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Abstract

In this paper we present a new fast and deterministic algorithm for the inverse
discrete cosine transform of type II for reconstructing the input vector x € RV, N =

27, with short support of length m from its discrete cosine transform x'! = Cllx if
an upper bound M > m is known. The resulting algorithm only uses real arithmetic,
has a runtime of O (M log M + mlog, %) and requires O (M + mlog, %) samples

of x'. For m, M — N the runtime and sampling requirements approach those of

a regular IDCT-II for vectors with full support. The algorithm presented hereafter
does not employ inverse FFT algorithms to recover x.
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DCT
AMS Subject Classification. 65T50, 42A38, 65Y20.

1 Introduction

Due to recent efforts deterministic sparse FFT algorithms utilizing a priori knowledge
of the resulting vector are now well established, and there exist several methods which
achieve runtimes that scale sublinearly in the vector length N if x € CV is known to
possess at most m significantly large entries. If, for example, the support of a vector x €
R2>JO has a short support of length m, there exists a deterministic, adaptive DFT algorithm
with runtime O (mlogmlogZ), see [13]. Other deterministic, sublinear-time methods
with different requirements on the sought-after vector x and its support structure include
[1-3,6-9,12-15].

The investigation of sparse and fast deterministic algorithms for the related trigono-
metric transforms in their respective cosine and sine bases has not yet been that thorough.
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However, besides the DFT, the discrete cosine transform (DCT) is one of the most impor-
tant algorithms in engineering and data processing. Among numerous other applications
the sparse DCT can be employed to evaluate polynomials in monomial form from sparse
expansions of Chebyshev polynomials, see, e.g., [10], Chapter 6. As far as we are aware,
there exist no fast sparse methods that have been specifically optimized for the cosine or
sine bases. Of course it is always possible to apply sparse FFT algorithms to obtain for
example x € RN from x!!, using that

i en(k) -
T = w * Yk,
k AN AN " Yk
—27i

where ey (k) = % for k =0 mod N and en(k) = 1 for k Z 0 mod N, wyy = e~

and y = (20,21, -, EN—1, TN—1, LN—2, - - - ,wO)T € RV, see, e.g., [3| and [10], Chapter
6.4.1. However, if x is m-sparse, then y is 2m-sparse, so applying a general sparse FFT
algorithm is not the most efficient solution. Furthermore, y is symmetric and its support
structure is closely related to the support structure of x, which can be used to improve
the runtime. In [3], where the recovery of a vector x € RY with short support of length

vk € {0,...,N — 1}, (1)

m from x!! based on (1) is studied, the short support of x and the resulting symmetric
reflected block support of y are exploited. The algorithm in [3]| achieves a sublinear
runtime of O (m log m log %) and requires O (m log %) samples of the input vector

xI € RV, N =27, Thus it performs better than general sparse FFT methods, as it is
specifically tailored to the occurring support structure. Nevertheless, despite being an
adaptive algorithm which does not need any a priori knowledge of the support length, its
assumptions on the sought-after vector x are quite strict and, without supposing extensive
knowledge of x, they can usually only be satisfied if, e.g., x € ]Révo. Furthermore, the

algorithm relies on complex arithmetic, as the problem of reconstructing x from x!! is

transferred to the problem of reconstructing the vector y € R2N of double length from
its Fourier transform y € C?V, which can be computed efficiently from x'.

However, since there also exist fast DCT algorithms for arbitrary vectors that are com-
pletely based on real arithmetic, investigating fully real sparse fast DCT algorithms is the
natural next course of action. In this paper we present the, to the best of our knowledge,
first deterministic sparse fast algorithm for the inverse DCT-II (or, equivalently, for the
DCT-III) that only employs real arithmetic. To be more precise we assume that the
vector x € RV, N = 27, which we want to reconstruct, has a short support, or one-block
support, of length m < N and that an upper bound M > m on the support length is
known a priori. If the vector additionally satisfies the simple non-cancellation condition
that the first and last entry in the support do not sum up to zero, the algorithm proposed
herein recovers x exactly in O (M log M + mlogs %) time, for which O (M + mlog, %)

samples of xI1 are required. Thus, if m, M — N, the algorithm approaches the same
runtime and sampling requirements as a regular IDCT-II for vectors of length N with
full support.

1.1 Notation and Problem Statement

Let N =27 with J € N. For a,b € Ny, a < b, we denote by I, p the set

Ia,b = {a,a—i—l,...,b}CNg



of integers. We say that a vector x = x(/) = (xk)kN:_Ol € RY has a short support, or
one-block support, S) of length m?) = m if

T = 0 Vk ¢ S(J) = M(J)’V(J) = {IU/(J)MU’(J) + 17" . 7V(J)}7

for some pu) e {0,...,N —m} and v =y 4 m — 1 with z, # 0 and z,0) #0.
Note that, unlike in [3], we do not allow a periodic support in this paper. The interval
St = Loy 18 called the support interval, 1) the first support index and v(/) the
last support index of x. The support length and the first and last support index are
uniquely determined.

For n € N the cosine matriz of type II is defined as

C = 2 <5n(k) cos <W>>n_l ’

n 2n k, =0

where e, (k) = % for k = 0 mod n and ¢,(k) == 1 for k # 0 mod n. This matrix is

orthogonal, i.e., ClI (CE)T = I,,, where I,, denotes the identity matrix of size n x n. The
discrete cosine transform of type II (DCT-II) of x € R™ is given by

x! = ng.

The inverse DCT-II coincides with the discrete cosine transform of type 111 (DCT-11I)
with transformation matrix CI' := (Cg)T. The cosine matrix of type IV is defined as

Qv \/g<cos <(2k+121(5l+1)7r)>:;i0‘

This matrix is orthogonal as well, with CLV = (C%V)T, and the discrete cosine transform
of type IV (DCT-1V) of x € R™ is given by

xV = CclVx.

Furthermore, the closely related sine matriz of type IV is defined as

sy (i ()

The purpose of this paper is to develop a deterministic sparse fast DCT algorithm fgr

recovering x € RY with (unknown) short support of length m < N from its DCT-II, x'I,
in sublinear time O (M log M + mlog, %) if an upper bound M > m on the support
length of x is known. If m or M approach the vector length N, the algorithm introduced
herein still has a runtime complexity of O(N log N) which is also achieved by fast DCT
algorithms for vectors with full support, see, e.g., [11,17]. For exact data our algorithm
returns the correct vector x if, in addition to T, # 0 and z, # 0, x satisfies the
non-cancellation condition

T, + 20 # 0 if m is even. (2)

This condition holds for example if all nonzero entries of x are positive or if all nonzero



entries of x are negative, i.e., X € ]R]>V0 or x € R]<V0. In practice, i.e., for noisy data, one
has to guarantee that for a threshold € > 0 depending on the noise level we have

>e, |z,m| >e and T, 3,0 > e

’%(J)

1.2 Outline of the Paper

The algorithm presented in this paper generalizes ideas introduced in [3,12-14]| for recon-
structing a vector x € RN, N = 27, with short support of length M, M-sparse support
or reflected two-block support with block length M from its DFT. In these papers the
sought-after vector x is recovered iteratively from its 27/-length periodizations xU), where
x(/) := x and xU) is obtained by adding the first and second half of xU*1). However, for
the DCT, the concept of periodizations has to be adapted using an iterative application
of both reflections and the periodizations from [12], as can be seen in Section 2. We still
set x(/) == x, but xU) is now defined by adding the first half of xU*1) and the reflection
of the second half of xU*Y ie.,
x(j) = (x((]j—H) + xg]i_ll)_l, $§j+1) + xéjji_ll)_z, - ,mgjj—:) + mg—i_l))T .

Employing this concept for j € {L,...,J — 1}, where 2L 2A2M , our new algorithm is

I using that x@) is known.

based on efficiently and iteratively recovering xU+1) from x
Note that, unlike the DCT reconstruction algorithm for vectors with one-block support
in [3], which uses a closely related DFT reconstruction and hence complex arithmetic,
our algorithm only employs real arithmetic, as it utilizes real factorizations of cosine
matrices. This approach requires some observations about the support of xUTY if the
support of xU) is given, which are summarized in Section 2. For the reconstruction of
xU*D from xU) we have to distinguish whether the support of x) is contained in its
last M entries or whether it is not contained in those entries. In Section 3 we present
a numerical procedure for each of the two cases. With the help of these methods we
develop the sparse fast DCT algorithm for bounded support lengths in Section 4.1 and
briefly mention a simplified algorithm for exactly known short support lengths in Section
4.2. We conclude our paper by presenting numerical results detailing the performance of
our algorithms with respect to runtime and stability for noisy input data in Section 5.

2 Support Properties of the Reflected Periodizations

In this paper we want to find a deterministic algorithm for reconstructing x € RY with
short support of length m from its discrete cosine transform of type II, x', if an upper
bound M > m is known and using, unlike in [3], only real arithmetic. In order to do so
we adapt techniques used in [3,12-14| for the FFT reconstruction of vectors with short
support to the real DCT setting.

There exist several different factorizations of the orthogonal matrix CII, but the fol-
lowing one, see Lemma 2.2 in [11], has proven to be particularly useful in our case. It
employs the discrete cosine transform of type IV.



Lemma 2.1 Letn € N be even and let

1 0 0 0 0 0 0
00 1 0 0 0 0
2_1n—1 : : : :

P ._<(62k7l)]3’l:0n >_ O .10 € R"xn

n 2_17 1 =

(52k+1,z),§l:0n 0 1.0 0 0 ... 00
’ 0 0 1 0 0 0
0 ... .01

be the even-odd permutation matrix. Further, define

SN U 3 I T R

where I% denotes the identity matriz of size 5 X & and

2
0O ... 01
J 1) L 0 bo R2*2
n = n_q1_ = e R272
n (k,2 1 l>k,l:0 ) ) 2772
1 0 0

denotes the counter identity. Then CL satisfies the following factorization,

Cl| o=
cll = p7 (ﬂﬁ) T,.
2 2

From now on let N := 27 for J > 1. For x € szH, j€{0,...,J — 1}, we denote by

21+l 1

X(0) = (zp)i g € R?  and X(1) = (Th)j_gs € R?

the first and second half of x, respectively, i.e., xT = <X(T£)),Xa)).

Remark 2.2 Note that for x € R", n even, we have

n_q
P,x = (((ka)k%O_1> (3)

Tok+1) 7
X(1)
. 4
Xm) (4)

¢

and

We assume that x satisfies (2) in order to guarantee that there is no cancellation of
the first and last support entry in the iterative algorithm. Inspired by (4) we define a
DCT-II-specific analog to the notion of periodized vectors introduced in [12,13] for DFT



algorithms for vectors with short support. Let x € RN with N = 27 and set x/) = x.
For j € {0,...,J — 1} define the reflected periodization x9) € R of x as

x) = xgé;rl) + Jgjxg;_l). (5)

We show that the DCT-II of the reflected periodization x\7) is already completely deter-
mined by the DCT-II of x.

Lemma 2.3 Let N =27, JeN, xR and j € {0,...,J}. Then
Nl J—i / = 211
(x9) =v2" (o)

Proof. We prove the lemma by induction. For j = .J the claim holds since x() = x. Now
we assume the induction hypothesis for some j € {1,...,J} and show that the claim
also holds for j — 1. It follows from Lemma 2.1, (4) and the definition of the reflected
periodization, (5), that

©))
; 1 /Cl Ly Jo- X
ol () — 2i—1 2i—1 2i—1 0
P2]02]X \/§ < C12y1> (Izj—l _J2j—1> (x%i%)
_ 1 ngflx(jil) . (6)
V2 \ O (x) — 32x)) )

thus motivating the definition of the reflected periodization. Together with the induction
hypothesis and (3) the first 2/~ rows of (6) yield that

~ ~29-1_1q
. i . . N
(x6-0)" = €l x0) = va (Py, Clix®)) =2 <<w(1)) )
(0) 2k ) 1—o
J_i & 2]’71_1 T—(i—1 ~ 27—1_1
= \/5 (\/5 ]ng,ij) = \/5 G ) (QU;IJ,(]-,”k) s
k=0 k=0
which completes the proof. O

Since we always consider vectors x € R2” with short support of length m and their
reflected periodizations in this paper, we have to introduce some notation for the support
of the reflectedly periodized vectors.

For j € {0,...,J — 1} we say that x\9) has a short support of length mU) with first
support index ,u(j) € {0, 20— m(j)}, last support index v = pU) + m) — 1 and

: NETIE) )
support interval S if ) Tyl # 0 and
D=0 vk¢SsY = ) = {M(j),u(j) I L,__jy(j)}.

Note that while S(/), i.e., the support interval of x = x(*), and SU) contain all indices at
which x and x\7), respectively, have nonzero entries, this does not mean that all indices in
S() and S correspond to nonzero entries, as we require the support sets to be intervals
in Ny for some of the proofs hereafter. Instead of m(/) we will usually just write m.

We can observe the following property of the reflected periodizations.



Lemma 2.4 Let x € RN with N = 27, J € N, have a short support of length m and
assume that x satisfies (2). Set K = [logym] + 1. Then x\9) has a short support of
length mU) < m for all j € {K,...,J}.

Proof. We employ an induction argument. By assumption x(/) = x has a short sup-
port of length m. Now suppose that for j € {K,...,J — 1} xU*D has a short sup-
port of length mU*Y < m with support interval SU+1) = I,G+v) ,G+1, where plth e
{o,...,27%1 —mU+DL and vU+YD = 1,0+ 4 mU+D — 1. We have to distinguish three
cases.

(i) SU+Y ¢ Iy 9i_4, i.e., the nonzero entries are contained in the first half of xU+D),

(3+1)

; () — U +1)
Since xV) = X(0)

+ JQng) by (5), we obtain that xU) has a short support with

<) — X%;rl) and S0 — gG+1)
(ii) SUH) Iy; 9j+1_4, i.e., the nonzero entries are contained in the second half of xU+D),

The definition of the reflected periodization implies that x() has a short support, as

X(']) — J2JXE{;’1) and S(J) — I2j+1—1—y(j+1>,2j+1—1—u(j+1)’

(iii) {27 —1,27} c UV

Then at least one possibly nonzero entry from the second half of x+1) is added to a
possibly nonzero entry from the first half at the reflected index in the computation of
x(@) . Thus xU) has indeed a short support of length m@) < m{+1) with support interval

s = <Iu<j+1),y(j+1) U Izj+1_1_l,(j+1)72;‘+1_1_M(j+1)) N1pai_y
=i _m (i) 25 —1 - 12j7m(j+1)72j717
and either p(@) = 0+ or 0 = 97+t 1 — G+, O

Note that in (i) and (ii) the support length does not change, i.e., m) = mU+D and
that the support length m@¥) < mU+Y always decreases in (iii).

Example (i) Let x € R!6 with nonzero entries x13, 714, i.e., with short support S =
I13,14 of length m = 2. Assume that m is known, i.e., that M = m = 2. Then K = 2
and the reflected periodizations x(9) for j € {K,...,J} of x are

x =x® = (0,0,0,0,0,0,0,0,0,0,0,0,0, 213, 214,0)",
x®) = (0, 214,213,0,0,0,0,0)",
2)

X( = (0, T14,213, O)T.

Here, x® and x® have the short support $©) = §2) = I 2 of length m®) = m®@ =
m = 2.

(ii) Let x € R with nonzero entries x7, g, i.e., with short support S = I7 g of length



m = 2. Again, we assume that M = m. Then the reflected periodizations of x are

x =x% =1(0,0,0,0,0,0,0,z7,2s,0,0,0,0,0,0,0)7
x® =(0,0,0,0,0,0,0,27 + 25)",
x® = (27 4 25,0,0,0)".

Here, x(® has the short support S®) = I7 7 of length m® =1 < m =2 and x® has the
short support S = Ip,o of length m® =mb =1. %

The aim of our algorithm is to reconstruct x from xI! by successively computing its
reflected periodizations if only an upper bound M > m on the support length of x is
known. Hence, we now investigate the structure of the support of xU+1) if x(9) is given.

Lemma 2.5 Let x € RY with N =27, J € N, have a short support of length m < M
and assume that x satisfies (2). Set L = [logy M| + 1.

(i) There is at most one index j' € {L,...,J} such that SU") C Loy ppos -y and we
have that SU'+1) ¢ Ly oo 3 <J -1

(i) If j € {L,...,J —1N\{j'}, then mU) = mU+1),
(iii) If j € {L,...,J —1}\{j’} and SU) = W) ) then either

, (4) , 0.
G+ — (¥ (+1) — 2
X (02]') or X (szx(J))

with SUHY) = L)y or S0+ = Tyivr_1_ ) 9i+1-1_ ), where Oy denotes the
27 -length zero vector.

Proof. (i) Recall that K = [logym] + 1 < L, so x9) has a short support of length
mU) <m forall j € {L,...,J} by Lemma 2.4. Set

§' = max {j e{L,...,J}: 80U ¢ Igj,M72jf1}

if such an index exists. First we assume that there is a j' € {L,...,J}. Then we obtain
X(j/_l) = Xgé)) +J2j/,1X8)) and S(j,_l) C IO,M—l
~—
=0,;r 1

if 3/ > L. Hence,

<) — ng;rl) + Jo; xg;rl) and SU) Io v
——

=0,;

for all j € {L,...,j' — 2}, so j' is the unique index with the above property. Thus, for
j€{L,...,j/ — 1} the support of x\9) is contained in the first M < 27-! entries of the
vector. By definition of the reflected periodization, (5), we immediately obtain

(4'+1)
S C Ly _proi' 4 m—1



if j/ < J —1. For the special case that mU") < mU'+1D the supports of the reflected
periodizations are depicted in Figure 1.

il 41
MEE f } — | |
0 29’ _1 28’41
-/
=) &=
-/
0 27 —1

= W

0 9i’ =1 _
Figure 1: Hlustration of the support of xU'+1), xU") and xU'=D if m(") < '+,

(i) It follows from Lemma 2.4 that for decreasing j the support length mU) cannot
increase. Assume that there exists a j; € {L,...,J — 1}\{j'} such that mU1) < mUi+1),
Then case (iii) in the proof of Lemma 2.4 yields that {2j1 — 1,2j1} c SO Ag
m(1+1) < m < M, this implies that

il
S(]l ) C 12j17M72j1+M717

and consequently, by (5), ,
SU Igjl—M,le—l' )

This is a contradiction, since j; € {L,...,J — 1}\{j'} and j’ is, if it exists, the unique
index for which (7) holds. Hence, we obtain m?) = mU+D forall j € {L,...,J—1}\{j'}.

(iii) For j € {L,...,J —1}\{j’} we have that mU) = mU+1 by (ii), which also holds if
j" does not exist. Hence, the proof of Lemma 2.4, cases (i) and (ii), shows that either

. (4) . 0,
G+ _ (X (+1) _ 2
X <02j ) or X <J2jx(j)> )

as these are the only two 277 1-length vectors arising from repeatedly reflectedly periodiz-
ing x that have the reflected periodization x| which can also be seen in Figure 2. O

m(D) m)
x@) At x(7) ==
0 20 _1 0 ‘ 27 — 1
()
i1 i1
<UD i i i | xUTD = i i |
0> 2d _ 1 2dt+1 _ g 0 [ 2i _ 1 2dt+1 _ g
pl+D) = @) pl+D) = (@)
or x(j+1> } % % % = or X(j+1) } % % == {
0 ‘ 2 _1 i+l _q 0 9i 1 | G+l _q
pl@+D) = 9i+1 _ () () pl+D) = 0i+1l () &)

Figure 2: Illustration of the two possibilities for the support of xU+1) for given x) ac-
cording to Lemma 2.5 for j € {L,...,5' — 1} (left) and j € {j’ +1,...,J — 1}
(right) with mU") < mU'+D),



Lemma 2.5 tells us that even if we only know an upper bound M on the support
length m, there is at most one index j’ such that the support of x") is contained
in the last M entries. This is also the only case for which the support length of the
reflected periodization of double length can increase and for which one might have to
undo collisions of nonzero entries in order to compute x' 1 from xU"). For all other
indices the values of the nonzero entries of x(9) and xU*Y are the same.

3 Iterative Sparse DCT Procedures

Lemma 2.3 implies that if xI1 s known, the DCTs of all reflected periodizations x ()
are also known, as they can be obtained by selecting certain entries of x'I. Analogously
to [3,12-14], our goal is to develop an algorithm which recovers x € R2” with short

support of length m from x!! by successively calculating the reflected periodizations x(&),
x| x(D) = x for some starting index L satisfying m < 2¢~1. In the following we
present both an algorithm for the case that the support length m of x is known exactly
and an algorithm that only requires an upper bound M > m on the support length.
We begin by developing the algorithm for a known bound M > m on the support
length, which can be easily modified to obtain the algorithm for exactly known support
length. Lemma 2.5 yields that the values of the nonzero entries and the support lengths
of x9) and xU*Y are the same for j # j'. Hence, if the support of x(9) is not contained in
the last M entries, we only have to find the first support index £U*Y of xUTD  knowing
that either p+t1) = 40 or U+ = 2941 im0 — 1,0) . However, for j = j/, we need to
undo the possible collision of nonzero entries from the first and second half of x('+1),

3.1 Case 1: No Collision

If j # 4, ie., if SU) ¢ Iy;_proi—q, then Lemma 2.5 implies that for SU) = 1,6 ) the
values of the nonzero entries of x¥) and xU+1) are the same with

Ut — @) and U — GG+

p@) p@) O = Izj+171fy(j>,2j+1717u<i>-

Hence, we only need to determine whether the first support index is u(jﬂ) = ,u(j ) ie.,

x0T = (x0T 0L)), or pl+D) = 2741 — 1 — ) je, x0T = (0;,J2jx(j)T)_ In

order to find out which is the correct first support index, we employ a nonzero entry of

TN i . .
(X(JH)) . First we show how such a nonzero entry can be found efficiently.
For this we require the notion of the odd Vandermonde matriz, which is defined as
n

dd . 20+1
Vo (zg, ..., xn) = (a:k +>
k,1=0

for (zg)j_o € R™™1. Recall that the Vandermonde matriz

V (zg,...,Tn ::( l)n
(zo Tp) Tk k. 1=0

has determinant

det (V (zo,...,2n) = [ (& —a).

0<k<I<n

10



Lemma 3.1 Let xg,...,z, € R\{0} be pairwise distinct such that |xi| # |z;| for all
k # 1, where k,1 € {0,...,n}. Then the odd Vandermonde matriz Vo9 (zq,... ;) =

(:L";,C )k,l:o 1s invertible with

n

det (VOdd (zo, . ,xn)) = jl_[ogcj - det (V (x02, .. ,azn2)) = ]l_Ixj H (9312 — :ckQ) .

=0  0<k<iI<n

Proof.
To 1‘03 IE05 e I‘02n+1
dd T :L‘13 x15 e :U12"+1
det (VO (zo, ..., z,)) = det
T TpS mp® ... xpintl
1 1'02 1'04 cee x02n
n 1 x2 mt ... n ) )
:Ha:j‘det . :ij-det(V(ato,...,a:n ))
JZO . . . . j:O
1 2,2 x,t ... oz,

As 2, # 0 and |zy| # |ay| for k # 1, k,1 € {0,...,n}, Vo4 (zg,... z,) is invertible. [
With the help of odd Vandermonde matrices we can prove the existence of an oddly

. . II
indexed nonzero entry of (X(] "H)) .

Lemma 3.2 Let x € RN with N =27, J € N, have a short support of length m < M
and assume that x satisfies (2). Set L :== [logo M| + 1. For j € {L,...,J — 1}\{j'} let
x) be the 27-length reflected periodization of x with support length m\9). Assume that

~ m)—1
. fi . - il
we have access to all entries of x'. Then the odd partial vector <(x(]+1))2k+1> of
k=0

- i
(X(]H)) has at least one nonzero entry.

Proof. We obtain from (3) and (6) that

~ N\ 271
G+D) 2 > (+1)
((.I' )Qk‘ k=0 _L <C£I] ) <12j J2j ) (Xgé) )

. 211
. 1 2
<($(]+1))2k+1)

1 (X(j))H
== (+1) > (8)
2 <2x({)) _ X(g))
where we used that szxg;rl) = xU) — xgé;rl) by (5). If we denote the support interval

11



of xgé;rl) by S((g;Ll), Lemma 2.5 yields that S((g;Ll) = S0 or S((g;rl) = (), since j # j'.
Consequently, S((é;rl) c SY and S (2x§é;rl) — x(j)) c SU, where S(y) is the support
interval of y € R". As ‘S(j)‘ = mU) < m < M, we can restrict (8) to the rows

corresponding to the first mU) oddly indexed entries of (x(jH))H and find

m) —1

(), = e (el (i )

m() -1
_Tg l%) cos < 1.9 (2x(0) -X )l
S k=0
1 . ‘ ,
—_—_ .70 G+ _ ()
V27 T <<2X(0) X >z)lesm ' (9)

Note that TU) is the restriction of the cosine matrix of type IV without the normalization
factor to the first m() rows and the m) columns indexed by SU). We show that T()
is invertible, using Chebyshev polynomials. For z € R with |z|] < 1 and n € Ny the
Chebyshev polynomial of the first kind of degree n is defined as

n
T, (x) := cos(narccos x) =: Z an .
1=0

Note that the leading coefficient of T;, satisfies

1 ifn=0, (10)
a =
A D R TR

and that T, is odd if n is odd, and T;, is even if n is even.
Further, for n € N, we define the Chebyshev zero nodes

20+1
t pn == cOs <( + D
’ 2n

>, 1e{0,....,n—1},

which are exactly the n zeros of the nth Chebyshev polynomial of the first kind. Then

k(20 + 1)7r>

57 (11)

Ty (t1.,) = cos (

for all i € {0,...,n — 1}, n € N and k € Ny, since |t;,| < 1. Using (11), the coefficient
representation of the Chebyshev polynomials and the fact that agg412 = 0 for all [
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{0,...,k} and k € Ny, we find for T that

€]
) (2k: +1)(20+ D)r\\"! m)_1
TV = COS 9. 9+l = (Tor+1 (tl,2f+1))k:o 1es()
’ k=0,1e5() ’
m() -1
2k+1 (41
/ @1 (or+1 \™ T
= a tr : = (a m . (t 12
2k+1,r" 1,27+1 (2k+1127‘+1)k,r:0 1,241 r:O,le.S'(j) ( )
7"/71 mod 2 k=0,1€50)
0 0 . 0 (tl 2J+1)l%$(]
ass 0 0 (tl,27Jrl )l€S<7)
0
a Ao, (j Ao, (j Ao, (j i om@—1\7
2m(i) —1,1 2m(9) —1,3 om()—1,5 - 2m(3) —1,2m ) —1 (tleH m —>
’ 1es@)
G) . odd 4
=AD VI ((100), 040 ) (13)

where we set aggi12r41 = 0forre {k+1,... ,m) — 1} in (12). By (10) the triangular
matrix A is invertible. Furthermore, since SU) Iy 2i_1,

20+ )7 c (07 77)

2. 927+l 2

for all I € SU). Consequently, we have that

204+ )7
tl72j+1 = COS <(22J+)1> € (0, 1),

and ‘tk72j+1‘ =+ |tl72j+1} for all k # 1, k,1 € S as the cosine is bijective on (O, 2) Hence

T .
yodd <(tl’2g'+1)les(j)> is invertible by Lemma 3.1, so TU) is invertible as well. Assume
il

now that (;1,"(3*1))2]€ L =0forall ke {0,.. —1}. Then (9) and (13) yield
A it m) -1 1 A } ,
O = ((x(]ﬂ))zml)k_o - ET(]) <<2XE$L1) B X(j)>l)l€S(J')
< One = <<2XE ;rl) (j)>l>l€,5'(j) ' (14)
However, since j # j', we have that x%;rl) =x0U) and XE];FI) = 04, or X%)+ ) — 0, and

x({+1) Jo;x). In either case (14) is only possible if x) = 04;, which is a contradiction

to (2) and the fact that x # Ox has a short support of length m. Hence, there exists an
index kg € {O, coo,ml9) — 1} such that (x(j“))l;koﬂ # 0.
For the implementation of this procedure, using Lemma 2.3, set

J—j=1 {i
ko = argmax {‘\f Tos-j-1(2k41) }
ke{0,...m

13



Then (:U(J‘H))Qk 41 # 0 and it is likely that this entry is not too close to zero, which is
supported emplrlcally by the numerical experiments in Section 5. O

Now we show how x(*1) can be computed from x\) and one oddly indexed nonzero

entry of (x(] ‘H)) using the following theorem.

Theorem 3.3 Let x € RY with N =27, J € N, have a short support of length m < M
and assume that x satisfies (2). Set L := [logg M|+ 1. For j € {L,...,J —1}\{j'} let

x9) be the 29-length reflected periodization of x with support length mU) . Assume that

il

we have access to all entries of x™X. Then xUtY) can be uniquely recovered from x\9) and

(-1
J—j—1 m . .
one nonzero entry of <\/§ Ea xg,,j,l(%ﬂ))k 0 using O (m(J)) operations.

Proof. By Lemma 2.5 (iii) there are precisely two vectors in R2 "' that arise from re-
flectedly periodizing x and have the given reflected periodization x), namely

(4) 0,
0. (X 1. 27
u = (02j) and u = <J2jx(‘j)> )

Assuming that SU) = 1) ) u® has the first support index £, u! has the first

support index 2711 —mU) — 4,09 and both have a support of length mU+t) = m). Let
us now compare the DCTs of u’ and u'. Lemma 2.1 yields

and

Consequently, we have that

il il ;
() gpgr = = (@) gy kE{00 27— 1}, (15)

for all oddly indexed entries of (uO)H and ( 1)H In order to decide whether x(t1) = y°

i J—j—1
I we compare a nonzero entry (x ( (JH)) =2 it 0 #£ 0 to

(G+1) —
or X =u 2ko+1 2J Jj— 1 2k0+1)

14



the corresponding entry of u’. By Lemma 3.2 (m(j"H))H can be found by examining

R 2ko+1
m(j)Aentries of x!I. IfA (uo)gkoJrl = (:U(jﬂ));lkoﬂ, then xU+t1) = u® by (15), and if
(uo);I]€0+1 =— (x(j“))I;kOH, then xU+1) = ul. Numerically, we set xUt1) = u0 if

0\ 1T J—j-1 fi oI J—j-1 fi
(u )2k0+1 —V2 Tor—j=1(2kg+1)| < (u )2k0+1 +V?2 LoI—i=1(2ko+1)

and xUTD = u! otherwise. The required entry of u’ can be computed from x() using
O (m(])) = O(m) operations,

a 2Jj+1_1 m() 1

0 _ 1I 0_ 1I (4)

(u )2k0+1 - Z (C2j+1)2]§0+17lul - Z (Czj+1)2ko+1,u(j>+l xu<j)+l'
=0 1=0

Thus we can find the first support index ,u<j+1) via

(G+1) — ud if xU+Y = u’, 0
H T2t — @ — ) if xGHD) =yl

3.2 Case 2: Possible Collision

If j = j, ie, if SW C Iy 95y, Lemma 2.5 yields that SU+Y C Ip;_pr05, 01 and
that nonzero entries of xU1) might have been added to obtain x(), so the values of the
nonzero entries of x\9) and xU*Y are not necessarily the same. The support of x) has
length mY) < m < M, so, by definition of the reflected periodization and Lemma 2.5,

the support of x%)ﬂ) has at most length m) := 27 — ;¥) < M. Note that m() > m)
and that m() > m() is possible if there is no collision, Le., if 27 —1 ¢ SU), see Figure
3. Hence, it suffices to consider restrictions of xU) and XE{);H) to vectors of length 251,

where 262 < () < 2K —1 taking into account all of their relevant entries.

m () m(d)
ME)) = x(7)
0 e I N 0 7 N\
2] — M M(]) 27 1 27 — M M(j) 2i 1
n )
i1 +1
X+ - = | | »x(3+1) | = | |
o S Jaig 29t _q U It | 2i+1l _
27 — M (@ 20 — M H(j)

Figure 3: Illustration of the support of x\¥) and one possibility for the support of x7+1)
for m@) < mU+D (left) and for mU) = mU+D (right), with j = 5'.

We then show that xUtD can be calculated using essentially one DCT of length 9K-1
and further operations of complexity O (2K ) In order to do this we have to employ the

vector x\) known from the previous iteration step and 9k suitably chosen oddly indexed

entries of (x(j +1))H, which can be found from x1! by Lemma 2.3.
The efficient computation of x*+1) is based on the following theorem.
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Theorem 3.4 Let x € RN with N =27, J € N, have a short support of length m < M
and assume that x satisfies (2). Let j = j' and x9) be the 27 -length reflected periodization
of x according to (5) and Lemma 2.5 with first support index w9 and support length m().
Assume that we have access to all entries of x'X. Set m\) == 20 — ;)| | == [logQ T?L(j)] +1

and define the restrictions of x\9), X%;Ll) and XEJJI)

S0 (xg)) 27 -1

to Zf(*l—length vectors

k=2i 2K-1
G+1) _ (LGP ! G+1) _ (LGP
Zgy = <£Ck )kzzj_Qkil and zgy = (azk )k:zj .
Th ing the vect Jes b0 = ﬂ‘]‘j‘l( I )21_”_1 d
en, using the vectors of samples = Tga-i-1(2.95-K (2p11)41) o an
1 J—j-1( fi 2K—1-1
b= v2 (L <2p+1)—1)+1)>p:o , it holds that

: 1 — R :
2 = - (\/234(_1)2] "I,z 1 diag(@)D,z  CLY_ Tzt (b —bl) + z(])> and

2
(G+1) _ j (+1)
2y = Ty (29 2t V).
2}‘(71 1 —1 21%71_1
where D,z_, = diag ((_l)k)k:o " and ¢ = (cos (QZE?T) ) . The reflected
k=0

periodization xU+1) g given as
(j+1)) ) j _ o9K—1 o
<Z(0) k—2i+2K-1 ifk e {2 2 yeey2 1},

(G+1) . . ‘ ' .
s (Z(({Tl))k_% ifke{29,... 27 y2Kk-1 1},

0 else.
Proof. If j = j', it follows from Lemmas 2.4 and 2.5 for the support set SU) of xU) that
SY C 1,6y 951 C Ioi_praio1-
With m@) =2/ — 40 < M and K = [log, ﬁl(j)] + 1, we obtain
SW ¢ Lyi w01 C Ayj _gi-195 1
and, by definition of the reflected periodization, the support set SUT1) of xU+1) gatisfies
SUtH ¢ Lyj 50 25 1m0 -1 C Lyj_gk—1 95 k11

This allows us to reduce the number computations necessary to find xU+Y . Note that
since we only suppose that ) #0,2, #0and T, HT,,() # 01in (2), some of the last
m) entries of xU) might be zero, despite being obtained by adding two nonzero entries
of xU+1) | However, we know that either u0) = U+ or pu0) = 2741 —1—10) by case (iii)
in the proof of Lemma 2.4. Hence, if we restrict x(9) to its last 251 > mU) = 27 — ;,(4)
entries, i.e., to z9), we take all of the at most m() entries into account which correspond
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to possibly nonzero entries of xU+1) by reflectedly periodizing, as the support of xU*1) has

to be contained in Iy;_z0) 2i 1 m)—1- Analogously, z%)ﬂ) and zg;rl) take into account
the at most mY) nonzero entries of x%)ﬂ) and xg;rl). Note that the restrictions still
satisfy
, - -
20 = 2t 4 3y 2. (16)

Therefore, it is enough to derive a fast algorithm for computing ZE{))H), using z() and 9K

entries of (xU H))H. Recall that it follows from (8) that

~ 27 1
. I 1 4 .
(G+1) e\ U+1) _ ()
<(9: )2k+1)k:0 \/§C2J (QX(O) * ) ' (a7)

(+1)

We can restrict (17) to the vectors z() and z(é) , which yields

o (P!
(o)),

1 (2k + 1) (20 + 1)w>>2j—1 Gy
S : 2 )
Vo ( < 12 o, 1=2i 21 (et =)

| (2k + D)2+ — 21+ 1))\ 2 |
=——=| cos . i Joi <2z(J+1) —z(j))
V27 429 k,1=0 o

1 <COS <(2k: + 1)2j+17r) o ((2k: +1)(20 + 1)7r)

NG 4.2 Y

(@02 (k412 + 1) 2]-_1,2,?_1_1(] (90D _L0)
+ sin i sin 4.9) ’ =0 2K-1 ( Z(O) —z )

L (g (@B D@D ”‘“R*l‘ly 050+ _ 40) 18
_ﬁ (— ) sin 1.9 9K -1 ( Z(O) —Zz )7 ( )

k,1=0

where [ == 27 — 1 —'. As z\9) and z%;rl) have length 9K —1 it suffices to consider

the 2K-1 equations corresponding to the indices 2k, + 1, where k, = 9i—K (2p + 1),
pE {O, R g 1}. We obtain

N oK-1_1q
VB (—1)? " <(x<f+l>)” )
2pt1) g
2i~K+1(9p 4 1) + 1) (20 + 1) 2
T .
= | sin ( Y 1% ok (QZ%SH) — z(j)>
p, =0

- (sin ((2192%)2(?_? 1)7r> s <(2i1—|—21])7r>

K—1

(2p+1)(2l+1)7r> . <(2l+1)7r>)2 -1 G+

—|—COS< . sin | ———— Joi1 (22 —z0) . (19)
4.9K-1 4.2 pizo 2 ( )
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Defining the vectors

oK—1_1 2K-1_1
20+ 1
c:= <COS <(2l+1)7r>> and s:= <sin (H)F>> ,
4.2 10 4-2 1=0

(19) can be written as

f(fl_l

v@yﬁw2(_1)?’R’<(xU+n)ﬁ )2
p=0

2kp+1

SIV._, - diag(c) + CLY._, diag(s)) i (243)“) _Zu))

(
(C;Y< , diag(s) + 3,5, CLY_ 1D2K_1diag(c)) Ty (2z(j“) —z(j))
(

(+

diag(s) (0)
cV |J s ,CN ( & , ) ) 20
k1 | Jaic1Coiy ) Dyics diag(e)) \ 3,5, (220" - 20 (20)

where we used a connection between the sine and cosine matrices of type IV (see [17]),

n—1
SV = J,CIVD, with D, = diag ((—1)k) VneN.

As the first matrix in (20) is not a square matrix, we consider 2K-1 additional equations

from (18). Now we choose the equations corresponding to the indices 2k1’, + 1, where
K= 2K(op4+1)—1,pe {o, LSS 1}. Then we find that

ii 2[_(71—1
Voi—K+2 <<x(j+1)) >
2k, 41/
- 2[}'7171
k! 20K+l op 4+ 1) —1) (21 + 1 ,
s (27541 @p+1) = 1) @1+ 1) s (21 2)
2I~(72 499 2K—1 0)
p, =0

i (o () (55)

I_(fl_l
(2p+ 1)@+ DY (@2l + D7\ (o GHD) ()
(O] ( 1. 2[(71 S1n W i J2K71 <2Z(0) —Z >

=0

1\ K1 . .
:7( D) _ VoK-2 (glV - diag(c - Cc -diag(s) ) J z_1 922U+ _ 50)
2K -1 oK -1 2 (0)

92K -2
—(—1)?" K( Cl | <0 ,CY ) diag(s)
9K -1 2K-1~9Kk—1 DQR_1 diag(c)
JQI_(71 2z +) z(9)

21
+1) _ 40) @)
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Using Lemma 2.3 we denote by

. i 211 J—j—1 = 2K-1_1 K1
bO = (ﬁ(‘]—i_l)) = \/§ ($£IJ_]'_1(2]€ +1)) S R2 and
2kp+1 p=0 P p=0
~ 2k—1_1 .
; I J—j—1 1 2811 K-1
1. 1 J II 2
b = (.’E(j+ )> , = \/i (-T2J—j—1(2k./+1)) B eR
2k, 41/ e P p=0

the vectors of required entries of xIL, Combining (20) and (21) yields

Voi-k+2(_1? " (b0>

bl
. , (U+1) j
_(Gas TG (dlag(s) ) Tyics (220 ' — ="
Ci —JuxChr D,%_, diag(c) h 2Z%;-1) — 70
_ <IQR1 J2R71 > C?I/:(fl <d1ag(s) )
12;"(_1 —Jzk—1 C;\;‘(q D2;<_1 diag(c)
s (22070 =20
G4+1) (22)
ok 2z(f)) — z0)

Note that the first matrix in (22) is invertible, as

(Igf(l J2f(71 ) . 1 <12I_(1 IQf(—l > _ <12R1 >
IQk—l _JQR'—I 2 J2R’—1 _J2f(—1 I2k—1 ’

Furthermore, since m9) < M and thus K <L <y,

2o

forall [ € {0, 2K 1}. Consequently, we have that

o (B (L0) (20T (0. L),

which means that the third matrix in (22) is invertible as well, since the multiplication of
the second half of the odd diagonal entries with —1, caused by D, z_;, does not change the
absolute value of the determinant of the matrix. Thus all matrices in (22) are invertible
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and it follows that

_ _« (diag(3)CIV b’ +b!
_ j*K _ 2] K 9K—-1
2-R(-1) ( diag(€)D,z_, CY, <J21'<1 (b° — bl)) 2

9K -1

Using only the second 9K-1 equations in (23) we obtain

oK-1_1

=0

i+1) 1 7 i~ K o ,
Zgé;r ) = B (\/217(—1)2] Jora dlag(C)D2K,1C§Y—<71J2f{71 (bo _ bl) + Z(J)) ’

which implies that Z%;Ll) can be computed in O <2K ~log 2K *1> operations using 2K

entries of x', as D,z is a diagonal matrix and Jok-1 Is a permutation. Then zg;_l)

can be found in O <2f(*1> time by (16) and xU+1) is given as

<z(j+1)>  fke {Qj—2f~(*1,...,2j—1},
- (0) k—2i42K-1 R
20t — (Z(J“)) | if ke {2j,...,2j+2K—1—1},
ORI Y
0 else,
since all possibly nonzero entries of xU*t1) are determined by zgé;rl) and zg;rl). O

Note that by choosing the second 9K-1

which would be numerically less stable, since for large K its nonzero entries are rather

close to zero, whereas all nonzero entries of diag(c) are greater than —-.

V2

equations in (23) we avoid inverting diag(s),

4 The Sparse DCT Algorithms

In Section 3 we introduced all procedures necessary for the new sparse DCT for vectors
x € R?’ with short support of length m < M that satisfy (2).

4.1 The Sparse DCT for Bounded Short Support Length

We suppose that N = 27 and x € R has a short support of unknown length m, but
that a bound M > m is known. Further, we assume that (2) holds for x and that we
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can access all entries of x! € RV, The algorithm begins by computing the initial vector
J—L [ T 2t -1
x") =} <\/i (IEJ—Lk>k—0 > ’

where L := [logy M| + 1, using a fast DCT-III algorithm for vectors with full support,
see, e.g., [11,17], since DCT-III is the same as IDCT-II. For j € {L,..., J—1} we perform
the following iteration steps.

1) If the support of x9) is not contained in Iy;_pp2i—q, recover xU+D using the DCT
procedure given in Theorem 3.3.

2) If the support of x() is contained in Iyi_pr9i—1, Tecover xU+D) using the DCT
procedure given in Theorem 3.4.

It follows from Lemma 2.5 that there is at most one index 5" s.t. SU") ¢ Ly apoit 1
Hence, we have to apply step 2 at most once. The complete procedure is summarized in
Algorithm 1.

Remark 4.1 For finding the first support index p(™) and the support length m) in
line 2, as well as pU*D and mUtY in line 24 efficiently, we choose a threshold € > 0
depending on the noise level of the data. If we want to determine the support of x(&),
we define the set

TE) = {k €lpor_q: mgf) > 5} = {uy,...,up}

of indices corresponding to significantly large entries of x(&). This set can be found in
O (2L) = O (M) time, and we set

p =w; and m™) = up —ug + 1.

For j € {L,...,J —1}\{j'}, i.e., if xU*tD is computed with the DCT proedure given in
Theorem 3.3, pUt1) and mUtD) are computed in line 9 or 12. In order to find the support
of xUtY for j = j' € {L,...,J — 1}, ie., if xU*tD is obtained by the DCT procedure
given in Theorem 3.4, it suffices to consider the set

TUD = fhe {27 - 2R 71 o7 4 2f 1 h ol s e = o ug),
where Q < m) < M. Then TU+) can be found in O <2f<> =0 (ﬁL(j)) = O(M) time
as well, and we define

pUt =y and mUTD = vg —v1 + 1.
O

Having presented our new algorithm we now prove that its runtime and sampling
complexity are sublinear in the vector length V.

Theorem 4.2 Let x € RN, N = 27, J € N, have a short support of length m and
assume that x satisfies (2). Further suppose that only an upper bound M > m is known.
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Algorithm 1 Sparse Fast DCT for Vectors with Bounded Short Support Length

Input: x', where x € RN, N =27, J € N, has an unknown short support of length at most M
and satisfies (2), M and noise threshold £ > 0.

_ ~ 2l
1: L+ [logy M]+1 and x¥) + DCT-III [\@" k (xgg,%) ]

k=0

2: Find p® and m(P).
3: for j from L to J —1 do
4:  if pl¥) <2 — M then
. J—j—1 7
5: Find o = /2 / xél,]__j_1(2k0+1) # 0.
-~ m(j)—l ) o )
i (2ko+1)(2(p@ +1)+1) 7
6: (u0)2k0+1 — \/% 120 cos ( 0 (2.(2”1 )+1) > xl(j(l)ﬂ
7. vy 0 if (u )2k0+1 —al < (u )2k0+1+0‘ )
1 else
8: if v; =0 then
9: pI D) 1G) and mU+D ()
" dt) o) (D, O e — 1)
' k 0 else
11: else
12: u(]+1) — 2j+1 — m(]) — ’u(]) and m(j+1) — m(?)
13 {L‘(‘j+1) - xgl'l—l—k lf k e {u(j+1), Ce ,/L(jJrl) + m(jH) — 1}
. k 0 else
14: end if
15: else~
16: K« ﬂog2 (2j - u(j)ﬂ +1
: ) 2t
17: zU) <x2j721?71+k)k:0
K—1
. 0 J=i=1 (T S
18: b" « \/5 (x2]7k(2p+1)+2j—j—l)p:0
K—1
. 1 J=i=1( 1 2ot
19: bl 2 <$217f<(2p+1),2‘77j71>p:0
20: 2 IV2 K (=1)2 3,4, diag(€)D,ys - DCT-IV [J,5_, (b° — bl)]
—I—%Z(j)
(j+1)) . ( (j+1))
. z if (z > e, p
2L (Zgéyl))kF{( © Jx © Tk ke {o,... 281 -1}
0 else,
22: zg;rl) — J2f<,1 (z(j) — zgé;rl))
(z(%)*”)k o, (hE {21—2R—1,...,2j —1}
, : —2i 42K~ i
23: 2t (zg)“))k A ifke {21‘,...,21+2K—1—1}
—927
0 else
24: Find p0+Y) and m@+D),
25: end if
26: end for

Output: x = x()
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Then Algorithm 1 has a runtime of O (M log M + mlog, %) and uses O (M + mlog, %)

samples of x'I.

Proof. Computing the initial vector x() in line 1 via a 2%-length DCT-III has a runtime
of O (2L'1og2%), see, e.g., [11,17], and finding L) and mL) needs © (2%) operations.

For j € {L,...,J —1}\{j’} the support of xU) is not contained in Iyj _pr2i—1; hence,
we have to apply the procedure from Theorem 3.3. Finding a nonzero entry in line 5
requires O (m(j)) = O(m) operations by Lemma 3.2 and executing lines 6 to 13 has a
runtime of O (m(j )) as well.

If 7 = 5/, we use the method from Theorem 3.4. The computation of zgg;_l) in lines 20

and 21 requires a DCT-IV of length 2K-1 and further operations of complexity O (2K *1) ,

since D,z_, and diag(¢) are diagonal and J,%_, is a permutation. Computing zg;rl) and

xU*+1) in lines 22 and 23 and finding U+ and mU+1) in line 24 needs © (213*1) opera-

tions. Note that we can only estimate that mU) = O(M) and thus oK-1 — O(M), since
m is not known apriori and the support of x(7) can be located anywhere in I,; M2i—1-

Thus, lines 17 to 24 have a runtime of O <2f<—1 log 2R_1> = O(M log M).
Consequently, Algorithm 1 has an overall runtime of

J-1
) - - N
O Zm(a) +2800g28 | =O((J — LYym + Mlog M) = O <MlogM+mlog2 M) .
j=L
J#j’

L)

The initial vector x(X) can be computed from 2L samples of x1 in line 1. Finding an

. : II . . . ; 11
oddly indexed nonzero entry of (X(]+1)) in line 5 requires at most mY) samples of x!!

by Lemma 3.2. Further, we need to take 9K < 28 samples in lines 18 and 19, which
yields a total sampling complexity of

J-1
. N
(@) jE_Lm +2 O(J—-L)ym+ M) (’)(M+mlog2M>.

J#35'

4.2 The Sparse DCT for Exactly Known Short Support Length

Having introduced our new sparse DCT for vectors with bounded short support length
we can now modify Algorithm 1 to better fit the case where the support length m of
x is known exactly, i.e., if M = m. Since there is at most one index j’ for which the
support of x") is contained in the last m entries, the procedure from Theorem 3.4 only
has to be applied if mU") < mU'TY je., if there was a collision of nonzero entries, or if
vU) = 27" — 1, unlike in Algorithm 1.

We can simply replace M by m and L = [logy M |+1 by L := [logs m|+1 in Algorithm
1 to obtain the sparse DCT for vectors with exactly known short support length. Then
m") = 2" — 40) = mU) = O(m) and K = L. Note that mUtY) = m for j > j/. We
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find the following runtime and sampling complexities.

Theorem 4.3 Let x € RN, N = 27, J € N, have a short support of length m and
assume that x satisfies (2). Further suppose that m is known exactly. Then Algorithm 1

has a runtime of O (m logm + mlog, %) and uses O (m + mlog, %) samples of x1.

5 Numerics

In the following section we evaluate the performance of the variant of Algorithm 1 for
exactly known support lengths and the variant for bounded short support lengths with
respect to runtime and robustness to noise. To the best of our knowledge most ex-
isting sparse DCT algorithm use a the approach of computing x by recovering y =
(xT, (Inx)")T from y by an unstructured and thus inefficient 2m-sparse IFFT. Only Al-
gorithm 2 in [3] uses an IFFT especially tailored to the structure of y, so we only compare
the variants of our algorithm to this method and to MATLAB 2018a’s idct routine, which
is part of the Signal Processing Toolboz, see [16]. idct is a fast and highly optimized im-
plementation of the fast inverse cosine transform of type II. Note that, compared to the
implementation of idct in MATLAB 2016b, which we used for the numerical experiments
in [3], the runtime of idct in MATLAB 2018a has reduced by almost half for arbitrary
nonnegative vectors of length N = 220 on the machine used for the experiments, which
is why the results of the numerical experiments with respect to runtime in this section
are different from the ones in [3], Section 6.2. All algorithms have been implemented in
MATLAB 2018a, and the code is freely available in [4,5]. Note that Algorithm 2 in [3]
does not require any a priori knowledge of the support length, but needs that for x € R2’

the vector y = (20, &1,...,TN_1,TN_1,TN_2,...,20)! € R2"*" satisfies
97417
> ypon|>e Vie{0,...,J+1} (24)
=0

for all |yg| > e for a noise threshold ¢ > 0. Algorithm 1, on the other hand, requires an
upper bound M > m on the support length and that x € R2’ satisfies (2).

Figure 4 shows the average runtimes of Algorithm 1 for exactly known support lengths,
i.e., for M = m, and for bounded short support lengths with M = 3m, Algorithm 2 in [3]

and idct applied to x!! for 1,000 randomly generated 220-length vectors x with short
support of lengths varying between 10 and 500,000. For Algorithm 1 and Algorithm 2
in [3] we use the threshold ¢ = 107, The nonzero entries of the vectors are chosen
randomly with uniform distribution between 0 and 10, with x u() and ;) chosen from
(¢,10]. For each vector at most |(m — 2)/2] entries in the support block, excluding the
first and last one, are randomly set to 0. Hence, both (2) and (24) hold. Since for
m = 500,000 we have that M = 3m > N, we only execute Algorithm 1 in the variant for
bounded support lengths up to m = 100,000.

Of course the comparison of the sparse DCT algorithms to the highly optimized, sup-
port length independent idct routine must be flawed; however, one can see that all
three sparse DCT procedures are much faster than idct for sufficiently small support
lengths. For exactly known support lengths Algorithm 1 achieves smaller runtimes for
block lengths up to m = 100,000, for bounded support lengths this is the case for block
lengths up to m = 50,000, where the known bound on the block length is M = 150,000,
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Figure 4: Average runtimes of Algorithm 1 for exactly known short support and for
bounded short support and Algorithm 2 in [3] with ¢ = 107*, and MATLAB’s
idct for 1,000 random input vectors with short support of length m, bound
M = 3m and vector length N = 220,

and for Algorithm 2 in [3] for block lengths up to m = 1,000. Note that by setting
|(m — 2)/2]| entries inside the support to zero, the actual sparsity of x can be almost as
low as m/2; however, this does not affect the runtime of any of the considered algorithms.
It follows from Table 1, presenting the average reconstruction errors for exact data for
all four considered methods, that, while the sparse DCT algorithms do not achieve re-
construction errors comparable to those of idct, their outputs are still very accurate.

Algorithm 1, Algorithm 1, Algorithm 2 in [3] idet

M=m M =3m
10 1.8-10720 1.7-10720 1.3-1071 7.8-10721
100 5.3-10720 3.9.107% 4.9.10718 2.4.10720
1,000 7.5-10 4.1-10714 4.9-10713 7.6-10720
10,000 1.0-10712 1.4-10712 3.9-10712 2.4-1071
50,000 3.6-10712 2.9.10712 1.5-1071 5.4-1071°
100,000 7.5-10712 7.6-1071 2.9.10711 7.6-1071
500,000 1.7-107'® 1.7-10718 9.6-10~11 1.7-10718

Table 1: Reconstruction errors for the four DCT algorithms for exact data.
Further, we also investigate the robustness of Algorithm 1 for noisy data. We create

disturbed cosine data z!l € RV by adding uniform noise n € RY to the given data xﬁ,

2= x4 n.
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(a) Reconstruction error for m = 100. (b) Reconstruction error for m = 1,000.

Figure 5: Average reconstruction errors ||x — x'||a/N of Algorithm 1 for M = m and
M = 3m, Algorithm 2 in [3] and idct for 1,000 random input vectors with
support length m and vector length N = 220,

We measure the noise with the signal-to-noise ratio (SNR), given by
|
2

”77H2 '

SNR =20- loglo

Figures 5a and 5b depict the average reconstruction errors || x — x'||, /N, where x denotes
the original vector and x’ the reconstruction by the corresponding algorithm applied to
z! for support lengths m = 100 and m = 1,000. The threshold parameters € for both
variants of Algorithm 1 and Algorithm 2 in [3| are chosen according to Table 2, where we
use the e-values from [3|, Section 6.2 for Algorithm 2 in said paper. All parameters were
obtained in an attempt to minimize the reconstruction error and maximize the rate of
correct recovery. For Algorithm 1 with M = 3m the reconstruction yields a smaller error

SNR  Alg. 1, Alg. 1, Alg. 2 in 3]
m =100 m = 1,000

0 2.50 2.50 2.50
10 2.00 2.10 1.80
20 1.00 1.50 1.00
30 0.40 0.85 0.50
40 0.15 0.20 0.15
50 0.05 0.10 0.05

Table 2: Threshold ¢ for Algorithm 1 and Algorithm 2 in [3].

than the one for idct and, for SNR values greater than 10, even a slightly smaller error
than the one for Algorithm 2 in [3] for m = 100 and an error comparable to the one for
Algorithm 2 in [3] for m = 1,000. For exactly known support lengths, the reconstruction
yields a slightly smaller error than the one by idct for both support lengths.

In certain applications it might be important to know the support of x; hence, we
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also examine whether the sparse DCT algorithms can correctly identify the support for
noisy input data. Tables 3 and 4 show the rates of correct recovery of the support for
m = 100 and m = 1,000. As Algorithm 1 and Algorithm 2 in [3] tend to overestimate

Rate of Correct Recovery in % for m = 100
Alg. 1, Alg. 1, Alg. 1, Alg. 21in [3] Alg. 2in [3],
SNR M=m M=3m M =3m,

m' < 3m m' < 3m
0 61.6 89.9 0.0 83.1 77.1
10 64.0 98.7 85.4 97.6 97.4
20 95.1 100.0 96.2 100.0 100.0
30 99.3 100.0 98.6 100.0 100.0
40 99.9 100.0 99.4 100.0 100.0
50 100.0 100.0 99.9 100.0 100.0

Table 3: Rate of correct recovery of the support of x in % for Algorithm 1 for M = m
and M = 3m and Algorithm 2 in [3], without bounding m’ and with m’ < 3m,
for 1,000 random input vectors with support length m = 100 from Figure 5a.

Rate of Correct Recovery in % for m = 1,000
Alg. 1, Alg. 1, Alg. 1, Alg. 2in (3] Alg. 2in [3],
SNR M=m M=3m M =3m,

m' < 3m m' < 3m
0 51.6 88.0 0.0 83.1 68.0
10 51.6 93.4 53.7 96.4 95.0
20 99.4 100.0 84.5 100.0 99.7
30 100.0 100.0 89.3 100.0 99.6
40  100.0 100.0 94.8 100.0 99.8
50 100.0 100.0 98.1 100.0 99.8

Table 4: Rate of correct recovery of the support of x in % for Algorithm 1 for M = m
and M = 3m and Algorithm 2 in [3], without bounding m’ and with m’ < 3m,
for 1,000 random input vectors with support length m = 1,000 from Figure 5b.

the support for noisy data, we consider x to be correctly recovered by x’ in the second,
third and fifth column if the support of x is contained in the support found by the sparse
DCT algorithms. In the fourth and sixth column we additionally require that the support
length m’ obtained by the procedures satisfies m’ < 3m. Note that if m is known exactly,
Algorithm 1 will not overestimate the support length m.

For SNR values of 20 and greater all sparse DCT algorithms have very high rates
of correct recovery. Algorithm 1 for bounded short support overestimates the support
length by more than a factor three in less than 4% of the cases for SNR values of 20 or
more for m = 100 and in less than 6 % of the cases for SNR values of 40 or more for
m = 1,000. Algorithm 2 in [3] never overestimates the support length for m = 100 and
in less than 1% of the cases for m = 1,000, both for SNR values of 20 or more.
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