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MULTIPLICITY AND CONCENTRATION RESULTS FOR FRACTIONAL
SCHRODINGER-POISSON EQUATIONS WITH MAGNETIC FIELDS AND
CRITICAL GROWTH

VINCENZO AMBROSIO

ABsTRACT. We deal with the following fractional Schrodinger-Poisson equation with magnetic field

2 (= A)a cu+ V(zyu+e (|27 x [u)u = f(ju)u+ [uf* u  in R®,

where ¢ > 0 is a small parameter, s € (%7 1), t € (0,1), 27 = 37% is the fractional critical
exponent, (—A)% is the fractional magnetic Laplacian, V' : R3 — R is a positive continuous potential,
A :R3® = R? is a smooth magnetic potential and f : R — R is a subcritical nonlinearity. Under a
local condition on the potential V', we study the multiplicity and concentration of nontrivial solutions
as ¢ — 0. In particular, we relate the number of nontrivial solutions with the topology of the set
where the potential V' attains its minimum.

1. INTRODUCTION

In this paper we are concerned with the following fractional nonlinear Schrédinger-Poisson equa-
tion
628(—A)f4/€u + Vi(@)u+ e 2 (|22 73 « [u)®)u = f(luP)u+ |u/* 20 in R, (1.1)

where € > 0 is a parameter, s € (%, 1), t € (0,1), 2¢ = 3_% is the fractional critical exponent,

V € C(R3,R) and A € C%*(R3,R?), a € (0, 1], are the electric and magnetic potentials respectively.
Here the fractional magnetic Laplacian (—A)% is defined, whenever u € C2°(R3,C), as

e (2

u(x) — e!@=v-ACT
C3,5 '= e
55T 2|0 (<)

|£L‘ _ y|3+23

(—A)5u(z) == ¢34 lim dy, (1.2)

r—0 B(z)
and it has been recently considered in [24]. The motivations that led to its introduction are mainly
analyzed in [24, 37| and rely essentially on the Lévy-Khintchine formula for the generator of a
general Lévy process. As stated in [54], this operator can be seen as the fractional counterpart of

the magnetic Laplacian —A 4 := (%V — A)2 given by
—Aju = —Au — %A(m) -Vu + |A(z)|Pu — %udiv(A(x));

see 40,42, 50] for more details. We recall that the magnetic Laplacian arises in the study of the
following Schrédinger equation with magnetic field

—Ajqu+V(zx)u = f(z,|uf)u  inRY, (1.3)

for which a lot of interesting existence and multiplicity results have been established; see for in-
stance [2,3,12,18,20,27,29, 39| and references therein.
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In the nonlocal framework, only few and recent works deal with fractional magnetic Schrédinger

equations like

eB(=A¥u+V(z)u= f(z |u)u inRY. (1.4)
For instance, d’Avenia and Squassina [24] studied the existence of ground state to (1.4) when ¢ = 1,
V is constant and f is a subcritical or critical nonlinearity. Fiscella et al. [32] proved the multiplicity
of nontrivial solutions for a fractional magnetic problem with homogeneous boundary conditions.
Zhang et al. [60] obtained the existence of mountain pass solutions which tend to the trivial solution
as € — 0 for a fractional magnetic Schrodinger equation involving critical frequency and critical
growth. In [10] the author and d’Avenia dealt with the existence and the multiplicity of solutions
to (1.4) for small € > 0 when the potential V satisfies (1.6) and f has a subcritical growth.

In absence of magnetic field (that is A = 0), the fractional magnetic Laplacian (—A)% reduces
to the well-known fractional Laplacian (—A)® which has achieved a tremendous popularity in these
last twenty years due to its great applications in several contexts such as phase transitions, quasi-
geostrophic flows, game theory, population dynamics, quantum mechanics and so on; see [17,26, 44]
for more details. From a mathematical point of view, several contributions [7-9,21, 30,31, 52] have
been given in the investigation of fractional Schrédinger equations like

e (=A)u+ V(z)u = f(z,u) in RY, (1.5)

which plays a crucial role in fractional quantum mechanics; see [41] and the appendix in [22] for
a more detailed physical interpretation. In particular way, a special attention has been devoted
to concentration phenomena of solutions to (1.5) as e — 0. For instance, Davila et al. [23], via a
Lyapunov-Schmidt variational reduction, studied solutions to (1.5) with a spike pattern concentrat-
ing around a finite number of points in space as ¢ — 0, when V' is a bounded sufficiently smooth
potential and f(u) = wP with p € (1,25 — 1). Shang and Zhang [53] dealt with the existence and
multiplicity of solutions for a critical fractional Schrodinger equation requiring that the involved
potential V' verifies the following condition due to Rabinowitz [49]:
liminf V(z) > inf V(z). (1.6)
|z|—o0 z€RN
Dipierro et al. [28] combined the Mountain Pass Theorem [6] and Concentration-Compactness
Lemma to provide a multiplicity result for a fractional elliptic problem with critical growth. Alves
and Miyagaki [4] (see also [7,9,11]) used a penalization argument to study the existence and con-
centration of positive solutions of (1.5) when f has a subcritical growth and V' verifies the following
assumptions due to del Pino and Felmer [25]:
(V1) inf,cps V(z) = Vp > 0;
(Va) there exists a bounded domain A C R3 such that

%<nélji\nV and M={zeA:V(z)=Vo} #0. (1.7)

On the other hand, in these last years, some interesting papers appeared dealing with fractional
Schrédinger-Poisson systems like

e (=AY u+V(z)pu = g(zr,u) R’

{ e2(—~A)tg = u? in R3,

which can be considered as the nonlocal counterpart of the well-known Schrédinger-Poisson system

which describes systems of identical charged particles interacting each other in the case that effects

of magnetic field could be ignored and its solution represents, in particular, a standing wave for such

a system; see [15]. In the classical case s = ¢ = 1, we refer to [5,13,51,61] and [34,35,56,58] in which

several results for unperturbed (i.e. € = 1) and perturbed (i.e. € > 0 small) Schrodinger-Poisson

systems and in absence of magnetic fields have been established, and [16,48,62| for some existence,
uniqueness and multiplicity results when A # 0.

(1.8)
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Concerning (1.8), the first result is probably due to Giammetta [33]|, who studied the local and
global well-posedness of a fractional Schrodinger-Poisson system in which the fractional diffusion
appears only in the second equation in (1.8). In [59] Zhang et al. used a perturbation approach
to prove the existence of positive solutions to (1.8) with e = 1, V(z) = p > 0 and g is a general
nonlinearity having subcritical or critical growth. Murcia and Siciliano [46] showed that, for suitably
small €, the number of positive solutions to a doubly singularly perturbed fractional Schrédinger-
Poisson system is estimated below by the Ljusternick-Schnirelmann category of the set of minima of
the potential. Teng [55] investigated the existence of ground state solutions for a critical unperturbed
fractional Schrodinger-Poisson system. Liu and Zhang [43] studied multiplicity and concentration
of solutions to (1.8) involving the fractional critical exponent and a potential V' satisfying global
condition (1.6). To the best of our knowledge, fractional magnetic Schrodinger-Poisson equations
like (1.1) have not ever been considered until now. Particularly motivated by this fact and by
the works [2,4,10,43], in the present paper we investigate the multiplicity and concentration of
nontrivial solutions to (1.1) when £ — 0, under assumptions (V;)-(V2) on the continuous potential
V,and f:R — R is a C! function satisfying the following conditions:

(f1) f(t)=0for t <0 and lim@ = 0;

t—0
(f2) there exist ¢, v € (4,2%) and p > 0 such that

ft) > ,utl%2 vVt >0 and tlim Ltz) =0;

(f3) there exists 6 € (4,q) such that 0 < §F(t) < tf(t) for any ¢ > 0, where F(t) = fot f(r)dr;
(f1) t— @ is increasing for ¢ > 0. »

A typical example of function verifying (f1)-(f4) is given by f(t) = Zle ai(tt) T
not all null and ¢; € [0,2%) for all i € {1,... k}.

Our main result can be stated as follows:

Theorem 1.1. Assume that (V1)-(Va) and (f1)-(fa) hold. Then, for any § > 0 such that
My = {z € R3: dist(z, M) < 8§} C A,

there exists €5 > 0 such that, for any e € (0,e5), problem (1.1) has at least catps; (M) nontrivial
solutions. Moreover, if u. denotes one of these solutions and x. is a global maximum point of |u.|,
then we have

, with a; > 0

lim V(z.) = Vq

e—0

CE3+2S
us(z)] < C 3% (g — g o2

and

Vz € R3.

Remark 1.1. Let us note that if s,t € (0,1) are such that 4s+2t > 3, then H*(R3 R) C L%(R?’, R)
and ¢Tu\ is well-defined; see Section 2 below. Therefore, s € (%,1) and t € (0,1) are admissible

exponents. Moreover, the restriction s € (%, 1) is related to the growth assumptions on f (in fact, we
have that 2% > 4) which allow us to apply variational arguments, use the Nehari manifold and verify
the Palais-Smale condition; see Sections 3 and 4 below. For what concerns the dimension N = 3,
we suspect that our results can be extended only in low dimensions such that N < 4s + 2t (see for
instance [46]) and considering more general nonlinearities such that % — 00 as u — oo and that
do not verify (f1). Anyway, the three dimensional case is relevant for the physical meaning of the
fractional Schrédinger-Poisson system.

The proof of Theorem 1.1 relies on suitable variational methods and Ljusternik-Schnirelmann
theory inspired by [1| and [2] in which the authors dealt with classical Schrodinger equations with
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critical growth and A = 0 and subcritical growth and A # 0 respectively. First of all we note that,
using the change of variable x — ¢z, problem (1.1) is equivalent to the following one

(—A)i u+ Ve(w)u + ¢Tu|u = f(Juu + |u|?*~2u in R?, (1.9)

where A.(z) = A(e ), Ve(x) = V(ez) and <Z5|u‘ = |#|*3|u|?. Since we do not have any information
on the behavior of V' at infinity, we adapt the penalization argument developed by del Pino and
Felmer in [25], which consists in modifying the nonlinearity f in a special way and to consider an

*
W
)

252
auxiliary problem. More precisely, as in [2], we fix k& > % and a > 0 such that f(a) +a™2 =
and we consider the function

i [+ itt<a
f0): {% if ¢t > a.

Let tq,T, > 0 such that t, < a < Tj, and take £ € C°(R, R) such that
(1) () < f(1) for all ¢ € [tq, T, ) )

(&) &(ta) = f(ta)7 {(Tu) = f(Ta), & (ta) = f'(ta) and §'(To) = f'(Tu),
(&3) the map t — @ is increasing for all ¢ € [t4, T,].

Then we define f € C'(R,R) as follows:

i M) it [te, T
St = {5(1&) if t € [tq, Ty).

Finally, we introduce the following penalized nonlinearity g : R? x R — R by setting

g(@,t) = xa (@) (F(1) + ()77 ) + (1 — xa(@)) F(0),

where x, is the characteristic function on A, and we set G(x,t) fo x,7)dr. From assumptions
(f1)-(fa) and (&1)-(&3), it follows that g verifies the following propertles

gzt
(91) }1_13% P

=0 uniformly in r € R3;

(92) gz, t) < f(t )—i—t = for any € R3 and t > 0;
(93) (1) 0 < gG(x,t) < g(z,t)t for any x € A and ¢t > 0,
(1) 0 < G(z,t) < g(z,t)t < V]gx)t and 0 < g(z,t) < @ for any x € A¢ and ¢ > 0;

(g4) t— @ is increasing for all x € A and ¢ > 0.

Then we consider the following modified problem

(=A% u+ Ve(z)u + qﬁfmu = g.(z, |u|*)u in R3, (1.10)

where g.(x,t) := g(e z,t). Let us note that if u is a solution of (1.10) such that
lu(x)| < t, for all z € A, (1.11)

where A, := {x € R?: ex € A}, then u is indeed a solution of the original problem (1.9).
Since we want to find nontrivial solutions to (1.9), we look for critical points of the following
functional associated with (1.9):

Ul A (T3 ()2
y)l 1 2
PRYEE dxdy + §/R3 Ve(x)|u|* da

R6
/ gbwlu\ da:——/ Ge(z, |ul?) dzx
2 Jas
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defined on the fractional Sobolev space

1= {ue D ®,0): [ Viollds < oo
R?)

see Section 2 for more details. The main difficulty in the study of J. is related to verify a local Palais-
3

Smale compactness condition at any level ¢ < ¢, := %Sf_s , where S, is the best Sobolev constant of
the embedding H*(R3,R) in L% (R3,R). Indeed, the appearance of the magnetic field, the critical
exponent, the convolution term |z|?*=3 x |u|? and the nonlocal nature of the fractional magnetic
Laplacian, make our analysis much more complicated and delicate with respect to [1,2,4,10,43]. We
circumvent these issues proving some careful estimates and using the Concentration-Compactness
Lemma for the fractional Laplacian [11,28,47|; see Lemma 3.2. The Holder regularity assumption
on the magnetic field A and the fractional diamagnetic inequality established in [24] will be used to
show that the mountain pass minimax level c. of J is less than ¢, for € > 0 small enough. In order to
obtain multiple solutions for the modified problem, we use some techniques developed by Benci and
Cerami in [14], which are based on suitable comparisons between the category of some sublevel sets
of the modified functional and the category of the set M. After that, we need to prove that if u, is a
solution of modified problem (1.10), then |u.| satisfies (1.11) for € small enough. In order to achieve
our goal, we aim to show that the (translated) sequence (uy,) verifies the property |u,(z)| — 0 as
|z| — oo uniformly with respect to n € N. In the case A = 0 (see for instance [4, 11]), this is proved
by using some fundamental estimates established in [31]| concerning the Bessel operator. When
A #£ 0, we do not have similar informations for the following fractional equation

(—=A)5u + Vou = h(|u)?)u in R3.

To overcome this difficulty, we use a clever approximation argument which allows us to deduce that
if u is a solution to (1.10), then |u| is a subsolution to

(—A)*u + Vou = ge(, [ul*)|u] in R?;
see Lemma 5.1. We recall that in the case s = 1, it is clear that if » is a solution to
—Aqu+ Vou = h(|u|*)u in R?,
then |ul is a subsolution to
—Alul + Volu| = A(jul*)[u| in R?,
in view of the Kato’s inequality [38]
—Alu| < R(sign(u)(—Axu)),

and then we can apply standard arguments to prove that |u(z)] — 0 as |x| — oo (the decay is
exponential); see for instance [39]. Unfortunately, in our setting, even if we suspect that a distri-
butional Kato’s inequality for (1.2) holds true (see for instance [10] in which a pointwise fractional
magnetic Kato’s inequality is used), we are not able to prove it. We point out that in [36], the
authors obtained a Kato’s inequality for magnetic relativistic Schréodinger operators

HY = (219 = A@))? 4 m?2

with m > 0 and 8 € (0, 1], which include (1.2) when § = 1 and m = 0, that is H}“) = (_A)ixﬂ-
On the other hand, due to the nonlocal character of (1.2), we cannot adapt in our framework the
arguments developed in [2| to prove that |u,(z)| — 0 as |z| — oo uniformly with respect to n € N.
For the above reasons, in this work we develop some new ideas needed to achieve our claim. Roughly
speaking, we will show that a Kato’s inequality holds for the modified problem (1.10). More precisely,
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we first show that each |u,| is bounded in L>°(R?, R)-norm uniformly in n € N, by means of a Moser
iteration argument [45]. At this point, we prove that each |u,| verifies
(_A)s|un| + V0|un| < 96(5177 |un|2)|un| in Rsy
by using u—gp as test function in the modified problem, where us, = \/|un|? + 62 and ¢ is a real
Ug,n

smooth nonnegative function with compact support in R, and then we pass to the limit as § — 0.
This fact combined with a comparison argument and the results in [4,31], allows us to deduce that
|un(z)] = 0 as |x| — oo uniformly with respect to n € N; see Lemma 5.1. Finally, we give a decay
estimate of modulus |u.| of solutions u. to (1.1).

As far as we know, this is the first time that penalization methods jointly with Ljusternik-
Schnirelmann theory are used to obtain multiple solutions for a fractional magnetic Schréodinger-
Poisson equation with critical growth.

The paper is structured as follows. In Section 2 we recall some properties on the involved fractional
Sobolev spaces. In Section 3 we prove some compactness properties for the modified functional. In
Section 4 we introduce the barycenter map which will be a fundamental tool to obtain a multiplicity

result for problem (1.10) via Ljusternick-Schnirelmann theory. In the last section we give the proof
of Theorem 1.1.

2. PRELIMINARIES

In this section we collect some notations and technical lemmas which will be used along the paper.
We define H*(R3,R) as the fractional Sobolev space

H*(R3,R) = {u e L*(R3 R) : [u] < oo}

)|2d P
- |x— 3425 Y-

We recall that the embedding H*® (R3 ) C LY(R3,R) is continuous for all ¢ € [2,2%) and locally
compact for all ¢ € [1,2%); see [26,44] for more details on this topic.

Let L*(R?,C) be the space of complex-valued functions such that [, [u|? dz < co endowed with
the inner product (u,v)y2 = R ng u? dx, where the bar denotes complex conjugation.

Let us denote by

where

et@—y)-A(TY) 2

u(y)|

dxdy,

R6 y|3+2s

and consider
D5(R3,C) = {u € L%(R3,C) : [u]} < oo} .
Then we introduce the Hilbert space

H = {u € DjE(R?’,(C) : / Ve(z)|u)? de < oo}
R3

endowed with the scalar product

(u,v)e =R [ V(x)uvde
R3

+ %%// (u(w) — el(w_y)A€(x;y)‘q.;(y)?y(’rgs_€z — el(x_y)'AE(x;y)v(y))dxdy
R6 -

and let

lulle = v/ w)e = [l + IVVelullBa g
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The space H? satisfies the following fundamental properties; see [10,24] for more details.
Lemma 2.1. [10,2/] The space H? is complete and C°(R3,C) is dense in HE.
Lemma 2.2. [2/] Ifu € H5(R3,C) then |u| € H*(R3,R) and we have

[lul] < fula.

Theorem 2.1. [2/] The space HE is continuously embedded in L"(R3,C) for r € [2,2%], and com-
pactly embedded in L}, (R3,C) forr € [1,2%).

Lemma 2.3. [10] If u € H*(R?,R) and u has compact support, then w = A%y ¢ H?,
We also recall the following vanishing lemma [31]:

Lemma 2.4. [31] Let q € [2,2%). If (uy,) is a bounded sequence in H*(R3,R) and if

lim sup/ |up|?dz =0
Br(y)

n—oo y6R3
for some R >0, then u, — 0 in L"(R3,R) for all r € (2,2}).

Now, let s,t € (0,1) such that 4s + 2t > 3. Using the embedding H*(R3 R) C L4(R3,R) for all
€ [2,2%), we can see that

H*(R®,R) C L¥+% (R3,R). (2.1)
For any u € H?, we get |u| € H*(R?,R) by Lemma 2.2, and the linear functional £, : D"*(R3,R) —

R given by
Ly (v) / u|?v dz

is well defined and continuous in view of Holder inequality and (2.1). Indeed, we can see that
342t

1
12 6 x 27
< ([ i) © ([ ki) T < Clulalolo. (2:2)

!’U W)
HrUHD’52 - y’3+2t 34T dy

Then, by the Lax-Milgram Theorem there exists a unique qﬁw € D“?(R3,R) such that

where

(—A)¢f, = |uf* in R, (2.3)
Therefore we obtain the following t-Riesz formula
t lu(y)|? 3 _3,-9 (3 —2t)
= —_— R = 27— 2.4
¢\u|(gj) Ct /[RS |3§‘ _y|3_2t dy ($ € )7 Ct o2 F(t) ( )

6
We note that the above integral is convergent at infinity since |u|?> € L3 (R3,R).
In the sequel, we will omit the constants c3 s and ¢; in order to lighten the notation. We conclude
this section giving some properties on the convolution term.

Lemma 2.5. Let us assume that 4s +2t > 3 and v € H. Then we have:
(1) QSM H3(R3,R) — D“2(R3,R) is continuous and maps bounded sets into bounded sets,
(2) if up, — u in HE then qﬁt qﬁt in DY2(R3,R),
(3) <;5|m‘ = r2¢‘u| for allr e ]R and <;5|u (g (T) = (bfu'(x +9),
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(4) <15'|fu‘ >0 for allu € HZ, and we have

< Clullz.

Ifullre < O ) < W and [ fuluie < Ol g

Proof. (1) Since qﬁ’fu‘ € D"?(R3,R) satisfies (2.3), that is
[ il ayiode = [ v (2.5)

for all v € D"*(R? R), we can see that L, is such that ||Lj,llzpt2r) = HqﬁmeDt,z for all uw € H.

Hence, in order to prove the continuity of qﬁfu‘, it is enough to show that the map v € H — L, €

L(D%2 R) is continuous. Let u, — u in H?. Using Lemma 2.2 and Theorem 2.1 we deduce that
12

[ty — |u| in L3+2 (R3). Hence, for all v € DY2(R3,R) we have

€10, 0) = L)l = [ = 2o
342t

_6_ 6
< /Hwﬁ—w%mdv loll
R3 L3-2 (R3)

1 1o 3E2
12 2 12 2| ¢
< |( [, thunl = 1ull5% da) " ([ ol + a5 o ol e
3 R3
< Clllun] = bl 3, g 010
which implies that H(b‘un‘ MHDt 2 = [|Ljun) = Lpullle(pr2,r)y — 0 as n — oo.

(2) If up, — w in HZ, then Lemma 2.2 and Theorem 2.1 yield |u,| — |u| in L]
€ [1,2%). Hence, for all v € C°(R3,R) we get

t gt — 2 2d
G = ag0) = [ (ual? = P

1 1
2 1
< llun| = [ul*d el + full? de ) Jlo]
< U, U x Up, U x V|| Loo (R3)
supp(v) R3

< C|un| — |u|||L2(supp(v))||U||L°°(R3) — 0.
(3) is obtained by the definition of gbfu'.
(4) It is clear that <;5t > 0. Using (2.5) with v = <;5'|f » Holder inequality and (2.1) we have

167 e < llu ||2 iz Nl 2 sy < Cllu ||2 12 Ny llpre < CllullZll¢fy llpee-

L3 (R3) L3F2E (R3)

(R3,R) for all

On the other hand, in view of (2.4), Hardy-Littlewood-Sobolev inequality [42] and (2.1) we get

[ e < CUPIR g, = Cllll? s, < Clull

L 3+2t (R3) L3+2t (R3) —

3. VARIATIONAL FRAMEWORK FOR THE MODIFIED FUNCTIONAL

It is standard to check that weak solutions to (1.10) can be found as critical points of the Euler-

Lagrange functional
1 1
L) = gl + 5 [ ofyludo = [ Gulalu)da
2 2 Jps
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We also consider the autonomous problem associated to (1.10), that is
(=A)°u+ Vou+ <z$'|fu‘u = f(u®)u + |u|?* %u in R3, (3.1)

and we introduce the corresponding energy functional Jy, : H*(R3,R) — R given by

1 1 1 .
Jv, (u / [(=A)2ul? + Volul? do 4 = / ¢fu‘u2dx - —/ F(u?)dz — — / |u|? dx
2 R3 2: R3

1 .
gl + 5 [ ofupide =5 [ Foyde— g [ juf as
R3

where we used the notation || - ||y, to denote the H*(R3, R)-norm (equivalent to the standard one).
We also denote by J, the functional associated to the problem (3.1) replacing Vg by p.
Now, let us introduce the Nehari manifold associated to (1.9), that is

Nz = {u € HZ\ {0} : (J(u),u) = 0},
and we denote by Ay, the Nehari manifold associated to (3.1). Using the growth conditions of g,
we can show that there exists » > 0 independent of w such that

lu||le > r for all u € Ne. (3.2)
Indeed, fixed u € Nz, we get

0=l + [ ofylufde = [ oo luf?)fuf da

1
> ul? = 7 [ Veolal? do = Clull g

kE—1 .
> T ull? - Cul.

In what follows, we show that J. possesses a mountain pass geometry [6].

Lemma 3.1. (i) J.(0) =0;
(1) there exists o, p > 0 such that J.(u) > « for any u € Hf such that |ul|s = p;
(i7i) there exists e € HE with ||e||s > p such that J.(e) < 0.

Proof. Using (g1), (g2), and Theorem 2.1 we can see that for any J > 0 there exists C5 > 0 such
that

1 *
Je(u) 2 llulz = 6C ullz — CollullZ.

Choosing 0 > 0 sufficiently small, we can see that (i) holds. Regarding (ii), we can note that in
view of (f3) and Lemma 2.5, we have for any uw € H? \ {0} with supp(u) C A and T > 1

T 5 T4 P 1 -
Je(Tu) < —llullz + — | dplul*de =5 | F(T7u|")dz
2 4 Jgs 2 Ja

€

T4
< 2 (1t + [ olufuar) —e? [ udrc
2 R3 AL

which together with 6 > 4, implies that J.(Tu) = —oo as T' — oc. O

In view of Lemma 3.1, we can define the minimax level

¢ = inf max J.(y(t)) where T.={yeC([0,1],HZ):~(0)=0and J.(y(1)) < 0}.
v€ls t€[0,1]

It is standard to verify that c¢. can be characterized as follows:

c. = inf qutu—lan
“ = et o) S ) ()
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see [57] for more details. Using a version of the Mountain Pass Theorem without (P.S) condition
(see [57]), we can deduce the existence of a Palais-Smale sequence sequence (uy,) at the level c..

Now, we show that J. verifies a compactness condition which is related to the best constant S,
of the Sobolev embedding H*(R3,R) C L% (R3,R) (see [26]). More precisely:

3
Lemma 3.2. Let c < ¢, = %st, Then J. satisfies the Palais-Smale condition at the level c.
Proof. Let (u,) C Hf be a (PS).-sequence of J., that is

3
Je(up) — ¢ < %Sﬁs and J.(u,) — 0.

We divide the proof into three steps.
Step 1 The sequence (u,) is bounded in Hf. Indeed, using (g3) we can see that

¢ on(1) e = () — 50T ) )

1 1
(5 g) Ml (3-7) [, hlunle

+5 [ oo ua = S6eto )] do

> (5-3) i+ (357) [ Gele ) o
> (5-5) 1w+ (5 [, Vel do
> (52 (1-7) .

Then, recalling that & > % > 1, we get the thesis.
Step 2 For any £ > 0 there exists R = R¢ > 0 such that A, C Br and

|t () — up (y)etde (=) (@=y))2 )
Jim sup / / e dady + / V@lPdr<e (33)
n—o00 ¢ JR3 € <

Let ng € C°(R3,R) such that 0 < np < 1, ng =0in Br,ng = 1 in Bf, and |Vng| < % for some
2
C > 0 independent of R. Since (J.(uy),nrun) = o,(1) we have

/ / (e () = un ()T O ()1 () — wn ()s(y)e =2
R6 |

_ y|3+2s

y)'(x—y))
dxdy

+/ ¢fu7l|un|277Rd$+/ Ve(z)nplun|? dz :/ Ge (2, [un |2 Jun|*nr dz + 0,(1).
R3 R3 RN
Let us note that
(un (%) = un (1) =5 ) (w, (@) (2) — un (y)mm (y)eA=F) )
dxdy
R6 |:I: — y|3+28

, _ 1A (BE) - (z—y) _
_ AL () (g—y) (Un (@) — un(y)e e T2 J(r(z) —nr(Y))
" <//R6 un(y)e 2 z — |32 dxdy

zty
Jn () — ()5 2
/ / (@ \x y[>r2s dody,
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so, using (g3)-(ii) and Lemma 2.5 we obtain

z+y
!un ) = un(y)erts 22 2
//RG nr(z PEE drdy + - Ve(z)ng|un|® dx

) 2y (Un (2) — Un(y) el

LYY (z—y) _
VA (B (g n(y)e s 2 )(nr(z) — nr(Y))
<//RG un(y g dxdy

k/ 2)lun 2 dz + on(1). (3.4)

From the Holder inequality and the boundedness of (u,,) in HZ it follows that

oty up(z) —u erAe(5)-(@=y) ) —
‘ < [ e ) oy (n (@) — w0 (v) - ’3+2S><nR<> 0) dxdyﬂ

z+y 1
e (y)erd=(2) w2 7P !nR ) nr(y)|? 2
<//R6 ]a: — g3t dxdy // [un (y)] y[3F2s dxdy

<o ([[ mtp et dxdy)ﬁ. 35

Arguing as in Lemma 4.3 in [11] (see formula (42) there) or Lemma 2.1 in [9], we can prove that

2
limsuplimsup// |un (y |2MR ) na(y) dxdy = 0. (3.6)

Resoo  n—00 |3+2s

Then, in view of (3.4), (3.5) and (3.6) we can conclude that

li 1; 1 ‘un —U, ) ZAE(z+y).(x_y)’2 dxd V. 2d 0
im sup 1msup< ——> /C /R3 o — PP T y-l—/BC (@) |up|" dz =

R—00 n—00 R

that is (3.3) is satisfied.
Step 3: Up to subsequence, u,, strongly converges in H.
Using u,, — w in HE, Theorem 2.1 and (g1)-(g2), it is easy to see that

(= (e and 2 ([ gt Prunitr) 5 8 ( [ oo luPpudac). 61

Moreover, using (3.3) and Theorem 2.1 we can see that for all £ > 0 there exists R = R¢ > 0 such
that for any n large enough

[un — ullLawsy = llun — ullzaBg) + llun — ullLa(sg)

< lun = ullLa(sr) + (lunllLasg) + llullLasg))

< €+ 2C¢,
where ¢ € [2,2%), which gives
u, — u in LY(R3,C) Vq € [2,20). (3.8)
Since ||up| — |ul| < |u, — u| and 3+2t € (2,2%), we also have |u,| — |u| in L%(R?’,R).

Then, recalling that ¢, : L (R3,R) — D%?(R3,R) is continuous (see Lemma 2.5) we can deduce
that

¢\u | ¢Tu| in D"*(R*,R). (3.9)
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Putting together (3.8), (3.9), Holder inequality and Theorem 2.1 we obtain

R < G wda:) - ( [ bt —00+ [ 6t ¢z|>uwda:)

< H<Z5|un\HL3+2t(R3 l[un — HL%(W \\T/J|’L3+2t(R3
+ 16}, — ¢|u‘”7H I, 52, ®) (e
< COllup —ull, Lo sy T Cll¢f,| = Pl Dtz = 0. (3.10)

Therefore, using (J.(uy), ) = 0,(1) for all p € C(R3,C), and taking into account (3.7), (3.9) and
(3.10), we can check that J.(u) = 0. In particular

a2+ [ dhululde = [ g do. (3.11)
On the other hand, we know that (J.(uy),u,) = 0,(1) implies that
[ +/ O, lunl?de = / (2, |tn]?) |2 dz + 0p (1), (3.12)
R3 R3
Now, we show that
/ QSfu ‘|un|2dx — / ¢Tu||u|2d:17. (3.13)
R3S R3

Let us begin by proving that

ID(n) — D(w)] < \/D(unl? — [af2]/2)/D(|fun]2 + [u]2[/2),

= //]RG ‘LZ' — y‘_(3_2t)‘u(‘r)P’U(y)dedy_

Indeed, taking into account that |2|~(3~2) is even and Theorem 9.8 in [42] (see the remark after
Theorem 9.8 and recall that —3 < —(3 — 2¢) < 0 ) we have

ID(un) — D(u)| = / & = 1772 up () Plun (y) P deedy — / o —y| 7472 IU(x)\QIU(y)\dedy‘
R6 R6

where

= /R6 |<17—yl_(g_%)Iun(ﬂ:)|2|un(y)|2dwdyJr/]RG |z =y uy (2) P |u(y) [P dady

— [t =l ) Pl )Py = [ [ o= o7 o) Puto) oy

= /R6 & =y~ (fun (@) — Ju(@) P (Jun () + \U(y)lz)dxdy'
< / o =y~ fun ()7 — (@) ][ Jun () * + [uly) [*|dady
R6

< C/D(lunl? — [ul2[2)\/ D[ ? + [uf2]1/2).
Thus, using Hardy-Littlewood-Sobolev inequality (see Theorem 4.3 in [42]), Holder inequality, the
12
boundedness of (|u,|) in H*(R3,R) and |u,| — |u| in L3+2 (R3,R) we can see that
_ 2 2 1/24 2 1/24
ID(un) ~ D < Clllunl® = PP gy, el + P2 g,

< Clllun = lull? 2z = 0.
L3+2t (R3)
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Finally we show that
lim 9e (@, [un|?) un|? do = / e (z, |u|?) |ul? d. (3.14)
n—oo R3 R3
Using (f1), (f2), (92) and Theorem 2.1 we get
/ 02, [un ) wn | do < C(5 + 6% + 67), (3.15)
R3\Bp
for any n big enough. On the other hand, choosing R large enough, we may assume that
/ 0o (@, [u)[ul dz < 5. (3.16)
R3\Bp
From the arbitrariness of 0 > 0, we can see that (3.15) and (3.16) yield
/ 9e (2, [un| ) un | daz —>/ 9e (, [u?)|uf® dz (3.17)
R3\Bgr R3\Bg
as n — 0o. Now, we note that from the definition of g we know that

.V
%y E0|un|2 in R\ A..

ge(, |un|2)|un|2 < f(|un|2)|un|2 + [un

Since B N (R3\ A.) is bounded, we can use (f1), (f2), (g2), the Dominated Convergence Theorem

and the strong convergence in L} C(R3,R) to see that

/ 02 (@ [t |2) 0 |? iz — ge @ Juf?) uf? d (3.18)
BrN(R3\A) BrN(R3\A¢)

as n — 0o.
At this point, we show that

lim/ 25 dx:/ uf da. (3.19)
n—oo AE AE

Indeed, if we assume that (3.19) is true, from Theorem 2.1, (g2), (f1), (f2) and the Dominated
Convergence Theorem, we can see that

| s Pl [ g uP)af do. (320)
BrNA¢ BrNAc

Putting together (3.17), (3.18) and (3.20), we can conclude that (3.14) holds. Taking into account
(3.11), (3.12), (3.13) and (3.14) we can deduce that

: 2 2
Tim [fun|? = [lu]2

In what follows we prove that (3.19) is satisfied. From (3.3) and Lemma 2.2 we can see that (Ju,|)
is tight in H*(R3,R), so by Concentration-Compactness Lemma [11,28,47], we can find an at most
countable index set I, sequences (x;) C R3, (1), (v;) C (0,00) such that

p> [(=A)2 [ul? + ) by,
el
2
v=|ul* + ZVi‘Sxi and S,v* < p; (3.21)
el
for any ¢ € I, where 0, is the Dirac mass at the point z;. Let us show that (xi)ier N A = 0.
Assume by contradiction that z; € A, for some i € I. For any p > 0, we define ¥,(x) = w(%)

where ¢ € C§°(R™,[0,1]) is such that ¢ = 1 in By, ¢ = 0 in R*\ By and || V)| o (gs) < 2. We
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suppose that p > 0 is such that supp(1p,) C A.. Since (v uy) is bounded in HZ, we can see that
(JL(un), Ypun) = on(1), so, using the pointwise diamagnetic inequality [24], we get

||un )| = lun ()|
dxd
//Rﬁ y|3+25 zray

_ ZAs(ery)'(w_y) 2
( / (¢p(z (y))(u |$(<E) |3328(y)6 ’ )un(y)e_’As( ;y)-(x—wdxdy)
RS -

+/ wpf(]un]2)\un]2da:+/ wp]un]2§da:+on(1). (3.22)
R3 R3

Due to the fact that f has subcritical growth and ), has compact support, we can see that

Jim lim/ Qppf(|un|2)|un|2d:n:lim/ bof (a2l dz = 0. (3.23)
p—0 JRr3

p—0n—0o0 Jp3
Now, we show that

_ ZAs(ery)'(w_y) =
lim Tim %< ] o) = 00—ty e B )

p—0n—o0

)@=Y) g dy

(3.24)
Using Holder inequality and the fact that (u,) is bounded in Hf, we can see that

(/ ($p(@) = $p(§)) (n () = <y>e““6”2y"“‘y’>un<y>e—ms<13y>~<x—y>dxdy)‘
R6

|z — y[3+2s

<C<// s |2|wp’<> ’3+§8>|2dxdy>?

Arguing as in Lemma 4.3 in [11] (see formula (53) there) we can deduce that

- y2lte(@) = ¥ply )I° _
ilg})nh_{l;o o [un ()] o — g dxdy =0 (3.25)

which implies that (3.24) holds. Therefore, from (3.21) and taking the limit as n — oo and p — 0 in
(3.22) we can deduce that (3.23) and (3.24) yield v; > p; for all i € I. In view of the last statement

n (3.21), we have v; > S2:, and using Lemma 2.2 and (g3) we can deduce that

c = Je(up) — = {(JL(un), un) + 0n(1)

1 1 1 4s — 3
> ZHUHHE + 5 /]R3\AE |:§gg($, ‘un’2)’un’2 - Ga(xa ‘un’2):| & 12

= A
1 2 1 2
wp )2 [un|Pdz + 5 Ve(@)|un|"dz| — - Ge(x, [un|”)dz
4 R3\Ag 4 ]R3\AE

s dzx 4 0, (1)

12
1 1 45 -3
_4/ Upl(- )5 dw+<i—@) [ Vel +

_4/wp

-

s dx + on(1)

s dx + on(1)

12 \un] dx+on(1)
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Then, in view of (3.21), v; > S3 and taking the limit as n — oo, we find

Z Yp(wi) i + % Z Yp(xi)v;

{iel:z; €A} {iel:z;eAc}

1 2/2% 4s — 3
> 1 ' Z T/Jp(xi)S*Vz‘ + 12 ' Z ¢p(xi)Vi
{iel:z; €A} {iel:z;eAc}
ds—3 2 1
2 T3
which gives a contradiction. This means that (3.19) holds and we can conclude the proof. g

Los
>~ G2
> 58+

In view of Lemma 3.1, Lemma 3.2 and that ¢. < ¢, for € > 0 small enough (see Lemma 3.4 below),
one can apply the Mountain Pass Theorem [6] to deduce the existence of a nontrivial solution to
(1.10) for small e. Nevertheless, to obtain multiple critical points, we need to work with the functional
J. constrained to N;. Therefore, it is fundamental to prove the following compactness result:

3
Proposition 3.1. Let ¢ € R be such that ¢ < ¢, = 352°. Then, the functional J. restricted to N
satisfies the (PS). condition at the level c.

Proof. Let (un) C Nz be such that J.(u,) — c and || JL(un)n. ||« = 0n(1). Then there exists (\,) C R
such that

JL(un) = AT (up) + on(1) (3.26)
where T : H? — R is given by

T = ull + [ élyluPde = [ oo o) luP da,
R3 ]R3

Then, using (J.(uy),u,) = 0, the definition of g and the monotonicity of  we can see that
(TZ(un), un)

— 2|2 + 4 / o, lunl?dz — 2 / 0@, Jun ) | e — 2 / 022, Jun ) i ?
R3 R3 R3
= 22 + 2 / 02 (@, Jun ) fun ? d — 2 / 0@, Jun ) | d
R3 R3
= ffu? + 2 / (9 (2, tnln [ — g (@, [un )] "]
AEU{|'U«7L‘2<ta}
4o / [0 (2 [ |2) [t 2 — g1 V)i 4] iz
Agm{ta§|un‘2§Ta}
vz f 90 [un P — 6L i) ]
Aen{|un|?2>To}

2
< 2fun2 + 2 / Ve (@) fun? da
ke Jaen{lun|?>T0)

12 / [0 (2 [t ?)m[? — g (2, [n )] *] dx < 0
Agﬂ{ta§|un\2§Ta}

where we used f'(t)t — f(t) > 0 for any ¢ > 0 in view of (f4), condition (&3), f/, f' € C(R®) and
recalling the definition of ¢ we know that

gz, t)=0 Yt>T, and ¢(x,t)=f(t) YzeR3\A.
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Indeed, we obtain

IN

2 . .
(F-2) el - - | uaf de
AEU{|'U«7L‘2<ta}

(2t - 4)/ |2 da.
A

IN

Taking into account the above fact and the boundedness of (u,,) in H?, we can see that (T (uy,), u,) —
¢ <0. If £ =0 we can use (J.(uy),un) = 0 to deduce that

1
0= (1= )l < out1),

that is ||up|le — 0, which is impossible due to (3.2). As a consequence, ¢ < 0 and taking into account
(3.26) we get A, — 0, that is u, is a (PS). sequence for the unconstrained functional. The result
follows from Lemma 3.2. g

As a consequence of the previous result we can see that
Corollary 3.1. The critical points of the functional J. on N are critical points of Js.

In what follows, we recall the following useful compactness result for the autonomous problem
(3.1) whose proof can be obtained arguing as in Proposition 3.4 in [43].

3
Lemma 3.3. Let (u,) C N, be a sequence satisfying J,,(un) — ¢ < %S*?S Then, up to subsequences,
the following alternatives holds:
(i) (uy) strongly converges in H*(R3 R),
(ii) there exists a sequence () C R3 such that, up to a subsequence, v, () = u,(x + §n) converges
strongly in H*(R3,R).
In particular, there exists a minimizer w € H*(R3,R) for J, with J,(w) = c.

Finally, we prove the following interesting relation between c. and cyj.
Lemma 3.4. The numbers c. and cy, satisfy the following inequality

limsupe: < ey <y
e—0

Proof. Firstly, we note that cy;, < %S*% = ¢, by Lemma 3.1 in [43]. Now, in view of Lemma 3.3, there
exists a positive ground state w € H*(R3,R) to the autonomous problem (3.1), so that Jy, (w) =0
and Jy, (w) = cy,. Moreover, we know (see Proposition 3.4 in [43]) that w € C17(R3, R)NL*>®(R3,R),
for some v > 0. Therefore, |w(z)| — 0 as |z| — oo, and we can find R > 0 such that (—A)%w+ %w <
0 in |z| > R. Using Lemma 4.3 in [31] we know that there exists a positive continuous function
w such that for |x| > R (taking R larger if it is necessary), it holds (—A)%w + %ﬁ) = 0 and

w(zr) = m%‘% In view of the continuity of w and w there exists some constant C7 > 0 such that
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z=w—Ciw <0 on |z] = R. Moreover, we can see that (—A)%z + %z > 0in |z| > R. Using the
maximum principle we can deduce that z < 0 in |z| > R, that is

0<w(z) < ¢

S e for |x| >> 1. (3.27)

Let n € C(R3,[0,1]) be a cut-off function such that n = 1 in a neighborhood of zero B, and
2

supp(n) C Bs C A for some 6 > 0. Let us define we(z) := n.(z)w(z)e*O)* with n.(z) = n(e x) for
e > 0, and we observe that |w.| = n.w and w. € Hf in view of Lemma 2.3. Now we prove that

: 2 _ 2
lim e |2 = ], € (0,00) (3.28)

Since it is clear that [ps Ve(x)|we[*da — [gs Volw|*dz, we only need to show that

lim [uwe]}, = [w]”. (3.29)
Using Lemma 5 in [47] we know that
[new] — [w] as € — 0. (3.30)
On the other hand
et A0 _ oA () (2 —y) 2 A(0)-y 2
e (2)w(z) e (y)w(y)|
[we] A = //Rﬁ - |x —y|3+28 R dzdy
[Ac(554)—A©0))-(z—y) _ 12
n w e 2 1
o +// et s
z+y
ne(2)w(@) —ne(y)w(y))ne(y)w(y) (L — e~ A =AO0N )
o / /Rﬁ |z —y[+2s ey

=: [now)® + X¢ + 2Y-.

Then, in view of |Yz| < [n.w]v/Xe and (3.30), it is suffices to prove that X, — 0 as ¢ — 0 to deduce
that (3.29) holds.
Let us note that for 0 < 8 < a/(1 + o — ),

N / () / el AOHD 2
< w x
T R3 ye |z—y|>e—8 |x_y|3+2s
z+y
A= (- AO) ) _ 12 (3.31)
+ w? (y)d / dz
/R3 (y) Y |z—y|<e—B |x_y|3+2s
=: Xa1 + Xf.

Using |e® — 1|2 < 4 and w € H*(R3,R), we get

X< C’/ w2(y)dy/ p~172dp < CeP 0. (3.32)
R3 e=B
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Since e — 112 <t forallt € R, A € C*Y(R3,R?) for a € (0,1], and |z + y|? < 2(|x — y|? + 4|y|?),

we have
A (ﬂc-i-y) A(O)P
xi< [ wea [ ] s
‘ R3 |z—y|<e=h ’x - y’3+28_2
+y*
< 0620‘/ w2(y)dy/ ’x—dx
R3 lz—y|<e—B |$ - y|3+2s—2
1 (3.33)
< Ce% / wzydy/ dz
( R3 ( ) \x—y\<€75 |$ _ y|3+2s—2—2a
+ / Iylzawz(y)dy/ ey
R? jo—yl<e=8 [T —y[FT~
= Ce® (X2 + X22).
Then ;
—
XE2,1 - C 3 w2(y)dy/ p1+2a—2sdp < 06—26(1+a—s) ) (3.34)
R 0
On the other hand, using (3.27), we infer that
=B
X2 < C/ Iyl2aw2(y)dy/ p'*dp
R3 0
_26(1— 1 (3.35)
< O e 20=s) / w?(y)dy +/ — Yy
B1(0) Be(o) |y|23+2) 2

<C 6—25(1—5) .

Taking into account (3.31), (3.32), (3.33), (3.34) and (3.35) we can conclude that X. — 0. Therefore
(3.28) holds. Moreover, by (3.30), the Dominated Convergence Theorem, and the fact that H? is a
Hilbert space, we can see that |w.| = n.w strongly converges to w in H*(R3 R), so we deduce that

lim/ qﬁfw |\w5]2dx:/ ot wide. (3.36)
e—0 R3 € R3

Now, let t. > 0 be the unique number such that
Je(t-we) = I?Zag( Je(twe).

Then ¢, verifies

t?l!waH? +t§/3 ¢Tw€‘\w5]2dx :/ e(, t2]’w€\ )|tewe |[*d _/ f t2\w5] tcwe |* + [towe ’2 dx
R
(3.37)

25 -2
where we used supp(n) C A and g(z,t) = f(t)+t 2 on A.
Let us prove that t. — 1 as ¢ — 0. Using that n = 1 in Bs, that w is a continuous positive function,
2
that ( °) >0 for t > 0 and that 2} — 4—% > (0 we can see that
1 2 t 2 2(3478753) 23
%stns + - ¢|w6||we| dr > 1.7~ aos|B%|

where ag = ming, w > 0. So, if t. — 00 as ¢ — 0 then we can use (3.28) and (3.36) to deduce that
2
ng ¢! w?dr = oo which gives a contradiction. On the other hand, if ¢ — 0 as € — 0 we can use

(3.37), the growth assumptions on g, (3.28), (3.36) to infer that ||w|| = 0 which is impossible. In
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conclusion t. — ¢y € (0,00) as € — 0. Now, taking the limit as ¢ — 0 in (3.37) and using (3.36),
(3.28), we can see that

2,2
t 2 f{tgw?) 4 2*—4/
w dr = wrdx + t5° w
2” I + / Putt rs (15w?) 0 R3| ¢

23

dx.

By w € N it follows that

1 ftgw?)  f(w?) - .
<t0 > |w||V0 / o wdr = /RS < (tggj;;) — ;L; >w4d:17+ (t% 1 1) /R3 |w0|2éd:17,
1.

and in view of (f;), we can deduce that tg = Then, applying the Dominated Convergence
Theorem, we obtain that lim._,o J:(tcwe) = Jy, (w) = cy,. Since ¢ < maxy>o Jo(tw:) = J:(tewe),
we can conclude that limsup,_,gc. < cy;. O

4. MULTIPLE SOLUTIONS FOR THE MODIFIED PROBLEM

This section is devoted to apply the Ljusternik-Schnirelmann category theory to prove a multi-
plicity result for the problem (1.10). We begin proving the following technical results.

Lemma 4.1. Let &, — 0 and (u,) C Nz, be such that J., (u,) — cy,. Then there exists (f,) C R3
such that v, (x) = |un|(z + 9n) has a convergent subsequence in H*(R3,R). Moreover, up to a
subsequence, Yn = €n UYn — Yo for some yo € M.

Proof. Taking into account that (J. (un),u,) = 0, that J., (u,) = cy, + 0n(1), Lemma 3.4 and
arguing as in the first part of Lemma 3.2, it is easy to see that there exists C' > 0 (independent of
n) such that ||uy|le, < C for all n € N. Moreover, from Lemma 2.2, we also know that (Ju,|) is
bounded in H*(R3 R). Now, we prove that there exist a sequence (7,) C R?, and constants R > 0
and v > 0 such that

lim inf [un|? dz > v > 0. (4.1)

0 JBRr(jn)

If by contradiction (4.1) does not hold, then for all R > 0 we get

lim sup/ || dz = 0.
"0 yeRr3 J Br(y)

From the boundedness (|u,|) and Lemma 2.4 we can see that |u,| — 0in LI(R3 R) for any ¢ € (2, 2%).
This fact combined with (f1) and (f2) gives

lim [ f(|un|?)|un)®dz = 0= Tim F(|un|?) dx (4.2)

n—o0 R3 R3

Moreover |u,| — 0 in L%(R?’,R), so using (4)-Lemma 2.5 we deduce that

/ P[P — 0. (4.3)
RS
Therefore
/ Ge, (x |un| ydr < — / |un|2 dx + E |un|2 dz + o, (1) (4.4)
25 JAcU{jun|2<ta) 2k Jacn{jun|2>Ta}

/ gsn(:v,lun|2)|un|2d:n:/ |up % dx+—/ up|? dz + on(1).  (4.5)
R3 AcU{|un|?2<ta} A |un|2>Ta}
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Using (4.3), (4.5) and (J. (un),un) =0 we can deduce that
a2, — 22 o= | nf e (46)
ko Jaen{lun?>Ta) AeU{|un|2<te}

Let £ > 0 be such that

Vo

ko Jaenflun?>Ta}
If £ =0, then u, — 0 in HZ so that J., (u,) — 0 which contradicts cy;, > 0. Then ¢ > 0. In view
of (4.6) we can see that fAEU{|un|2<ta} |un|% dz — £. Taking into account J., (un) — ¢y, (4.4) and

||Un||§n - |t |? dzz — L.

(JL (un),un) = 0 we can deduce that £ < %cvo. From Lemma 2.2 and the definition of S, we know
Vo

that
2/2*
lunl2, — =2 lun|2 dz > S, / % dr)
k Acn{|un|2>Ts} AcU{|un|2<ts}

and letting the limit as n — oo we find ¢ > S,.02/%% which combined with ¢ < 3CV0 implies that
3

s

cyy > gSfi which is impossible in view of Lemma 3.4. Therefore (4.1) holds.

Now, we set v, (x) = |un|(x + §,). Then (v,) is bounded in H*(R3,R), and we may assume that
v, = v Z0in HS(R3,R) as n — oo. Fix t, > 0 such that v, = t,v, € Ny,. Using Lemma 2.2, we
can see that

ey < JVo(f)n) < 1{138‘: Je,, (ton) = Je,, (un)

which together with Lemma 3.4 implies that Jy, (9,) — cy,. In particular, ¥, - 0 in H*(R3 R).
Since (v,,) and (%) are bounded in H*(R3 R) and 9, - 0 in H*(R3 R), we deduce that t,, — t* > 0.
Indeed t* > 0 since ¥, ~ 0 in H*(R3,R). From the uniqueness of the weak limit, we can deduce
that 9, — © = t*v # 0 in H*(R3,R). This combined with Lemma 3.3 yields

B, — ¥ in H*(R3 R). (4.7)
As a consequence, v, — v in H*(R3R) as n — oc.

Now, we set y, = €, §n and we show that (y,) admits a subsequence, still denoted by y,, such
that y,, — yo for some yg € A such that V' (yo) = Vi. Firstly, we prove that (y,) is bounded. Assume
by contradiction that, up to a subsequence, |y,| — 0o as n — oo. Take R > 0 such that A C Br(0).
Since we may suppose that |y,| > 2R, we have that for any z € Bg/.,

len 2+ Ynl = |ynl — len 2| > R.

Now, using (u,) C N, (V1), Lemma 2.2, Lemma 2.5, the definition of g and the change of variable
x +— z + Y, we observe that

[vn]2+/ Vov2 da < [vn]2+/ Vwidm—i—/ (bfv ‘]vnde
R3 R3 R3 "
< / 9(En 2 + Yo [vm[2)0n]? da
R3
é/ f(lvn|2)|vn|2dx+/ Flon)on|* + |vn|* da
Bsﬁ(o) R?’\Bsﬁ(o)
\%
< —0/ v, |? daz.
ko Jus

which implies that v, — 0 in H*(R3,R), that is a contradiction. Therefore, (y,) is bounded and
we may assume that y, — yo € R3. If yo ¢ K,_then we can argue as before to infer that v, — 0
in H*(R3 R), which is impossible. Hence yo € A. Now, suppose by contradiction that V (yo) > Vj.
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Then, using (4.7), Fatou’s Lemma, the invariance of R? by translations, Lemma 2.2 and Lemma 3.4,
we get

1 1 1 1 1 «
cvy = Jvy (9) < = [9)% + —/ V (yo)o? dx + —/ Py 0% dx — —/ F(o)+ = [ [0 da
2 2 R3 4 R3 2 R3 23 R3
S O R ~ 12 1 to1~ 2
< — — — -
_lﬂgf[z[vn] + 2/R Vien® + yn)|0n|” do + 4/RS D5, (|Un|"da

——/ F(fin]?) / 5% da]

2

<11m1nf[ [n|]? t—"/ Vien 2)|un|? dz + 2 / ¢‘u”||un| dx

n—o0 2

< hnrggf Je, (thuy) < h,?llo%f Iz, (u n) = ¢y,

which gives a contradiction. Hence, yo € M and this ends the proof of lemma.
0

Now, we aim to relate the number of positive solutions of (1.9) to the topology of the set A. For
this reason, we take 4 > 0 such that

Ms = {z € R? : dist(z, M) <6} C A,

and we consider 1 € C§°(R, [0,1]) such that n(t) = 1if 0 <t < & and n(t) = 0if t > 4.
For any y € A, we introduce (see [10])

Weyo) = 2 =yl (EZL) e,

where 7,(z) = Z?:l Aj(z)zj and w € H*(R3) is a positive ground state solution to the autonomous
problem (3.1) (such a solution exists in view of Lemma 3.3).
Let t. > 0 be the unique number such that

I?ZaOX Je(tWey) = Je(t Ve y).

Finally, we consider ®. : M — N defined by setting
O (y) =tV y.
Lemma 4.2. The functional ®. satisfies the following limit

liH(l) Jo (P (y)) = ey, uniformly iny € M.
e—

Proof. Assume by contradiction that there exist 69 > 0, (y,) C M and &, — 0 such that
| Jen (Pe, (Yn)) — evp| = do. (4.8)

Let us observe that by Lemma 4.1 in [10] and the Dominated Convergence Theorem we get

H\I/Emynﬂgn — Hw”%/o € (0,00) and /R3 ¢T@sn,yn\’\1’€nvy7lf2dx — /R3 ot wrdz

|’\PE7uyn|’L2§(R3) - HwHL2§(R3)'

(4.9)
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Concerning the second limit in (4.9), we note that |¥.,| = n(|ez — y[)w (¥52) converges strongly
to w in H*(R3,R), so we use the following property (see (6) of Lemma 2.3 in [55]):

if u, — u in H*(R® R) then / oL, u2 dv — / oL u? de.
R3 R3

On the other hand, since (J (@, (yn)), Pc, (yn)) = 0 and using the change of variable z = nl = n
€
it follows that "
tgnH\I[en,yann + tj;‘ln ¢T\Ijg ‘|\P€n7yn|2d’z
R3 n-Yyn
= /RS 9(en 2 + yn, te, (| en 2w (@)t (| € 2w (2) P dz.
2% —2

If € Bs (0) C Ms C A, then &, 2 +y, € Bs(yn) C Ms C A.. Thus, being g(x,t) = f(t) +1t 2
for all z € A and n(t) =0 for t > 6, we get

el + 18, [ Oha [ Vern Pt

/ F(lte,n(en zDw(2)P)te,n( en 2w (2)* + |te,n(] en 2w (2)[* d-. (4.10)

Since n =1 in Ba (0)c B 5 ( ) for all n large enough, we get from (4.10)

LR B ML .

— f(|t€n\P€n,yn| ) |t5nqlenyyn|25_2 |\P |4d$
R3 |t€n ‘Ijsn Yn |2 dn

> 24 / w(2)[% d
B%(O)

2(45—3)

> 127 w(2)%|Bs(0)], (4.11)

where

Now, assume by contradiction that t., — co. So, using t., — 00, s € (3,1), (4.9) and (4.11) we
obtain

{02
P, w dxr = 00,

that is a contradiction. Therefore (t., ) is bounded and, up to subsequence, we may assume that
te,, — to for some tg > 0. Let us prove that ty > 0. Suppose by contradiction that ty = 0. Then,
taking into account (4.9) and assumptions (g;) and (g2), we can see that (4.10) yields

||t5n\P€nyyn||gn — 0

which is impossible because of (3.2). Hence tg > 0. Thus, letting the limit as n — oo in (4.10), we
deduce that

1 2 252
o R3 R3 (tow)
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Taking into account that w € Ny, and condition (fs) we can infer that t) = 1. Then, letting the
limit as n — oo and using that t., — 1 we can conclude that

’th—>H;O J€n(¢€nyyn) = JVO (w) = CVO’

which contradicts (4.8). O

At this point, we are in the position to define the barycenter map. For any § > 0, we take p =
p(8) > 0 such that Ms C B, and we consider 7" : R3 — R3 defined by setting

x iflzl<p
T(‘/E):{ % if |x| > p.

We define the barycenter map f. : Nz — R? as follows
/ (e 2)u(z)|* do
R3

Ju(2)[* do

Be (u) =

R3
Arguing as Lemma 4.3 in [10], it is easy to see that the function f. verifies the following limit:

Lemma 4.3.

lim 5. (®.(y)) = y uniformly iny € M.

e—0

At this point, we introduce a subset N. of M. by taking a function h; : RT — RT such that hi(e) = 0
as € — 0, and setting

Ne={ueN.:J(u) < ey, +hi(e)}.

Fixed y € M, from Lemma 4.2 follows that hi(¢) = |J:(P:(y)) — cyy| — 0 as € — 0. Therefore
d.(y) € N, and N # () for any € > 0. Moreover, proceeding as in Lemma 4.5 in [10], we have:

Lemma 4.4.
lim sup dist(B:(u), M) = 0.
e—0 =
uENe
We conclude this section giving the proof of our multiplicity result for (1.10).

Theorem 4.1. For any § > 0 such that Ms C A, there exists €5 > 0 such that, for any e € (0,¢&5),
problem (1.10) has at least catpr, (M) nontrivial solutions.

Proof. Given § > 0 such that Ms C A, we can use Lemma 4.3, Lemma 4.2, Lemma 4.4 and argue
as in [19] to deduce the existence of €5 > 0 such that, for any € € (0,&5), the following diagram

M 2N g

is well defined and . o ®. is homotopically equivalent to the embedding ¢ : M — Mj. Thus
cat g (Nz) > catp (M). It follows from Proposition 3.1 and standard Ljusternik-Schnirelmann

theory that J. possesses at least cat a (N2) critical points on N;. Using Corollary 3.1 we can obtain
cat pr;(M) nontrivial solutions for (1.10). O
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5. PROOF OF THEOREM 1.1

In this last section we provide the proof of our main result. Firstly, we develop a Moser iteration
scheme [45] which will be the main key to deduce that the solutions to (1.9) are indeed solutions to

(1.1).

Lemma 5.1. Let &, — 0 and u, € N, be a solution to (1.10). Then vy, = |un|(- + ) satisfies
vp, € L®(R3,R) and there exists C > 0 such that

[vnllpee 3y < C for alln € N,
where y,, is given by Lemma 4.1. Moreover

‘ l‘im vp(x) = 0 uniformly in n € N.
T|—00

Proof. For any L > 0 we define uy,, := min{|u,|, L} > 0 and we set vy, = uj, (ﬁ )un where 8 > 1

will be chosen after (5.9). Taking vy, ,, as a test function in (1.10) we can see that

ZA(M).(x_y)
Up(z un(y)e ) 2(8-1) 2(8—1) AT (o
(//Rﬁ |:17 — y|3+23 (u”uL n (z) — UnlUyp, ., (y)e (=4)( y)) dxdy

== [ Ol P+ [ gDl de = [ V@i de. 6.)

Let us note that

D14 |:(’Um (33‘) — un(y)eZA(%)(w—y))(unui(’i—l) ($) unui(i )(y)eZA(xery)(m_y)):|

= R un (@) P77 (@) = wn(@)un gy @)e AV (yug (@ D (@)e A )
+ ‘Un ‘2Ui(i 1) ]

> (fun (@) Py 070 (@) — (@) [ () 11707 () = Jun (@) (@) 30~ (@) + () Py ()
= (Jun(2)] — un@)]) (un(@)u]5 " (@) = Jua)lal " (),

so we have
z+y
Un () — un (y)er A7) @)y 2(6—1) S PRI
</ /R"' !w—yl?’*?s (untiy )y (@) = upugy,  (y)e AT 00 dady
un Un\Y 1 o(8—1
> [[ |l+2§ D (i )25 () — 328D () iy 52)

For all t > 0, let us define
Wt = (1) = 11777V

where ¢t;, = min{¢, L}. Since + is an increasing function, we have
(a —b)(y(a) —~(b)) >0 for any a,b € R.

Let us define the functions

and we note that
A(a —b)(y(a) — (b)) > [T(a) — T'(b)|* for any a,b € R. (5.3)
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Indeed, for any a,b € R such that a < b, the Jensen inequality yields

N(a — b)(v(a) — (b)) = (a—b) /b ()t
~-n) [ (0 (e)2de

> (/ba P’(t)dt>2
= (P(a) - T(0)*.

In similar fashion we can prove that if a > b then A’(a — b)(y(a) — v(b)) > (I'(b) — I'(a))? that is
(5.3) holds. Then, in view of (5.3), we can see that

ID(Jun (@)]) = D@D < (n (@) — @D ((unluzs V) @) = (ualuzs D)) (5.4)
Taking into account (5.2) and (5.4), we obtain
<//R e Sl ST ”(y)em%'@—y’)dwy) =

|3+2s
(5.5)

Since T'(Juy|) > ﬁ]un\uL  and using the fractional Sobolev embedding D*?(R3,R) C L% (R3,R)
(see [26]), we deduce that

1 2
() 2 Sl ot sy > (5 ) Sellul ! s o (56)

Putting together (5.1), (5.5), (5.6) and using (4) of Lemma 2.5, we can infer that

1\? 2(8—1 2(8—1
(5) Sl s+ [ Vel < [ Pl Ve 5.1)

B
On the other hand, from assumptions (g1) and (g2), for any £ > 0 there exists C¢ > 0 such that
e, (2, 1)2 < EJt|? + Celt* for all t € R. (5.8)
Taking & € (0, Vp) and using (5.7) and (5.8) we can see that
2 1
l0rnl 2 gy < cﬁz/R 22251 (5.9)

where wr, ,, == |un|u/~z_n1
Now, we take 8 = 275 and fix R > 0. Recalling that 0 < ur,, < |u,| and applying Holder inequality
we have

[ ol e = [ P e
R

2 —2
/|un|2 (lunluy 2 )2ds
2*72

e e A T
{Jun|<R} {lun|>R}

252 2

* * * T E * 2§
g/ R, [ da + (/ |un|25dx) </ (unlu, 2 )Qde> .
{unl <R} {unl >R} s 7

(5.10)
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Since (|uy|) is bounded in H*(R3,R), we can see that for any R sufficiently large

2% -2

2*
x ¥ 1
25 < —
</{un|>R} e dﬂ?) - 28 (5:11)

Putting together (5.9), (5.10) and (5.11) we get

2
</3(\un!uL; )28> §052/3 R%2u, % de < 0o
R R

and taking the limit as L — oo we obtain (]R3 R).
Now, using 0 < ur, , < |u,| and passing to the hmlt as L — oo in (5.9) we have

2
% ) < €5 /R o

2%4+2(8-1)

from which we deduce that

1 1
. (B-D23 1 . 2(6-D)
(/ \un\ﬁzsdaz> < CBF-T (/ ’un’23+2(6—1)> )
R3 R3

For m > 1 we define (3,11 inductively so that 2%+ 2(8,,,4+1 — 1) = 255, and 81 = % Then we have

1
* (ﬁm+1*1)2§ 2% (ﬁm 25 (Bm—1)
2 /J‘ +1 1
</RS |un|ﬁm+1 Sdgj> < mﬁb—l </ |u >
1
2% (Bm—1)
2% Bm s
Dm:</ |un|55> .
R3

Using an iteration argument, we can find Cy > 0 independent of m such that

Let us define

Dy < H Cﬁ;f_ﬁl Dy < CoDs.

Taking the limit as m — oo we get
[unl|Loo(rsy < CoD1 =: K for all n € N. (5.12)

Moreover, by interpolation, (|uy,|) strongly converges in L"(R3,R) for all € (2, 00), and in view of
the growth assumptions on g, also g(e x, |uy|?)|u,| strongly converges in the same Lebesgue spaces.
Now, we aim to prove that |u,| is a weak subsolution to

(5.13)

(—=A)v + Vv = g.,, (z,v*)v  in R?
v>0 inR3.

In some sense, we are going to prove that a Kato’s inequality holds for the modified problem (1.10).
Fix ¢ € C°(R3,R) such that ¢ > 0, and we take 5, = W as test function in (1.9), where

we set us, = +/|un|? + 02 for 6 > 0. We note that 15, € HS for all § > 0 and n € N. Indeed
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Jrs Ve (@) 05,5 2d < fsupp V., (r)p?dx < co. On the other hand, we can observe

o) = Yn(y)e =2 EY) = < e ) o) - ( o ) ply) A5 @)

Us () s (Y)

[(222) - (2 Y] o

+ [p(z) — (Y] (uz;”n((y:g» oA (E2)-(2—y)

. < un(y)  un(y) >(’D(y)ems(z;y)-(x—y)

usn(z)  usn(y)

which implies that

|5 (x) — Psn ()2 ) 2

1A (Z5)-(

4 . 4
< =5 lun (%) — un(y)e PPl Lo es) + 5310(2) = @) um| oo )

4
il e ) 191 0 (9) — 1502

4 AL (28 (g 4K*?
< slun (@) = un ()< R o) F o o) + - lo(2) — o (v)?

4K?
+ FH@H%%(RS)HW(@/N — [un ()]

where we used |z +w + k|? < 4(|22 + |w|? + |k|?) for all z,w,k € C, |e¥| =1 for all t € R, ug,, > 4,

|| <1, (5.12) and [\/]z[2 + 6% — \/[w]? + 82| < ||z] — |w]| for all z,w € C.

Since u, € H? | |u,| € H*(R? R) (by Lemma 2.2) and ¢ € C°(R3, R), we deduce that ¢, € HS .
Then we have

z+y _— _—
Un (@) — un(y)e 1A (%35 )‘(“""y)) U () un (y) —1A (T (z—y)
r) — —= e el )\ dxd
[//R !w— y[3e uan@:)“”() wsn() 7Y Y
+/ V., (x) dx—l—/ %H / e, (, [t )’ un|? odx. (5.14)
R3 571 u5 3 u(;,’ﬂ

Now, using R(z) < |z| for all z € C and |e"| =1 for all ¢ € R, we have

<

R [(un(ib) o un(y)ezAs(zgy)‘(x—y)) ( Un(m)) QD(JS) _ Un(y) QD( )e_zAE(w;y).(x_y)>]

:%[\WW () 4 WP ) @) )

Usn () usn (V) us.n(y

s [Lnelf

ué,n(x) u&,n(y)




28 V. AMBROSIO

Let us note that

oL )+ L2000 ) — ) 2 ) 12 o

= P )]~ P o00) = 2 0] (D)

= |2l @) = ) 0(0) = 2 )] = a0

(Ll LY 1, ) )

= L )~ e t0) o0 + (22— O 0]~ ot

> O @) - i ) )~ ) 6.16)

where in the last inequality we used the fact that

<run<x>\ - !un@)!) (Jun ()] = lun () )p(y) = 0

Us () usn(y)

because

t
h(t) = —— is increasing for t > 0 and > 0 in R3.
)= To7 g for t > ¢ >
Since

| |un (@)

o) ()| = WD) = WD ()] = Jun ()] () — ()

|$ _ y|3+23 3+2s 3+2s

e L'(R%),

|z —y| 2 |z —y| 2

and % — 1 ae. in R? as § — 0, we can use (5.15), (5.16) and the Dominated Convergence
Theorem to deduce that

AT @0, (2) un(y) ety
lim sup i // (un (@ (v)e n x) — —= y —A:(55) (@Y | gpd
50 [ RS |<17 — y[3t2s us () o) usn(Y) ely)e Y

. dxdy
> timsup ([ B8, 0] = ) ete) - o) ot
/Aﬁmnl—tﬁwﬁiw—ﬂwumy (5.17)

On the other hand, from the Dominated Convergence Theorem again (we recall that ‘u“&i < ug|),
Fatou’s Lemma and ¢ € C2°(R3,R) we can see that

2
lim Ve, (z) [un ® :17:/ Vgn(:n)|un|g0dx2/ Volun|pdx (5.18)
0—0 Jr3 U n R3 R3
liminf [ 4], H | —-j[ Gl [ulpdz > 0 (5.19)
6—0 JR3 " R3
and
. Un,
i [ g o 2t = [ g o Pl (5.20)
6—0 JR3 Ug,n 3
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Putting together (5.14), (5.17), (5.19), (5.18) and (5.20) we can deduce that

(Jun ()] — bin () (2(2) — () :
/1. iz dady+ [ Vilunlpds < [ ge, (o lualunliodo

for any ¢ € C2°(R3, R) such that ¢ > 0, that is |u,| is a weak subsolution to (5.13). Now, it is clear
that v, = |un|(- + gn) solves

(—A)vy, + Vovn < g(en @ + €n G, v2)vy, in R3, (5.21)
Let us denote by z, € H*(R3 R) the unique solution to

(—=A)’z, + Vozp = gn in R3, (5.22)
where
Gn = g(en T + &5 Un,v2)v, € L"(R3ER)  Vr € [2,00].

Since (5.12) yields [[vn||oo®s) < C for all n € N, by interpolation we know that v, — v strongly

converges in L"(R3,R) for all 7 € (2,00), for some v € L"(R3,R), and from the growth assumptions
on f, we can see that also g, — f(v*)v in L"(R* R) and ||gn||peogsy < C for all n € N. In view
of [31], we deduce that z, = K * g, where K is the Bessel kernel, and arguing as in [4], we obtain
that |z, (x)| — 0 as |x| — oo uniformly with respect to n € N. Since v,, satisfies (5.21) and z, solves
(5.22), by comparison it is easy to see that 0 < v, < 2, a.e. in R? and for all n € N. Then we can
conclude that vy, (z) — 0 as || — oo uniformly with respect to n € N. O

Now we are ready to give the proof of the main result of this paper.

Proof of Theorem 1.1. Let § > 0 be such that Ms C A, and we show that there exists &5 > 0 such
that for any ¢ € (0,&5) and any solution u. € N; of (1.10) we have

[[te || oo (m3\AL) < ta- (5.23)
Assume by contradiction that for some sequence €, — 0 we can obtain u, = u,, € ./\75” such that
||unHLoo(R3\AE) Z ta. (524)

Since Jg, (un) < cy,+hi(en), we can argue as in the first part of Lemma 4.1 to see that J;, (u,) — cv;.
Using Lemma 4.1 there exists (§,) C R? such that &, 7, — yo for some yo € M. Now, we can find
r > 0 such that, for some subsequence still denoted by itself, we obtain B, (g,) C A for all n € N.
Therefore B (Jn) C A, n € N. As a consequence

R*\ A, CR3\ B+ (§n) for any n € N.
In view of Lemma 5.1, there exists R > 0 such that
vp(x) < tg for || > R,n € N,

where v, (z) = |up|(z + §n). Hence |u,(x)| < tq for any x € R3\ Br(§,) and n € N. Then there
exists v € N such that for any n > v and /e, > R it holds

R*\ Az, CR*\ B (§in) C R\ Br(jn).

Then |uy, ()| < t, for any # € R3\ A, and n > v, and this contradicts (5.24).

Let &5 > 0 be given by Theorem 4.1 and we set £5 = min{&s,&s}. Applying Theorem 4.1 we obtain
cat pr; (M) nontrivial solutions to (1.10). If w € HZ is one of these solutions, then u € N, and in
view of (5.23) and the definition of g we can infer that u is also a solution to (1.10). Observing that
te(x) = us(x/€) is a solution to (1.1), we can deduce that (1.1) has at least catps, (M) nontrivial
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solutions. Finally, we study the behavior of the maximum points of |i,|. Take £, — 0 and (u,,) a
sequence of solutions to (1.10). In view of (g1), there exists v € (0,¢,) such that
%
ge(z,12)t? < 70152, for all z € R3, [t| < . (5.25)

Using a similar discussion as above, we can take R > 0 such that

[t |l Loo (B2, (3,)) < V- (5.26)
Up to a subsequence, we may also assume that

unllLoo (B (Ga)) = V- (5.27)

Indeed, if (5.27) is not true, we get ||un| foo@s) < 7, and it follows from J. (u,) = 0, (5.25) and
Lemma 2.2 that

uall+ [ Vol < k2, + [ ol o

- / 0o (2, [t |2) 0 ?
RS

SE/ |y, | da
2 Jas

which implies that |||uy|[| gsrs)y = 0, that is a contradiction. Then (5.27) holds.

Using (5.26) and (5.27), we can infer that the maximum points p, of |u,| belong to Br(7,), that
i$ pn = Un + ¢, for some g, € Bgr. Recalling that the associated solution of (1.1) is of the form
Un(z) = up(z/e,), we can see that a maximum point 7., of |ty| i M., = €, Un + €nqn. Since
Gn € BR, €nUn — Yo and V(yg) = Vp, from the continuity of V' we can conclude that

lim V(n., )= V.
n—oo

Finally, we give an estimate on the decay of |i,|. Invoking Lemma 4.3 in [31], we can find a function
w such that

0<w(z) < ¢

S 5.28
=1+ |22 (5.28)

and
s ‘/0 . 3
(—A)°w + W >0in R’ \ Bpg, (5.29)
for some suitable R; > 0. Using Lemma 5.1, we know that v,(z) — 0 as |z| — oo uniformly in
n € N, so there exists Ry > 0 such that
v
B = (En @ + €n Gy V2 )Up < 70% in BY, . (5.30)
Let us denote by w,, the unique solution to
(=A)sw, + Vow, = hy, in R?,

Then wy,(z) — 0 as |x| — oo uniformly in n € N, and by comparison 0 < v,, < w,, in R3. Moreover,
in view of (5.30) and gé‘twn' > 0, it holds

(—A)’w, + ?wn <h, — ?wn <0in Bg,.

Choose R3 = max{Rj, Ry} and we set
c¢= inf w >0 and w, = (b+ 1w — cwy,. (5.31)

Br,
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where b = sup, ey [|wn || pe(rs) < 00. Our goal is to show that

Wy, >0 in R3. (5.32)
Firstly, we observe that
lim supw,(xz) =0, (5.33)
|z[ =00 neN
Wy, > be+w —be > 0 in Bp,, (5.34)
1%
(=A%, + 7010” >0 in R*\ Bg,. (5.35)

Now, we argue by contradiction, and we assume that there exists a sequence (Z;,) C R3 such that

inf wy(z) = lim @,(Z;,) <O0. (5.36)
z€R3 j—o0
From (5.33), we can deduce that (Z;,) is bounded, and, up to subsequence, we may assume that
there exists Z,, € R? such that Zjn — Ty as j — oco. Thus, (5.36) yields

inf u?n(x) = @n(fn) < 0. (5.37)
z€R3

Using the minimality of Z,, and the representation formula for the fractional Laplacian (see Lemma
3.2 in [26]), we can see that

s~ 1 C3s 2U~)n(xn) - wn(‘%n + 6) — @n(xn B 6)
(=AY, (Z) = ; . i d¢ < 0. (5.38)

Taking into account (5.34) and (5.36), we obtain that z,, € R®\ Bg,. This together with (5.37) and
(5.38) imply

() i (T) + () <0,

which contradicts (5.35). Thus (5.32) holds, and using (5.28) and v, < w,, we get

—~

b+1)w($)

3
- SwforaﬂnéN,:EGR,

0 < vp(x) < wp(x)

IN

for some constant C' > 0. Therefore, recalling the definition of v,, we can see that

inl@) =l () =00 (£ 30

C
~— 1+ |£ _gn|3+2s
6'6%4-25
5%+28 "H‘T —&n gn’3+28
~ 342s
< 342s CE” :
I _|_|$ _ 77€n|3+28

This ends the proof of Theorem 1.1. O
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