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On equivariant and motivic slices

DREW HEARD

Let k be a field with a real embedding. We compare the motivic slice filtration of a mo-
tivic spectrum over Spec(k) with the C,-equivariant slice filtration of its equivariant Betti
realization, giving conditions under which realization induces an equivalence between the
associated slice towers. In particular, we show that, up to reindexing, the towers agree for
all spectra obtained from localized quotients of MGL and MR, and for motivic Landweber
exact spectra and their realizations. As a consequence, we deduce that equivariant spectra
obtained from localized quotients of MR are even in the sense of Hill-Meier, and give a
computation of the slice spectral sequence converging to 7, .BP(n)/2 for 1 <n < co.

1 Introduction

The slice filtration in equivariant or motivic homotopy theory is an analog of the Postnikov
filtration in ordinary homotopy theory that takes into account the more complicated structure of
these categories. In the equivariant setting, the slice filtration was used by Hill, Hopkins, and
Ravenel [10] to give a stunning solution of the Kervaire invariant one problem, while in motivic
homotopy theory it has been used to construct a version of the Atiyah—Hirzenbruch spectral
sequence for KGL, the motivic spectrum representing algebraic K -theory [17]. More recently,
the motivic slice spectral sequence has been used by Rondigs, Spitzweck, and @stver to compute
the first Milnor—Witt stem over of the motivic sphere spectrum over a general field [33]. These
results indicate the fundamental importance of the slice filtration in both motivic and equivariant
homotopy theory.

As is well known, there are many similarities between the stable motivic homotopy category over
Spec(R) and the C;-equivariant motivic category; indeed, there is a Betti realization functor Re
from the former to the latter, and one can ask about the relation between the slice filtration for
a motivic spectrum E, and the corresponding C;-equivariant slice filtration of Re(E). A priori
there is no reason that these should be related, as they are evidently defined differently - for
example, the motivic slice functors are triangulated, while the equivariant ones are not. On the
other hand, Betti realization takes the motivic spectrum KGL representing algebraic K -theory
to Atiyah’s real K-theory spectrum KR, and the non-zero motivic and equivariant slices are
given respectively by

s4(KGL) ~ ¥?YMZ  and P%ZKIR{ ~ Y2499 g7,
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1002 Drew Heard

for ¢ € Z. This notation will be explained more in Section 3 and Section 5 respectively,
however the main point to note is that Betti realization takes ¥2%YMZ to ¥.29:9° HZ,, so that Betti
realization takes the g-th motivic slice of KGL to the 2¢-th slice of KRR.

Our main result implies the stronger statement that, up to re-indexing, Betti realization induces
an equivalence between the slice towers of KGL and KR. More generally, in Theorem 5.15
we give precise conditions on when Betti realization is compatible with the slices towers of a
motivic spectrum E and its realization Re(E). These conditions are satisfied when £ = MGL,
the motivic spectrum representing algebraic cobordism, and its p-local variant MGL,,), or more
generally by quotients and localizations of these by elements coming from the Lazard ring
via the natural morphism L — MGL. We call these motivic spectra localized quotients of
MGL (see Definition 3.4 for a precise definition). This definition also makes sense in the C»-
equivariant context, where the role of MGL is played by real cobordism MR. A specialization
of Theorem 5.15 is then the following.

Theorem 1.1 Let k C R be a field, E™" € SH(k) a localized quotient of MGL, and Eeauv jtg
C, -equivariant Betti realization. Then, for all g € 7, there are equivalences

Re(sq(E™") = PyI(EY),

and the odd slices of E€1"Y vanish.

As with the case of KGL above (which is in fact a special case), we in fact prove that Betti
realizaton induces an equivalence between the slice towers of E™ and E®V - for a precise
statement, see Theorem 5.16. Using work of Hill-Hopkins—Ravenel we deduce the following
corollary on the bigraded homotopy groups of ESUl"

Corollary 1.2 Let E°%“V be a localized quotient of MR, then
EZk—l,kEequiV =0

forall k € Z.

Such a result was previously known for quotients of BPR by work of Greenlees—Meier [5,
Corollary 4.6], however they proceed by direct computation, whereas our result is a consequence
of the computation of the slices of E®U",

The comparison theorem gives a morphism of exact couples between the motivic and equivariant
slice spectral sequences, and hence a morphism of spectral sequences. Now suppose that k
is a real closed field. Using that there is an injection 7, ,MF, — 7, ,HIF, from the motivic
cohomology of a point to the equivariant cohomology of a point, one can leverage the existing
equivariant computations to give computations in motivic homotopy theory. We take this up in
Section 6.2 where, as an example, we compute 7, ,BP(n)/2 for 0 < n < oo, at least up to
extension. The case n = co was previously known by work of Yagita [44]. When n = 1 we
recover, up to a non-trivial extension problem, the computation of the mod 2 algebraic K -theory
of R by Suslin.
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Outline of the proof

The proof of our main theorem works by first passing through various different slices filtrations
on the motivic stable homotopy category. Many motivic spectra of interest (including localized
quotients of MGL) are cellular, meaning that they can be constructed out of colimits and
extensions of the bigraded motivic spheres S%? for a, b € Z. A consequence of the computations
of the slices of the sphere spectrum is that if a motivic spectrum is cellular, then so are its slices. In
Section 3.3 we construct the analog of Voevodsky’s slice filtration on the cellular motivic category,
and show that for any cellular spectrum, the slices and cellular slices agree, see Theorem 3.16.

There is an alternative to Voevodsky’s slice filtration known as the very effective slice filtration
[37, 2]. In Section 4 we introduce the cellular version of this slice filtration, and give conditions
on when this agrees with the effective slice filtration. In particular, we show in Propositions 4.3
and 4.11 that this is true when E is a localized quotient of MGL or is Landweber exact.

The cellular very effective slice filtration in motivic homotopy is similar to the Hill-Hopkins—
Ravenel slice filtration in C,-equivariant homotopy theory. Using an abstract version of a
theorem of Pelaez, proved here in Section 2.2, we study the relationship between the very
effective cellular slice filtration of a cellular motivic spectrum E, and the Hill-Hopkins—Ravenel
slice filtration of its realization, cumulating in Theorem 5.13. Combining this with the results in
the previous paragraphs gives our main theorem.

Conventions

Throughout we work with oo-categories, specifically the quasi-categories of Joyal and Lurie
[20, 21] - the results could equally well be proved using the theory of stable model categories,
similar to [6]. We will always use the terminology limit and colimit for homotopy limit and
homotopy colimit.

A full subcategory U of a presentable stable oo-category C is called thick if it is a stable
subcategory closed under retracts. It is called localizing if it is thick and is additionally closed
under arbitrary colimits.
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2 Slices of stably monoidal categories

In this section we define the notion of a slice filtration on a symmetric monoidal stable co-
category C, and give a version of a theorem of Pelaez on the functoriality of the slices with
respect to an exact functor F': C — D between categories equipped with slice filtrations.

2.1 An axiomatic approach to the slice filtration

Let C be a symmetric monoidal stable presentable co-category, compactly generated by a set G
of objects, and such the tensor product commutes with colimits in both variables. We will call
such a category a stably monoidal category. Following [6, Section 2] we begin by axiomatizing
the notion of a slice filtration.

Definition 2.1 Let C be as above. Let {C;};cz be a family of full subcategories of C. We say
that {C; };cz is a slice filtration of C if the C; satisfy the following conditions.

(A1) Each C; is closed under equivalences.

(A2) Cipg CCiforallicZ.

(A3) Each C; is generated under colimits and extensions by a set of compact objects X;.

(A4) The tensor unit is in Cy.

(A5) Each g € G is contained in some C;.

(A6) If XeCpand Y € C,,then X ® Y isin C,

Remark 2.2 Note that our axioms are slightly different from those definition given in [6],
and in particular we do not require the stronger statement that if X € C, and Y € C,,, then
X®Y € Cyqm. Our motivation comes from equivariant homotopy theory, where the slice filtration
of Hill, Hopkins, and Ravenel [10] satisfies (A6), but does not satisfy the stronger multiplicative
relation, see [9, Proposition 2.23]. We note that the regular slice filtration introduced by Ullman
does satisfy this stronger condition, see [39, Proposition 4.2].

As in [6], these subcategories are not necessarily closed under desuspension and fibers. Since
C is assumed to be presentable, each C; is also a presentable co-category by (A3) and [21,
Proposition 1.4.4.11].

The following is well-known to hold at the level of triangulated categories, or model categories -
we provide a proof for completeness.

Lemma 2.3 For each g € 7 the inclusion i,: C, — C has a right adjoint r, that commutes
with filtered colimits.
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Proof Since the inclusion functor preserves colimits, it has a right adjoint by the adjoint functor
theorem [20, Corollary 5.5.2.9]. Note that, by construction, the inclusion functor preserves
compact objects. If follows from [20, Proposition 5.5.7.2] that r, preserves filtered colimits. O

Remark 2.4 If C, is a stable subcategory, then r, commutes with all colimits [21, Proposition
1.4.4.1(2)].

Definition 2.5 For any E € C, we define f,(E) = i, o ry(E).
The following is a standard example.
Example 2.6 Taking C = (Sp, S, ®) to the category of spectra and K, = {¥"S | m > g}, we
see that f,(E) is the (g — 1)-connected cover of E, and the diagram
o= fgr1E = fiE = fg E— -
is the dual Postnikov tower of E.
The counit of the adjunction gives rise to a morphism f,E — E. In fact, by [21, Proposition
1.4.4.11] there exists a z-structure on C such that C;, = C>q. In particular, there is a functorial

cofiber sequence
JoE — E — ¢ E

such that f,E € C; and ¢,E € CqL, the full subcategory of C consisting of those X € C such
that Home(Y, X) is contractible for all ¥ € C,. The map f,E — E is characterized up to a
contractible space of choices by the properties that f,E € C, and Hom¢(M, f,E) = Hom¢(M, E)
for all M € C,. Similarly, the map E — c4E is characterized by the properties that ¢, E € CqL
and Hom¢(c,E, N) = Hom¢(E, N) for all N € CqL. This leads to the following recognition
principle which is proved as in [10, Lemma 4.16].

Lemma 2.7 Suppose there is a fiber sequence
F,—E— Cy
such that F, € C;, and C, € (Cq)L. Then, the canonical maps F, — f,E and c,E — C, are

equivalences.

Since C411 C Cy it is not hard to verify that the natural morphism f,if,E — fy+1E is an
equivalence, thus giving rise to a morphism f, 1 E — f,E.

Definition 2.8 The g-th slice of E, denoted s,E, is the cofiber of the natural map f, 1 1E — f,E.

Remark 2.9 By construction there is an equivalence s,E ~ ¢, 1f,E. It would also be reasonable
(as is done in the equivariant slice filtration) to define s, E as the fiber of the map ¢, E —
cq+1c4E ~ ¢4 E. Since this fiber is also easily seen to be equivalent to ¢, 1f,E ~ s,E, it makes
no difference.
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The following is an immediate consequence of Lemma 2.3.
Lemma 2.10 Both f; and s, commute with filtered colimits.

Once again, if C, is a stable subcategory of C, then f; and s, commute with all colimits.

Finally, we note the following simple, but useful, result.

Lemma 2.11 Suppose that A € C is invertible and has the following property: If X € C,, then
A®X € Cyqy for some fixed integer k € 7, independent of g. Then, f,(AQ® E) ~ A®f,_E for
any E € C, and similar for s,(A ® E).

Proof Suppose X € C,. It follows that there are equivalences

Home(X, f,(A~' ® E)) ~ Home(X,A™! ® E)
~ Hom¢(X ® A, E)
~ Home(X ® A, fy1«E)
~ Home(X,A™! ® farkE).

By the Yoneda lemma we see that fq(A_1 RE)~A"'® Jq+«E - it follows that if X € C,, then
A~'® X € C,— for all g. Now running the same argument with A ® E instead of A~! @ E
shows that f,(A ® E) ~ A @ f,_«E. The result for s,(A ® E) follows from the defining cofiber
sequences. |

2.2 Pelaez’s theorem

In the motivic category, Pelaez [29] studied the behavior of the slice filtration under pullback.
His results generalize to our setting, giving very general criteria for when slices commute with
functors.

Recall that a functor F: C — D between stable oco-categories is called exact if F carries zero
objects into zero objects and preserves fiber sequences. Now let C and D be stably monoidal
categories with slice filtrations {C;} and {D;} respectively, and let F: C — D be an exact
functor. We are interested in the relationship between F (f;E) and f;) F(E), and similar for
F (ng) and quF (E). The simplest case is when the functor has a particularly nice left adjoint.

Lemma 2.12 Suppose G: C — D is an exact functor between stably monoidal categories
with slice filtrations satisfying G(C,) € D, for all ¢ € Z. Suppose moreover that G has
a left adjoint F such that F(D,) C C, for all ¢ € Z. Then, there are natural equivalences
ag: G(SE) = fPG(E) and fBy: G(sSE) = sPG(E) forall E € C and g € Z.
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Proof We first prove the result for G(ng) - the defining cofiber sequences then show the
corresponding result for G(ng). This is a simple consequence of Lemma 2.7. Indeed, we have
a cofiber sequence

G(fSE) — G(E) — G(cSE)

for which we need to show that G(ch E) € D, and G(CSE) € DqL . The first follows by assumption
(since (f;E € C,), while for the second we have

Homp(X, G(cS E)) ~ Home(F(X), SE) ~
forany X € D,, since cgE € qu by construction. It follows that G(cgE) € Dql asrequired. 0O
Example 2.13 (Slices and base change) Given a stably monoidal category C, there exists an
oo-category CAlg(C) of commutative algebra objects in C, see [21, Chapter 2]. Given such an

A € CAlg(C) we can form the category Mod¢(A) of A-modules in C, which is a stably monoidal
category A with the relative A-linear tensor product [21, Section 4.5].

The following is not hard to verify.
Lemma 2.14 Given a slice filtration {C;} on C, there exists a slice filtration on Mod¢(A),

defined by letting Mod¢(A); be the smallest full subcategory of Mod¢(A) generated under
colimits and extensions by K; ® A for each compact generator C; of C;.

We will write ' and s/ for the corresponding functors. There is an adjoint pair
—®A: C===ModcA): U

where U denotes the forgetful functor, and we will apply Lemma 2.12 to the functor U.

Lemma 2.15 Let A be a commutative algebra object in C and assume that A € Cy, then there
are equivalences

ag: UFLE) ~ fSU(E)
Byt UGSHE) = sSU(E)
for any E € Mod¢(A).

Proof We need to show that U(f'E) € C, and M ® A € D, whenever M € C,. The latter
is clear from the definition of D, and the fact that tensor products commute with colimits.
For the former, note that C, is generated under colimits and extensions by Xy, ® A, and it is
easily seen to be enough to check that U(K,; ® A) € C, (since U preserves colimits). Since
UK, ®A) ~ K, ®A, it follows that we must check that K, ® A € C,. But since K, € C,; and
A € Cy, we have K, ® A € C, by (A6). |

Remark 2.16 In the motivic context this example is well known, see for example [18, Lemma
2.1(4)].
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Example 2.17 (Multiple slice filtrations) Given a stably monoidal category C, there can be
many different slice filtrations. Suppose we are given two slice filtrations {C4} and {Cq} on C
with corresponding functors f, and fq Assume that C; C C; forall i € Z. By Lemma 2.7 (note
that C;+ C CL) we see that if f,E € C for all g € Z, then there are equivalences f,E = fq
and s,E = s4E. This can also be proved by using the identity functor in Lemma 2.12.

When we study the interaction between slices and Betti realization, Lemma 2.12 will not suffice,
and we need a stronger result, which we base on a theorem of Pelaez [29]. We begin with the
following lemma, which is also well known in the motivic context.

Lemma 2.18 Let C be a stably monoidal category with a slice filtration, then the canonical
morphism
¢: colimf,E — E
P<q

is an equivalence for any q € 7.

Proof Let G be a set of compact generators of C. It suffices to prove that Hom¢(g, ¢) is an
equivalence for each g € G. By (A5) each g is contained in some C;, and so it suffices to show
that Home (g, f;@) is an equivalence for suitable i. By Lemma 2.10 we are reduced to showing
that

Home(g, colim £, E) — Home(g.fiE)
p<q
is an equivalence. But it is easy to see that the natural transformation f;(€): fif, — fiid ~ f; is a

natural equivalence whenever p < i, and the result follows. O

We now define the precise conditions that will be used in Pelaez’s theorem. Throughout this
paper, we will consistently require the following conditions:

Condition (1):  F(E) F(cohmp<q fEE) ~ colim,<, F(fCE) .
Condition (2): (fCE) €D,
Condition (3): F(sSE) € Dq T

Observe that the counit adjunctions give rise to morphisms,

fDF(E) fDFfC(E) —— FfE(E)

for any E € C. If Condition (2) is satisfied for all ¢ € Z, then ¢ is an equivalence for all g € Z,
and hence there are morphisms

ag: F(fSE) — fLF(E).
By the definition of s, there is an induced morphism

Bq: F$S(E)) — sy F(E).
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making the following diagram of cofiber sequences commute:

F(f;fHE) —— F(f{E) —— F(sE) —— EF(f(fHE)

laq+ 1 J/O‘q lﬁq lzaqﬁ» 1

fEAF(E) —— fPF(E) —— spF(E) —— Xf7 F(E).
Definition 2.19 We say that F': (C,C,;) — (D, D,) is compatible with the slice filtration at E if
o, and 3, are equivalences for all g € Z. If the slices filtrations on C and D are understood,
then we will simply say that F: C — D is compatible with the slice filtration at E.

Note that this implies that the towers F' (chJr | E) are fqa F(E) are equivalent. Pelaez’s theorem
then gives precise conditions to ensure that an exact functor F is compatible with the slice
filtration at a given object E € C.

Theorem 2.20 (Pelaez) Suppose that F: C — D is an exact functor between stably monoidal
categories with slices filtrations {C;} and {D;} respectively. If F satisfies Condition (1),
Condition (2), and Condition (3) for E € C, then F: (C,C;) — (D,D;) is compatible with
the slice filtration at E € C.

Proof (Pelaez) We sketch the proof, since it is essentially the same as that given by Pelaez [29,
Theorem 2.12] (see also the thesis of Kelly [15, Section 4.2.2]). We first note that the conditions
of the theorem imply that the natural maps o, and 3, do exist. By the argument given in [29,
Lemma 2.10] we have equivalences

g1 (fy B): FUG (g E) = [ PG E)
and
ByfEE): F(SS(fSE)) = sLF(fSE)
forall g € Z.

We now proceed to show the result for s,, since essentially the same proof works for f,. By
Lemma 2.18 we have E ~ colim,<, f,E. By Condition (1) and Lemma 2.10 the morphism (,(E)
is given by colim,<, ﬁq(]j,cE), and so it suffices to show that ﬁq(ﬁ,CE) is an equivalence for all
p < g. By the discussion in the first paragraph it is true for p = ¢g. The result then follows by a
downward induction exactly as done by Pelaez. |

Remark 2.21 In the situation of Lemma 2.12, we have that Condition (2) and Condition (3)
hold automatically - the former by assumption, and the latter by an easy adjunction argument.
However, there seems to be no reason for Condition (1) to hold in general. The extra condition
appears to arise because the assumptions in Lemma 2.12 are stronger - if F (cLC, 1 E) € DqlJrl , then

F (ng) € Dqﬁrl , but the converse need not be true.
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3 The effective and cellular effective motivic slice filtrations

3.1 The stable and cellular motivic homotopy category

Let SH(S) denote the Morel-Voevodsky’s stable motivic homotopy category over a base scheme
S [26]. We assume that S is a Noetherian scheme of finite Krull dimension, and that § is
essentially smooth over a field of characteristic exponent c, i.e., ¢ = 1 when the characteristic
is zero, and is the characteristic otherwise.*

By [30, Corollary 1.2] the oco-category underlying this category (which we also denote by
SH(S)) is a stably symmetric monoidal category in our terminology. We let 1 = »5°S denote
the monoidal unit of this category. If Sm /S denotes the category of separated smooth schemes
of finite type of S, then the set of objects

{¥PI5°Xy | p,q € Z,X € Sm /S}
are a set of compact generators of SH(S) [3, Theorem 9.1].

It is useful to consider the cellular motivic category, as defined by Dugger—Isaksen [3].

Definition 3.1 The cellular motivic category SH(S)¢en is the localizing subcategory of SH(S)
generated by 37+41 for all p,q € 7Z. A spectrum is called cellular if it lies in SH(S)cer -

This subcategory is a stable presentable co-category by [21, Proposition 1.4.4.11]. Since the
tensor product in SH(S) commutes with colimits in both variables, it is easy to check that the
tensor product of two cellular motivic spectra is again cellular, and hence that SH(S)¢e is a
stably monoidal category.

Such cellular spectra include KGL, the motivic spectrum representing algebraic K -theory,
MGL, the algebraic cobordism spectrum (both are proved in [3]), MA[1/c], the c-inverted
motivic Eilenberg—Maclane spectrum associated to a abelian group A [12], and KQ, the motivic
spectrum representing Hermitian K-theory [32] (here we required that the base scheme has no
points of characteristic two).

An argument similar to Lemma 2.3 shows that the inclusion SH(S)cen C SH(S) has a cocontinu-
ous right adjoint, which we denote Cell. On the level of homotopy categories, this is equivalent
to the functor studied by Dugger—Isaksen in [3].

Since we will need it later, we introduce a closely related subcategory.
Definition 3.2 Let S be an essentially smooth scheme over a field of characteristic exponent c.

We say that E € SH(S) is c-cellular if it is in the localizing subcategory generated by $%*1[1/c]
for a,b € 7.

Remark 3.3 Clearly, if the characteristic exponent is 1, then c-cellular objects are simply
cellular objects. In general, every c-cellular object is cellular, but the converse need not be true.

“Some of the results in this paper can be extended e.g., to smooth schemes over Dedekind domains
using work of Spitzweck [36], but we leave the details to the interested reader.

Algebraic & Geometric Topology XX (20XX)



On equivariant and motivic slices 1011

3.2 Quotients and localizations of MGL

Of fundamental importance to us will be the algebraic cobordism spectrum MGL. We briefly
recall its construction here, referring the reader to [41] for more details. Let BGL, denote the
classifying space of the group scheme GL, over S. There is a universal bundle v*** — BGL,,
and we let MGL,, = (BGL,)"" * be the motivic Thom spectrum associated to this bundle. The
canonical inclusion BGL,, — BGL, and standard properties of Thom spectra gives rise to a
morphism P! ® MGL, — MGL, 1, and hence a motivic spectrum

MGL = MGLy,MGL,MGL,,...)
Applying [3, Lemma 6.1] there is an equivalence

(3.a) MGL = colim ™2 "Y*°MGL, ~ colim ¥~ ""$°°(BGL,)"" .
n n

The spectrum MGL and certain quotients and localization of it, will be studied extensively in
the sequel, and so we begin by defining exactly the spectra that we need, following [18].

Recall that there is a classifying map L — MGL, ., where L = Zlay,ay,---] is the Lazard
ring, see [12, Sec.6.1] or [27, Corollary 6.7] (here the grading is such that @; has bidegree (2i,1)).
We will implicitly identify elements of L with elements of MGL, . In fact, this is not such an
abuse of notation; if S is the spectrum of a field, then the map L[1/c] — MGL2,1)«[1/c] is an
equivalence [12, Proposition 8.2].

First, we define MGL /a; as the cofiber of a;: ¥ MGL — MGL. Given a finite collection

{i1,i2,...,i} C N we define MGL /(q;,, . .., a; ) inductively by
MGL/(C!,’I,. .. ,aik) = N/a,'k
where N ~ MGL /(q,, ... ,a;_,) (here the quotient N/a;, is defined in the obvious way). By

[18, Remark 1.5] this is equivalent to the MGL-module
MGL /(a,'1 s ,a,-k) = MGL /a,»l AMGL * * - OMGL MGL /a,'k.

For an arbitrary subset Z C N we define
MGL /(Z) = colim IMGL /@i, - .. ai)

{it,ik }C

where the colimit is taken over the filtered poset of finite subsets of Z.

Now let Z¢ be the complement of Z, and let Z[Z] denote the graded polynomial ring on
the a;,i € Z¢. Let Zy denote a collection of homogeneous elements of Z[Z¢], and define
MGL /(D)[Z; '] = MGL /(D)[{z ' | 7 € To}].

We will also have need to consider p-local and mod p-versions. Let MGL,, be the p-localization
of MGL. Explicitly, this can be given by the colimit of the maps

MGL % MGL
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where n is an integer relatively prime to p. Then, for an arbitrary subset Z C N we define
MGL,) /(Z) as above. Similarly, we can also define MGLy,) /(D)IZ; '] = MGL,) /(D)[{z; '} |
zj € Zp}]. Finally, we write MGL /(Z,p)[Z, 11 for the cofiber of the multiplication by p map
on MGL,, /(DIZ; 1.

It will be useful to introduce terminology to describe these type of spectra.

Definition 3.4 A motivic spectrum is said to be a localized quotient of MGL if it can be
constructed by quotients and localization of MGL or MGL,,, as above.

Example 3.5 The following examples show that these give many analogs of spectra familiar in
chromatic homotopy. Following [18] define subsets

B = {ar | i#pt — 1.k >0},
B(n>;:{ai\i7épk—1,0§k§n},
kin), = {ai | i #p" =1}

These give rise to the following motivic spectra:

BP = MGL, /({a; | i € BS}),

BP(n) = MGL,) /({a; | i € B(n),,}),
E(n) = BP(n)[a,' ]
k(n) = MGL,) /({a; | i € k(n),})
K = k(m)la,' 1.

We note that BP and E(n) are Landweber exact over MGL but the other spectra constructed are
not.

Finally, we will need the following technical result on the slices of quotients of MGL.

Proposition 3.6 (Levine-Tripathi) LetZ C N be arbitrary, and let Z¢ be the complement of L.
Let M denote either MGL /(Z), MGL,) /(Z) or MGLy, /(Z, p), then there is an equivalence

so(M) ~ M /(Z°).
Proof The case where M = MGL, /(Z) is shown in the proof of [18, Proposition 4.5], and

the case M = MGL /(Z) can be proved in the same way. The mod p case then follows since
the functor sg is exact. a

3.3 Effective and cellular effective slices

Following Voevodsky [42], consider the collection

K, ={2’%>X, | X e Sm /S,a € Z,b > q} C SH(S).
q +
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Let X7 SH(S)*f C SH(S) denote the localizing subcategory generated by KCq4. It is then easy to
see that this forms a slice filtration of SH(S) in the sense of Definition 2.1. Indeed, (A1)-(A5)
follow immediately, and (A6) can be checked on generators, for which it is seen to be true.” The
filtration of SH(S) by the g-th connective covers

- C I SHES) ¢ BLSHE) M ¢ -

is Voevodsky’s slice filtration, which we call the effective motivic slice filtration. We let qu and
sg denote the associated functors, although we will omit the superscript unless it is unclear.

As noted in the introduction, many motivic spectra are cellular. The analog of the effective slice
filtration in SH(S)cen is defined by the collection collection

K;e“ — {Elhbl |,a €Z,b> q} C SH(S)cen -

In particular, if we let X% SH(S) C SH(S)cen denote the localizing subcategory of SH(S)cen

cell =
generated by ICff" we get the cellular effective motivic slice filtration

LI SH(S)M € S SH(S)S C - -
This forms a slice filtration of SH(S)cen. We let ch"’" and sge“ denote the associated functors.

The following simple result is very useful.

Lemma 3.7 For any a,b € 7 and any motivic spectrum E, we have f,(X“’E) ~ ¥4, ,E,
and similar for s, cheu and chen.

Proof Apply Lemma 2.11 with A = %41, 0

3.4 The comparison theorem

Our main result in this section is to compare the effective and cellular effective slice filtrations.
The motivation for this arises in later sections, where we will compare the motivic and C;-
equivariant categories, because we understand precisely the behavior of the motivic spheres
under equivariant Betti realization.

We start with the following lemma.

Lemma 3.8 Let S be an essentially smooth scheme over a field of characteristic exponent c.
Then, the slices of any c-cellular spectrum are cellular.

Proof By a localizing subcategory argument it suffices to show the result for X*”1[1/c] and
a,b € Z. By Lemma 3.7 we can reduce further to checking the statement for 1[1/c] itself.

"In fact, by [6], it even satisfies the property that if X € C; and Y € C;, then X ® Y € Ciy;.
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Let E;’[(MU) = Exti;[’U* muMU,, MU,) be the cohomology of the Hopf algebroid associated to
complex cobordism. By [12, Theorem 8.7] (following the ideas of Levine and Voevodsky) there
is an equivalence

(3.b) sq(1[1/c]) ~ \/ »HSIMZ[1 /c] ® EQZC’(MU).

s>0

Note that by [45, Proposition 2.2] Exti}ﬁi muMU,, MU,) is a finite group when (s, q) # (0,0)
(in which case it isomorphic to Z). The result then follows from [12, Proposition 8.1]. O
Lemma 3.9 Let E be a motivic spectrum. If Cell(f,E) € % SH(S)ggl for all g € Z, then
Cell: (SH(S), X% SH(S)™) — (SH(S)een, X% SH(S)SM ) is compatible with the slice filtration at
E, i.e., there are equivalences

ag(E): Cell(fyE) —— f!! Cell(E)

By(E): Cell(syE) —— 55! Cell(E)

forall g € 7.

Proof This is a consequence of Lemma 2.12. Indeed, the left adjoint of Cell is the inclusion
functor, and by definition $% SH(S)&, C 7 SH(S). O

Of fundamental importance for us is the following result [37, Theorem 5.7].

Theorem 3.10 (Spitzweck—@stver) The algebraic cobordism theorem MGL is in SH(S)eH

cell *
Proof Consider the unit map 1 — MGL. The proof of Spitzweck—@stveer shows that the
cofiber of this map is contained in XL SH(S)®, < SH(S)E . Since 1 € SH(S)T ., and this

cel cell - cell?
category is closed under extensions, the result follows. |

Corollary 3.11 (1) Forany 0 < n < oo the quotient MGL /(ay, ... ,a,) € SH(S)ggl
(2) For any simplicial 7Z[1/c]-module A the motivic Eilenberg—Maclane spectrum MA €
SH(S)ggl.
Proof (1) immediate in light of the previous theorem. The case A = Z[1/c] of (2) is then a
consequence of the equivalence MGL /(ay,az, .. .)[1/c] ~ MZ[1/c] [12, Theorem 7.12], while
the general case follows from [12, Proposition 4.13]. |

Remark 3.12 1In fact, the proof of Spitzweck—@stver shows that MGL lies in the smallest
full subcategory closed under colimits and extensions generated by {¥%%1 | a,b > 0}, see the
remark at the bottom of page 586 of [37]. We will study this category, denoted SH(S)Zglflf in
more detail in the next section. For now, we note that the same arguments show that (1) and (2)

hold with SH(S)*IT in place of SH(S)¢

cell
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Note that by Lemma 3.8 f,(MGL[1/c]) is cellular, so that we do not need to apply Cell in the
following lemma.

Lemma 3.13 Let S be an essentially smooth scheme over a field of characteristic exponent
c. Then, Cell: (SH(S), X% SH(S)*™) — (SH(S)cen, 1 SH(S)ggl) is compatible with the slice
filtration at MGL[1/c], i.e, there are equivalences

ag: fyMGL[1/c]) — fF(MGL[1/c])
Byt 5qMGL[1/c]) —— s (MGL[1/c])
forall g € 7.

Proof By Lemma3.9 it is enough to show that Cell(f, MGLI[1/c]) € E‘} SH(S)ggl. By
[12, Theorem 7.12] and the proof of [34, Theorem 4.7], f, MGL[1/c] is the colimit of
a diagram of MGL[1/c]-modules of the form X?**MGL[1/c] where k > ¢g.} Since
Cell(Z*FMGL[1/c]) ~ Y**MGL[1/c] € 4 SHM C 24 SHM by Theorem 3.10, the
result follows because EqT SH(S)ggl is closed under colimits. |

Using this result we can now prove compatibility of the slice filtration with Cell in the case that
E is Landweber exact in the sense of [27]. Note that these spectra are always cellular by [27,
Proposition 8.4]. We will write LB = L[b;, by, ...], so that the Hopf algebroid (L, LB) is the
Hopf algebroid classifying formal group laws and strict isomorphisms.

Lemma 3.14 Let M, be a Landweber exact L[1/c]-module, and E € SH(S) the associated
motivic spectrum. Then, Cell: (SH(S), =% SH(S)*T) — (SH(S)cen, =% SH(S),) is compatible
with the slice tower at E, i.e., there are equivalences

ay: f(E) —— fN(E)

and
Bq : Sq(E) che“ (E)

forall g € 7.

Proof This is essentially the argument given in [12, Lemma 8.11]. If M, is flat, then it is a
filtered colimit of finite sums of shifts of L[1/c] by Lazard’s theorem, and the corresponding
spectrum E is a filtered colimit of the corresponding diagram of MGL[1/c]-modules. Since f
commutes with filtered colimits by Lemma 2.10, the previous lemma implies the result holds
for such E (using, say, Lemma 3.7 to handle the suspensions). For the general case, it suffices
to show that Cellf,(MGL[1/c] ® E) € 4 SH(S)S,, since E is a retract of MGL[1/c] ® E.

But MGL[1/c] ® E is the spectrum associated to the flat Landweber exact L[1/c]-module
LB[]/C] ®L[1/C] M* O

*As noted in [12, Theorem 8.5] one can remove Spitzweck’s assumption that the field is perfect.
Indeed, for an essential smooth morphism f: T — S of schemes, [29, Theorem 2.12] shows that

FSMGLs[1/c]) = fTf*(MGLs[1/c]) = T (MGL7[1/c]).
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We now give a full computation of the cellular slices of the motivic sphere spectrum. This
is done using precisely the techniques of Voevodsky, Levine, and others, in computing s,(1).
We again let E5Y(MU) denote the E, term of the Adams—Novikov spectral sequence, i.e.,
EyIMU) = Extyfl;, \y(MU,, MU,).

Theorem 3.15 Let S be an essentially smooth scheme over a field of characteristic exponent c.
Then, there is an equivalence
sSNALL/el) ~ s, /ey = \/ 2 MEZ[ /] @ E5*/(MU).

s>0

Proof We will assume that ¢ = 1 for legibility. Consider the diagram in SH(S)cen

1 —— MGL —— MGL®? — ..

which gives rise to a morphism

(3.0) s¢ (1) —— lims{* (MGL™)

Here we have used the notation lim for the limit in SHeen. It is easy to see that liAr;l(—) ~
Cell lim(—), by checking that the latter satisfies the universal property of the limit in SHeey .

We claim that (3.c) is an equivalence. The proof of this is the same as [33, Proposition 2.9], and
so we simply sketch it for the reader. In fact, more generally, it is true that

sSCHMGLE") = 1imsS(MGL™" @ MGL2C))y,
q A
with the claimed equivalence being the case m = 0.

For m > ¢ + 1 the claim follows because both sides are trivial, since MGL &€ EIT SHeT - we

cell -
now induct downwards on m as in loc. cit., using the commutative diagram of cofiber sequences

®(m+1) ®(m+1)

sS(MGL ) —— Cell 1i£n 5o (MGL ®@ MGL®CTD)

| |

sCIMGL™") —————— Cell lim sCIMGL™" © MGLEC D)

| !

sg (MGL™" © MGL) —— Celllim s{™ (MGL™" ® MGL ® MGL®"*")

Here the top horizontal arrow is inductively an equivalence, and the bottom is via [33, Lemma
2.10]. It follows that the middle horizontal arrow is also an equivalence, and it follows that (3.c)
is an equivalence as claimed.
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Since MGL®* is Landweber exact, we have s7*!(MGL®®) ~ 5,(MGL®*) by Lemma 3.14, and
by naturality this is compatible with the maps in the totalization. It follows that

sge“(l) ~ Cell 12“ SSCII(MGL@)') = Cell H&n 5g(MGL®") = Cell s4(1),

where the last equivalence follows from the computation of the slices of the sphere spectrum, cf
[33, Proposition 2.9]. By Lemma 3.8, Cell s,(1) ~ s,(1), and so we conclude that sg"’"(l) ~
sq(1). |

We are now in a position to prove the main result of this section.

Theorem 3.16 Let S be an essentially smooth scheme over a field of characteristic exponent c,
then ¢: (SH(S)cen, X% SH(SHT ) — (SH(S), ¥ SH(S)") is compatible with the slice filtration

cell
at a c-cellular motivic spectrum E, i.e, there are equivalences

ag: tfg NE) == f,(LE)
By: quce“(E) — 5,(tE)

forall g € 7.

Proof We want to apply Theorem 2.20. It is clear that Condition (1) and Condition (2) hold, so
that such maps o, and (3, as in the statement of the theorem do exist. A localizing subcategory
argument then reduces to checking the statement on ¥771[1/c], and as usual by shifting, we can
reduce to checking it on 1[1/c] itself. It thus suffices to see that sge“(l[l /c)) € (E‘frl SH(S))*.
But Theorem 3.15 shows that sge“(l[l /el) ~ s4(1[1/c]), and by construction the latter is always

in (241 SH(S))* . O

Remark 3.17 We do not know if the stronger condition that Cell: (SH(S), EqT SH(S)*f) —
(SH(S)cen, E‘; SH(S)ﬁgl) is compatible with the slice filtration at a motivic spectrum E holds in
general. The work of this section shows that it holds whenever E is c-cellular.

4 The very effective cellular slice filtration

The effective slice filtration considered previously constructs slices by filtering with respect to
the Tate sphere G,, ~ S"!. An alternative was introduced in [37] by Spitzweck—@stvar which
filters with respect to P! ~ §>!. To be precise, consider the collection of objects

K, = {Z*“%%X | X € Sm /S,a > g} C SH(S).

Define 7 SH(S)ggl to the the smallest full subcategory of SH(S)cen generated under colimits
and extensions by K,. The full subcategories {7 SH(S)ggl}qez define a slice filtration of
SH(S)cen. We denote the associated slice functors by f, and s,. The very effective slice filtration

has been studied in more detail by Bachmann in [2].
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As in the previous section we can define a cellular version of this filtration via the collection
K = {2241 |,a > g} € SH(S)can-
This gives rise to the very effective cellular slice filtration of SH(S)cen

I SHS)Y ¢ 4 SHS)Y < -

cell

Note that these categories are not localizing. We write ch"’" and ES"’" for the associated functors,
which are not triangulated.

The following can be proved via Lemma 2.11.

Lemma 4.1 For a motivic spectrum E, we have ch"’"(EZ“v“E) ~ 22“7“]3Cf2 (E) and similar for
5Cell
7

Since we always have %% SH(S)Y ¢ 221 SH(S), there exists a natural transformation ]Nche" —

che". The following is a consequence of Example 2.17.

Lemmad.2 If E is a cellular motivic spectrum such that fC*(E) € %4 SH(S)Yl for all g € Z,
then there are equivalences

};]Cell (E) =~ quell (E)

and
}Sell (E) =~ ; sgell (E)

This gives the following.

Proposition 4.3 Let E be a localized quotient of MGL, then
fo(BE) —== fLNE) —=— [ENE)

and
sq(B) — sg"N(E) —— 5N (E)

forall g € Z.

Proof Since the motivic spectra considered are always cellular, the left hand equivalences follow
from Theorem 3.16. To show the theorem for MGL we must show that f,(MGL) € ¥ SH(S) el

cell
However, we have already seen in the proof of Lemma 3.13 that f,(MGL) is a colimit of a diagram

of MGL-modules of the form ©** MGL where k > g. We know that MGL € SH(F)'* by

cell

Remark 3.12, and hence that X% MGL € XX SH(F)'™l C 22 SH(F)'™I . Since this category

cell cell *
is closed under colimits we are done.

It follows by the defining cofiber sequences that f,(MGL /(4;,, ... ,q;,)) is in EqT SH(S)'f for

cell

any finite subset {i;,...,i,} C N, so the proposition is true for MGL /(a;,, ... ,a;,). Similar
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arguments work in the p-local and mod p-case. For an arbitrary subset Z we defined MGL /(Z)
as a filtered colimit of terms of the form MGL /(a;,, ... ,a;,). It follows that the proposition
holds for MGL /(Z).

To deal with the localizations we appeal to work of Levine and Tripathi. In particular, let Z C N be
arbitrary, and let M denote either MGL /(Z), MGL,) /(Z) or MGL /(Z, p). By Proposition 3.6
the assumptions of [18, Corollary 2.4] are satisfied, and the proof of Levine and Tripathi shows
that f,(M[Z, '] is a colimit of terms of the form E*2k’*qu+kM for k > 0. The first part of this
proposition shows that f, M € A SH(S)Yl, and hence that ©=26=kf, M € X1 SH(S)YeM .
The result follows since this category is closed under colimits. |

It is remarked in [37], and then proved in detail in [2] that the very effective slice filtration is
the positive part of a ¢-structure on the very effective motivic stable homotopy category. In
the case that S is the spectrum of a perfect field F, Bachmann used the homotopy z-structure
to give a description of the very effective motivic category in terms of homotopy sheaves. We
will give a similar description for the very effective cellular slice filtration. We begin with the
cellular analog of the homotopy #-structure, as defined in [12, Section 2.1]. We restrict ourself
to working over SH(F) where F is a perfect field.

Definition 4.4 The category of cellularly d-connective objects (or just connective when d = 0)
is the smallest full-subcategory of SH(F)cen generated under colimits and extensions by the
collection

{1 |s—1t>d}.

Note that che“E is always cellularly g-connective by definition.

Proposition 4.5 A cellular motivic spectrum E € SH(F)ce is cellularly connective if and only
if mypEE =0 fora—b < 0.

Proof Let C denote the category of those cellular spectra E such that 7, ,E = 0 for a —b < 0.
We observe that ¥%'1 is in C whenever s > ¢ by Morel’s connectivity theorem [25, Section 5.3].
It is clear that C is closed under extensions, so we must show that it is closed under arbitrary
colimits. As in the proof of [37, Lemma 5.10] we can assume the colimit is either a coproduct
or a pushout, for which the result is clear. We thus see that all cellularly connective objects are
in C.

For the converse, recall again that ¥*'1 is connective for s > ¢. Suppose now we are given a
cellular spectrum E with 7,,E = 0 for a — b < 0. Then, by the method of killing cells, as
described in the proof of Proposition 4(2) of [2] (see also the ‘Details on killings cells’ after the
proposition), one can construct a cellularly connective spectrum Z along with a map Z — E
inducing an isomorphism on bigraded homotopy groups. Since both Z and and E are cellular,
this map is an equivalence [3, Corollary 7.2]. |

Algebraic & Geometric Topology XX (20XX)



1020 Drew Heard

Remark 4.6 If E is d-connective in the sense of [12, Section 2.1], then we observe that
Tap Cell(E) = 7, ,E = 0 for a — b < d by [12, Theorem 2.3]. It follows that Cell(E) is
cellularly d-connective in the above sense.

Remark 4.7 A similar, but not equivalent, category is considered by Shkmebi—Isaksen [14],
who only allow the spheres >*'1 for s — ¢t > 0 and s > 0. Their version of Proposition 4.5 is
[14, Proposition 3.17] - the proof is in the same spirit as the one given above.

If we restrict to effective cellular spectra, then we end up with a similar characterization of very
effective cellular spectra - we thank Tom Bachmann for suggesting that this holds.

Proposition 4.8 If E € 24 SH(F) | then E € X9 SH(F)'ll if and only if

cell cell

TapE =0

for all a,b € 7 satistying a —b < g and b > q.

Proof This is identical to the previous proposition. We can reduce to the case ¢ = 0 by shifting.
Let D denote the collection of those £ € SH(F )ggl such that 7, ,E = O for all a,b € Z
satisfying a — b < 0 and b > 0. This is closed under colimits and extension and contains
2441 for a > 0, so that in particular SH(F )‘c’glflf C D. Conversely, if E is in D then by killing

cells as above we can build Z € SH(F )Zglflf along with a map Z — FE inducing an equivalence

in bigraded homotopy groups (here we only need to use the spheres %1 with a — b < 0 and
b > 0 because E € SH(F)ﬁgll by assumption). ]

Remark 4.9 The collection of cellularly connective objects forms the positive part of a ¢-
structure on SH(F)cen, and the collection of cellular very effective motivic spectra forms the
positive part of a ¢-structure on SH(F )ﬁgl. By the same argument as [2, Proposition 4.3(3)] the

functor ro: SH(F)een — SH(F) is 7-exact.

cell

Corollary 4.10 If fC*E is cellularly q-connective for all q € Z, then there are equivalences

quell ( E) =~ queH ( E)

and
}Sell (E) =~ ; sgell (E)
Proof This is a consequence of the previous proposition and Lemma 4.2. |

The main reason for introducing cellularly g-effective spectra is to investigate the very effective
cellular slices of a Landweber exact motivic spectrum. The analogous argument also works in
the non-cellular situation, see [1, Lemma 2.4 and Remark 2.5].
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Proposition 4.11 Let E € SH(F) be a Landweber exact motivic spectrum. Then, there are
equivalences

fAE) —=— fCNE) —=— fCl(E)

and
$q(E) —=— $§N(E) —= 55(E)

forall g € 7.

Proof The exact same argument as given by Hoyois in [12, Lemma 8.11] shows that f,E ~
che" (E) is always cellularly g-connective. Theresultis then a consequence of Corollary 4.10. O

S Equivariant slices

In the previous sections we have studied various filtrations on the stable motivic homotopy
category. In this section, we study the Hill-Hopkins—Ravenel slice filtration in C,-equivariant
homotopy theory, and show how Betti realization interacts with the different slice filtrations.

5.1 The C,-equivariant homotopy category

In this section we give a brief introduction to the category of C;-equivariant spectra. For a more
detailed discussion, one can see the appendix of [10], or for a slightly shorter introduction, see
[11, Section 2].

We define SH(C,) to be the co-category associated to the symmetric monoidal category of
orthogonal C,-spectra [22]. This has been studied in some detail in [23, Section 5]. In particular,
it is a stably monoidal category, see Definition 5.10 and Remark 5.12 of [23]. It has a set of
compact generators, given by {S°, £°C,}.

We will grade homotopy groups by the real representation ring RO(C,) = {a + bo | a,b € Z},
where o denotes the sign representation. We follow motivic notation, and write S”9° for
the smash product (S =4 @ §2° (if ¢ = 0, then we will sometimes just write SP). We let
w,fqu = [§79°, E]“2, and write m, oE for the underlying non-equivariant groups. We recall that
the equivariant and non-equivariant homotopy groups of a C,-spectrum E can be combined into
a Mackey functor, which we denote by m, |E.

In the C,-equivariant category, the analog of the motivic algebraic cobordism spectrum is the
real bordism spectrum MR constructed by Araki, Landweber, and Hu—Kriz [13]. This is a real
oriented ring spectrum, and hence admits a map 7y MU = Ly — 712Ck2 MR from the Lazard
ring, which is in fact an isomorphism [13, Theorem 2.28]. It follows that we can form quotients
and localization of MR analogous to those considered for MGL in Section 3.2, and hence there
is a notion of a localized quotient of MR.
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Example 5.1 The spectrum KR defined by al_lMR/(az,ag, ...) agrees with Atiyah’s real
K -theory spectrum [13, Theorem 3.18].

5.2 The Hill-Hopkins—Ravenel slice filtration

The Hill-Hopkins—Ravenel slice filtration starts by defining the following slice cells:

(1) S$2297 of dimension 2q,
(2) S2471499 of dimension 2¢g — 1, and
3) S7® (Cy)4 of dimension g.

Note that the dimension always corresponds to dimension of the underlying non-equivariant
sphere. We then define ¥¥ SH(C>) to be the smallest full subcategory of SH(C>) closed under
extensions and colimits containing the slice cells of dimension > ¢g. This gives rise to the
Hill-Hopkins—Ravenel equivariant slice filtration

<. C NI SH(C,)HHR © 229 SH(C,)HHR - ...

Note that these categories are not localizing (in that sense, they are closer to the very effective
motivic slice filtration than the effective one)

Following standard equivariant notation we denote P,X for the associated colocalization functor,
and P4~1X for the localization functors, and PZX for the n-th slice; that is, there are functorial
fiber sequences

PX —X— PIlX

and
Py X — P X — PZX

where P X € X9 SH(C,)HHR | pi—1x ¢ (X7 SH(C,)HHR)L and PIX € (29! SH(C,)HHR) L

Remark 5.2 The regular slice filtration, first introduced by Ullman [39, 40] uses only the
first and third slice cells above. Let us denote the full subcategories generated under colimits
and extensions by the regular slice cells of dimension > ¢ by >4 SH(C»)™#2, and the associated
functors by f’q, P4, and f’Z. Itis easy to see [40, Prop.3-4] (or as a consequence of Example 2.17)
that if P,.X € X9SH(C,)™® for all ¢ € Z, then there are equivalences ﬁqX = P,X, and
IBZX = PIX. As we shall see, this is always the case when the slice tower of a motivic spectrum
is compatible with Betti realization.

We say that a spectrum X is a g-slice if PéX ~ X. In particular, if X is a g-slice, then
X € (X711 SH(C,)HHR) L Tt is known that a spectrum is a O-slice if and only if it is of the form
HM for M a Mackey functor whose restriction maps are all monomorphisms [10, Proposition
4.50(ii)]. Since PZI%’,E(E”‘J“’X) ~ N2kko ph(X) ([9, Theorem 2.18] or as a consequence of
Lemma 2.11) we deduce the following.
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Proposition 5.3 Let M be a constant Mackey functor, then

EZ%qUHM c (22q+1 SH(CZ)HHR)L

For a C;-equivariant spectrum E, the odd and even slices can be completely described in terms
of 1*7*(E). Given a C,-Mackey functor M, we let PO°M denote the maximal quotient of M for
which the restriction map M(C,/C,) — M(C,/e) is a monomorphism. The following is then a
combination of [10, Proposition 4.20 and Lemma 4.23] and [9, Corollary 2.16].

Proposition 5.4 For a C,-equivariant spectrum E the slices are given by

PY(E) ~ 297 HPy, (E) and P3!”\(E) ~ X2 "°Hm, | E.

Because of this, Hill and Meier [11] introduced the notion of even and strongly even C;-
equivariant spectra.

Definition 5.5 (Hill-Meier) A C;-spectrum E is even if m,, ; ,E = 0 for all g. It is strongly
even if it is even and Ty, qE is a constant Mackey functor for all g € Z, i.e., if the restriction

Cz e ~
Mg gE = T2ggE = TgE

is an isomorphism.

In particular, if E is even, then the odd slices vanish (and conversely). Many spectra, such as
BPR and MR are known to be even (in fact, strongly even) [11]. Because of this we will study
variants of the Hill-Hopkins—Ravenel slice tower, which we refer to as the even and odd slices
towers.

For a general C,-equivariant spectrum E, we say that the even slice tower is the tower

T P2q+2E E— quE —_— qu_zE —_—

| | |

2g+2 524 2g—2
P2q+2E PZqE P2q72E7
where Py, oE — Py E is the composite Prg2E — Pygi1E — Py,E, and each Py, 2 —

Py E — P%ZE is a cofiber sequence. We call the collection {Ezq SH(Cz)HHR}qGZ the even slice
filtration. Clearly if a motivic spectrum is even, then the even slice tower is just the usual regular
slice tower where we have removed the (contractible) odd slices. Similarly, we can define the
odd slice tower and the odd slice filtration by using only the odd Py, 1.
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5.3 Betti realization and slices

Given a scheme over R, the associated analytic space X(C) is a C,-space, where the C,-action
arises from complex conjugation. As shown in [7, Section 4] for example, this leads to a stable
realization functor SH(R) — SH(C,). Given k& C R, we can compose with the base-change
functor SH(k) — SH(R) to define a realization functor, which we denote by Re. We record its
fundamental properties [7, Proposition 4.8].

Theorem 5.6 (Heller-Ormsby) Let k C R be a field, then there is a strong symmetric monoidal,
cocontinuous functor Re: SH(k) — SH(C,). Moreover, the functor satisfies Re(SP%) ~ §P19 .

By composing with the inclusion functor, Betti realization also gives rise to a functor
Re: SH(k)cen — SH(C?).

Remark 5.7 The adjunction constructed by Heller and Ormsby is a Quillen adjunction between
model categories. The main result of [24] shows that this gives rise to an adjunction between the
associated oco-categories.

The following is a folklore result, for which we are unable to find a reference in the literature.

Proposition 5.8 The C,-equivariant realization of MGL is real bordism MR.

Proof Let 7" denote the universal bundle over the Grassmannian BGL,, so that
MGL ~ co}lim N2y BGL )
By Theorem 5.6 we have
Re(MGL) = colim &=~ Re(S*(BGL," )

By construction, the realization functor is constructed levelwise, and so it commutes with the
suspension spectrum. Moreover, by construction, Re(BGL,) ~ BGL,(C) ~ BU(n) equipped
with its natural complex conjugation C,-action. Using Theorem 5.6 again, it is then easy to see
that Re(BGL;Y,"’n m) ~ BU (n)%rleal. Together we see that

real

Re(MGL) ~ colim ™" S°(BU(n))" |
n

which is a model of MR by [10, B.252]. |

As noted, Hu and Kriz showed that the restriction maps MRy — MUy are isomorphisms
and so we can define localized quotients of MR analogous to the localized quotients of MGL
constructed in Section 3.2. Given a localized quotient E™' of MGL, we will denote by E°uY
the corresponding localized quotient of MR. The following is then a consequence of the fact
that realization commutes with colimits.
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Corollary 5.9 The Betti realization of a localized quotient E™' of MGL is the corresponding
localized quotient E°9“Y of MR.

Remark 5.10 In the case where E™' = BP(n), this confirms the assumption made in [28,
Remark 3.15].

We also have the following [7, Theorem 4.17].
Proposition 5.11 (Heller-Ormsby) Let A be an abelian group, then Re(MA) ~ HA.

While simple, the following result motivates our use of the very effective cellular category, as it
is not true for the effective cellular category. For example, since S~!0 € %9 SH(S)ggl, we have
§7H0 ~ pCell(§=1.0) "but the realization of S~"0 is not in X0 SH(C,)™¢.

Lemma 5.12 Let E € SH(K)can, then Re(fCE) € X2X SH(C,)™e ¢ ¥ SH(C,)MHR,

Proof Consider the full subcategory U C SH(S)cen consisting of those objects U € SH(S)cen
for which Re(U) € %* SH(C,)™8. The subcategory U is clearly thick, and because Re preserves
colimits (Theorem 5.6) and 2 SH(C,)"8 is closed under colimits, we see that I/ is closed under
colimits as well. Moreover, Theorem 5.6 again implies that the spheres $>¢“ for a > k are in .
It follows that E’; SH(S)'*" C 1/, and hence

cell

Re(2% SH(S)YN) C Re(Ut) C % SH(C,)™®.

cell

In particular, for E € SH(k)cen, We have Re(fCE) € 2% SH(C,)™®, as required. 0

We are now in a position to apply Pelaez’s theorem to compare the Betti realization of the slice
tower of a motivic spectrum to both the even and odd slice filtrations of its Betti realization.

Theorem 5.13 Let E € SH(k)een be a cellular motivic spectrum. If Re(ESeHE) €
(2241 SH(Co)HHRYL for all ¢ € 7, then:

(1) The functors
Re: (SH(k)cen, 24 SH()Y) — (SH(C2), X% SH(C,)HHR)

cell
and
Re: (SH(K)cen, 2% SH(OWN) — (SH(C,), 227! SH(C,)HHR)

cell

are compatible with the slice filtration at E. In particular, there are equivalences
Re(fCNE) =5 PyyRe(E) = Pyy—1 Re(E)

so that
ReGE) i=2q
0 otherwise

PiRe(E) ~ {

for all q.
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(2) The C;-spectrum Re(E) is even, so that Tog—1.4 Re(E) =0 forall g € 7.
(3) The regular and Hill-Hopkins—Ravenel slice towers of Re(E) are equivalent.

Proof We first apply Pelaez’s theorem to the functor

Re: (SH(K)een, X4 SH(OW) — (SH(C,), (X% SH(C,)HHR)).

cell

By Theorem 5.6 and Lemma5.12 we see that Condition (1) and Condition (2) are
satisfied. ~ Condition (3) is the statement that ReGU'E) € (%24F2SH(Cy)MHR)L
Since X2t2SH(C,)HHR < ¥20+ISH(C,)HHR,  we have (X297!SH(C)HHR)L
(X29+2 SH(C,)HHR) L By assumption we have Re(Ege"E) e (X2 SH(C,)HHR)L 5o that
Condition (3) is satisfied.

A similar argument works for the functor

Re: (SH(k)een, 24 SH(OYN) — (SH(Cy), (X% SH(Cy)MHRy),

cell

Since ¥.2¢ SH(C,)HHR  »:2~1 SH(C,)HHR | we can again use Theorem 5.6 and Lemma 5.12
to see that Condition (1) and Condition (2) are satisfied, and Condition (3) is precisely the
assumption of the theorem.

By Theorem 2.20 we deduce that there are equivalences
Re(f*E) = PyyRe(E) and  ReGS™'E) = P I Re(E)

as well as

Re(che“E) = Py;—1Re(E)  and Re(ce”E) — P gZ }RC(E)'

It follows that the natural map P, Re(E) — P,—1 Re(E) is an equivalence, so that there are
equivalences Re(f,E) = P>, Re(E) = P>,—1Re(E), as claimed.

By construction, for any motivic spectrum E, there is a cofiber sequence

P77 Re(E) — P Re(E) — P{Re(E).

If ¢ = 2j—1 is odd, then the previous paragraphs show that Pg: { Re(E) ~ 0, and Re(che“E) =
P Re(E) = P2f "I Re(E). Similarly, if g = 2j is even, then ReG{UE) = P3iRe(E) =
g Re(E), and P%j._% Re(E) ~ 0. In either case we see that the claimed formula for PiRe(E)

holds, and we have proved (1).

Since the odd slices of Re(E) are contractible, it is even by definition, and by Proposition 5.4 we
must have m,,_; ,Re(E) = 0. This proves (2).

To see that (3) holds, we must show that P,Re(E) € ¥9SH(C,)™. Suppose g = 2j is even,
then Py; Re(E) ~ Re(’ﬁCe"E) € Y% SH(C»)™8 by (1) and Lemma 5.12. Similarly, if ¢ = 2j — 1
is odd, then Py Re(E) ~ Py Re(E) ~ Re(fE) € $% SH(Cy)™8 C ¥~ SH(C,)™. This
proves (3). O
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The condition that ReGS*E) € (324! SH(C,)HHR) L is stated more succinctly in the terminol-
ogy of [10] by the requirement that Re(Equ’“(E)) is slice (2q + 1)-null. This is a statement that
can be checked by the vanishing of certain equivariant homotopy groups, see [10, Lemma 4.14],
however in practice this can be difficult to check. We will instead rely mainly on the following.

Corollary 5.14 Let E € SH(k)cen be a motivic spectrum. If, for each q € 7 there is an
equivalence SSE ~ \/,, X2YMA;, where each A; is an abelian group and I is a finite
indexing set, then the conditions of Theorem 5.13 are satisfied.

Proof Using Theorem 5.6 and Proposition 5.11 we see that Re(ESeHE) ~ Vier $29°HA,. By
Proposition 5.3 we have ¥299° HA, € (X201 SH(C,)"HR)L | Since the indexing set [ is finite,
products and coproducts in SH(C») agree, and since (X241 SH(C,)HHR) L ig closed under limits,
we conclude that Re(\/ie / Y20:9MA;) € (2241 SH(C,)HHR) L a5 required. |
By combining the previous theorem with work in the previous section we can give conditions
when the effective slice filtration on a motivic spectrum E is compatible with the Hill-Hopkins—
Ravenel slice filtration on its realization Re(E).

Theorem 5.15 Let E be a motivic spectrum that satisfies the following conditions:

(1) E is cellular.

(2) f,E € XISHEY forallq e Z.

(3) Re(s,E) € (X207 SH(Co)HHR)L forall g € Z.
Then, Re: (SH(k), 24 SH(S)*T) — (SH(C,), X% SH(C,)HHR) s compatible with the slice fil-
tration at E, the C,-spectrum Re(E) is even, and the regular and Hill-Hopkins—Ravenel slice
towers of Re(E) agree.

Proof Combine Theorem 3.16 and Proposition 4.3 with Theorem 5.13. |

5.4 Some examples

In the following we let E™" denote a localized quotient of MGL, and we let A denote either
Z,Zpy or Z/p depending on if E is a quotient and localization of MGL, of MGL,;,), or of
MGL,, /p respectively. Moreover, we write E'P and E®4UY for the corresponding motivic and
topological spectrum.

Theorem 5.16 Let E™ be a localized quotient of MGL, then E®I"" satisfies the conditions
of Theorem 5.15. The odd slices of E®I"" are contractible, and if there are only finitely many
monomials in degree 2q, then the even slices of E®“V are given by
2q ( pequivy 2q,qo
PRI(E) ~ \/ ¥249° HA
1

where the wedge is indexed by monomials of degree 2q in Eg;p )
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Proof We have already seen that E™ is cellular, and that f,E™' € X4 SH(S)Y, see
Proposition 4.3, so that (1) and (2) of Theorem 5.15 are satisfied.

By using either Theorem 2.3, Corollary 2.4, or Corollary 2.5 as well as Remark 2.6 of [18], we
can compute that
2 ) t ~ 2 ’
5q(E™) ~ SIMA @ E,F ~ \/ »2IMA
I

where the wedge is indexed by monomials of degree 2¢g in Eg;p (compare Section 4 of [18]).
The g-th slice is just 2247”’MEZP, and so Condition (3) of Theorem 5.15 is also satisfied by
Propositions 5.3 and 5.11. Finally, if there are only finitely many monomials of degree 2¢, then
the indexing set / is finite, so that Corollary 5.14 applies and gives the decomposition of the
slices. mi

Example 5.17 Under our assumptions on k, this theorem applies to £ = KGL, since there
is an equivalence KGL =~ afl MGL /(ay,as,...) [34, Theorem 5.2]. By Example 5.1, the
realization of KGL is Atiyah’s real K-theory spectrum. We recover the computation of the
slices of KRR mentioned in the introduction, namely that

Y44/2°H7, g is even

PZK R ~ i
0 otherwise.

Corollary 5.18 Any localized quotient E®*™ of MR is even, i.e, satisfies Ezk_theq”"" =0
forall k € Z.

Remark 5.19 In [5, Corollary 4.6] Greenlees and Meier prove that equivariant spectra of the
form BPR/I are strongly even. The above results give an independent proof that they are even,
but the logic is different; they compute the relevant homotopy groups to show evenness, while
we use knowledge of the slices.

Another example comes from motivic Landweber exact spectra.

Theorem 5.20 Let E be a motivic Landweber exact spectrum, with E™P the corresponding
topological Landweber exact spectrum. Then, its realization Re(E) satisfies the conditions of
Theorem 5.15. The even slices of Re(E) are given by

Py!(Re(E)) =~ S4Hmy, E'P.

and the odd slices are contractible.

Proof This is similar to the previous theorem - motivic Landweber exact spectra are, by defi-
nition, cellular, and we know that f,E™" € X4 SH(S)z&flf by Proposition 4.3. By [35] we have
s4(E) ~ X29ME, " . It follows that the conditions of Theorem 5.15 are satisfied, and the result

follows. O
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Remark 5.21 In general, the realization of a cellular motivic spectrum need not have any
relation with the slices of its Betti realization. For example, since motivic slices commute with
suspension, but the equivariant ones do not, one can check that (for example) ~%°MIF, when
k # 0 is a counter-example. For a more interesting example, the g-th slice of the motivic
sphere spectrum always has a summand ¥X%9MZ/2 (under the equivalence of Equation (3.b),
this summand is generated by o, see [33, Corollary 2.13]). By [9, Corollary 2.20 and Corollary
2.21] this has the wrong suspension to be a m-slice (for any m € Z) unless ¢ = 0. A similar
statement holds for the slice of KQ using the computation of its slices in [31].

The examples of 1 and KQ given above should not be surprising - after all, here the effective
and very effective slices do not agree (the latter is proved by Bachmann [2], and the former
follows since so(1) ~ 50(KQ)). On the other hand, we do not know the relation between the
very effective slices of KQ and the equivariant slices of Re(KQ) ~ KOc,, C,-equivariant real
K -theory. The very effective slice filtration of KQ is given by

Y20950(1) g=0 mod (4)
Y2IMZ/2 g=1 mod (4)
Y299MZ  g=2 mod (4)
0 g=3 mod 4)

54(KQ) =~

Here the suspensions are such that it is possible that the realization of the g-th slice is the 2g-th
equivariant slice of the realization. We save any further investigation for future work.

6 The slice spectral sequence

Suppose we are in the situation of Theorem 5.15. We have slice spectral sequences in motivic
and equivariant homotopy®

E’f’q’w = 7y wSg(E) = mpw(E)

and
~ 2
EPT" 2 m, yPyl(Re(R)) == mpw(Re(E)),

and moreover Betti realization induces an isomorphism between the two spectral sequences.¥
It follows that we can use naturality to determine differentials in the motivic spectral sequence
from known differentials in equivariant homotopy theory.

$All the spectral sequences we consider in this section will converge, for example by [12, Theorem
8.12] and [10, Theorem 4.42].

TNote that we are implicitly using the even equivariant slice filtration, and ignoring the odd slices,
which are all contractible.
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6.1 The motivic and equivariant slice spectral sequences

We begin by reminding the reader of the equivariant and motivic cohomology of a point with
IF, -coefficients. We start with the motivic case, which is easier to describe. Let k be a field, then
there is a canonical element T € Ho’l(Spec(k), IF,), such that

T «(MIF2) = H™**(Spec(k), Fa) = kY (k)[ 7]

where k¥ (k) denotes the mod 2 Milnor K -theory of k, and k¥ (k) has cohomological bidegree
(n,n) - this is a consequence of [43], see [4, Remark 4.4] for a convenient reference.

Now assume that £k C R is a real closed field (that is, k is a subfield of R that is not alge-
braically closed, but k(v/—1) is). In this case, we have an isomorphism kM (k) = F,[p] [16,
Corollary X.6.9], where p represents [—1] € kM (k) = k*/ (k*)?. Together, we conclude that
H**(Spec(k), ) = [T, p], where 7 has homological bidegree (0, —1) and p has homological
bidegree (—1, —1). We denote this ring by M.

The C;-equivariant Bredon cohomology of a point is given in [13, Proposition 6.2]. It is useful
to first describe some elements in it. There is an element a, € 7r€21 —150 corresponding to
the inclusion % — §'9. Following standard conventions, we denote the image of a, in
Ty «HFy = H™ " *(pt, HF,) as a, as well. Under realization, the class p € H**(Spec(k), IF»)
maps to the class a, .

The other distinguished class is denoted u,,, and is the element corresponding to the generator
of HICZ(SL", F, = 7TOC2_1(HE2). Under realization the class 7 maps to the class u,, .

With this in mind, the Bredon equivariant cohomology of a point can be described by

0
W*,*HEZ = H_*7_*(pta HEQ) = ]F2[u0'a ao’] @ FZ . 7 9 l,] Z O
ut
Of course, some care must be taken when interpreting this because u, and a, are not actually
invertible. Here the homological bidegrees are given by |u,| = (—1,0),|a,| = (=1, —1) and
|0] = (2,0). The element € is both u, and a,-torsion, and is infinitely divisible by the same
0

elements, and any two elements in [, {ﬁ} multiply trivially.

6.2 Mod 2 BP and BP(n)

Let £ C R be areal closed field, so that the class p is non-zero. We define mod 2 version of BP
and BP(n) by
BP/2 = MGL(z) /({2,61,’ ‘ i #p] — 1})
and
BP(n)/2 = MGL) /({2,a; | i #2 — 1,0 < k < n}).
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If we write v; = api_1, then the corresponding topological spectral spectra have coefficient rings
(BP/2), = BP,/2 2 TF[vi,vp,...] and (BP(n)/2), = BP(n)./2 = Fs[vi,..., vl
Then, the calculations of Levine and Tripathi [18, Corollary 4.6] give
5,(BP/2) ~ X MF, @ BPy,/2 and s,BP(n) ~ X*"1MF, ® BP(n),/2.

The associated slice spectral for BP/2 then has the form
EPOY = g24=P47(Spec(k), BP2,/2) = 7,,BP/2.

When ¢ = 0, we have so(BP/2) ~ MF,, and so there are classes 7 € my _15o(BP/2) and

p € m_1,—150(BP/2). In particular, in the slice spectral sequence for BP/2 we have 7" € E(l)’o’_m

m,m,—

and p" € E| ™. Moreover, the classes v; give rise to elements in T kSk(BP/2) = moMF,.

Proposition 6.1 The E -term for the slice spectral sequence for BP/2 is given by
E’f’q’w = Folp, m,v1,Vv2, .. .]

with tri-degrees |7| = (0,0, —1), |p| = (=1,0,—1), and |v;] = 2T! —2,2 — 1,2 —1). The
differentials d,~(7'2k) are zero for i < 2K — 1, and

2k 2k+1_
doe_1(T7) = wp .

Proof That the E;-term has the claimed form is clear from the discussion above. To determine
the differentials, we use naturality to compare with the differentials for the C;-equivariant slice
spectral sequence for BPR /2. By Theorem 5.16 we can compute the slices for BPR/2 (or this
can also be deduced using the method of twisted monoid rings in [10]). In particular, we deduce
that the odd slices for BPR /2 are trivial, and the even slices are given by wedges of HIF,, where
the wedges are indexed by monomials in BP,/2. We chose to actually work with the even slice
filtration, as this Betti realization induces an isomorphism on slices.

It follows from the discussion in the previous section that in positive degrees the E;-term of
the slice spectral sequence has the same form as the motivic slice spectral sequence, namely
Fslay, us,vi,va,...], where v; € 7T2(2i_1)72i_1BPR is the equivariant lift of v; € moi—1)BP. In
particular, there is an injection on the E|-page of the corresponding slice spectral sequences.

The differentials in the equivariant slice spectral sequence for BPR /2 can be determined by the
differentials in the slice spectral sequence for BPR itself. The differentials in the latter can be
determined by the work of Hu and Kriz [13] or as a consequence of Hill, Hopkins, Ravenel [10,
Theorem 9.9], and are fully described in [19, Proposition 3.4]. To wit, the E;-term is given in
positive degrees by Zlas, uz,, v;]. Here uy, € m_» _oHZ is a lift of the class uf, € m_o, _oHF,
(the class u, does not exist in 7 wHZ.). The differentials dl'(Tzk) are zero for i < 2¥ — 1, and
k—1 _ okl
dzk_](M%o. )= vka(z7 I

Note that we use a different grading convention to Hill, Hopkins, and Ravenel - we choose to
start our spectral sequence on the E)-page instead of the E,-page. Moreover, we work with
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the even slice filtration. This has the effect that the first differential in our spectral sequence is
a dp, which corresponds to a ds-differential for Hill, Hopkins, and Ravenel. Similarly, their
d, -differential corresponds to a dy«_; -differential in our grading.

By considering the map of slice spectral sequences induced by the quotient BPR — BPR /2, we
deduce that the equivariant slice spectral sequence for BPR /2 has differentials

dzk_] (Mg.k) = Vka(%.k-H -1
This can also be determined using the methods of Hu and Kriz, cf [13, Section 3].

From the calculations of the E|-pages, we see that the map of spectral sequences from BP/2
to BPR/2 is an injection on the E-page. It follows that the equivariant differential d,(7) = p
implies that there is a motivic differential d;(u,) = a,, and that the spectral sequence is an
injection on the E;-page. Inductively, we deduce that the morphism of spectral sequences is an
injection on the Ej-page, and that the motivic differentials are as claimed. |

This E;-term is remarkably similar to the p-Bockstein spectral sequence for computing
Extg(M,, M),), as studied by Hill in [8], where E is the sub-algebra of the mod 2 motivic
Steenrod algebra generated by the Milnor primitives. Using a similar analysis to Hill (see [8,
Corollary 3.3]), and the previous proposition, one arrives at the following result, which should
be compared to Yagita’s computation [44, Theorem 6.5].

Theorem 6.2 Over a real closed field k C R, the E -term of the slice spectral sequence BP/2
is given additively by
FQ[va7 vi(j) ‘ P> 07.] Z 0]

subject to the relations
=0
i+1_ .
P i) = 0
vi(j) - vie(@) = vi(G + 25710) - vi(0) when k > i.

Here v;(j) is represented on the E| -page of the slice spectral sequence by T2i+ljv,» (so in particular,
v;(0) is represented by v; ).

A similar analysis gives the following for the truncated Brown—Peterson spectra.

Theorem 6.3 Over a real closed field k C R, the E|-term of the slice spectral sequence for
BP(n)/2 is given by

E1177q7w = Fl[pv T, V1y. - ,Vn].
The differentials d,’(Tzk) are zero for i < 2 — 1, and

2ok VARRE
dye_((T7) = wip
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for 1 <k < n. We deduce that the E, -term of the slice spectral sequence of BP(n) /2 is given
additively by
FZ[P7 T, t,H.],V,’(]-) ’ 0<i S n7j Z 0]

subject to the relations
=0
i+1_ .
P2 i) =0
vi(j) - ve(0) = vi(G + 25710 - vi(0) when k > i
vi(f) = thp1viG — 2”*") when j > i,

Here v;(j) is represented on the E| -page of the slice spectral sequence by 7'2i+]jv,», while t,,1 is
represented on the E| -page by 2

There can be non-trivial extensions in these spectral sequences. For example, when n = 1, the
E.-page of the slice spectral sequence for BP{1)/2 is given by Fa[p, 7,12, v11/(7%, p*v1). In
particular, in weight zero it is given by

Faltav{ {1, pvi, (0*vi, 7v1), Tpvi, 7%V}, 0,0, 0}

On the other hand, we have that BP(1) /2 ~ kgl /2, so that in weight 0 this computes the mod 2
algebraic K-theory of k. By Suslin [38], over Spec(R) we have

Z/2 whenn=0,1,3,4 mod (8),
K,R,Z/2)= S Z/4 whenn=2 mod (8),

0 otherwise.

If follows that there must be a non-trivial additive extension between pzv% and 7vy, and their
tzv‘lL -multiples.
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