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HOLOMORPHIC STRING ALGEBROIDS

MARIO GARCIA-FERNANDEZ, ROBERTO RUBIO, AND CARL TIPLER

Abstract. We introduce the category of holomorphic string al-

gebroids, whose objects are Courant extensions of Atiyah Lie al-
gebroids of holomorphic principal bundles, and whose morphisms
correspond to inner morphisms of the underlying holomorphic
Courant algebroids. This category provides natural candidates
for Atiyah Lie algebroids of holomorphic principal bundles for the
(complexified) string group and their morphisms. Our main results
are a classification of string algebroids in terms of Čech cohomol-
ogy, and the construction of a locally complete family of deforma-
tions of string algebroids via a differential graded Lie algebra.

1. Introduction

The first Pontryagin class was interpreted in [6] as the obstruction
to define certain sheaves of chiral differential operators [5, 10, 28], as-

sociated to a Lie algebroid A
π
−→ TX endowed with an invariant pairing

on the kernel of the anchor map π. It turns out that the classification
problem for these sheaves reduces to the study of Courant extensions
of A, given by a Courant algebroid Q and a short exact sequence

0 // T ∗X // Q
ρ

// A // 0 (1.1)

such that ρ is a bracket-preserving map. A complete classification
of extensions of the form (1.1) was obtained in [8] in a differential-
geometric setting.

In this work we introduce the category of holomorphic string alge-
broids for a complex manifoldX and a complex Lie groupG. Objects in
this category are Courant extensions (Q,P, ρ) of Atiyah Lie algebroids
AP of holomorphic principal G-bundles P over X , while morphisms
correspond to inner morphisms of Q in the sense of Ševera [35]. Upon
fixing the principal bundle P , these special morphisms define a sub-
category of the Courant extensions of AP considered in [6]. When G
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is trivial, a string algebroid is simply an exact holomorphic Courant
algebroid [20]. Our main focus is the study of two basic pieces of the
theory of holomorphic string algebroids: their classification and their
deformation theory, which will be described below.

A geometric interpretation of the notion of holomorphic string al-
gebroid can be found in higher gauge theory. Recent work in [36]
constructs a morphism from the stack of smooth principal 2-bundles
of string groups to the stack of smooth transitive Courant algebroids
(with connection data), which can be understood as the process of as-
sociating the “higher Atiyah algebroid” to the string principal bundle.
This morphism turns out to be neither injective nor surjective, mainly
due to the fact that (leaving integrality conditions aside) the gluing
data for objects in the image, rather than given by general Courant al-
gebroid automorphisms, corresponds to the more restrictive inner auto-
morphisms of Ševera. Thus, our holomorphic string algebroids provide
natural candidates for Atiyah Lie algebroids of holomorphic principal
bundles for the (complexified) string group.

A initial motivation for this paper was to find an analogue in the
holomorphic category of a general picture found in previous work by
the authors (see [18], and [9] jointly with A. Clarke) about the moduli
problem for the Hull-Strominger system of partial differential equations
[22, 37]. In the smooth setup, these equations are defined on a com-
pact spin manifoldM endowed with a principal bundle P with compact
structure group K and vanishing first Pontryagin class. Gauge sym-
metries are given by the group of equivariant diffeomorphisms of P
that project to the identity component of Diff(M). The corresponding
moduli space M has a natural map

ϑ : M → H3
str(P,R)/I[P ], (1.2)

where H3
str(P,R) denotes the H

3(M,R)-torsor of real string classes of
P [31], and I[P ] ⊂ H3(M,R) is an additive subgroup associated to the
gauge group of P (see Appendix A). Remarkably, a level set for ϑ can be
regarded as a moduli space of solutions of the Killing spinor equations
on a smooth string algebroid, as defined in [16], modulo the action of
Ševera’s automorphisms. When K = Spin(r), the integral elements of
H3

str(P,R) correspond to isotopy classes of lifts of P : M → B Spin(r)
to the classifying space of the string group [39]. To some extent, a
holomorphic version of this picture is provided by our Proposition 3.11.

In a sequel to the present work [17], in collaboration with C. Shah-
bazi, we use holomorphic string algebroids to take some first steps to-
wards an analogue of the Donaldson-Uhlenbeck-Yau Theorem in higher
gauge theory for complex non-Kähler manifolds. Key to our develop-
ment in [17] is the classification theorem of string algebroids, Theorem
3.8 in the present work, which identifies the ‘holomorphic data’ un-
derlying a solution of the Hull-Strominger system. In a nutshell, a



HOLOMORPHIC STRING ALGEBROIDS 3

tuple (Q,P, ρ) is to a solution of the Hull–Strominger system the same
as a holomorphic bundle is to a solution of the Hermite-Yang-Mills
equations. Moreover, we expect that our deformation theory for string
algebroids, Theorem 4.17, will play an important role in future studies
about the existence and uniqueness problem, as well as in the moduli
problem for the Hull-Strominger system.

Holomorphic string algebroids seem to appear in recent physical ad-
vances in the understading of the moduli space of heterotic string com-
pactifications [1, 7, 12, 29]. In this setup, a remarkable observation
in [3] is that the deformation theory for pairs given by a Calabi-Yau
manifold and a holomorphic string algebroid relates to the heterotic
superpotential and Yukawa couplings for the heterotic string. Similar
results for the G2 Hull-Strominger system are provided in [11].

The structure and main results of the paper are as follows. In Section
2, we introduce (holomorphic) string algebroids and their morphisms,
we interpret them in terms of Dolbeault operators on orthogonal bun-
dles, and describe the group of automorphisms. Section 3 deals with
the classification of string algebroids in terms of Čech cohomology. This
is a technically involved problem but we give a detailed and satisfac-
tory answer in Theorem 3.8. As a consequence, in Proposition 3.11 we
prove that the parameter space for P fixed becomes a torsor for a quo-
tient ofH1(Ω2,0

cl )–the space of isomorphism classes of exact holomorphic
Courant algebroids–by a subgroup I[P ] depending on the holomorphic

gauge group of P . The quotient H1(Ω2,0
cl )/I[P ] provides an analogue in

the holomorphic category of the domain of ϑ in (1.2). In Section 4,
we study the deformation theory of a string algebroid (Q,P, ρ) on a
fixed manifold X . In particular, in Proposition 4.11 we construct a dif-
ferential graded Lie algebra whose Maurer-Cartan equation describes
the deformation theory of a string algebroid. This is used in Theorem
4.17 to give a locally complete family of deformations, by following
the method of the Kuranishi slice. Finally, Appendix A contains an
analogous study of the classification of smooth string algebroids.

Acknowledgments: The authors would like to thank Raúl González
Molina, Pedram Hekmati, Johannes Huisman, Brent Pym, Ping Xu
and Xiaomeng Xu for helpful conversations. Part of this work was un-
dertaken during visits of MGF to the IMS at ShanghaiTech University,
the Fields Institute, LMBA and IMPA, of RR to ICMAT and of CT
to IMPA, CIRGET, ICMAT and the Weizmann Institute. We would
like to thank these very welcoming institutions for the support and for
providing a nice and stimulating working environment.

2. Definition and basic properties

In this section we introduce our main object of study: string al-
gebroids, and their morphisms. Roughly speaking, these are certain
Courant extensions [6] of the Atiyah Lie algebroid of a holomorphic
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principal bundle. Their morphisms correspond to the inner morphisms
of the underlying Courant algebroid, as introduced by Ševera [35, Let-
ter 4].

2.1. Definition of string algebroids. We start by recalling some
basic properties about holomorphic Courant algebroids, following [8,
19]. Let X be a complex manifold of dimension n. We denote by
OX and C the sheaves of holomorphic functions and C-valued constant
functions on X , respectively.

Definition 2.1. A holomorphic Courant algebroid (Q, 〈·, ·〉, [·, ·], π) over
X consists of a holomorphic vector bundle Q → X, with sheaf of sec-
tions also denoted by Q, together with a holomorphic non-degenerate
symmetric bilinear form

〈·, ·〉 ∈ H0(Q∗ ⊗Q∗),

a holomorphic vector bundle morphism π : Q → TX called anchor
map, and a Dorfman bracket, that is, a homomorphism of sheaves of
C-modules

[·, ·] : Q⊗C Q→ Q,

satisfying, for u, v, w ∈ Q and φ ∈ OX ,

(D1): [u, [v, w]] = [[u, v], w] + [v, [u, w]],
(D2): π([u, v]) = [π(u), π(v)],
(D3): [u, φv] = π(u)(φ)v + φ[u, v],
(D4): π(u)〈v, w〉 = 〈[u, v], w〉+ 〈v, [u, w]〉,
(D5): [u, v] + [v, u] = 2π∗d〈u, v〉.

We shall denote a holomorphic Courant algebroid (Q, 〈·, ·〉, [·, ·], π)
simply by Q. Using the isomorphism

〈·, ·〉 : Q→ Q∗

we obtain a holomorphic sequence

T ∗X
π∗

// Q
π
// TX.

The subsheaf (Ker π)⊥ ⊂ Q generated by the local sections orthogonal
to Ker π coincides with π∗(T ∗X), so it is coisotropic, that is,

(Ker π)⊥ ⊂ Kerπ.

The sheaves (Ker π)⊥ and Kerπ are two-sided ideals of Q with respect
to the Dorfman bracket [·, ·].

A holomorphic Courant algebroid Q is said to be transitive when the
anchor map π : Q→ TX is surjective. In this case, both (Ker π)⊥ and
Ker π are locally free and the quotient

AQ = Q/(Kerπ)⊥
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is a vector bundle inheriting the structure of a holomorphic Lie alge-
broid. Furthermore, the holomorphic subbundle

adQ = Ker π/(Kerπ)⊥ ⊂ AQ

becomes a holomorphic bundle of quadratic Lie algebras (adQ, 〈·, ·〉).
We introduce next the notion of a string algebroid. Intuitively, a

string algebroid is a transitive holomorphic Courant algebroid Q such
that AQ and adQ are determined by a holomorphic principal bundle
and a choice of bi-invariant pairing in the Lie algebra of the structure
group.

To be more precise, let G be a complex Lie group. Let p : P → X
be a holomorphic principal G-bundle over X . The holomorphic Atiyah
Lie algebroid AP of P has underlying holomorphic bundle

TP/G→ X,

with local sections given by G-invariant holomorphic vector fields on
X , anchor map dp : TP/G → TX , and bracket induced by the Lie
bracket on TP . The holomorphic bundle of Lie algebras Ker dp ⊂ AP

fits into the short exact sequence of holomorphic Lie algebroids

0 → Ker dp→ AP → TX → 0

and is isomorphic to the adjoint bundle,

Ker dp ∼= adP = P ×G g,

induced by the adjoint representation of G on its Lie algebra g.
From now on, we fix a non-degenerate bi-invariant symmetric bilinear

form

c : g⊗ g → C.

Using the pairing c, the adjoint bundle inherits naturally the structure
of a holomorphic bundle of quadratic Lie algebras (adP, c).

Definition 2.2. A string algebroid with structure group G and under-
lying pairing c is a tuple (Q,P, ρ) consisting of:

• a transitive holomorphic Courant algebroid Q,
• a holomorphic principal G-bundle P ,
• a holomorphic bracket-preserving morphism ρ : Q→ AP fitting
into a short exact sequence

0 // T ∗X // Q
ρ

// AP
// 0 (2.1)

such that the induced map of holomorphic Lie algebroids ρ : AQ →
AP is an isomorphism restricting to an isomorphism (adQ, 〈·, ·〉) ∼=
(adP, c).

Note that the property of being a bracket-preserving morphism im-
plies that ρ is compatible with the anchor maps, in the sense that
dp ◦ ρ = π. In other words, ρ is a morphism of Leibniz algebroids.



6 M. GARCIA-FERNANDEZ, R. RUBIO, AND C. TIPLER

Consequently, when G is trivial, a string algebroid is simply an exact
holomorphic Courant algebroid as in [20].

The following definition of morphism between string algebroids will
be key to the present work.

Definition 2.3. A morphism of string algebroids from (Q,P, ρ) to
(Q′, P ′, ρ′) is a pair (ϕ, g), where ϕ : Q → Q′ is a morphism of holo-
morphic Courant algebroids and g : P → P ′ is an homomorphism of
holomorphic principal bundles covering the identity on X, such that
the following diagram is commutative

0 // T ∗X //

id

��

Q
ρ

//

ϕ

��

AP
//

g

��

0,

0 // T ∗X // Q′ ρ′
// AP ′

// 0.

(2.2)

We say that (Q,P, ρ) is isomorphic to (Q′, P ′, ρ′) if there exists a mor-
phism (ϕ, g) such that ϕ and g are isomorphisms.

Given a string algebroid (Q,P, ρ) we say that P is the underlying
principal bundle of Q, or that Q is a Courant algebroid extension of P
(cf. [6]). We say that (Q,P, ρ) and (Q′, P, ρ′) are equivalent as Courant
extensions if they are isomorphic and further g = id in (2.2).

2.2. String algebroids and Dolbeault operators. We study next
string algebroids from the point of view of differential geometry, in
terms of smooth vector bundles and Dolbeault operators. Our discus-
sion follows closely the classification of regular Courant algebroids in
[8] (see also [15, Section 3]). We denote by Ωp,q the space of differential
forms on X of type (p, q). Given a smooth complex vector bundle E,
we denote by Ωp,q(X,E) (or Ωp,q(E)) the space of smooth E-valued
differential forms on X of type (p, q).

Let (Q,P, ρ) be a string algebroid on X . We denote by Q the smooth
complex vector bundle underlying Q and by P the smooth principal
G-bundle underlying P . We choose a smooth isotropic splitting

λ : T 1,0X → Q.

Let θ be the unique connection on P such that

θ⊥ = ρ ◦ λ and Pθ = (P , θ0,1) = P, (2.3)

where θ⊥ : T 1,0X → AP is the lifting determined by θ. Note that the
curvature Fθ of θ satisfies

F 0,2
θ = 0.

This data determines a vector bundle isomorphism

ϕλ : Q0
= T 1,0X ⊕ adP ⊕ (T 1,0X)∗ → Q (2.4)

defined by

ϕλ(V + r + ξ) = ρ−1
|λ⊥(θ

⊥V + r) +
1

2
π∗ξ,
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where λ⊥ ⊂ Q is the orthogonal complement to the image of λ, and

π∗ : (T 1,0X)∗ → Q denotes the composition of the dual of the anchor
map π with the isomorphism Q∗ → Q given by 〈·, ·〉. Via ϕλ, the
induced pairing is

〈V + r + ξ, V + r + ξ〉0 = ξ(V ) + c(r, r), (2.5)

the induced anchor map is

π0(V + r + ξ) = V, (2.6)

and we define

ρ0 := ρ ◦ ϕλ : Q0
→ AP : V + r + ξ 7→ θ⊥V + r. (2.7)

It is obvious that (Q0, P, ρ0), where Q0 is Q
0
endowed with the Dol-

beault operator ∂̄0 induced by ϕλ, the pairing 〈·, ·〉0, and the induced
Dorfman bracket [·, ·]0, is a holomorphic string algebroid, which is iso-
morphic to (Q,P, ρ) via the following diagram

0 // T ∗X //

id
��

Q0
ρ0

//

ϕλ

��

AP
//

Id
��

0,

0 // T ∗X // Q
ρ

// AP
// 0.

(2.8)

Our next goal is to express ∂̄0 and [·, ·]0 in terms of explicit data in the
complex manifold X . The holomorphicity of the pairing 〈·, ·〉0 implies
that

∂̄〈q1, q2〉0 = 〈∂̄0q1, q2〉0 + 〈q1, ∂̄0q2〉0

for any pair of smooth sections q1, q2 ∈ Ω0(Q
0
). Combined with the

holomorphicity of the top exact sequence in (2.8), it follows that

∂̄0 =





∂̄ 0 0

F 1,1
θ ∂̄θ 0

H2,1 2c(F 1,1
θ , ·) ∂̄



 , (2.9)

for a suitable choice of (2, 1)-formH2,1 ∈ Ω2,1, where ∂̄θ is the Dolbeault
operator on adP induced by θ0,1. More explicitly

∂̄0(V + r + ξ) = ∂̄V + iV F
1,1
θ + ∂̄θr + ∂̄ξ + iVH

2,1 + 2c(F 1,1
θ , r).

Finally, arguing as in [8, Thm. 2.3], we deduce the following explicit
form for the bracket

[V + r + ξ,W + t+ η]0 = [V,W ]− F 2,0
θ (V,W ) + ∂θV t− ∂θW r − [r, t]

+ iV ∂η + ∂(η(V ))− iW∂ξ + iV iWH
3,0

+ 2c(∂θr, t) + 2c(iV F
2,0
θ , t)− 2c(iWF

2,0
θ , r)
(2.10)

for H3,0 ∈ Ω3,0 defined by

H3,0(V,W,Z) = −2〈[λ(V ), λ(W )], λ(Z)〉. (2.11)
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Proposition 2.4. Let (Q,P, ρ) be a string algebroid on X. Then, a
choice of isotropic splitting λ : T 1,0X → Q determines a connection θ

on P and H = H3,0 +H2,1 ∈ Ω3,0 ⊕ Ω2,1, via (2.3), (2.9) and (2.11),
such that

dH + c(Fθ ∧ Fθ) = 0. (2.12)

Furthermore, the string algebroids (Q,P, ρ) and (Q0, P, ρ0) are iso-
morphic via (2.8). Conversely, given a triple (P,H, θ), where P is
a holomorphic G-bundle over X, θ is a connection on P such that
Pθ = P , and H ∈ Ω3,0 ⊕ Ω2,1 satisfying (2.12), there is a string alge-
broid (Q0, P, ρ0), with underlying smooth bundle

Q
0
= T 1,0X ⊕ adP ⊕ (T 1,0X)∗,

pairing (2.5), anchor (2.6), Dolbeault operator (2.9), bracket (2.10),
and ρ0 given by (2.7).

Proof. Given (Q,P, ρ), λ determines (H, θ) and the isomorphic string
algebroid (Q0, P, ρ0) as above. By (2.3), F 0,2

θ = 0, and therefore (2.12)
is equivalent to

∂H3,0 + c(F 2,0
θ ∧ F 2,0

θ ) = 0,

∂̄H3,0 + ∂H2,1 + 2c(F 2,0
θ ∧ F 1,1

θ ) = 0,

∂̄H2,1 + c(F 1,1
θ ∧ F 1,1

θ ) = 0.

(2.13)

The last condition is implied by ∂̄0 ◦ ∂̄0 = 0. The second condition
follows from the fact that [·, ·]0 defines a homomorphism of sheaves of
C-modules

[·, ·]0 : OQ0
⊗C OQ0

→ OQ0
,

while the first condition is implied by (D1) in Definition 2.1.
For the converse, let P , θ andH as in the statement, satisfying (2.12).

Then, the last condition in (2.13) is equivalent to ∂̄0 in (2.9) defining
a holomorphic extension of the form (2.1) with a homomorphism of
sheaves of OX -modules

〈·, ·〉0 : OQ0
⊗OX

OQ0
→ OX

induced by (2.5). The second condition ensures that [·, ·] defines a
homomorphism of sheaves of C-modules [·, ·]0 : OQ0

⊗C OQ0
→ OX ,

while the first condition implies that (D1) in Definition 2.1 is satisfied.
The rest of axioms in Definition 2.2 are satisfied by construction. �

As a consequence of Proposition 2.4, we obtain a necessary condition
for a holomorphic principal bundle P to admit a Courant extension of
the form (2.1), namely,

pc1(P ) = 0 ∈ H4(X,C). (2.14)

Here pc1(P ) denotes the first Pontryagin class of P with respect to the
bi-invariant symmetric pairing c on g. Condition (2.14) boils down to
the fact that a string algebroid Q has an associated smooth complex
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Courant algebroid Q⊕T 0,1X⊕(T 0,1X)∗ [19], combined with the classi-
fication results for transitive Courant algebroids in [6, 8, 35]. A refined
version of this obstruction will be considered in Section 3.2.

To finish this section, we use Proposition 2.4 to show some interesting
examples of string algebroids on Calabi-Yau threefolds (not necessarily
algebraic). Most of these examples have been intensively studied in
the algebro-geometric and physics literature, motivated by the search
of stable bundles with prescribed Chern classes in the study of heterotic
string compactifications.

Example 2.5. Let {Vj}
k
j=0 be a collection of holomorphic vector bun-

dles over a complex manifold X such that there exists complex numbers
(µ0, . . . , µk), not all zero, such that

k
∑

j=0

µjch2(Vj) = 0 ∈ H2,2
BC(X), (2.15)

where Hp,q
BC(X) denote the Bott-Chern cohomology groups of X (cf. [6,

Cor. 4.2]), and ch2(Vj) denotes the second Chern character of Vj (see
e.g. [24]). Then, for any choice of hermitian metrics hj on Vj there
exists τ ∈ Ω1,1 such that

2i∂∂̄τ =

k
∑

j=0

µj trFhj
∧ Fhj

,

where Fhj
denotes the curvature of the Chern connection of hj. Let P

denote the holomorphic bundle of split frames of ⊕k
j=0Vj, and consider

the symmetric bilinear form

c =

k
∑

j=0

µj trgl(rj ,C)

on the Lie algebra of the structure group, where rj denotes the rank of
Vj. Then, by choosing H = 2i∂τ ∈ Ω2,1 and θ the Chern connection of
h0 × . . .× hk, we obtain a Courant extension of P , and hence a string
algebroid, by applying Proposition 2.4. Explicit constructions of such
bundles for X a compact Calabi-Yau threefold with k = 1, V0 = TX
and V1 not isomorphic to V0 can be found in [2, 13, 23, 21, 27] and
references therein.

Remark 2.6. In the physics literature one often finds (2.15) replaced
by the more general condition

k
∑

j=0

µjch2(Vj) = [W ],

where [W ] is the dual of the homology class of a holomorphic curve on
the threefold X. Provided that X is compact and algebraic, the class
[W ] can be realized as the second Chern character of a holomorphic



10 M. GARCIA-FERNANDEZ, R. RUBIO, AND C. TIPLER

vector bundle over X (see [38, Thm. 11.32]), and thus it falls within
the situation considered in Example 2.5. Nonetheless, we expect that
the right physical treatment of this class of examples uses the twisted
Courant algebroids in [30].

2.3. Isomorphism classes. We provide next a more amenable de-
scription of the set of isomorphism classes of string algebroids, follow-
ing Definition 2.3. Since any string algebroid is isomorphic to one of
the form (Q0, P, ρ0), as in Proposition 2.4, we can study the equivalence
relation in terms of the triples (P,H, θ).

Lemma 2.7. Let (P,H, θ) and (P ′, H ′, θ′) be as in Proposition 2.4.
Then, the associated string algebroids (Q0, P, ρ0) and (Q′

0, P
′, ρ′0) are

isomorphic if and only if there exists an isomorphism g : P → P ′ of
holomorphic principal G-bundles such that

H ′ = H − 2c(a, Fθ)− c(a, dθa)−
1

3
c(a, [a, a])− dB (2.16)

for some B ∈ Ω2,0, where a = g−1θ′ − θ ∈ Ω1,0(adP ).

Proof. Assume that (ϕ, g) is an isomorphism between (Q0, P, ρ0) and
(Q′

0, P
′, ρ′0). In particular, g : P → P ′ is an isomorphism of holomorphic

principal bundles, and therefore gθ0,1 = θ′0,1, and

ϕ : Q
0
→ Q

0

is an orthogonal bundle isomorphism. Since ϕ is the identity on (T 1,0X)∗

it follows that (see [18, Sec. 4.5])

ϕ = fν(B, a)

where

fν :=





Id 0 0
0 ν 0
0 0 Id



 .

for ν : adP → adP ′ an orthogonal bundle isomorphism covering the
identity on X and preserving the Lie bracket, and

(B, a) :=





Id 0 0
a Id 0

B − c(a, a) −2c(a, ·) Id



 ,

for a suitable B ∈ Ω2,0. More explicitly, ϕ acts on sections of Q
0
by

ϕ(V + r + ξ) = V + ν(r + iV a)

+ ξ + iV (B − c(a, a))− 2c(a, r).
(2.17)

The condition ρθ
′

0 ◦ ϕ = g ◦ ρθ0 implies, in particular, (see (2.7))

ρθ
′

0 ◦ ϕ(r) = νr = gr = g ◦ ρθ0(r)
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for all r ∈ adP , and therefore ν = g. Here, we abuse of the notation
and denote by g the isomorphism adP → adP ′ induced by dg : TP →
TP ′. Furthermore, we have

ρθ
′

0 ◦ ϕ(V ) = θ′⊥(V ) + g(iV a)

= gθ⊥(V ) + g(iV a) + iV (gθ − θ′)

= g ◦ ρθ0(V ) + iV g(a+ θ − g−1θ′)

for any V ∈ T 1,0X , and therefore ρθ
′

0 ◦ϕ = g ◦ ρθ0 implies a = g−1θ′ − θ.
Notice that gθ0,1 = θ′0,1 implies a ∈ Ω1,0(adP ), as claimed. Finally, by
the proof of [18, Prop. 4.3], the fact that ϕ is holomorphic and bracket
preserving implies that (2.16) is satisfied. �

Remark 2.8. In formula (2.16) we abuse of the notation and omit
the wedge product of differential forms. This simplified notation will be
used in the rest of the paper, when there is no possibility of confusion.

Given an integer k > 0, consider the following subspace of the com-
plex (k + 2)-forms on X

Ω6k = ⊕j6kΩ
j+2,k−j, (2.18)

with the convention that Ωp,q = 0 if p < 0 or q < 0. Explicitly, for
0 6 k 6 2,

Ω60 = Ω2,0,

Ω61 = Ω3,0 ⊕ Ω2,1,

Ω62 = Ω4,0 ⊕ Ω3,1 ⊕ Ω2,2.

Given a holomorphic principal G-bundle P over X we denote by AP

the space of connections on P such that F 0,2
θ = 0 and Pθ = P . As

a direct consequence of Proposition 2.4 and Lemma 2.7 we obtain the
following result.

Proposition 2.9. There is a one to one correspondence between iso-
morphism classes of string algebroids and elements in

{(P,H, θ) : (H, θ) ∈ Ω61 ×AP | dH + 〈Fθ ∧ Fθ〉 = 0}/ ∼,

where (P,H, θ) ∼ (P ′, H ′, θ′) if there exists an isomorphism g : P → P ′

of holomorphic principal G-bundles such that (2.16) holds for some
B ∈ Ω60.

2.4. Automorphisms and the Chern-Simons three-form. Let
(Q,P, ρ) be a string algebroid. Let AutQ denote the group of au-
tomorphisms of the holomorphic Courant algebroid Q, that is, au-
tomorphisms of the holomorphic vector bundle Q that preserve the
bracket and the pairing. Let GP denote the gauge group of P , given by
holomorphic G-bundle automorphisms g : P → P covering the identity
on X . By Definition 2.3, the group of automorphisms Aut(Q,P, ρ) is
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given by pairs (ϕ, g) ∈ AutQ× GP such that the following diagram is
commutative

0 // T ∗X //

id
��

Q
ρ

//

ϕ

��

AP
//

g

��

0,

0 // T ∗X // Q
ρ

// AP
// 0.

(2.19)

Consequently, there is an homomorphism of groups

Aut(Q,P, ρ) → GP : (ϕ, g) 7→ g. (2.20)

The rest of this section is devoted to describe the Kernel and the image
of (2.20). For this, we first obtain an explicit characterization of the
automorphism group of the string algebroid (Q0, P, ρ0) associated to a
triple (P,H, θ), as in Proposition 2.9. Following the proof of Lemma
2.7, an automorphism (ϕ, g) of (Q0, P, ρ0) is of the form

ϕ = fg(B, a
g),

for ag := g−1θ − θ, acting on sections of Q
0
by

ϕ(V + r + ξ) = V + g(r + iV a
g)

+ ξ + iV (B − c(ag, ag))− 2c(ag, r).

Lemma 2.10. Let (P,H, θ) be as in Proposition 2.9, and (Q0, P, ρ0)
its associated string algebroid. Then, elements in Aut(Q0, P, ρ0) cor-
respond to transformations fg(B, a

g), with g ∈ GP , B ∈ Ω2,0 and
ag := g−1θ − θ, which satisfy

dB = 2c(ag, F ) + c(ag, dθag) +
1

3
c(ag, [ag, ag]).

The group structure is given by

(g, B)(g′, B′) = (gg′, B +B′ + c((g′−1 · ag) ∧ ag
′

)),

with Lie algebra Lie Aut(Q,P, ρ) ⊂ Ω0(adP )⊕ Ω2,0 given by

Lie Aut(Q,P, ρ) = {α + b : ∂̄θα = 0, d(b− 2c(αFθ)) = 0}.

As an immediate consequence of Lemma 2.10 we obtain that Aut(Q,P, ρ)
fits into an exact sequence of groups

0 // Ω2,0
cl

// Aut(Q,P, ρ) // GP

where Ω2,0
cl denotes the space of closed (2, 0)-forms on X . Our next

goal is to characterize the image of (2.20). We start by recalling some
generalities about the Chern-Simons three-form. Let P be the smooth
principal G-bundle over X underlying P . Given a connection θ on P ,
the Chern-Simons three-form of θ is a G-invariant differential form of
degree three on the total space of P defined by (see Remark 2.8)

CS(θ) = −
1

6
c(θ, [θ, θ]) + c(Fθ, θ) ∈ Ω3(P ),
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where Fθ ∈ Ω2(adP ) is the curvature of θ. Note that

dCS(θ) = c(Fθ ∧ Fθ), (2.21)

and that CS(θ) is functorial, in the sense that

g∗CS(θ) = CS(g∗θ) = CS(g−1θ) (2.22)

for any automorphism g of P . Recall that, given another connection
θ′ = θ+a on P , the following defines a basic three-form on the principal
bundle P :

CS(θ′)− CS(θ)− dc(θ′ ∧ θ). (2.23)

By setting a = θ′ − θ ∈ Ω1(adP ), this form is the pullback to P of

2c(a ∧ Fθ) + c(a ∧ dθa) +
1

3
c(a, [a, a]) ∈ Ω3 (2.24)

via the natural projection P → X . In particular, following the notation
in Proposition 2.9, if θ, θ′ ∈ AP we have that (2.24) lies in Ω61.

Consider now the complex defined by (2.18) and the usual exterior
de Rham differential

. . .
d

// Ω6k d
// Ω6k+1 d

// . . . (2.25)

It is easy to verify that (Ω6•, d) is elliptic. We denote by Hk(Ω6•) its
k-th cohomology group.

Lemma 2.11. Let P be a holomorphic principal G-bundle over X.
Then, there is an homomorphism of groups

σP : GP → H1(Ω6•) (2.26)

defined by

σP (g) = [CS(gθ)− CS(θ)− dc(gθ ∧ θ)] ∈ H1(Ω6•),

for any choice of connection θ ∈ AP .

Proof. For a choice of connection θ ∈ AP , given g ∈ GP we can associate
a closed three-form on X (see (2.21)):

σθ(g) = CS(gθ)− CS(θ)− dc(gθ ∧ θ) ∈ Ω61.

Given θ′ ∈ AP , functoriality of the Chern-Simons three-form (2.22)
gives

σθ′(g)− σθ(g) = dc(gθ1,0 ∧ θ1,0)− dc(gθ′1,0 ∧ θ′1,0) ∈ dΩ60,

and therefore the class of σθ(g) in H1(Ω6•) is independent of the choice
of connection θ. Finally,

σθ(gg′) = g∗(CS(g
′θ)− CS(θ)− dc(g′θ ∧ θ))

+ (CS(gθ)− CS(θ)− dc(gθ ∧ θ))

− dc(gg′θ ∧ θ) + dc(g′θ ∧ θ) + dc(gθ ∧ θ)

= σθ(g) + σθ(g) + dB
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for B ∈ Ω60. For the first equality we have used that (2.23) is basic,
and therefore invariant by pullback by elements g ∈ GP . The second
equality follows by (3.1) and the functoriality of the Chern-Simons
three-form (2.22). �

We are now ready to state the main result of this section. The proof
is a straightforward consequence of Lemma 2.10 and Lemma 2.11.

Proposition 2.12. There is an exact sequence of groups

0 // Ω2,0
cl

// Aut(Q,P, ρ) // Ker σP // 1

where Ω2,0
cl denotes the space of closed (2, 0)-forms on X.

Remark 2.13. The group of automorphisms of a string algebroid is
the analogue in the holomorphic category of the group Åut E studied in
[18, Cor. 4.2] (for automorphisms covering the identity on the base).

3. Classification

Let G be a complex Lie group. We assume that the Lie algebra g

of G admits a bi-invariant symmetric bilinear form c : g⊗ g → C. Let
X be a complex manifold. In this section we obtain our classification
of string algebroids in terms of the first Čech cohomology of a natural
holomorphic sheaf of non-abelian groups.

3.1. The sheaf S. Let U ⊂ X be an open subset of X , regarded as
a complex manifold. Let P0 = U × G be the holomorphically trivial
principal G-bundle on U . We denote by θ0 the trivial connection in
the underlying smooth principal G-bundle P 0. Consider the string
algebroid (Q0, P0, ρ0) (see Definition 2.2 and Proposition 2.4) given by
the holomorphic Courant algebroid

Q0 = TU ⊕ g⊕ T ∗U

with pairing

〈V + r + ξ, V + r + ξ〉 = ξ(V ) + c(r, r),

anchor map

πQ0
(V + r + ξ) = V,

and Dorfman bracket

[V + r + ξ,W + t+ η] = [V,W ] + iV ∂
θ0t− iW∂

θ0r − [r, t]

+ LV η − iWdξ + 2c(dθ0r, t),

where V,W are holomorphic sections of TU , r, t are g-valued holomor-
phic maps, and ξ, η are holomorphic (1, 0)-forms on U , and map ρ0
given by

ρ0(V + r + ξ) = V + r.
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Let OG(U) denote the space of G-valued holomorphic maps on U .
Let Ω2,0(U) denote the space of (2, 0)-forms on U . Given g ∈ OG(U),
we denote

ag = g−1θ0 − θ0 = g−1dg = g−1∂g ∈ Ω1,0(U, g),

where g−1θ0 is the connection given by the action of g−1 on θ0. Given
another g′ ∈ OG(U), denote by g−1ag

′

the action of g−1 on ag
′

induced
by the adjoint representation. Note that

faf = −af
−1

, afg = g−1af + ag, afgh = h−1g−1af + h−1ag + ah.

(3.1)

Our next result, which is a straightforward consequence of Lemma
2.10, describes the group of automorphisms Aut(Q0, P0, ρ0). Here we
give a different proof which does not rely on the results in [18].

Lemma 3.1. The set of pairs (g, B) ∈ OG(U)× Ω2,0(U) satisfying

dB = CS(g−1θ0)− CS(θ0)− dc(g−1θ0 ∧ θ0) (3.2)

with the product given by

(g1, B1)(g2, B2) = (g1g2, B1 +B2 + c(g−1
2 ag1 ∧ ag2)). (3.3)

form a group, which we denote by S(U). Furthermore, there is a canon-
ical identification S(U) = Aut(Q0, P0, ρ0).

Proof. The set (g, B) ∈ OG(U) × Ω2,0(U) is clearly closed under the
product (3.3). We only need to check that the relation (3.2) is com-
patible with (3.3). For this, we note that

d(B1 +B2 + c(g−1
2 ag1 ∧ ag2)) = g∗2(CS(g

−1
1 θ0)− CS(θ0)− dc(ag1 ∧ θ0))

+ CS(g−1
2 θ0)− CS(θ0)− dc(ag2 ∧ θ0)

+ dc(ag1g2 ∧ ag2))

= CS((g1g2)
−1θ0)− CS(θ0)− dc(ag1g2 ∧ θ0).

For the first equality we have used that (2.23) is basic, and therefore
invariant by pullback by elements g ∈ OG(U). The second equality
follows by (3.1) and the functoriality of the Chern-Simons three-form
(2.22). The last part of the statement is straightforward from Lemma
2.10. �

Consider (g, B) ∈ S(U). By using (2.24), the Maurer-Cartan equa-
tion

dθ0ag = −
1

2
[ag, ag],

and the fact that g is holomorphic, condition (3.2) can be written as

∂̄B = 0,

∂B = −
1

6
c(ag, [ag, ag]), (3.4)
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and therefore, in particular, B is a holomorphic (2, 0)-form. The second
equation in (3.2) can be alternatively written as

∂B = g∗σ3,

where σ3 := −1
6
c(ω, [ω, ω]) is the holomorphic Cartan (3, 0)-form on

G, defined in terms of the g-valued Maurer-Cartan holomorphic (1, 0)-
form ω = g−1∂g. Thus, elements in S(U) correspond to (holomorphic)
inner automorphisms of Q0 in the sense of Ševera [35].

The family of complex groups S(U), as U varies in open subsets
of the complex manifold X , defines a sheaf of (possibly non-abelian)
complex groups S, canonically attached to the Lie group G and the
bilinear form c. It follows from Lemma 3.1 that one-cocycles in the
Čech cohomology of S can be regarded as gluing data for the construc-
tion of string algebroids over X with structure group G. As we will
see in Section 3.3, this cohomology classifies string algebroids up to
isomorphism.

3.2. First cohomology of S. The goal of this section is to under-
stand the Čech cohomology of the sheaf S, as defined in the previous
section. Recall that, being a sheaf of non-abelian groups, in general
its cohomology is only defined in degree 1 and it has the structure of
a pointed set. Thus, our next goal is to compute the first Čech coho-
mology group for the sheaf S. The first result shows that S is locally
modelled on an abelian extension of the group of G-valued holomorphic
maps by the additive group of closed (2, 0)-forms on X .

Lemma 3.2. Let Ω2,0
cl be the sheaf of closed (2, 0)-forms on X. There

is a short exact sequence of sheaves of groups

0 → Ω2,0
cl → S → OG → 1. (3.5)

Proof. We work on a sufficiently small open set U ⊆ X . The exactness
at Ω2,0

cl follows from the injectivity of the map B 7→ (1, B). At S, a
section (g, B) ∈ S is in the kernel of the projection to OG if and only if
g = 1, which, by (3.2), implies dB = 0, i.e., (1, B) lies in the image of
Ω2,0

cl . Finally, at OG, given g ∈ OG, we have dCS(g−1θ0) = dCS(θ0) =
0, so the (3, 0)+(2, 1)-form

CS(g−1θ0)− CS(θ0)− dc(g−1θ0 ∧ θ0)

is closed. On an open subset it is exact, i.e., equals dB for a 2-form B.
Consider the decomposition B = B2,0 + B1,1 + B0,2 into (p, q)-forms.
By the type of dB, the component B0,2 must vanish and ∂̄B1,1 = 0. By
the ∂̄-Poincaré lemma, in some open subset V ⊂ U , we have B1,1 = ∂̄τ
for a (1, 0)-form τ . The form

B̃ = B2,0 − ∂τ

is a (2, 0)-form such that dB̃ = dB and then (g, B̃) ∈ S(V ) maps to
g ∈ OG(V ).
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�

The sequence (3.5) induces a long exact sequence (of pointed sets)
in cohomology

0 // H0(Ω2,0
cl )

// H0(S) // H0(OG)
δ1

//

// H1(Ω2,0
cl )

// H1(S) // H1(OG)
δ2

// H2(Ω2,0
cl ),

(3.6)

which we describe now explicitly.
We start by characterizing the cohomology of the sheaf Ω2,0

cl . Note

that the abelian group H1(Ω2,0
cl ) parametrizes isomorphism classes of

exact holomorphic Courant algebroids on the complex manifold X [20].
Consider the differential graded sheaf (Ω6•, d), defined by restriction
of (2.25). By the existence of partitions of unity, this sheaf is moreover
fine and hence soft. We use it to describe the cohomology.

Lemma 3.3. The sequence 0 → Ω2,0
cl

id
−→ Ω6• is a soft resolution of the

sheaf Ω2,0
cl and hence

Hk(Ω2,0
cl )

∼= Hk(Ω6•). (3.7)

The k-th cohomology group Hk(Ω6•) is explicitly given by

Hk(Ω6•) =
Ker d : Ω6k → Ω6k+1

Im d : Ω6k−1 → Ω6k
. (3.8)

Next, we define a subgroup I of the additive group H1(Ω2,0
cl ), in-

duced by δ1 in (3.6). Note that H0(OG), given by global holomorphic
maps from X to G, has a natural group structure induced by point-
wise multiplication and can be identified with the gauge group of the
trivial bundle X ×G. We use the homomorphism σP : GP → H1(Ω2,0

cl )
in Lemma 2.11, for the case P = X ×G.

Lemma 3.4. Via the isomorphism H1(Ω6•) ∼= H1(Ω2,0
cl ), the map δ1

in (3.6) is given by

δ1(g) = σX×G(g) = [g∗σ3],

for g ∈ H0(OG) and σ3 the holomorphic Cartan (3, 0)-form on G as-
sociated to c. Consequently, δ1 is a morphism of groups, and we define

I := Im δ1 ⊂ H1(Ω2,0
cl ).

Proof. The identification δ1 = σX×G as well as the explicit formula for
δ1 follows from Lemma 2.11 and equation (3.4), by a simple diagram
chasing using Lemma 3.2. �

Recall that H1(OG) parameterizes isomorphism classes of holomor-
phic principal G-bundles on X . Given [P ] ∈ H1(OG), it defines a
complex first Pontryagin class

pc1([P ]) ∈ H4(X,C),



18 M. GARCIA-FERNANDEZ, R. RUBIO, AND C. TIPLER

represented by c(Fθ ∧ Fθ) ∈ Ω4 for any choice of connection θ on the
underlying smooth bundle P . Denote by AP the space of connections
on P such that

F 0,2
θ = 0, Pθ = P. (3.9)

As before, we denote by Pθ the holomorphic principal bundle induced
by θ. For θ in AP , we have

c(Fθ ∧ Fθ) ∈ Ω62.

Given another connection θ′ with the same properties, setting a =
θ′ − θ ∈ Ω1,0(adP ) there is an equality

c(Fθ′ ∧ Fθ′)− c(Fθ ∧ Fθ) = d
(

2c(a ∧ Fθ) + c(a ∧ dθa) +
1

3
c(a, [a, a])

)

and, by (3.8), we obtain a well-defined class

pc1([P ]) ∈ H2(Ω6•). (3.10)

Proposition 3.5. There is an exact sequence of pointed sets

0 // H1(Ω2,0
cl )/I

ι
// H1(S)


// H1(OG)

pc
1

// H2(Ω6•). (3.11)

Furthermore, ι induces a transitive action of the additive group H1(Ω2,0
cl )

on the fibres of the map H1(S)

−→ H1(OG).

Proof. The exactness on H1(S) follows from the long exact sequence
(3.6) and the definition of I in Lemma 3.4.

To prove the exactness on H1(OG) we just need to prove that δ2 in
(3.6) coincides with pc1 as in (3.10), when we use the isomorphism (3.7).
In order to spell this out, one uses the Čech cohomology isomorphism
H2(Ω60

cl )
∼= H1(Ω61

cl ), coming from the exact sequence

0 → Ω60
cl → Ω60 d

−→ Ω61
cl → 0,

and then take a representative in H1(Ω61
cl ) to define an element in Ω62

cl ,
whose class gives the element in H2(Ω6•).

Consider a good cover {Ui} and denote the multiple intersections by
Uij , Uijk, etc. Given a class [{gij}] ∈ H1(OG), we consider a cochain
{(gij, Bij)} in S, with Bij ∈ Ω2,0. Its coboundary is given by {(1, dijk)}
for

dijk = Bij +Bjk +Bki + c(gkjaij ∧ ajk), (3.12)

and the connecting homomorphism is δ2([{gij}]) = [{dijk}] ∈ H2(Ω2,0
cl ).

Here, we define aij := gjiθ0 − θ0.
We want to write dijk as a coboundary. For this, we choose a connec-

tion θ ∈ AP , given on Ui by θi, so we have gijθj = θi. Set ai = θi − θ0,
where θ0 denotes the trivial connection on Ui. We then have

aij = gjiθ0 − θ0 = aj − gjiai (3.13)
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and the identity gijaij = −aji, which, together with the invariance of
c, gives

c(gkjaij ∧ ajk) = c(gkjaj ∧ ajk)− c(gkiai ∧ ajk)

= −c(aj ∧ akj)− c(ai ∧ gikajk)

= −c(aj ∧ akj)− c(ai ∧ gikak) + c(ai ∧ gijaj)

= −c(aj ∧ akj)− c(gkiai ∧ ak) + c(ai ∧ gijaj)

= −c(aj ∧ akj)− c((ak − aik) ∧ ak)) + c(ai ∧ (ai − aji))

= −c(aj ∧ akj)− c(ak ∧ aik)− c(ai ∧ aji).

From this and (3.12) we have

{dijk} = δ({Bij − c(ai ∧ aji)})

and [{dijk}] equals [{d(Bij − c(ai ∧ aji))}] in the Čech cohomology
H1(Ω61

cl ). Again, we want to express the representative as a coboundary.
Using (3.2),

d(Bij − c(ai ∧ aji)) = CS(gjiθ0)− CS(θ0)− dc(aij ∧ θ0)− dc(ai ∧ aji).

We add and substract terms in this expression to get

(CS(θj)− CS(θ0)− dc(θj ∧ θ0))

− (CS(gjiθi)− CS(gjiθ0)− dc(gjiθi ∧ gjiθ0)) (3.14)

− dc(gjiθi ∧ gjiθ0) + dc(θj ∧ θ0)− dc(aij ∧ θ0)− dc(ai ∧ aji).

The third line is identically zero as the first two summands equal, by
(3.13),

−dc(θj ∧ gjiθ0) + dc(θj ∧ θ0) = −dc(θj ∧ (gjiθ0 − θ0)) = −dc(θj ∧ aij),

whereas the last two summands equal, by (3.13) again,

−dc(aij ∧ θ0) + dc(gjiai ∧ aij) = dc((θ0 + aj − aij) ∧ aij) = dc(θj ∧ aij).

The second line of (3.14) is a basic form, so we can pull it back by gij
and obtain the coboundary

d(Bij − c(ai ∧ aji)) = δ(CS(θi)− CS(θ0)− dc(θi ∧ θ0)). (3.15)

Consequently, δ2([{gij}]) is represented by

d(CS(θi)− CS(θ0)− dc(θi ∧ θ0)),

which gives a class inH2(Ω6•). By (2.21), this equals the representative
of the Pontryagin class c(Fθi ∧ Fθi), that is, for P the holomorphic
bundle corresponding to {gij}, we have

δ2([{gij}]) = pc1([P ]).

Finally, as for theH1(Ω2,0
cl )-action, an element [{(0, Cij)}] ∈ H1(Ω2,0

cl )
acts on [{(gij , Bij)}] ∈ H1(S) by [{(gij, Bij + Cij)}]. The transitivity
of the action is straightforward, as if [{(gij, Bij)}] and [{(g′ij , B

′
ij)}]
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are in j−1([{gij}]) then [{(g′ij, B
′
ij)}] = [{(gij, B

′′
ij)}] for suitable B

′′
ij ∈

Ω2,0(Uij), and therefore B′′
ij −Bij defines a 1-cocycle for Ω2,0

cl . �

The isotropy of the H1(Ω2,0
cl )-action on j−1([P ]) can be described

explicitly in terms of the gauge group of P . We shall postpone the
proof of this fact until Proposition 3.11.

In our next result, which follows as a straightforward consequence
of Proposition 3.5, we show that for ∂∂̄-manifolds the existence of a
Courant extension (2.1) on a given holomorphic principal bundle re-
duces to the topological condition (2.14).

Corollary 3.6. Assume that X is a ∂∂̄-manifold. Then, the natural
map in cohomology

H2(Ω6•) → H4(X,C) (3.16)

is injective. Consequently, a holomorphic principal bundle P admits a
Courant extension (2.1) if and only if

pc1(P ) = 0 ∈ H4(X,C). (3.17)

Proof. Assume that τ ∈ Ω62 satisfies τ = dh for some h ∈ Ω3
C
. Then,

by type decomposition it follows that

τ = d(h3,0 + h2,1) + ∂h1,2, ∂̄h1,2 = 0.

Applying the ∂∂̄-Lemma, there exists b ∈ Ω1,1 such that ∂h1,2 = ∂∂̄b1,1

and therefore

τ = d(h3,0 + h2,1) + ∂∂̄b1,1 = d(h3,0 + h2,1 − ∂b1,1).

We conclude that (3.16) is injective. Finally, if (3.17) holds and θ is a
connection on P such that F 0,2

θ = 0 and Pθ = P , by the injectivity of
(3.16) it follows that dh + c(Fθ ∧ Fθ) = 0 for some h ∈ Ω61. The ‘if
part’ in the second part of the statement follows now from Proposition
2.4. The ‘only if part’ is trivial. �

To finish this section, we analyze a particular case of Proposition
3.5 which is relevant for the applications to the theory of metrics on
holomorphic Courant algebroids developed in [17].

Corollary 3.7. Assume that G is a reductive complex Lie group and
that X is compact. Then H0(OG) = G and δ1 = 0. Consequently, there
is an exact sequence of pointed sets

0 // H1(Ω6•)
ι
// H1(S)


// H1(OG)

pc
1

// H2(Ω6•).

Proof. Elements of H0(OG) are global holomorphic maps g : X → G.
Since G is reductive, it admits a holomorphic embedding into Ck for
sufficiently large k, and therefore g must be constant by the maximum
principle. Consequently, g∗σ3 = 0, and we conclude δ1 = 0 by Lemma
3.4. The proof follows from Proposition 3.5. �
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3.3. Classification and holomorphic string classes. To start this
section, we obtain our classification of string algebroids in terms of the
first Čech cohomology of the sheaf S. We will use the description of
the set of isomorphism classes in Proposition 2.9.

Theorem 3.8. There is a one to one correspondence between elements
in H1(S) and isomorphism classes of string algebroids.

Proof. First, we give a description ofH1(S) using the 1-cocycles Z1(OG)
on a good cover, whose elements {gij} are identified with the holomor-
phic principal bundle P which they glue to. By Proposition 2.9, the
statement reduces to prove that H1(S) is bijective to

{(P,H, θ) | P ∈ Z1(OG), H ∈ Ω61, θ ∈ AP , dH = −c(Fθ ∧ Fθ)}/ ∼,

where ∼ is the equivalence relation generated by (P,H, θ) ∼ (P,H ′, θ′)
when

H ′ = H + CS(θ)− CS(θ′)− dc(θ ∧ θ′) + dB (3.18)

for some B ∈ Ω60, and, for any 0-cochain {hi}, which we write {hi} ∈
C0(OG),

({gij}, H, {θj}) ∼ ({higijh
−1
j }, H, {hiθi}), (3.19)

where the principal bundle can change. Take a representative (gij, Bij)
of a class in H1(S). To define a triple (P,H, θ), we set P = {gij},
choose any connection θ ∈ AP on P , locally given by θj , and use the
proof of Proposition 3.5 to define H . By the cocycle condition,

(1, 0) = δ(gij, Bij) = (δgij , δ(Bij − c(ai ∧ aji))),

As Ω2,0 is an acyclic sheaf, i.e., H1(Ω2,0) = 0, there exist {Ci}, not
necessarily closed (2, 0)-forms defined up to addition of a global (2, 0)-
form B, such that

Bij − c(ai ∧ aji) = Cj − Ci. (3.20)

By differentiating and using (3.15), we have that the expression

Hi := dCi − CS(θi) + CS(θ0) + dc(θi ∧ θ0) (3.21)

defines a global form H ∈ Ω61, up to addition of an exact form dB.
Just as in the proof of Proposition 3.5 we get

dH + c(Fθ ∧ Fθ) = 0.

If we choose a different connection θ′ ∈ AP locally given by θ′i, we
define a′i = θ′i − θ0. When repeating the argument above we obtain, by
(3.20),

C ′
j − C ′

i = Bij − c(a′i ∧ aji) = Bij − c(ai ∧ aji) + c((ai − a′i) ∧ aji).

By using (3.13) and gji(ai − a′i) = gji(θi − θ′i) = θj − θ′j = aj − a′j, we
get

c((ai − a′i)∧ aji) = c((ai − a′i)∧ (ai − gijaj)) = −c(a′i ∧ ai) + c(a′j ∧ aj),
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that is, C ′
i = Ci+c(a

′
i∧ai), again, up to addition of a global (2, 0)-form

B. When using (3.21) to compute H ′
j and compare it to Hj, we obtain

H ′
i = dC ′

i − CS(θ′i) + CS(θ0) + dc(θ′i ∧ θ0)

= dCi − CS(θi) + CS(θ0) + dc(θi ∧ θ0)

+ CS(θi)− CS(θ′i) + dc(a′i ∧ ai) + dc((θ′i − θi) ∧ θ0)

= Hi + CS(θi)− CS(θ′i)− dc(θi ∧ θ
′
i),

up to addition of dB, where the last equality follows from

dc(a′i ∧ ai) = dc((θ′i − θ0) ∧ (θi − θ0)) = dc(θ′i ∧ θ
′
i)− dc((θ′i − θi) ∧ θ0).

Thus, (P,H, θ) ∼ (P,H ′, θ′) for the relation in the statement of the
theorem.

We check now that the definition above does not depend on the
choice of representative (gij, Bij). Consider a different representative
given, for some 1-cochain {(hi, Bi)}, by

(g̃ij, B̃ij) = (hi, Bi)(gij, Bij)(hj , Bj)
−1

= (higijh
−1
j , Bij +Bi −Bj + c(gjia

hi ∧ aij) + c(hja
higij ∧ ah

−1

j )).

By using the invariance of c and (3.1), we have

B̃ij = Bij +Bi −Bj − c(ahi ∧ aji)− c((gjia
hi + aij) ∧ a

hj ).

In order to get the corresponding [(P, H̃, θ̃)], we choose, for convenience

in the calculations below, the connection given by θ̃j = hjθj , which
yields the identity

ãi = hiθi − θ0 = hiai + ah
−1

i = hi(ai − ahi), (3.22)

and consider the expression

B̃ij − c(ãi ∧ ãji) = C̃j − C̃i. (3.23)

We relate it to Hj by using (3.20). The left-hand side of (3.23) equals

Cj−Ci+Bi−Bj+c(ai∧aji)−c(a
hi∧aji)−c((gjia

hi+aij)∧a
hj )−c(ãi∧ãji).

We deal now with the terms with c. The last one, by (3.1) and (3.22),
is

−c(ãi ∧ a
hjgjih

−1

i ) = −c(ãi ∧ (higija
hj + hiaji + ah

−1

i )),

while the first two, by (3.22), are

c((ai − ahi) ∧ aji) = c(h−1
i ãi ∧ aji) = c(ãi ∧ hiaji).

There is a cancellation and we have that all the terms with c are

−c(ãi ∧ (higija
hj + ah

−1

i ))− c((gjia
hi + aij) ∧ a

hj ).

On the one hand,

−c(ãi ∧ a
h−1

i ) = c(h−1
i ãi ∧ a

hi) = −c(ai ∧ a
hi),
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whereas the rest of the terms are

−c((gjih
−1
i ãi−gjia

hi−aij)∧a
hj) = c((gjiai−aij+g)∧a

hj) = c(aj∧a
hj ).

So (3.23) becomes, up to addition of a global two-form,

C̃i = Ci − Bi + c(ai ∧ a
hi).

The corresponding H̃ is, by (3.2) and using that the pullback by hi
preserves basic forms,

H̃i = dC̃i − CS(θ̃i) + CS(θ0) + dc(θ̃i ∧ θ0)

= dCi − (CS(h−1
i θ0)− CS(θ0)− dc(h−1

i θ0 ∧ θ0))− dc(ai ∧ a
hi)

− h−1
i (CS(θ̃i)− CS(θ0)− dc(θ̃i ∧ θ0))

= dCi − CS(θi) + CS(θ0) + dc((θi − θ0) ∧ h
−1
i θ0) + dc(ai ∧ a

hi)

= dCi − CS(θi) + CS(θ0) + dc(θi ∧ θ0) + 2dc(ai ∧ a
hi),

that is, Hi up to addition of an exact form, as c(ai∧a
hi) ∈ Ω60. Hence,

by (3.19), the image does not depend on the representative.
The calculations above also show that the map defined is injective.

To show that it is surjective, consider a class [(P,H, θ)]. We need to
find an element (gij, Bij) mapping to it. The representative P = {gij}
determines an element of Z1(OG). By dH = −c(Fθ ∧ Fθ), we can find
{Ci} such that (3.21) is satisfied. Define then Bij by (3.20), where aj
is determined by θ and aij by P . �

Remark 3.9. A much simpler but inspirational setting for part of the
technicalities in the proofs of Proposition 3.5 and Theorem 3.8 is [32,
Sec. 2.3.1] and [33].

Let P be a holomorphic principal G-bundle over X . Building on
Proposition 2.9, Proposition 3.7, and Theorem 3.8, we provide next a
characterization of −1([P ]) à la de Rham and describe the isotropy of
the corresponding H1(Ω2,0

cl )-action (see Proposition 3.5). As mentioned
in Section 1 (see also Appendix A), up to isotropy the elements in
−1([P ]) provide analogues in the holomorphic category of Redden’s
real string classes [31], and hence we will refer to them as holomorphic
string classes.

As before, we will denote by GP the gauge group of P . Relying on
Lemma 2.11 and Lemma 3.3 we can give the following definition.

Definition 3.10. We define the additive subgroup

I[P ] := Im σP = 〈σP (g) | g ∈ GP 〉 ⊂ H1(Ω2,0
cl ).

It is easy to see that I[P ] is an invariant of the isomorphism class
[P ], which justifies the notation. We can now state our characterizing
holomorphic string classes for the principal bundle P .
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Proposition 3.11. There is a natural bijection

−1([P ]) ∼= {(H, θ) ∈ Ω61 ×AP | dH + c(Fθ ∧ Fθ) = 0}/ ∼,

where (H, θ) ∼ (H ′, θ′) if, for some B ∈ Ω60 and g ∈ GP

H ′ = H + CS(gθ)− CS(θ′)− dc(gθ ∧ θ′) + dB. (3.24)

Furthermore, the isotropy of −1([P ]) for the transitive H1(Ω2,0
cl )-action

is I[P ].

Proof. To describe the fibre over [P ], we have to consider the equiva-
lence relation (3.18) combined with the equivalence relation (3.19) for
those {hi} ∈ C0(OG) such that gij = higijh

−1
j . These {hi} ∈ C0(OG)

define precisely the automorphisms of P and the isomorphism of the
statement follows.

Finally, to describe the isotropy of the H1(Ω2,0
cl )-action, we simply

notice that if [(H, θ)] = [(H + C, θ)] for [C] ∈ H1(Ω2,0
cl ), then (3.24)

implies that [C] = [σ(g)] for some g ∈ G, as claimed.
�

4. Deformation theory

In this section we study the deformation theory for string algebroids
over a fixed compact complex manifold X .

4.1. Deformations of string algebroids. Let (Q,P, ρ) be a string
algebroid over X , with structure group G. By a result of Ehresmann
[14], a complex deformation Pt of the holomorphic bundle P can be
regarded as a smooth family of integrable (0, 1)-connections θ0,1t on the
smooth G-bundle P . Relying on Proposition 2.9, it is natural to give
the following definition.

Definition 4.1. A smooth (respectively analytic) string algebroid de-
formation of (Q,P, ρ) is a family of string algebroids (Qt, Pt, ρt)t∈Λ over
the complex manifold X, with structure group G, parametrized by Λ,
satisfying:

i) (Q0, P0, ρ0) = (Q,P, ρ),
ii) the connexion θ0,1t is smooth (respectively analytic) with respect

to t,
iii) for each t there exists a representative (Ht, θt) ∈ Ω61 × APt

of the isomorphism class of (Qt, Pt, ρt), as in Proposition 3.11,
such that (Ht, θt) is smooth (respectively analytic) in t.

In the previous definition we consider Ω61 ×APt
⊂ Ω3

C
×AP , where

AP denotes the space of connections on P . When the underlying prin-
cipal bundle P is fixed, a string algebroid (Q,P, ρ) can always be de-
formed by the action of the additive group H1(Ω2,0

cl )/I[P ] (see Proposi-
tion 3.5). The main question we address here is: given a deformation
Pt of the underlying principal bundle P , can we find a string algebroid
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deformation of (Q,P, ρ) of the form (Qt, Pt, ρt)? Our first result pro-
vides an affirmative answer to this question for the case of ∂∂̄-manifolds
and complex reductive Lie group G. The proof relies on Corollary 3.6.

Proposition 4.2. Let X be a compact complex manifold satisfying the
∂∂̄-Lemma and G be a reductive complex Lie group. Let (Q,P, ρ) be
a string algebroid over X with structure G. Let (Pt)t∈Λ a deforma-
tion of the underlying holomorphic principal bundle. Then, there exists
a string algebroid deformation (Qt, Pt, ρt)t∈Λ with underlying principal
bundle Pt for all t.

Proof. Let (H, θ) ∈ Ω61 × AP be a pair representing the holomor-
phic string class of (Q,P, ρ) (see Proposition 3.11). We fix a reduc-
tion h of P to a maximal compact subgroup, and denote by θh,t the
Chern connection of h in the holomorphic principal bundle Pt. Then,
(H̃, θh,0) ∼ (H, θ), where

H̃ = H + CS(θ)− CS(θh,0)− dc(θ ∧ θh,0).

It suffices to show that there exists Ht = H̃+τt ∈ Ω61 varying smoothly
with t such that

dτt + c(Fθh,t ∧ Fθh,t)− c(Fθh,0 ∧ Fθh,0) = 0. (4.1)

We first argue that there exists one such τt for each t, and then prove
the smooth dependence on the parameter. To prove this, notice that,

c(Fθh,t ∧ Fθh,t)− c(Fθh,0 ∧ Fθh,0) = dTt

with

Tt = 2c(at ∧ Fθh,0) + c(at ∧ d
θh,0at) +

1

3
c(at, [at, at]),

and at = θh,t−θh,0 = Ω1
C
(adP ). Since dTt is of type (2, 2), furthermore

we have

dTt = ∂T 1,2
t + ∂̄T 2,1

t .

We define

τ̃t = −T 3,0+2,1+1,2
t ,

so that

dτ̃t + dTt = dT 0,3
t .

Since ∂̄T 0,3
t = 0, by the ∂∂̄-Lemma there exists bt ∈ Ω0,2 such that

∂T 0,3
t = ∂∂̄bt.

Setting now τ̂t = τ̃t + ∂bt, we obtain dτ̂t + dTt = ∂̄∂b0,2t + ∂T 0,3
t = 0.

Using again that dTt ∈ Ω2,2, it follows that ∂̄τ̂ 1,2t = 0. By the ∂∂̄-
Lemma there exists χt ∈ Ω1,1, such that

∂τ̂ 1,2t = ∂∂̄χt.

Setting τt = τ̂ 3,0t + τ̂ 2,1t −∂χt, it follows that τt satisfies (4.1) as required.
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The final step of the proof is to show that we can choose bt and χt

varying smoothly with t. Considering a hermitian metric g on X , we
use the decomposition

Ω1,3 = H1,3
BC ⊕ Im(∂∂)⊕ Im(∂∗ ⊕ ∂

∗
).

induced by the (elliptic) Bott-Chern laplacian (see [34])

∆BC = ∂∂(∂∂)∗ + ∂̄∗∂∗∂∂ + ∂̄∗∂∂∗∂ + ∂∗∂∂
∗
∂ + ∂̄∗∂ + ∂∗∂.

Let G be the corresponding Green operator and define

xt = G(∂T 0,3
t ),

which varies smoothly in t since ∂T 0,3
t does. By the ∂∂̄-Lemma we

have ∂T 0,3
t ∈ Im(∂∂), and therefore we can assume that xt ∈ Im(∂∂).

Consequently, we have ∂xt = ∂xt = 0 and thus ∂∂(∂∂)∗xt = ∆BCxt.
Setting now bt = (∂∂)∗xt, which is also smooth in t, we have

∂∂̄bt = ∆BC ◦G(∂T 0,3
t ) = ∂T 0,3

t ,

as required. Finaly, the proof for χt is analogous. �

In general, when the complex manifold X does not satisfy the ∂∂̄-
Lemma, we cannot expect the statement of Proposition 4.2 to hold.
Our next goal is to construct a first-order obstruction to deform a
string algebroid along with the underlying principal bundle.

4.2. Sheaf resolutions and a first-order obstruction. Fix a string
algebroid (Q,P, ρ) over X with structure group G. The aim of this sec-
tion is to obtain a first-order obstruction to deform (Q,P, ρ), given a
deformation of P . We do this in a systematic way, by means of con-
structing a differential graded algebra ruling the deformation theory.
Following Kodaira and Spencer [25], such a differential graded algebra
can be obtained from a fine resolution of the sheaf of automorphisms
of (Q,P, ρ).

By Proposition 3.11 we can fix a representative (H, θ) ∈ j−1([P ])
of the associated holomorphic string class. Denote by F = Fθ the
curvature of θ. Up to the equivalence relation ∼ defined by (3.24), by
choosing the Chern connection of a fixed hermitian structure on P , we
can assume that F 2,0 = 0. Let GP be the group of holomorphic gauge
transformations of P , with Lie algebra

Lie GP = {α ∈ Ω0(adP ) | ∂
θ
α = 0}.

For simplicity, we will denote (Q,P, ρ) just by Q.
From Lemma 2.10, the group of automorphisms of Q is given by the

set of pairs (g, B) ∈ GP × Ω2,0 such that

dB = 2c(ag, F ) + c(ag, dθag) +
1

3
c(ag, [ag, ag]),
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where we recall that ag := g−1θ − θ, with group structure given by
(3.3). The sheaf of Lie algebras AutQ associated to this group is then
given, for an open set U ⊂ X , by

AutQ(U) = {(α, b) ∈ Ω0(U, adP )×Ω2,0(U)|∂
θ
α = 0, d(b−2c(αF )) = 0}.

Note that, using ∂
θ
α = 0 combined with the Bianchi identity, the

second condition for the pair (α, b) can we written as db−2c(∂θα∧F ) =
0.

Denote by Ω2,0
cl the sheaf of closed (2, 0)-forms and by AutP the sheaf

of holomorphic sections of adP . From the proof of Lemma 3.2, we
deduce the following exact sequence of sheaves:

0 → Ω2,0
cl → AutQ → AutP → 0. (4.2)

Corollary 4.3. The sheaf AutQ is acyclic.

Proof. The sheaves AutP and Ω2,0
cl are acyclic by the Poincaré-Dolbeault

Lemma. For a given polydisc U ⊂ X , the short exact sequence (4.2)
implies the short exact sequence of sheaves

0 → (Ω2,0
cl )|U → (AutQ)|U → (AutP )|U → 0.

From the associated long exact sequence, and as AutP and Ω2,0
cl are

acyclic, we deduce that AutQ is acyclic. �

Following [25], the Čech cohomology of AutQ describes deformations
of Q. We will build a fine resolution for this sheaf, using the fine
resolutions

0 → AutP −→ Ω0,0(ad(P ))
∂
θ

−→ Ω0,1(ad(P ))
∂
θ

−→ . . . (4.3)

and

0 → Ω2,0
cl −→ Ω60 d

−→ Ω61 d
−→ . . . (4.4)

We set

L•
Q := Ω0,•(adP )× Ω6•,

and denote by π1, π2 the projections onto the first and second factors,
respectively. We introduce the operator

dQ : L•
Q → L•+1

Q

(α, b) 7→ (∂
θ
α, db− 2c(∂θα ∧ F )).

Note that AutQ(X) = ker dQ : L0
Q → L1

Q.

Lemma 4.4. The operator dQ satisfies dQ ◦ dQ = 0.

Proof. Let (α, b) ∈ Lk
Q. As ∂

θ
is a differential, the first component of

dQ ◦ dQ(α, b) vanishes. For the second component, using dF = 0 and
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F = F 1,1,

π2(dQ ◦ dQ(α, b)) = d(db− 2c(∂θα ∧ F ))− 2c(∂θ∂
θ
α ∧ F )

= − 2c((dθ∂θα + ∂θ∂
θ
α) ∧ F )

= − 2c([F, α] ∧ F ),

which vanishes by ad-invariance of c and F being an adP -valued 2-
form. �

The complex (L•
Q, dQ) fits into an exact sequence of differential graded

algebras:

0 → (Ω6•, d) → (L•
Q, dQ) → (Ω0,•(adP ), ∂̄θ) → 0, (4.5)

where the first map is the obvious inclusion and the second map is
induced by the projection π1. Using the short exact sequence (4.2), and
the fine resolutions (4.3) and (4.4), the following is straightforward:

Lemma 4.5. The complex

0 → AutQ −→ L0
Q

dQ
−→ L1

Q

dQ
−→ . . .

provides a fine resolution of AutQ. Consequently, the Čech cohomology
of AutQ is isomorphic to the cohomology of (L•

Q, dQ).

Our next result provides the desired obstruction to the deformation
of string algebroids on a general complex manifold. Observe that the
sequence (4.5) induces a long exact sequence in cohomology. Then, a
direct computation shows:

Proposition 4.6. The boundary maps δP in the long exact sequence
in cohomology associated to (4.5) are explicitly given by:

δP : H0,k(adP ) → Hk+1(Ω6•)
[α] 7→ [2c(∂θα ∧ F )].

Thus, a necessary condition for an infinitesimal deformation [α] ∈
H0,1(adP ) of P to be lifted to an infinitesimal deformation of Q is
the vanishing of the class δP ([α]) ∈ H2(Ω6•).

The obstruction given by the previous result can be regarded as the
vanishing of the infinitesimal variation of the holomorphic Pontryagin
class pc1([P ]) ∈ H2(Ω6•) in (3.11). Notice that c(∂θα∧F ) = ∂(c(αF )),
and therefore on a ∂∂̄-manifold the map δP vanishes identically.

4.3. Differential graded Lie algebra and Maurer-Cartan equa-

tion. In this section we promote our resolution (L•
Q, dQ) of the sheaf

of automorphisms AutQ in Lemma 4.5 to a differential graded Lie alge-
bra, or DGLA for short, in such a way that the corresponding Maurer-
Cartan equation describes the integrable deformations of (Q,P, ρ).

We start by recalling the definition of a DGLA.
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Definition 4.7. A graded Lie algebra (L•, [·, ·]) over C is a Z-graded
vector space L =

⊕

k≥0 L
k together with a family of bilinear maps [·, ·] :

Lk × Ll → Lk+l satisfying, for any (x, y, z) ∈ Lk × Ll × Lm,

i) Graded skew-commutativity: [x, y] + (−1)kl[y, x] = 0.
ii) Jacobi identity: (−1)km[x, [y, z]]+(−1)lk[y, [z, x]]+(−1)ml[z, [x, y]] =

0.

A differential graded Lie algebra (L•, d, [·, ·]) is a graded Lie algebra
(L•, [·, ·]) together with a C-linear map d : L• → L•+1, called differen-
tial, satisfying, for any (x, y) ∈ Lk × Ll:

iii) Differential: d ◦ d = 0.
iv) Derivation of degree 1: d[x, y] = [dx, y] + (−1)k[x, dy].

To a DGLA, one associates a deformation equation, or Maurer-
Cartan equation.

Definition 4.8. Given a differential graded Lie algebra (L•, d, [·, ·]),
the Maurer-Cartan equation is

dx+
1

2
[x, x] = 0, for x ∈ L1.

We will use the following results [24, 20]:

(1) The deformation theory for complex structure on P is described
by the DGLA (Ω0,•(adP ), ∂̄θ, [·, ·]P ), with bracket extending the
Lie bracket on g. In local coordinates, with a basis (ei)i=1..r for
g, given g1 = gi1⊗ ei ∈ Ω0,k(adP ) and g2 = gi2⊗ ei ∈ Ω0,l(adP ),
the bracket is:

[g1, g2]P =
r

∑

i,j=1

gi1 ∧ g
j
2 ⊗ [ei, ej].

(2) The deformation theory for holomorphic exact Courant alge-
broids is described by the abelian DGLA (Ω6•, d, 0).

In order to simplify the notation, from now on we will drop the sub-
scripts on the brackets, the meaning being clear from the context. To
obtain a DGLA for the deformation theory of Q, we extend the Lie
bracket on AutQ(X) to L•

Q. An explicit formula for the bracket on
AutQ(X) follows from (3.3).

Lemma 4.9. The Lie bracket on AutQ(X) is given by the formula

[(α, b), (α′, b′)] = ([α, α′], 2c(∂θα ∧ ∂θα′)).

We extend this bracket to L•
Q by setting, for (α, b) ∈ Lk

Q, (α
′, b′) ∈

Ll
Q:

[(α, b), (α′, b′)] := ([α, α′], (−1)k2c(∂θα ∧ ∂θα′)) ∈ Lk+l
Q . (4.6)

We will use the following lemma.
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Lemma 4.10. Let (x, y, z) ∈ Ω0,k(adP ) × Ω0,l(adP ) × Ω0,m(adP ).
Then

c(x ∧ [y, z]) + (−1)klc([y, x] ∧ z) = 0.

Proof. This is a direct and local computation. Decomposing elements
x ∈ Ω0,k(adP ) in a basis {ei} of g in the form x = xi ⊗ ei, the result
follows from the ad-invariance of the pairing c. �

We are ready to prove the main result of this section, which describes
the deformation theory for string algebroids in terms of a DGLA.

Proposition 4.11. The expression (4.6) endows (L•
Q, dQ, [·, ·]) with the

structure of a DGLA. Furthermore, given (α, b) ∈ L1
Q, the Dolbeault

operator θ0,1 + α defines a new holomorphic G-bundle Pθ+α endowed
with a Courant extension determined by (θ+α,H − b) via Proposition
2.4 if and only if (α, b) satisfies the Maurer-Cartan equation

dQ(α, b) +
1

2
[(α, b), (α, b)] = 0. (4.7)

Proof. Recall that (Ω0,•(adP ), ∂̄θ, [·, ·]P ) is a DGLA, so it already satis-
fies the axioms of Definition 4.7. From the expressions of dQ and [·, ·]Q,
we only need to consider the projection via π2 in our computations.
Consider (x, y, z) ∈ Lk

Q × Ll
Q × Lm

Q . We use the notation αx = π1x,
αy = π1y, αz = π1z. We first show that (L•

Q, [·, ·]) is a graded Lie
algebra. The graded skew-commutativity is straightforward. The π2-
component of

Jac(x, y, z) := (−1)km[x, [y, z]] + (−1)lk[y, [z, x]] + (−1)ml[z, [x, y]]

is given by

π2Jac(x, y, z) = (−1)km+k 2c(∂θαx ∧ ∂
θ[αy, αz])

+ (−1)lk+l 2c(∂θαy ∧ ∂
θ[αz, αx])

+ (−1)ml+m 2c(∂θαz ∧ ∂
θ[αx, αy])

= (−1)km+k 2c(∂θαx ∧ [∂θαy, αz])

+ (−1)lk+l+m 2c(∂θαy ∧ [αz ∧ ∂
θαx]) + c.p.

where c.p. stands for cyclic permutations. This vanishes by Lemma
4.10, so the Jacobi identity holds. By Lemma 4.4, dQ is a differential.
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Finally, it only remains to verify the derivation property. The π2-
projection of d[x, y] in degree k + l + 1 is

1

2
π2(d[x, y]) = (−1)kd(c(∂θαx ∧ ∂

θαy))− c(∂θ[αx, αy] ∧ F )

= (−1)kc(∂
θ
∂θαx ∧ ∂

θαy)− (−1)kc([αx, ∂
θαy] ∧ F )

− c(∂θαx ∧ ∂
θ
∂θαy)− c([∂θαx, αy] ∧ F )

= (−1)k+1c(∂θ∂
θ
αx ∧ ∂

θαy) + (−1)kc([F, αx] ∧ ∂
θαy)

− (−1)kc([αx, ∂
θαy] ∧ F ) + c(∂θαx ∧ ∂

θ∂
θ
αy)

− c(∂θαx ∧ [F, αy])− c([∂θαx, αy] ∧ F )

= (−1)k+1c(∂θ∂
θ
αx ∧ ∂

θαy) + c(∂θαx ∧ ∂
θ∂

θ
αy)

=
1

2
π2([dx, y] + (−1)k[x, dy]),

where we used Lemma 4.10 in the fourth equality. This proves the first
part of the statement.

As for the second part of the statement, the vanishing of the π1-
projection of (4.7) gives

∂
θ
α +

1

2
[α, α] = 0,

and therefore the operator θ0,1+α defines a new holomorphic G-bundle
Pθ+α on the underlying smooth G-bundle P . The vanishing of the π2-
projection is equivalent to

d(H − b) + c(F + ∂θα ∧ F + ∂θα) = 0.

As α satisfies the Maurer-Cartan equation, the curvature of θ + α is
given by

Fθ+α = Fθ + dθα +
1

2
[α, α]

= F + ∂θα.

Thus (H − b, θ + α) defines a Courant extension of the holomorphic
principal bundle Pθ+α, via Proposition 2.4. �

Remark 4.12. Observe that in the sequence (4.5) the brackets com-
mute with the inclusion and projection, and we obtain an exact sequence
of DGLAs.

4.4. Kuranishi slice. Let (Q,P, ρ) be a string algebroid over a com-
pact complex manifold X . In this section we construct a locally com-
plete family of deformations of (Q,P, ρ) following the method of Ku-
ranishi [26]. The definition of the gauge group of symmetries is a subtle
question, which involves ‘a-field’ transformations (see [18, 32]).
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We fix a smooth principal G-bundle P over X with vanishing first
Pontryagin class. Consider the space of parameters

P = Ω61 ×AP ,

where AP denotes the space of connections on P . We have the subspace
of integrable pairs

PI = {(H, θ) | F 0,2
θ = 0, dH + c(Fθ ∧ Fθ) = 0} ⊂ P.

By Proposition 2.4, a point (H, θ) ∈ PI determines a Courant extension
(Q,Pθ, ρ) of the holomorphic principal G-bundle Pθ = (P, θ0,1). Note
that we can identify the tangent space of P at (H, θ) with

T(H,θ)P = Ω61 ⊕ Ω1(adP ),

and the subspace T(H,θ)P
I ⊂ T(H,θ)P corresponds to pairs (Ḣ, θ̇) solving

∂̄θ θ̇0,1 = 0, d(Ḣ + 2c(θ̇ ∧ Fθ)) = 0. (4.8)

Define the gauge group of symmetries by

G := GP × Ω1,0(adP )× Ω2,0,

where GP denotes the gauge group of P , with group operation

(g, a, B)(g′, a′, B′) = (gg′, B +B′ + c((g′−1 · a) ∧ a′), g′−1 · a+ a′).

The associativity for the product follows from [18, Prop. 4.3]. Note
that the vector space underlying the Lie algebra of G is given by

Lie G = Ω0(adP )⊕ Ω1,0(adP )⊕ Ω2,0.

The proof of the following lemma is straightforward.

Lemma 4.13. The group G acts on P preserving PI ⊂ P, by the
formula

(g, a, B) · (H, θ) = (H + dB+CS(θ)−CS(θ+ a)− dc(θ∧ a), g(θ+ a)).

The infinitesimal action L : Lie G → T(H,θ)P at (H, θ) is given by

L(α, a, b) = (db− 2c(a ∧ Fθ),−d
θα+ a).

Our next result shows that the equivalence relation induced by gauge
transformations is equivalent to the one induced by isomorphisms of
string algebroids in Definition 2.3. Given a string algebroid (Q,P, ρ),
we consider its group of automorphisms Aut(Q,P, ρ) (see Lemma 2.10).

Lemma 4.14. Let (H, θ), (H ′, θ′) ∈ PI and let (Q,P, ρ) and (Q′, P ′, ρ′)
be the associated string algebroids, respectively. Then, (H ′, θ′) is in the
G-orbit of (H, θ) if and only if (Q′, P ′, ρ′) is isomorphic to (Q,P, ρ).
Furthermore, there is a natural identification between the isotropy group
of (H, θ) in G and Aut(Q,P, ρ).
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Proof. If (Q′, P ′, ρ′) is isomorphic to (Q,P, ρ), then there exists g′ ∈ GP

such that g′θ0,1 = θ′0,1. Then g′−1θ′ ∈ AP , and by Lemma 2.7 there
exists B ∈ Ω2,0 and g ∈ GP satisfying

H ′ = H + CS(gθ)− CS(g′−1θ′)− dc(gθ ∧ g′−1θ′) + dB

= H + CS(θ)− CS((g′g)−1θ′)− dc(θ ∧ (g′g)−1θ′) + dB.

Setting a = (g′g)−1θ′ − θ we obtain

(g′g, a, B) · (H, θ) = (H ′, θ′).

Conversely, if (H ′, θ′) is in the G-orbit of (H, θ) we can assume that
P = P ′, that is θ′0,1 = θ0,1. Then, (g, a, B) · (H ′, θ′) = (H, θ) implies
that g is an automorphism of P and therefore gθ′ ∈ AP . From Lemma
4.13 and the functoriality of the Chern-Simons 3-form (see (2.22)) it
follows that

H = H ′ + dB + CS(gθ′)− CS(θ)− dc(gθ′ ∧ θ),

and therefore (Q′, P ′, ρ′) is isomorphic to (Q,P, ρ) by Proposition 2.9.
Finally, if (g, a, B) · (H, θ) = (H, θ) then a = g−1θ − θ and

dB = CS(g−1θ)− CS(θ)− dc(g−1θ ∧ θ).

Thus, the map (g, a, B) → (g, B) induces an isomorphism between the
isotropy group of (H, θ) in G and Aut(Q,P, ρ). �

Remark 4.15. A priori, one may have thought that the presence of a-
field transformations in the definition of G implies that the equivalence
relation by gauge transformations is stronger than the one induced by
Definition 2.3. Key to the proofs of Lemma 4.13 and Lemma 4.14
is the fact that our a-field transformations are of type (1, 0). These
symmetries balance the redundant degrees of freedom in the parameters
introduced by a choice of connection in the proof of Theorem 3.8.

We next provide the relation with the DGLA in Theorem 4.11. Note
that a simple calculation shows that the complex (L•

Q, dQ) in Lemma

4.5 is elliptic. Note also that L1
Q carries a linear complex-structure given

by multiplication of each factor by i, which descends to H1(L•
Q, dQ).

Lastly, P carries a formal almost complex structure JP given by

JP(Ḣ, θ̇) = (iḢ,−θ̇(J ·)),

for (Ḣ, θ̇) ∈ TH,θP, and where J denotes the almost complex structure
of X .

Lemma 4.16. Let (H, θ) ∈ PI and (Q,P, ρ) be the associated string
algebroid. The holomorphic map

ǫ̂ : L1
Q → P, (4.9)

defined by ǫ̂(α, b) = (H − b, θ + α), intersects every G-orbit in P. Fur-
thermore, its differential at the origin induces an isomorphism

dǫ̂0 : H
1(L•

Q, dQ) → T(H,θ)P
I/ ImL. (4.10)
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Proof. Given (H ′, θ′) ∈ P, we define a = (θ− θ′)1,0, α = (θ′ − θ)0,1 and

b = H −H ′ − (CS(θ)− CS(θ + a)− dc(θ ∧ a)),

Then, the first part of the statement follows from

(0, a, 0)(H ′, θ′) = (H ′ + (H −H ′ − b), θ1,0 + θ′0,1) = ǫ̂(α, b).

As for the second part, notice that the map

ϕ : T(H,θ)P → L1
Q

defined by ϕ(Ḣ, θ̇) = (θ̇0,1,−Ḣ − 2c(θ̇1,0 ∧ Fθ)) satisfies ϕ ◦ dǫ̂0 =
Id, and therefore it is enough to prove that ϕ induces a well-defined
isomorphism

ϕ : T(H,θ)P
I/ ImL→ H1(L•

Q, dQ). (4.11)

To prove this, given (Ḣ, θ̇) ∈ T(H,θ)P
I (see (4.8)) we have

−d(Ḣ + 2c(θ̇1,0 ∧ Fθ))− 2c(∂θ θ̇0,1 ∧ Fθ) = −d(Ḣ + 2c(θ̇ ∧ Fθ)) = 0,

and therefore dQ(ϕ(Ḣ, θ̇)) = 0. Furthermore, if v = L(α, a, b) we have

ϕ(v) = (−∂̄θα,−db+ 2c(∂θα ∧ Fθ)) ∈ Im dQ,

and therefore (4.11) is well-defined. To see the injectivity, if (Ḣ, θ̇) ∈
T(H,θ)P

I satisfies

ϕ(Ḣ, θ̇) = (∂̄θα, db− 2c(∂θα ∧ Fθ))

for (α, b) ∈ L0
Q, then θ̇ = dθα + a and

Ḣ = −db+ 2c(∂θα ∧ Fθ))− 2c(θ̇1,0 ∧ Fθ)) = −db− 2c(a ∧ Fθ),

for a = θ̇1,0 − ∂θα. Thus, (Ḣ, θ̇) ∈ ImL and ϕ is injective. For the

surjectivity, if (α, b) is a dQ-closed, then we define (Ḣ, θ̇) = (−b, α),

which clearly defines an element in T(H,θ)P
I such that ϕ(Ḣ, θ̇) = (α, b).

�

We are now ready to prove the main result of this section.

Theorem 4.17. There exists a map ǫ from a neighbourhood U of 0 ∈
H1(L•

Q, dQ) to a neighbourhood of (H, θ) ∈ P such that

(1) The map ǫ is holomorphic, and ǫ(0) = (H, θ),
(2) each G-orbit of integrable pairs near (H, θ) intersects the image

of ǫ,
(3) there is an analytic obstruction map Φ: H1(L•

Q, dQ) → H2(L•
Q, dQ)

with Φ(0) = 0 and dΦ(0) = 0, such that the deformations
parametrized by the sub-family M = {x ∈ H1(L•

Q, dQ) | Φ(x) =
0} are precisely the integrable ones.
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In the case that the obstruction map vanishes, it follows from the
proof of Theorem 4.17 that {ǫ(x), x ∈ M} defines an analytic locally
complete family of deformations of (Q,P, ρ). More precisely, any ana-
lytic string algebroid deformation (Qt, Pt, ρt)t∈Λ of (Q,P, ρ) is induced
by pullback of the family {ǫ(x), x ∈ M} via an analytic map Λ → M.

Proof. We choose hermitian metrics on X and adP , which enable to
define L2-pairings and formal adjoints d∗Q in the complex (L•

Q, dQ). We
set

∆ = dQd
∗
Q + d∗QdQ

and define

H1 := ker(∆) = {x ∈ L1
Q : dQx = 0 and d∗Qx = 0} ∼= H1(L•

Q, dQ).

Define an operator E = (E1, E2) : L
1
Q → L2

Q by

E = dQ +
1

2
[·, ·].

Set
Ψ = {ψ ∈ L1

Q : E(ψ) = 0, d∗Q(ψ) = 0}.

Consider the operator

D = dQ −E = −
1

2
[·, ·]

and the Green operator G of ∆ on L1
Q. For any ψ ∈ Ψ, we have

∆ψ − d∗QD(ψ) = 0.

By applying the Green operator to this equality, we obtain, for any
ψ ∈ Ψ,

ψ −Gd∗QD(ψ) ∈ H1.

Define
F1 : L1

Q → L1
Q

ψ 7→ ψ −Gd∗QD(ψ).

Using the metrics on X and adP together with the covariant derivative
dθ, we endow the spaces L∗

Q with Sobolev norms || · ||k. The operator
D is a composition of linear and bilinear continuous operators with
respect to these norms, so F1 extends in a unique way to a continuous
operator from the Banach completion Bk of L1

Q with respect to || · ||k
to itself (here we assume that k is large enough, so that Bk is a Banach
algebra). We denote also this extension by F1. Since its differential
at 0 is the identity, we can define, by the inverse function theorem, a
continuous local inverse of F1 at 0 from a neighbourhood B of 0 in Bk

to itself.
Let U = B∩H1. For each x ∈ U we have that ∆F−1

1 (x)−d∗QDF
−1
1 (x)

is harmonic, and by elliptic regularity F−1
1 (x) is smooth. For any x ∈ U ,

given by x = F1(αx, bx) for some (αx, bx), we set

ǫ(x) = ǫ̂(bx, αx) = (H − bx, θ + αx),
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where ǫ̂ is as in Lemma 4.16, which defines a map

ǫ : U ⊂ H1 → P

such that ǫ(0) = (H, θ). We prove now that ǫ has the desired properties.
As F1 is a composition of linear and bilinear maps, and the map ǫ̂ is
holomorphic, so is ǫ and ǫ satisfies (1).

To prove (2), we define a map Υ : P → L1
Q by Υ(H ′, θ′) = ((θ′ −

θ)0,1, H −H ′). Let (Ker dQ)
⊥ be the orthogonal of Ker dQ in L0

Q. We
define

F2 : (Ker dQ)
⊥ × L1

Q → L0
Q

by the formula

F2(α0, b0, α1, b1) = d∗QΥ((exp(α0), θ
1,0−exp(−α0)θ

1,0, b0)(H−b1, θ+α1)),

where (exp(α0), θ
1,0 − exp(−α0)θ

1,0, b0) is regarded as an element of G
acting on (H − b1, θ + α1) ∈ P. The differential of F2 with respect to
α0, b0 at 0 is d∗QdQ, and we proceed just as for the map F1: we use the
implicit function theorem and obtain a map ψ 7→ (α0(ψ), b0(ψ)) from
a neighbourhood of 0 ∈ L1

Q to a neighbourhood of zero in (Ker dQ)
⊥

satisfying F2(α0(ψ), b0(ψ), ψ) = 0. By Lemma 4.16, every deformation
of (H, θ) is gauge equivalent to some ǫ̂(ψ) in the image of ǫ̂. Further-
more, if ψ is sufficiently small and satisfies the Maurer-Cartan equation,
then ǫ̂(ψ) is gauge equivalent to a small deformation lying in Ψ, which
corresponds to an element in our finite-dimensional family.

Finally, to prove (3), we understand the condition for ǫ(x) to be an
integrable pair. By construction, this is equivalent to E(αx, bx) = 0,
and we have

E(αx, bx) = (dQ −D)(αx, bx)

= dQx+ (dQGd
∗
QD −D)(αx, bx)

= −(Π + d∗QGdQ)D(αx, bx),

where Π denotes the orthogonal projection

Π: L2
Q → H2 := {x ∈ L2

Q : dQx = 0 and d∗Qx = 0} ∼= H2(L•
Q, dQ).

Since the images of Π and d∗Q are orthogonal, E(αx, bx) = 0 if and only if
ΠD(αx, bx) = d∗QGdQD(αx, bx) = 0. By Proposition 4.11 (L•

Q, dQ, [·, ·])
is a DGLA, and we can use the argument of Kuranishi [26] which, using
the compatibility between [·, ·] and dQ, shows that d∗QGdQD(αx, bx)
vanishes if ΠD(αx, bx) does. Hence, ǫ(x) is integrable precisely when
x lies in the vanishing set of the analytic mapping Φ: H1(L•

Q, dQ) →

H2(L•
Q, dQ) defined by

Φ(x) = ΠD(αx, bx).

The conditions Φ(0) = 0 and dΦ(0) = 0 are satisfied by construction.
Note that, when Φ = 0, the locally complete family of deformations
M is simply given by the open set U , and hence is smooth. �
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Appendix A. String algebroids in the smooth category

For completeness, in this section we give a brief account of the clas-
sification of string algebroids in the smooth category. The proofs of
Section 3 can be easily adapted to the present situation. Our analysis
shall be compared with the one made in [6, 8] for regular and transitive
Courant algebroids.

Let G be a real Lie group whose Lie algebra g admits a bi-invariant
pairing c : g⊗ g → R. Let M be a smooth manifold. Smooth principal
G-bundles over M will be denoted by P . Their gauge group will be
denoted GP . The definition of smooth string algebroid (Q,P, ρ) with
structure group G and underlying pairing c and the notion of morphism
are completely analogue to Definition 2.2 and Definition 2.3, replacing
‘holomorphic’ by ‘smooth’, and therefore we will omit them.

As for the classification, consider CG and Ω2, the sheaves of smooth
G-valued functions on M and smooth two-forms on M , respectively,
and define the subsheaf

S ⊂ CG × Ω2

by the analogue to (3.2). As in the holomorphic case, Theorem 3.8, we
have the following:

Theorem A.1. There is a one to one correspondence between elements
in H1(S) and isomorphism classes of smooth string algebroids.

We then describe the structure of H1(S). The short exact sequence
of sheaves of groups

0 → Ω2
cl → S → CG → 1.

induces a long exact sequence (of pointed sets) in cohomology

0 // H0(Ω2
cl)

// H0(S) // H0(CG)
δ1

//

// H1(Ω2
cl)

// H1(S) // H1(CG)
δ2

// H2(Ω2
cl),

(A.1)

whereH1(CG) parameterizes isomorphism classes of principalG-bundles
on M . Recall the canonical isomorphisms of abelian groups H i(Ω2

cl)
∼=

H2+i(M,R) for any i ≥ 1.
To clarify the meaning of δ1 in the previous sequence, we use the

following analogue of Lemma 2.11

Lemma A.2. Let P be a smooth principal G-bundle over M . Then,
there is an homomorphism of groups

σP : GP → H3(M,R) (A.2)

defined by

σP (g) = [CS(gθ)− CS(θ)− dc(gθ ∧ θ)] ∈ H3(M,R),

for any choice of connection θ on P .
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We define now a subgroup I of the additive groupH3(M,R), induced
by δ1 in (A.1). The following result is analogue to Lemma 3.4.

Lemma A.3. Via the isomorphism H1(Ω2
cl)

∼= H3(M,R), the map δ1
in (3.6) is given by

δ1(g) = σM×G(g) = [g∗σ3],

for g ∈ C∞(M,G) and σ3 the Cartan 3-form on G associated to c.
Consequently, δ1 is a morphism of groups, and we define

I := Im δ1 ⊂ H3(M,R).

For the next result, recall that any isomorphism class of smooth
principal G-bundles [P ] ∈ H1(CG) defines a first Pontryagin class

p1([P ]) ∈ H4(M,R),

represented by c(Fθ ∧ Fθ) ∈ Ω4 for any choice of connection θ on P .
The next result is analogue to Proposition 3.5.

Proposition A.4. There is an exact sequence of pointed sets

0 // H3(M,R)/I
ι

// H1(S)


// H1(CG)
p1

// H4(M,R).

(A.3)
Furthermore, ι induces a transitive action of the additive group H3(M,R)

on the fibres of the map H1(S)
j
−→ H1(CG).

Remark A.5. When G is abelian, σ3 = 0 and thus H1(S) is a H3(M,R)-
torsor, so Proposition A.4 recovers [32, Prop. 2.17].

The description of the fibre −1([P ]) in (A.3) à la de Rham is as fol-
lows. In the statement, GP denotes the group of gauge transformations
of P .

Proposition A.6. Let P be a principal G-bundle over M . Denote by
AP the space of connections on P . Then, there is a natural bijection

−1([P ]) ∼= {(H, θ) ∈ Ω3 ×AP | dH = c(Fθ ∧ Fθ)}/ ∼,

where (H, θ) ∼ (H ′, θ′) if, for some B ∈ Ω2, and g ∈ GP

H ′ = H + CS(gθ)− CS(θ′)− dc(gθ ∧ θ′) + dB. (A.4)

Using Proposition A.6, we finish this section establishing the rela-
tion between smooth string algebroids and the notion of real string
class on a principal G-bundle, as introduced by Redden [31]. Recall
that integral string classes parametrize string structures on P up to
homotopy. When G = Spin(n), string structures are in correspondence
with lifts of the classifying map M → BG determined by P , to the
classifying space of the string group. This provides further motivation
for Definitions 2.2 and 2.3.
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Definition A.7 ([31]). A real string class on P is a class [Ĥ ] ∈

H3(P,R) such that the restriction of [Ĥ ] to any fibre of P coincides
with the class of the Cartan three-form [σ3] ∈ H3(G,R).

String classes form a torsor over H3(M,R), that we shall denote
H3

str(P,R), where the action is defined by pullback and addition [31,
Prop. 2.16]

[Ĥ ] → [Ĥ] + p∗[H ],

where p : P → M is the canonical projection on the principal bundle
P and [H ] ∈ H3(M,R). To describe −1([P ]) in terms of real string
classes, we consider the additive subgroup

I[P ] := Im σP ⊂ H3(M,R).

Note that I = IM×G in Lemma A.3.

Proposition A.8. Using the characterization of −1([P ]) in Theorem
A.6, there is an isomorphism of H3(M,R)/I[P ]-torsors

−1([P ]) ∼= H3
str(P,R)/I[P ]

defined by [(H, θ)] 7→ [p∗H − CS(θ)]

Proof. Note first that (A.4) implies that [(H, θ)] 7→ [p∗H − CS(θ)] is
well defined, and it is equivariant with respect to the natural action
of H3(M,R) on the domain and the target. The proof follows from
the fact that H3

str(P,R)/I[P ] is a H3(M,R)/I[P ]-torsor, by [31, Prop.
2.16]. �

As observed in [4, 15], an equivariant exact Courant algebroid Ê
over the total space of P equipped with a (trivially) extended action
corresponds to a cohomology class [H − p∗CS(θ)] ∈ H3(P,R). The

reduction of Ê defines a string algebroid on M in the class [(H, θ)] ∈
−1([P ]). In fact, the torsor of extended actions modulo isomorphism
can be identified with H3

str(P,R) (see [4, Prop. 3.7]). Proposition A.8
answers a question by Hekmati, about the discrepancy between the
isomorphism classes of the reduced Courant algebroids and the torsor
H3

str(P,R).
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