf75 ()L + sup [wf75 ()| gy
0<t<T 0<t<T

< Cey( sup wr(t)|p=y + sup v wg®)]z= ), (3.40)
0<t<T 0<t<T

where the positive constant Cc ; > 0 depends only on € and j. Moreover, if the

domain Q is convez, g is continuous in R x Q x R, and r is continuous in R x y_,

then the solution f7¢(t,z,v) is also continuous away from the grazing set R x ~q.
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Proof. For given € > 0 and j > jo, we shall construct the solution to ([333). To do
so, we consider the approximation sequence {f"(t,z,v)}$2, iteratively solved by

Of 40 Vo f 4+ (e +v(v)fitt =g,

Frt )l = (1= %)owi o (3.41)

with fO = 0. Here we have dropped ¢ and j for brevity. Indeed, the solution to
B4I) can be constructed by the method of characteristics. Let

Rt 2, v) = w(v) (¢ x,v).

Then for any ¢ € R and almost every (z,v) € Q x R3\ (7o U~_), one can write
_ 1 _
B, 0) = CHOEDu(0) (L= P4 1] (€ ). ama,0), )
J

t
+ / 67(E+V(v))(tis)wg(87 T — (t - S)U’ ’U)dS (342)
t

—tp(z,v)

Note that for (z,v) € ~v_, it is direct to write
. 1 .
Rtz v) = w(v) [(1 — )Py f' + r} (t,z,v). (3.43)
J
Now we use the induction argument to show that
h(t,z,v) is time-periodic with period T > 0, (3.44)
and the following estimate holds true:

sup [[h'(#)[lL + sup [h'(t)] Lo ()
0<t<T 0<t<T

SCj,s,i< sup [[v wg(t)||pe + sup IwT(t)Ime))- (3.45)
0<t<T 0<t<T

Indeed, for i = 0, it is obvious to see that (344) and (345) are satisfied. Assume
that (3:44) and ([B4H) hold for ¢ > 0. ([B:42]) implies that

Rt + T, x,v)

1 .
= e~ ()t (y) {(1 - ;)PVJ” + 7“] (t+T —tn, 2p,0)

t+T
+ / e~ EHVONEHT=9) (s, 0 — (£ + T — s)v,v)ds. (3.46)
t+T—tp

Note that by the induction assumption that both f? and r are time-periodic func-
tions with period T, the first term on the right-hand side of (48] is equal to

1 .
e*(eru(v))tbw(v) [(1 _ E)P’Yfl + ’I”] (t — to, T, V).
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For the second term, taking change of variables s — s — 7', we get that

t+T
/ e~ T 0 (s 5 — (¢ 4+ T — 5)0,v)ds
t+T—tp

t
= / e~ EFONE=)yg(s + T, 2 — (t — s)v,v)ds
t—tp

t
= / e~ EFONE=9) g (s, 2 — (t — s)v,v)ds,
t—tp

where in the last line we have used the fact that g is periodic in time with period
T. Therefore, it follows from ([B3.46) that

hi+1(t + T,.’II,’U) = hiJrl(tu xz, U)u

so, (344) holds true for ¢ + 1. Moreover, to show [B45) for i 4 1, it follows from
(342) that

sup {[|B"1(#)[| Lo 4 [ (E)| oo ()}
0<t<T

< C sup {|W'(8)|poe vy + [wr(t)|poe vy + IV wg ()|l o}
0<t<T

< Cja sup {Jwr(t)|pee(y ) + I wg(t) e},
0<t<T

and also one obtains by (343) that

sup [ H(t)|poe(y ) < C sup [h'(t)|oo(yyy + C sup |wr(t)|pee )
0<t<T 0<t<T 0<t<T

< Cji sup {|wr(t)|pee (o) + lv" wg(t)] <}
0<t<T

Combing the above two estimates gives the proof of (B4 for ¢ + 1. Therefore,
by induction ([3.44]) and ([B3.45)) are satisfied for all . Then, each hi(t,x,v) is well-
defined in L*° and time-periodic with period T" > 0. Moreover, if €2 is convex,
ty(x,v) and zp(z,v) are smooth away from vy. If g and r are further continuous,
then each fi(t,z,v) is also continuous for away from the grazing set R x 7o.

Next, we need to obtain the uniform-in-i estimate on the solution sequence f.
We first treat it in the L? setting. Taking the inner product of (B.41]) with fi+!
over [0,T] x © x R? and using the periodicity of fi™! we obtain that

e i T i 3 i
3 | e ds [l @R+ I ) s

1 2 3 [,
< 5(1—3‘1‘@)/0 |f1 ()] 12(y,ds

T
4 / 1= 1/2g(8)|122 + Cjlr(s) 22, ds, (3.47)
0
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where we have used the fact that [Py f*|12(y_y = [Py f*|r2(v,) < |f*]12(+,)- For the
difference fi*! — f?, in a similar way we have
L[ i iy
L[ PO gy, ds
0
T . .
+/0 elllf ™ = Fs)ze + 5 || VR = ()17 2ds
1 2. 3 T g ety
<3045 [ = s (3.48)

and hence, by iteration the right-hand side of ([3.48)) is further bounded by

T
"I = Y s
1 2 3. r
<g0-20 2y {os [ 1o + I Peolads b G.09)

where in the second line we have used (3.471) for i=0aswellas f©=0. As jo > 1
is chosen to be large enough, one has 0 < 1 — = —|— 232 < 1 for any j > jo. It then

follows from ([B48) and (349) that {1}, is a Cauchy sequence in L?. Moreover,
for any ¢ > 0, it holds that

T T
/0 12 F ()1 Z2 + 1 (8) G20, yds < Oj/o [7(8)[Z2 ¢y + Il 2(s) 17 2ds,

and hence the following uniform-in-: estimate holds true:

T
/0 A2 F($)]122 + 1£1(5) 2o, ds

_ 2
< ¢ sup lwr(t) gy )+ sup v wg(t)|L=}". (3.50)
0<t< 0<t<T
Next we turn to treat the uniform estimate in the L*° setting in terms of the
results obtained in the previous subsection. Note that Proposition [3.4] is also valid
if the boundary condition of the problem ([B.4)) is replaced by

=
w(v)

namely, we have only changed 1 to 1 — 1/j. Correspondingly one can deduce the
mild formulation (83]), and prove Lemma 3.3 and Proposition B4l Particularly, all
constants in [B7) and () are independent of j. Then, using (B1), we obtain that

hi+l(t7 Z, U)lV— =

/ Ri(t, z, v ) (v )do" + w(v)r(t, z,v),
v’ n(x)>0

sup [|R" ()]s + sup [RTH(E)] poo s
0<t<T 0<t<T

1 _
< ggax{ s [WOl=}+C sup {fur®lime) + v wg(®)o~ )
0<I< 0<t<T

+C sup {||V1/2fz |20, 1;22) }-
0<I<k
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It then follows from (3.50) that

sup |27 (t)]| Lo+ supTlh”l( )L (4)

0<t<T
1 1 —1
< —_— Z oo o0 oo .
< 80][213%{02%% Bllz=} +C; oS {wr(t)| Lo () + IV wg(t)|| L~ }
(3.51)
Applying [29) to (311), it holds that for ¢ > k + 1,
sup ||B*(t)||e+ sup |h'(t)] Lo ()
0<t<T 0<t<T
1 Lt
< - oo
< 5ol s IR @ll-}
8+ k -1
4+ — - —C; { sup |wr(t)|pee(y_y+ sup |[[v wg(t)||Loo}
0<t<T 0<t<T
< Cj{ sup |wr(t)|pe(y_)+ sup ||V_1wg(t)||Loo}, (3.52)
0<t<T 0<t<T

where we have used (340 for i = 1,-- - , 2k in the last inequality. Combining (3.52))
with ([B:45]), we obtain that for ¢ > 1,

sup [|h'(8)||L+ sup [h ()| ()
0<t<T 0<t<T

< C5{ sup Jwr(®)]py )+ sup v wg()]o~ ). (3.53)
0<t<T 0<t<T

Similarly for obtaining ([B3.53)), one can apply (B.7) to hit? — ht! to get

sup [|[A*42 = A ()| + sup [[RTF2 = BT (E)| o)
0<t<T 0<t<T
1 . .
< Z i+1-1 _ pi—1 -
< gaoxd sup ik (O] 123

1/21 pit+1—1 i—l
+C amax (|71 = o)

1 ) )
< — ma: su AL B ()] oo
< gama (sl 1))
. 1/2
+ Om;k{ / ()2, + ||u-1/2g<s>||%zds}
< ¢ max {sup [ B0 )
8 0<I<k o<t<T
+C; sup {Jwr(t)lp=gry + v wg(®)] = it (3.54)
0<t<T

where we have denoted n; := /1 — % + J% Let jo > 1 be suitably large such that
In;F71 < & for any j > jo. Then, applying @I0) to (B54), we obtain that for
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i>k+1,
sup [["? = R (#) ||z + sup [[R7F? — R ()| Loy
0<t<T 0<t<T

< (O 0Ol

0<I<2k+1

+Cy sup {Jwr(®)lo=o) + o g} -1
0<t<T

F==d
1\ = B
<ol () +aid s (Ol + o ugOlm) (355)

Hence, from ([3.55), we see that {h'} is also a Cauchy sequence in L™. Let h(t,z,v)
be the limit function of h? in L. It is straightforward to check that f := % solves
B33) for j > jo. Furthermore, since each f* is a time-periodic function with period
T and h' = wf® converges to h in L, then f = 2 is also periodic in time with
the same period T'. If € is convex, the continuity of f directly follows from the
continuity of f?. Moreover, taking the limit i — oo in ([3.50), we get that

I flz2oiryee) < G5 sup {wr(Olimio) + I ug®li=}. (356

Then the L>° bound E40) directly follows from [B8) and (B56). The proof of
Lemma is therefore complete. O

As mentioned before, Lemma[B.0]is the first step for obtaining the approximation
solutions 7€ to ([3.35). We now turn to the second step to establish the solvability
of the problem (B.36]) by letting j — oco. For the time being, in the following lemma
we omit the dependence of f7¢ on € for brevity.

Lemma 3.6. Let -3 <~y <1,e>0,0<gqg<1/8 and 8 > 3. Under the same
assumption as in LemmalZ 3, there exists a unique time-periodic solution f(t,x,v)
to B36) satisfying the estimate

Oggg{ﬂwfﬁﬂhﬁ>+lwf@NLwcw}

< C sup {|wr(t)|pecy )+ v wg(t)|l~}.  (3.57)
0<t<T

Furthermore, if Q is convez, g s continuous in R x Q x R® and r is continuous in
R x y_, then f(t,z,v) is also continuous away from the grazing set R X ~p.

Proof. We shall first obtain the uniform-in-j estimate on the solutions f7 to (3.35])
and then show that A7 := wf7 is Cauchy in L.
To treat L™ estimates, we should start from L? estimates. Taking the inner
product of [38) with f7 over [0,7] x Q x R? gives that
’ J 2 1 1/2 ¢j 2 1 j 2
Oﬂf@ﬂp+jw F )z + S1F (8)L2(q,ds
T —1/2 9 1 [T 1 J 2
<C ; 1% g(s)||12ds + 3 ; ](1 — ;)ny + T‘LQ(%)ds

’ ~1/2 2 1+77 2 T 2
<C | v "g(s)llg2ds + —— |1) FH($)L2(yy)ds + Cy ; r(s)[L2(,_)ds,
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which further implies that

T
| AP @ + 51 2P @ + 510 = PP ), s
T T 4 T
<c [ Pglads + [P PG ds+ Cy [ e s
(3.58)

where 77 > 0 can be arbitrarily small. To estimate the second term on the right-hand
side of (B5]), using the same idea as in [2], we recall the near-grazing set vfrl defined
in 28) and split P, f7 = P, (f7 1)+ P, (i1 . By a direct computation, we

T\ )
have

|PV(fj1'vE/)|L2('v—) < Cgl|fj|L2('y+) < CEI|P7fj|L2('y+) + Ce'|(I - Pv)fj|L2(’y+)7

and

P iy = [ I ol

2
w2 . [v]2
_l? e o
X (/n(z)»v'>oe s f 17+\ﬁe 3 Mh’L(.’L‘) v |dv> 7
w2
<Cle~ = fjl'v+\'yi')|2L2(w+)-
From the first equation of (B3.35]), we have

(00 +v-Va)e 3 (9) = 20731y 7 — 2 4 w(w)le 31T ()7,
which implies that

2
[v]

. w2 .
10 + v Va)e 3T ()2 o < Clle™ 55 f732 + Clle™ T g 3.
Thus, from the trace Lemma 2.4 it follows that

T
_1ipl2 pq
[ PO

T
Z1pp)2 44
:/ ‘[e slvl fj]2(8)1'y+\ﬁ/ o ds

0 (v+)
T
Sero / 1(8: +v - Va)e TP (F9)2) o 4 e 17 (£9)2(s) )| 11 ds
0
+ [le 2 (F)2(0) 1

|v

T 2 T 2 2
_ vl ; _ vl _ vl ;
Sa',ﬂ/ [l fJ(S)IIizdSJr/ le™ 7 g(s)[[Z2ds + sup fe™ 5 f7(t)][ 7.
0 0 0<t<T
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Collecting these estimates, we have

T
e o
T _ T
< Ce [P s+ O [ 10 = PP )y ds
0 0
o [ et e pin 2 d
+ 0 le v f ’Y+\’Yi/(s)|L2(’Y+) s
T _ T
<Ce' [P (5 s + CF / (= P FI )iy, s
0 0
T e )
0o [ PN + e g fads + Co sup e PO
0

T
L2
< C/O (I = Py) 7 ()72, + lle” 5P (3)]13 + o5 g(s)[ads

+C sup le= 5 J”()H%oo- (3.59)
0<

Here we have taken ¢’ > 0 suitably small. Plugging [B.59) back to (358), we get
that

T
| AP @+ 2P @l + 10 = PP 9, s
T 2
. . iz
<O [ IR P I + 0= PP (s, s+ Cn sup e (0]

+c/ =12 (s) 12 ds+C/ (5)2 (. ds. (3.60)

Then, for any n with 0 < n < := 20, it follows from (B.60Q) that

T 1 . 1 .
/ ellf7(s)II7> + —IIV”ZfJ(S)IIiz + 5I(I — P))f7 () 724, yds

<On s [ PO+ 0y [ I ods 0 [ 61 s

< 077 JSup ||6 5 P01 +Cy sup {[[v" wg(t)]| e + Jwr(t) ey}
0<t<T
(3.61)
On the other hand, by applying the L> estimate [@.8) to h/ := wf?, one has

sup {[|77 (t)l|z= + b7 (8)| = ()}
0<t<T
< C sup {[[v  wg(t)llz= + [wr()] ooy} + CI 2 L2 om0y
0<t<T
Plugging (B.61)) in the above estimate gives
sup {[|77 (t)l|z= + W (8)| = ()}
0<t<T

<Cn'? sup |[W(t)| L~ + Cy sup {v wg(t)ll Lo + [wr()| e ) }-
0<t<T 0<t<T
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Further letting > 0 be small enough, it then follows that

sup {[|h7(8)]| L + B! (t) L= ()} < C sup {[[v" wg(t)||zee + |wr(t)[po(y )}
0<t<T 0<t<T
(3.62)
This completes the uniform-in-j L estimates.
Next, we need to show that h/ := wf’ is Cauchy in L>. For this, we consider
the difference h7> — hi*. Note that f72 — f1 = w=(h?> — hi') solves
O(f” = f71) +v- Va2 = f71) + e+ v()][(f* = /1) =0,

J2 _ fi1 _ _i J2 _ fi1 l_i J1
(f2 =) =0 jz)Pv(f f )+(j1 o )Py 7

Then, by similar energy estimates made above, it holds that

T . .
/0 [2(f3 — ) (s)]2ds

<u sup (b~ b)(0) ]}~ +C, / ———Pf ()2, ds
o<t< J2
< sup [[(B7— h)(0)
0<t<
1 1 9
+Cy( 5+ ) sup v g0 + wr(®)la )
WA 13 /) o<t<

where we have used ([B.62) in the last inequality. Again, applying (B.8) to the
difference hi2 — hJt, we get that

sup_ 1072 = B ) (O] e + Sung(th—hjl)(f)lew)

0<t<
1 ) .

S C sup w(— — —)P fjl + C'”Vl/Q(f]2 — fjl)HLz([O)T];Lz)

0<t<T J2 Loo(y_)
<cnt/? sup |(h72 — h71) ()| Lo

0<t<
1
+Cy j_1 %) {Ilv fwg(t)][ Lo + [wr(t)| Lo (v ) }-

Taking 1 > 0 suitably small, the above estimate yields that h? is Cauchy in L.
Let h(t,z,v) be the limit function of A7. It is direct to check that f := £ solves
(338), and the estimate ([3.57) follows from ([B.62). Moreover, since each f7 is time-
periodic with period T, then f is also time-periodic with the same period 7. The
continuity follows in a similar way. Thus, the proof of Lemma is complete. O

We now move to the third step for treating the existence and uniform estimates
of solutions to the linear problem (B.38]) where the linear collision term is involved.
For the proof ,we follow the same strategy as in [5].
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Lemma 3.7. Let -3 <~y <1,e>0,0<gqg<1/8 and 8 > 3. Under the same
assumption as in Lemma [38, the linear problem [B38) admits a unique time-
periodic solution f€(t,x,v) with period T, satisfying the following estimate:

sup {||wf€ Moo + [wfe(#)] Loy }

< C. sup {|wr(t)|pe(y )+ v 'wg(t)| L} (3.63)
0<t<T

Moreover, if Q is conver, g is continuous in R x Q x R3, and r is continuous in
R X v_, then fe(t,x,v) is also continuous away from R X .

Proof. The proof relies on the following uniform-in-\ estimate on the solution f*¢
to the modified linear problem (B37) for 0 < A < 1:

sup {[lwf ()] + [wf ()| Lo () }
0<t<T

< Ce sup {Jwr(t)lpe (o) + v wg(®)llL=},  (3.64)
0<t<T

where the positive constant C. is independent of A but may depend on . Once
([B54) is established, one can use the same bootstrap argument as in [5] to complete
the whole proof of Lemma [B7 particularly deriving the estimate (3.G3). Thus, for
brevity of presentation, in what follows we only show the uniform estimate ([B.64]).
Taking the inner product of B.37) with f»€ over [0, 7] x Q x R? gives that

T
1
| AP+ 12 @l + 0 ds

< ’ K FA A 1P Ae 2
< [ RS + 5P 10,

€ 1
+ ZIIf“(S)II%z + gllg(s)llizds- (3.65)
Note that due to the non-negativity of L =v — K,
(K2, %) < Mt 22 2,
for any 0 < A < 1. Then from (Z63]), we have

T T
1
1@+ 5 [0 = PP (), ds

T T
A 2 2 1 2
§2/ | P, f( )‘L2(7+)+On/0 |r(s)|L2Mds+g/0 lg(s)||22ds.  (3.66)

Here n7 > 0 can be chosen to be arbitrarily small. Similar for obtaining [B359), we
have that

T
/ |P7f“<s>|%2m>ds
_ w2
<c / B8 PRe(9)]l2a + 1 = Py ()2, + e 5 g(s)[[2ads

+C sup ||671_6f)"5(t)||%oo. (3.67)
0<t<T
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Substituting [B.67) into [B.66]) gives that for any small constant n > 0,
e [T 2 e A 2
21 g [ 1= PO e

_ 2 r r
<y sup [l PO+ Coe [ e s+ G [ lg(o)]Eads
0<t<T 0 0

<Cn sup [lwfr ()7 + Che sup {[lv " wg(t)llLoe + [wr(t)|pee(r_)}>. (3.68)
0<t<T 0<t<T

Applying the L> estimate ([B3.8) to h*€ := wf*¢, we have

sup {[|h*° ()]l + [ ()| Loo () }
0<t<T

-1 e
< CozggT{HV wg(t)|| L + |wr(t)| ey} + C || f HL2([0,T];L2)
<Cn'’? sup ||BME(t)]| L= + Cpe sup {|lv wg(t)]|pe + [wr(t)| e y_)},
0<t<T 0<t<T

where we have used (8.68)) in the second inequality. Letting 1 > 0 be small enough,
it then follows from the above estimate that

sup {[|hM(t)l|z= + [P (0)] 1y} < Ce sup {[lv wg(®)]pee + [wr(t)|po )}
0<¢<T 0<t<T
This shows ([B:64]) and then completes the proof of Lemma 3.7 O

3.4. Solution to the linear inhomogeneous problem. The last step is con-
cerned with the limit procedure € — 0.

Proof of Proposition[31l: Taking the inner product of [3.38)) of £¢ over [0, T]x QxR3,
we get that for any n > 0,

T

T T 1
[ as+ [ e g [ 1= P @l ds
T T
<o [ W@ s [ 1P ds

T T
+ Cn/ lv=""2g(s)[72ds + On/ [7(s)[72(ds. (3.69)
0 0

By the coercivity estimate ([2.2]), it holds that

T T
/ (Lf(s), f*(s))ds = CO/ [V1/2(I = P) f(s)[|72ds,
0 0

where the projection P is defined in ([2.1]). For the estimate on P, f¢, it is direct to
see that

v|?

(F9)2) = 2e " gpe — e perpe — e E (o2,

_ w2
4

(O +v-Vg)(e

Then it follows that

I 2 T
10 +v-Va)(e™ 2 (f)?) I < Clle” 1 gl|72 + Clle™ 1 f2]|7..
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Thus, similar for obtaining ([3.67), it holds that
T
2
J A
T 2 2
S _ vl
< C/O le™ = fE() 122 + (L = P FE(s)Za(yy + lle™ = g(s)lI72ds
v|2
+C sup ||e_%f8(t)||%oo. (3.70)
0<t<T

For the macroscopic part Pf®, we note that f° satisfies the zero-mass condition
(339). Then from [2, Lemma 6.1] there exists a functional G - (t) with the property
|G (IS [1£5(#)]|72 such that

t
JRER IO
0
t
S (Gr0-Gro) + [ 1= Pl
t t t
+ [lads+ [rRaeas+ [ 0= POF @ s @1
In particular, taking ¢ = T in [B.71)) and utilizing the periodicity of f¢, we get
T
| ez
0
T T
<C [ - P s+ C [ glo)]ads
0 0
T T
+ C/O |T(S)|%2(77)d8 + C/O |(I - Py)fs(8)|%2(V+)dS. (372)
A suitable combination of [B:69), B70) and B72) yields that

T

| IR Pl #1750
2 o
< sup [l WO +Cy [ I g3 + g6 + r(6) g, s
0<t<T 0

w2 _
<n sup [lem T fE )7 + Cy sup {[lv wg(t)l L + [wr(t)|pe (v )}, (3.73)
0<t<T 0<t<T

where 17 > 0 can be chosen to be arbitrarily small. Moreover, in terms of the L>°
estimate ([B.8), it holds that

sup {||wfe(t)|lze + [wfe(t)|poe(y)}
0<t<T
< C sup {[lv  wg(t)|lzee + [wr(t) ey} + ClIv2 £l L2 qo,rysz2)
0<t<T

<Cn'? sup Jwfe(t)| L~ +Cy sup {lv wg(t)l| Lo + [wr(t)|poey )}, (3.74)
0<t<T 0<t<T

where we have used ([B.73) in the last inequality. Then taking 7 > 0 suitably small
in (B74), we get the desired estimate.
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To pass to the limit e — 0T, we consider the difference f* — f*2 with 0 <
€1,62 < 1. We see that f' — f¢2 solves the problem:

([ = I2)+v-Vu(f7 = f2)+ LT = [72) = eaf™ —erf7,
=12 = B = 1)

Similar as before, direct energy estimates show that
T
IR = @ 1 = 16 s

T
Sn sup ||6 (g - f”)(t)||%m+cn(s§+s§)/o Il =125 ()] 22

2 )R+ 17 ()3 + 1552 (5) 3l

s7 suwp e~ (f81 )l
0<t<

+ (et + 62) JSup {IIwJ”':1 ()l + lwfe (B)l| =}

<n sup |le” (- )3
0<t<
+Cylel +e3) sup {[v " wg(®)lLoe + lwr(t)| Lo}
0<t<T

Then applying the L estimate [B.8]) to het — h®2 := w(f! — f°2), we get that in
the case of 0 < v <1,

sup [(P* = A=) ()|l L + sup [(h®" — h2)(t)|Lo(y)
0<t<T

0<t<

< Cler+e2) sup {[v'h (t)]| L + [lv ™ h%2 ()| L~ }
0<t<T

+ O = o) || L2002
<Cn sup [[(hT = h=2)(t)| L~
0<t<T

+Cyer +e2) sup {[[v wg(t)|[pee + |wr(t)poo(y )},
0<t<T
< Cler +e2) sup {[lv ™ wg(t)||nee + [wr(t)| (s )}, (3.75)
0<t<T
and in the case of —3 < v <0,

i I = KDl + swp Wb —h) (Bl
t<

<O te) s {I14°0) (Ol + 102 @} + P25 — ) oo
<On'l? sup [l (h — 1) ()]
o<t<T
T Coler +e2) sup (v wg()]l e + [wr(t) o5 )}
0<t<T
< Cler+e2) sup ([l wg(t) [~ + lwr(®)| ey} (3.76)
0<t<T

by taking n > 0 suitably small. Therefore, from B.75) and B.76) we have re-
spectively shown that f¢ is Cauchy in Lg® for 0 <« < 1, and Cauchy in LS, for
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—3 < v < 0. Let f(t,z,v) be the limit function of f¢(¢,z,v) in the correspond-
ing function space. It is direct to check that f(¢,z,v) satisfies (31). Finally, the
time-periodicity and continuity of f directly follow from the time-periodicity and
continuity of f¢. The proof of Proposition [3.I]is therefore complete. O

3.5. Proof of Theorem [I.T. We consider the solution sequence {f7 (¢, z,v)} iter-
atively solved from

O 4o Vo fTH 4+ LI = L gy 7+ T (7, ),
PP o = Py fITh g B [ o VALY - n()} o' 47,

for j =0,1,2---, where we have set fO = 0. Here we have denoted
Ho — Ky * NS /
r(t,z,v) = ——— F*(x,0"){v" - n(x)}d’,
\//_L v’ -n(z)>0
and )
Lyup-17 = ——=[QW/f*, Viuf?) + Q(Vuf?, /if*)).

Nz

A direct calculation shows that
/ L(f7, )/ pu(v)dvde = / L\/ﬁf*fj\/u(v)dvd;v =0, (3.77)
QxR3 QxR3
and

/ l16(v) — n()){v - n(z)}dv = / [16(0) — (@) v - n(z)}dv = 0.
v-n(x)<0 v-n(x)<0
(3.78)
Furthermore, one can verify that
I 0L g e+ Wl ) e < Collw |l + Cllwfi 3, (3.79)
and

w{r e Fyaf - n(:t)}dv’}

T - < C6y + CO| 7] o
v -n(x)>

Leo(y-)

Y+

(3.80)
Recall 3.77), B.18), (379) and ([B3.80). Then, by applying (33) to f/*, we get

sup {[lwf"* (s)l|nee + [wfT (s) L () }
0<s<T
<Co1+C sup {6+ 8w f (5)] = + Sl (i} (351
From (3.81)), it is direct to prove by an induction argument that
sup [[wf?(s)|zoe + sup |wf?(s)|pe(y) < 2001, (3.82)
0<s<T 0<s<T

for j = 1,2,---, provided that 6 > 0 is suitably small, where C' is a generic con-
stant independent of j. For the convergence of the approximation sequence f7, we
consider the difference f7*! — fJ which satisfies

O = )+ v Vo = P+ L = )
= Ly (F = PO+ = 7 )+ D = 7Y,
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with the boundary condition
T = )l = P (7 = )
Ho — [ i i—1 ’ /
+ 0= (ff = )iy’ n(a) tdo'.
\/ﬁ v’ -n(x)>0
Once again, applying [3.3]) to f/T1 — f7 gives that

sup {Jw(F7 = F)s) o + (T = )6 o}
0<s<T
= O(‘” sup {Jlewf(s)[lp + wajl(S)lL“’}>
0<s<T

% sup {Jlw(f = FN)(s) lp + ol = )6 ) |
0<s<T

< Cé sup {||w(fJ = 7Y ($) e + lw(f — fjil)(5)|L°°('y+)}

0<s<T

<3 EHET{IIw(fj — NSz + [w(f7 = 7 68) | p 40y s (3.83)

=3,
where we have used (3.82) in the second inequality and also we have taken § > 0
small enough such that C'd < 1/2. Hence, f7(t,z,v) is a Cauchy sequence in LZ°.
Let fPer(t,x,v) = limje0 f7 (¢, z,v) in LS. It is direct to check that

FP(t,2,0) = p+ VS (¢, v)

is the time-periodic solution to the boundary-value problem (1)) and (ILIT), and
also (L8) and (L9 are satisfied. The proof of (7)) for the non-negativity of
FPer (¢, z,v) is left to the next section. The uniqueness and continuity of fP¢" (¢, x, v)

can be obtained in a usual way, cf. [5]. Therefore this completes the proof of
Theorem [I.1] O

4. ASYMPTOTICAL STABILITY

This section is concerned with the large-time behavior of solutions to the initial-
boundary value problem ([LI0) whenever Fy(z, v) is sufficiently close to " (0, z,v)
at initial time. As a byproduct, the result about the dynamical stability of the non-
trivial time-periodic profile FP"(¢,z,v) in turn yields its non-negativity.

As for obtaining the existence of the time-periodic solution FP¢" (¢, z,v), we need
to first study the linear inhomogeneous problem in the following Proposition 41l As
its proof is is more or less the same as the one of |2, Proposition 7.1] for 0 <y <1
and [5 Proposition 4.4] for —3 < v < 0. The full details are omitted for brevity.

Proposition 4.1. Let -3 < v <1,0<g < % and § > max{3,3 —~}. Let
[wfoll Lo + v~ wgll L < oo,

and

/Q - fo(z,v)v/u(v) dedo = /Q/]RS g(t, z,v)\/u(v) dedv = 0.

Then if

sup [0(t,-) — 1|L=(a0)
0<t<T
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is sufficiently small, the linear inhomogeneous initial-boundary value problem:

Of+v-Vof+Lf=g, t>0,2€Q0veR3

T,V =P Ho = 1 n(z) - v’} dv’
f(tv I )|’)’— ’Yf+ \/ﬁ v/.n(m)>0 f\/ﬁ{ ( ) } I

f(tvxvv)|t:0 = fO(Iav)a

admits a unique solution f(t,x,v) satisfying that

sup e {||lwf(t)||L~ + lwf ()| Lo}
0<s<t

< Cllwfollzee +C sup e |[v wg(s)|pee, (4.1)
0<s<t

for any t > 0, where p is defined in (LI3), and ¢ > 0 is a generic small constant.
Moreover, if Q is convez, fo(x,v) is continuous except on g, g is continuous in the
interior of [0,00) x Q x R3,

T,V = Ho — K n(zx) - v dv’
fo(z,v)ly- =Py fo+ N 'u’-n(m)>0f0\/ﬁ{ (z) v},

and 0(t, z) is continuous over R x 99, then the solution f(t,x,v) is also continuous
over [0,00) x {Q x R3\ v}

Proof of Theorem[I.4: We construct the solution via the following iteration:
3tfj+1 +ou- szj-i-l + ij—i—l _ _L\/ﬁfp”fj + F(fj, fj),
frt =Pyt B 2R PV n(@)}do,
_ \//_1' v’ n(x)>0
fJ+1(Oa €L, 1)) = fO(I; 1)),
for j =0,1,2---, where we have set f0 =0, and also

; 1
L\/ﬁfperfj = _ﬁ[Q(\/ﬁfpera\/ﬁf)_FQ(\/ﬁf, \/ﬁfper)]'
Similar for obtaining estimates (B.77)-([B.80), we have

Jo T Vi = [ Lo 0 =0,
QxR3 QxR3
and
[ w[L yprer [ e + v Wl (f7, f)] |2 < CFlwf? || Lo + Cllwf? |-
Then we can apply the linear time-decay property (1)) to f/*! to obtain that
sup e {1 (s)l| e + [w T (5) L))
<s<t
< Clwfolle +C8 sup ¢ Jwf?(s)|z= +C sup e Jwf’(s)[Fe.  (4.2)
0<s<t 0<s<t
From (@2]), we can also use the induction argument to show that
sup e {uwf (Sl + [ f T (e} < 20 wollzs

provided that both ¢’ > 0 and ||w fo|| L~ are suitably small. Similar to obtain (3:83)),
one can show that { f7 521 is a Cauchy sequence in L7, then we obtain the solution

f(t,z,v) as the limit of f7(¢,z,v). The uniqueness and continuity is standard, and
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the positivity can be shown by the same method as in [2]. Therefore, we complete
the proof of Theorem O
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