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Abstract

We study the Zariski closure of the monodromy group Mon of Lauricella’s hypergeometric
function Fc. If the identity component Mon® acts irreducibly, then Mon N SLa» (C) must be one
of classical groups SLan (C), SO2» (C) and Sp,n (C). We also study Calabi-Yau varieties arising from
integral representations of Fc.

1 Introduction

In [3], Beukers and Heckman studied the monodromy of the generalized hypergeometric function ,,1F,
from a viewpoint of differential Galois theory. They determined the differential Galois group called
the Picard-Vessiot group (for Fuchsian equations, which is given by the Zariski closure of the mon-
odromy group), and parameters for which the monodromy group is finite. In this paper, applying their
method for results in [I0] and [13], we study the Zariski closure of the monodromy group of Lauricella’s
hypergeometric function
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and we also study Calabi-Yau varieties arising from integral representations of F¢.

Lauricella’s hypergeometric function F¢, together with F4, Fig and Fp, was introduced by Appell
and Lauricella in the 19th century as generalizations of the Gauss hypergeometric function oF}. In
the case of two variables, Lauricella’s F, Fg, Fo and Fp are called Appell’s Fy, F3, Fy and F; respec-
tively. The monodromy of these functions have been studied by many authors. In [23], Sasaki showed
that Picard-Vessiot groups for F; (i = 2,3,4) and Fp are general linear groups for general param-
eters. Deligne and Mostow gave a list of parameters of Lauricella’s Fp that produce complex ball
uniformizations, and concrete examples of non-arithmetic subgroup of unitary groups in [6]. Recently
the structure of monodromy group for Fo was studied in [10] and [I3]. According to them, the mon-
odromy group Mon for F¢ is generated by My, My, ..., M, where My is a reflection in the sense of [3]
and My, ..., M, form an Abelian subgroup. Applying results in [3], we can classify the Zariski closure
Mon as in the case of the generalized hypergeometric function , 11 F,. If the identity component Mon®
acts irreducibly, then Mon N SLy» (C) must be one of classical groups SLax (C), SOz (C) and Spy.(C)
(Theorem . To study irreducibility conditions of the identity component, we introduce the reflection
subgroup Ref C Mon, generated by gMyg~! (9 € Mon). In Theorem we give the necessary and
sufficient condition for the irreducibility of Ref in terms of parameters. It is simply that at most one
of v1,...,vm,aB~1is —1 in addition to irreducibility conditions for Mon in Proposition The proof
is based on ideas in a work of Kato for Appell’s Fy ([I7]). Moreover we prove that if the action of the
identity component Ref” is reducible and Ref is irreducible, then Ref and Mon is finite (Theorem
23).

In the last section, we study double coverings V(x) of projective spaces associated to integral rep-
resentations of Fo(a,b,c;x) with a = b = 1/2,¢, = 1. It is known that the monodromy group for
hyperelliptic curves is arithmetic, that is, finite index in SpQQ(Z). Since a period integral for a hy-
perelliptic curve is given by Lauricella’s function Fp, our varieties are regarded as the counterpart of
hyperelliptic curves. By the results of the former part, we see that the Zariski closure of the monodromy




group for a = b = 1/2,¢;, = 1 is the symplectic or orthogonal group. It is interesting to study arith-
meticy of these group. In the case of n = 2, it is well known that Appell’s hypergeometric function
Fy(1/2,1/2,1,1; x1, x2) is a products of Gauss’s hypergeometric functions. We show that V' (z) is in fact
a product Kummer surface, and the monodromy group contains I'(2) x I'(2) as a subgroup of index 2.
In the case of n = 3, we have double octic Calabi-Yau varieties V of Euler number 128 by resolving
singularities. For computation of Euler and Hodge numbers, we use methods in [5] and [4]. For n > 4,

we do not know if there are crepant resolutions of V(z).

2 Monodromy of the system E¢

2.1 Lauricella’s hypergeometric function F¢

Lauricella’s hypergeometric function F¢ of n variables z1, ..., x,, is
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where x = (21,...,2,), ¢ = (c1,...,¢n), C1,...,¢n € {0,—1,—-2,...}, and (¢1)m, = T'(c1 +m1)/T(c1).

This series converges in the domain {(xl, S xp) ECP ‘ Soroi Vlmk] < 1}. In the case of n = 2, the

series Fo(a, b, c;x) is called Appell’s hypergeometric series Fy(a, b, c1,ca;21,x2). Let O, (K =1,...,n)
be the partial differential operator with respect to x,. We set 0, = x,0, 0 = 22:1 0).. Lauricella’s
Fe(a, b, c; x) satisfies differential equations

0r0r +cp—1)—2p(@+a)@+b)] f(z)=0, k=1,...,n.

The system generated by them is called Lauricella’s hypergeometric system FE¢(a,b,c) of differential
equations.

Proposition 2.1 (([15])). The system Ec(a,b,c) is a holonomic system of rank 2™ with the singular
locus

S = (Hazk~R(x)O> CC" R(z1,...,7p) = H <1+Zek\/ﬁ>.
k=1 €1,...,€n==1 k=1

In [I] and [18], an integral representation of Fc(a,b, c; x) with generic parameters is given in terms
of the twisted cycles.

Proposition 2.2 (([I], [18])). For sufficiently small positive real numbers 1, ..., &y, if c1,...,Cn,a —
Stk € Z, then Fo(a,b,c;x) admits the following integral representation:
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where A is the twisted cycle made by an n-simplex, in Sections 3.2 and 3.3 of [1].

For our applications, we show that F has an Euler-type integral representation even if ¢;’s are
positive integers.

Proposition 2.3. We assume ci,...,¢c, € Z>1. Let € and xy, be small positive real numbers such that
1 €2
O<e< —, O<zp < —.
n+1 n

Then the integration on the direct product

Coilta] = Jtof = -+~ = [tn] = €



of circles expresses Fo :
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Proof. By the assumption, if (¢,...,t,) € C, we have
|£L’k| 62 1
——-=€e<1
Z |tk ; n € ‘ ’

§Z|tk|:ne<ni<l.
k

+1

Thus the series

—b
Lk _ (b)m1+~~+mn Tk e
<1Ztk> -2 [Ty ma! l;l(tk> ’

MY,y My

- t > ck—a—n _ (a +n— ECk p1t-+pn tp"
Z k Z H pk H

P1;--sPn

uniformly converge on C?*, and hence we have
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By the residue theorem, only the terms with py = ¢ + mg — 1 survive. If py = ¢ + my — 1, then
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Thus we obtain
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By using the reflection formula, we conclude the proposition. O

Remark 2.1. Roughly, C?* can be regarded as the limit of [], (1 — e 2™ ) - A as ¢; s to integers.



2.2 Monodromy representation

The monodromy representation of F¢ is expressed in terms of the twisted homology groups in [I0],
and clear representation matrices of circuit transformations are obtained in [I3]. Here we briefly review
results in [10] and [I3]. Let X be the complement of the singular locus S of the system Ec(a, b, c). Put
T = (271#,...,2” ) € X. Let pg, p1,-..,pn beloops in X so that

e po turns the hypersurface (R(z) = 0) around the point (n%, cee %), positively,

e pi (k=1,...,n) turns the hyperplane (x) = 0), positively.

For explicit definitions of them, see [10].

Proposition 2.4 (([I0])). The loops po, p1,- - -, pn generate the fundamental group m (X, ). Moreover,
if n > 2, then they satisfy the following relations:

pip; = pipi (5 =1,...,n), (popx)? = (pkpo)® (k=1,...,n).

Let M; be the circuit transformation corresponding to the loop p; (i = 0,...,n). To write down
representation matrices of M, it is convenient to regard C*" as C? ® --- ® C? and take a basis

1 0
€ip,yin =€, @ --Q e, € =\g) = 1{1)

We align them in the pure lexicographic order of indices I = (iy,...,i,) € {0,1}™
,...,0), (1,0,...,0), (0,1,...,0), (1,1,...,0), (0,0,1,...,0), ..., (1,...,1).
We define the tensor product A ® B of matrices A and B = (b )1<i<r as

1<5<s
Abyy Abia - Abyg
Abyy Abye -+ Abgg
Abrl Abr2 e Abrs

and we put
a=exp(2nv—1la), B =-exp2rVv—-1b), -~ =exp(2nVv—1cg) (k=1,...,n).

Regarding «, 3, vy just as symbols, we define an isomorphism v : Q(c, 8,v1) — Q(«, 8,vx) of a rational
function field by a + a1, B+ B7L, v — ng. If a,b,c; € R, then V is nothing but the complex
conjugation. With these notations, we have

Proposition 2.5 (([10], [13])). For a certain basis of the solution space to Ec(a,b, c), the representation
matriz M; of M; (i =0,...,n) is written as follows. For k=1,...,n, we have

1 —
My,=Ey® - QFE,® G, @F:®---® FEo, sz( ’y’f )
k-th 0 7'
The matriz My is written as
MozEQn—No, N():t(07...,0,?]),
where v € C*" is a column vector whose I-th entry is

{ ( 1)n(a—1)(6—1)H2=17k (I: (07,0))7

. 11| 1—14
( )n-HI\( B+(—nl’ Hkalﬁ’y D) (I#(Q,O))

Further, the intersection matric H = (Hy ;) defined as
H z (1- fyk)lfik.fi;c )
y IR ’“k n ., ) ) y
B( ( ) Hk_ H(_,yk)zk(l—zk)(l _ ,yk)(l—ik)(l—zk) (otherwise)
o

_Hk 1’Yk)(5 1) 1

satisfies 'M; - H - MY = H and 'H = (=1)"H". Here, I - I' = (iyi},...,inil,), |I| = i1+ - + i, for
I=(i1,...,in) and I' = (i},...,i,).

r'n
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Ol—HZilfyk (II/:(O,,O)),

Hip =




Remark 2.2. (1) In particular, My is lower triangular and My, ..., M, are upper triangular.
(2) Proposition implies that ey 1 =e1 ®--- ® e is an eigenvector of My, that is,

— (1 n+1'71"‘7n'
60 ( ) OZB

In [15], it is also shown that the eigenspace of My with eigenvalue 1 is expressed as

Myoes,...1 = doer,....1,

ker Ng = {w € c?" | ‘'wHey,. 1 =0}.
The matriz My is a “reflection” defined later, with the special eigenvalue &g .
For I € {0,1}", we put M! = M}* M ... M?». By using these notations, we have
Mlej,...5, = (Gle;) ® - @ (Gyrey,).
We often use the vectors
fr=Mle, ,=(Gle))®---@(Glrer), I=/(ir,...,in) € {0,1}"

Let Mon be the monodromy group generated by My, M, ..., M,, which is a subgroup of GLgn (C) =~
GL((C?%)®n).

Proposition 2.6 (([15], [13])). We assume

(irr — abc) a—> gk, b= ek €7,  VI=(ir,...,in) € {0,1}",
k=1 k=1
or equivalently,
(irr—a3v) a— [ B-J]wr#0.  VI=(i,...,in) € {0,1}".
k=1 k=1

Then we have
(1) The vectors 1 (I = (i1,...,in) € {0,1}") form a basis of C*" = (C?)®".
(2) The monodromy group Mon acts on C" irreducibly.

We consider the case of a = b = %, c, =1 (e, a=pF=—1,9 = 1) in detail.

Corollary 2.1. (1) Assume that a,b,c; € R. Since ¥ means the complex conjugation, the intersection
matriz H is a Hermitian matriz if n is even and a skew Hermitian matriz if n is odd. Further assume
that a+b € Z, ¢, € 3Z and > j_, cx, € Z (that is, a = B, v, = £1 and [[;_; v = 1). Then My, and H
are defined over R. In this case, the monodromy group Mon is a subgroup of a real orthogonal/symplectic
group with respect to H.

(2) In the case of a = b = %, cr, = 1, the representation matrices are as follows. For k =1,...,n, we
have

1 -1
Mk:E2®"'®E2®Gk®E2®"'®E27 Gk: .
k-th 0 1

The (I,1')-entry of My is

1 (I=TI4#(1,...,1)),

(_1)n+1 (I= I'= (1,...,1)),

(-4 (I=(1,...,1),I' =(0,...,0)),

(-nrtt.2 (I=(1,...,1),I'" #(0,...,0),(1,...,1) and |[I'| =0 mod 2)
0 (otherwise).

We have 'M; - H - M; = H and 'H = (—1)"H. Each entry of H belongs to Z[1].



2.3 Zariski closure and Reflection group

Let us consider the Zariski closure of the monodromy group Mon after Beukers and Heckman. As in
[3], we call a linear map g € GL,,(C) a reflection if g — Id has rank one (Hence a reflection may be
of infinite order, and our reflections include matrices called transvection). We call the determinant of
a reflection g the special eigenvalue of g. For a subgroup G C GL,(C), the Zariski closure of G over
complex numbers is denoted by G. The connected component (in the Zariski topology) of the identity,

which is a normal subgroup, is denoted by G°. The quotient group G/G° = @/60 is a finite group. We
apply the following Proposition with » = M, (see Remark .

Proposition 2.7 (([3])). Suppose G C SL,,(C) is a connected algebraic group acting irreducibly on C™.
Let r € GL,,(C) be a reflection with special eigenvalue 6 € C* which normalizes G. Then we have the
following three possibilities,

(I) If § # £1 then G = SL,(C),

(IT) If § = +1 then G = SL,,(C) or G = Sp,,(C),

(III) If 6 = —1 then G = SL,(C) or G = SO, (C).

An immediate consequence is

Theorem 2.1. Assume that Mon® acts on C2" irreducibly. Then we have the following three possibil-
ities,

(I) If o # £1 then SLan(C) C Mon,

(I1) If 8o = +1 then SLan(C) C Mon or Sp,. (C) C Mon C GSp,.(C),

(II1) If 69 = —1 then SLan (C) C Mon or SO2-»(C) C Mon C GO2-(C).

Moreover we have Mon' C SLyx (C) if a,b,¢; € Q.

Proof. Let m be the Lie algebra of Mon. By the assumption, m acts on C?" irreducibly, and so is
mNslyn (C). Therefore G = (MonNSLyx (C))? ats on C2” irreducibly. Since G is normalized by My, we
can apply Proposition We have the above three cases, since Mon normalizes G and the normalizer
of Sp and SO in GL are GSp and GO respectively. If a,b, ¢, € Q, then the image of det : Mon — C*
is finite and we have Mon" C SLgn (C). O

Remark 2.3. For n = 2, it was shown by Sasaki that Mon = GL4(C) if parameters are general
complex numbers in [23]. The same is true for n > 3 by (I) of the above theorem (see also Corollary

53).
Corollary 2.2. Assume that Mon® acts on C2" irreducibly, and that a,b € R, a+b € Z, ¢ € %Z and
> h_ck € Z. Then we have Mon = O3 (C) if n is even, and Mon = Sp,.(C) if n is odd.

Proof. By Corollary we have Mon C O« (C) if n is even, and Mon C Sp,. (C) if n is odd. Since
8o = (=1)"*1 the assertion follows from Theorem O

Because of the above theorem, it is interesting to determine conditions for irreducibility of Mon®. We
give a partial answer to this problem in the following (Corollary . Let Ref C Mon be the smallest
normal subgroup containing My, that is, a subgroup generated by reflections gMog~' (¢ € Mon).
Since Ref’ ¢ Mon, the irreducibility of Ref’ is a sufficient condition for irreducibility of Mon".
The reflection subgroup was introduced in [3] for the generalized hypergeometric function , F,,_1, and
considered in [I7] for Appell’s Fy to study the finiteness condition.

Proposition 2.8. The monodromy group Mon is finite if and only if Ref is finite.

Proof. Let us assume that Ref is a finite group. Since {MIMyM; % | d=1,2,...} is a finite set, there
exist k and [ (k # 1) such that MFMoM;% = MMM, namely, MF~'My = MoMF~". On the other
hand, we have

1—f
M{d:G;d®E2®"’®E2, Gld:<(1) 1&/1)
71

ford=1,2,..., and

_ , 1—~¢
M7 Moe. 1 = doM; %, 1 = d T 71 eo1,..1+er 1),
-m
_ 1—~d 1—~4
MoM; %, 1 = My( T 31 e 1. 1+le 1) = T N Moeo1,..1+60Yier 1.
P _



Therefore, if M{ commutes with My, we have

_ _ 1—~¢
0 = (MyM, d _ M; dMo)el,.,_,1 =7 > (Mo — dold)eq 1.
-MN
1—~f
= 17((1 —b0)eo,,..1 + (11 +do)er,..1)-

-N
If v; # —1, this implies 7§ = 1 and M{ = Id. If 44 = —1, we have G| = (1) _11 and M? = Id. By
the similar argument, we see that My (k= 1,...,n) are of finite order. Therefore Mon/Ref is finite,
and so is Mon. The converse is obvious. O

Let us consider reflections
Ry = M My(M")™ = Eyn — MINo(MH)™Y T €{0,1}"
and endomorphisms Ny = Eon — Ry = MINo(M7T)~! of Cc2".
Lemma 2.1. (1) The image of Ny is spanned by f;, and we have
ker Ny = M! - ker Ny = {w € C*" | twHf) = 0}.
(2) A linear map
v : C¥ = ®reqoCfr, we (., Npw,...)
is an isomorphism under the condition (irr — a37).
Proof. (1) We have
N;-C*¥ = MINy(MY)™1.C?" = MIN, - C*" = M! - Ce,.. , =Cf;
and
w € ker Ny & MINQ(MI)_lw =0 & NO(MI)_lw =0
& (M) 'w € ker Ny
& (( H=lw)He;, 1 =0
& 'wH((M")Vey,..1)=0 & "wHf/ =0.
(i

(2) Since f; are linearly independent under the condition (irr — afBv), we see that f}’ are linearly
independent and kerv = 0. O

Theorem 2.2. Assume that Mon is irreducible ( that is, (irr — af7y) holds ). The action of Ref is
irreducible if and only if at most one of y1,..., Y, B is —1.

We divide the proof into the following four Lemmas, where we always assume that the action of
Mon is irreducible.

Lemma 2.2. If none of v1,...,7, is —1, then the action of Ref is irreducible.

Proof. First note that if Ref acts on a subspace W, then W must be a direct sum of 1-dimensional
subspaces Cf; since N; acts on W as an endomorphism. Let W = 0 be an irreducible Ref-subspace.
Since Ref is a normal subgroup, gW is also irreducible Ref-subspace for g € Mon. Replacing W by
MIW with I € Z™ if necessary, we assume that er,..1 =1y . 0€W. Then we have Myey,. 1 € MiW,
and hence

1
No(Miey,.. 1) =——No(ep1,..1—€1,..1)

B!
= (e B e = (1 (1 e )
1
1+m
- €1,...,1,
71

belongs to M;W. By the assumption, this is not 0. Therefore we have e;.; € W N MW and
MW = W by the irreducibility. We see that every My acts on W in the same way. Hence we have
W =C?. O



Lemma 2.3. If exactly one of y1,...,7n is —1 and o~ is not equal to —1, then the action of Ref is
irreducible.

Proof. For simplicity, we may assume that

yi=-1, w#-1(k=2,...,n), B#—a.

Let W # 0 be an irreducible Ref-subspace such that e; 1 € W as in the proof of Lemma By the
assumption v, # —1 (k= 2,...,n) and the proof of Lemma we have M3? - - - Mflnelw’l € W. Since

WoMe, 1=€®(Ge))®@ e =e @(—7 e+, e)@ - De;
= *’72_191,0,1,1,...,1 + 72_161,...,1,

and ey ;1 € € W for any
(i2y...,in) € {0,1}"71. In particular, we have e, o € W. Note that the condition 73 = —1 implies
1

G1

W, we obtain ej,0,1,1,..,1 € W. Similar arguments show that ey ;,. .

shydsye. tn

1
= and
0 -1
Miegis,....in = €0jiz,.ins  M1€1is,. iy = €0sig,.csin — ©lyiz,yin-
By Proposition we have
MoMiei,... 0 = Mo(eo,..0—€10,..0)

_ (eo,o,‘..,o . (_1)n(a —1)(B— )Ty 91,..‘,1) B (ew’ o (—1y (aB+ 1) 15y fykelwl>

af af
=eq,0,.,0 — €1,0,...0 T A\er, .1,

where we put

HZ—Q Yk HZ—Q Yk
— _1 nilik=2 '~ _ _ _ — (— nilR=2 ™o _ .
A= ()R (0 = (B - 1)~ (0B + 1)) = (-1)"E2 T (0 - )
By the condition 8 # —a, we have A # 0. Because of
W3 MlMoMflel,o,...,o = MiMoMei,.. 0o
= M (ep0,...0—€1,0,...0+ Ae1, .. 1)

=e10,..,0+ Aey1,.1— Aer . 1,

_____ 1 € W. By using M§2 --~M,il"e071’,__,1 € W, we can
€ W for all (iy,...,i,) € {0,1}". Hence we obtain W = C?". O

€1,0,..0,€1,..1 € Wand XA # 0, we obtain eg;
show that e;, i,.. i,
Lemma 2.4. If at least two of v1,...,vn are —1, then the action of Ref is reducible.

Lemma 2.5. If at least one of Y1,...,vn 95 —1 and af~' is —1, then the action of Ref is reducible.

We show these lemmas by applying ideas given in the proofs of [I7, Lemmas 4.2 and 4.3]. To prove
the lemmas, we use relations

[ eme (0 Dacaca () )ea-w- oo o

Proof of Lemma[2.4 For simplicity, we may assume that 3 = o = —1. For each (is,...,7,), we put

90,0,i5,....in = €0,0,i3,....in, —€0 X €K €, Q- e,

910,05, in = 2€1,0,i5,....in — €0,0,is,....in = (261 —€0) Qe @€, ® - Qe ,

90, 1sis,...in = 2€0,1,i5,....in — €0,0,i5,....in = €0 ® (261 —€0) W e;, ®---® ey, ,

G115i5,in = 4€1 1005, in — 2€1,0,i5,....in — 2€0,1,i5,....in T €0,0,is,....in. = (261 —€0) @ (261 —€)) VW e€;, ¥ --- D ey,
f1i4ﬂ43, = §0,0,i3,....in £ 91,1ig,....in> f2i3;i3,_,,7in = 1,0,i3,....in T 90,1,ig,... in-

celn



We consider proper subspaces

Wi: @ Cfliﬁl;is,m,in@ @ szii%;ig,m,in

(4350++y0n) (4350++50n)

of C?" whose dimensions are 2 - 2”2 = 2"~ We show that these are non-trivial Ref-subspaces. Note

that by the definition, we have

1 1
e,.1= 1(90,0,1,...,1 +91,01,..0F90,1,1,...1 +g1,1,1,...1) = 1(]@1;1,...,1 + f2J§;1,...,1) ewr.
By , actions of M; and M, are given as

M, : 90,i2,ig,...rin "7 90,in,iz,... 0n M, : Gi1,0,i5,... in 77 Gi1,0,i5,...in
: , :
G1inyizyeenyin T7 TG 1iniz,in i1, 1yis,eenin 77 T 901,103,000

and hence

M, { f14zz, Hin = fl:fl;iz,m,in M, - { f14 38350 esin = fl:El;iBwuvin
bl
Fassiannin ™ S5t F3ssiannin ™ To35i0.nein

These imply that MW+ = WF, MoW* = WT,

We can show that M;W=* = Wi (1=3,...,n). For example, if i = 3, we have
M3 - i in 0viarsin = GirsinOvigroins M3 Giris Linssin = =3 Girsin.0vigrrin + V3 Girsin L iasommsin
and
Ms - fliél;O,i4,...,in = fliél;O,i4,...,in’ Ms - f1i4;1,i4,...,in = _’Y?Tlfliz;;o,u,...,' +73 f14 1,i4,..
Ms - f2:|£:‘);07i4,..4,in = fzfg;o,m,.“,inv M; - fzjt3;1,z'4,...,in = _7§1f2i3;0,i4,... i T3 1f23 1id,..

which imply MsW* = W=,
By Proposition 2.5 and v, = 72 = —1, we have
Moeo,0,is,....i, = €0,0,ig,....in — MOsig,..rin©1,....15
Mo€1,0,is,...,in = €1,0,i5,.0rin — Aliig,eryin©1,..,15
Moe€o,1,is,....i,, = €0,1,i5,....in — Mjig,...)in©1,...,15

MOel,l,ig,...,in = €1,1,i3,....in, — >\1;z3,...,inel,...,1,
where

ot ' 1—i
nig 4oty (OB + (D)8 TTE ) [Tees v ™

)\1;723,...,1'” (_1)

af ’
Aowi .= (_l)n ((1*1)(/3;16) [li—s e ((i3, ey Zn) = (07 . 7O))
383 500050n, )\1;1’3,...,2'” ((ig,...,in) 7é (O,...7O)),

Thus we obtain

Mo - §0,0is,....in = 0,0,i3,..sin — NOiiz,.sin€1,...,15
M - 91,0,i3,...0in — 91,0i3,...,0, — (2)\1;i3,...,in - )\O;ig,...,in)el,...,la
Mo - 90,1,i,. i = 901,05, in — (2A1sig, i — N0sig,....in )€1, 1,
Mo - 911,000 = 91,1505, sin — NOsigyeryin©1,...,15

and

Mo - frais,...i = Fraig,in €W Mo foziy i = fozis, iy €W
+ _ rt . . +

Mo - fiais.....in, = Fissi,.. i, = 2A0505,in€1,0 €W,
+ _ gt +

Mo - foris.in = Fazis. i = 2(2Mia,.in — Avsis,onvin)€1,.,1 € WL

)Z’!L



These mean MyW* = W=,
Now we show that W are Ref-subspaces. To prove this claim, it is sufficient to see that (¢Myg~™ )W+ =
W#, for each generator gMyg~' (g € Mon) of Ref. Since g is represented as a product of Mgcl, ceey Mnﬂ,

¢~ maps W¥ as follows:

1 [ WE 5 WE  (the number of M! and MF! in g is even)
Il wE S wF (the number of Mt and M in g is odd).

By MyW* = W=, we thus obtain

-1
1 wE L wE Moy gyt (the number of ME! and M in g is even)
gMO.g : -1 ! 2 g
wE L wE Moy wE L (the number of ME! and M in g is odd).
Therefore, W+ are non-trivial Ref-subspaces, and the proof is completed. O

Proof of Lemma[2.5. For simplicity, we assume v; = —1. For each (i, ..., i,), we put
R0igig,.. in = €0.inig,...in =€ D€, Ve @ - Qe ,
Pligsis,..in = 2€1in,ig,.yin — €0siziz,.cin = (261 — €0) @ €j, R €jy @~ ® €,

+
f12;1'2,... i

stn

= N0sin s, in T Mg i,
We consider proper subspaces
+ +
wE= D Cfisi..,
(325000500
of C?" whose dimensions are 2"~ '. We show that these are non-trivial Ref-subspaces. Note that by

the definition, we have

1 1
er,.,1= 5(%,1,1,...,1 +hii,..1) = §f1+2;1,,_,g ewr.

By arguments similar to those in Proof of Lemma we obtain
MWE =WwF, MWE=Ww=* (i=2...n).
We put
iy (@B ()40 [T i) Ty
af

Since o 4+ 3 = 0 by the assumption of the lemma, A .. o is written as

(@B +1) TTjea (@—1)(8— 1) [Troo
af af '
By Proposition [2.5] and 71 = —1, we have

Nig...oin, = (—1)

Xo,...0o = (=1)" = (-1)"

Moeo,is,....in, = €0ig,..in T Mgy yin®1,.1, Moo, i = €1in,..in T Nig,.in€1,....15
and

Mo - hois,...iy = N0jin,..in + Nig,in®1,01 Mo Ry, iy = Rajis, i + Aig, g €101

These imply
Mo - fiziig,..iin = Fr2iigin €W
My - flg;ig,...,in = f1+2;i2,...,in + 2Ny, in€1,..0 €EWT,
and hence we obtain MyW=* = W+,
An argument similar to that in Proof of Lemma shows that (¢Mog~")W* = W+, for each

generator gMog~' (g € Mon) of Ref. Therefore, W are non-trivial Ref-subspaces. We conclude that
the action of Ref is reducible. O

10



Theorem 2.3. Assume that Ref acts on C2" irreducibly. If the action of Ref® is reducible, then Ref
is finite (and hence Mon is finite by Proposition ).

To prove this, we use the following simple fact.

Lemma 2.6. Let G C GL,(C) be a subgroup acting on a 1-dimensional subspace W C C". Assume
that a matriz g € GL,,(C) normalizes G and gW # W. If one of the followings holds, then G acts on
W & gW as scalar multiplications.

(1) g is diagonalizable, and has two eigenvalues a1 and o such that oy # tao,

(2) g is unipotent and (g — E,)?* = 0.

Proof. Since G is normalized by g, we see that G acts on g*W (k = 1,2,...). In the cases of (1), we
can write
W =Cw, w=w+ wo,

where w; # 0 is an eigenvector of g corresponding to «;. Then we have
G*W = C - (a?wy + a2wy) C Cwy @ Cwy = W @ gW,

and g?W # W since a? # a3. Therefore a 2-dimensional space W @& gW contains three different G-
invarinat subspaces W, gW and ¢?W, and this implies that G acts on W @ gW as constants. In the
case of (2), we have

W = Cw, gw=w+w, gu =u,
and
FW =C-(w+2w)CCwaCuw =W o gW.
By the same reason, G acts on W @ gW as constants. O

Proof of Theorem[2.3 Let us assume that the action of Ref? is not irreducible, and let Wy be a non-
trivial irreducible Refo—subspace. Then there exists a reflection ro = gMyg~"' such that roWy # Wj.
Replacing Wy by g~ 'Wj, we may assume that ro = My. By irreducibility, we have Wy N MyW, = 0 and
Wy does not contain any eigenvector of My. We see that dim Wy = 1 and Wy = Cwg with wgy ¢ ker Ny
by Proposition Note that MJ € Ref® for some d since Ref/Ref’ is finite, and hence we have
MZWy = Wy. Namely wy is an eigenvector of M¢, but not of My. If 5 = 1, both of My and M{ have
the unique eigenspace ker Ny. Therefore we have §y # 1 and Cc?" = Ce;,....1 @ ker Ng. Now we may
assume that

1+ (O#V(] erI‘N()),

,,,,,

and M(’)iWO = Wy implies Mgl = Id. Therefore the special eigenvalue dy is a d-th root of unity, and
hence Ref’ C SLy» (C). Moreover, we may assume that 7o, ..., 7, # —1 by Theorem
We show that Ref’ acts on Cey,...,1, dividing into three cases.
(Case 1) Assume that dp # —1. Applying Lemma for G = Ref’, W = W, and g = My, we see
that Ref’ acts on
Wo @ MoWo = (ex,....1, vo)¢

as scalar multiplications. Therefore Ref® acts on Cei,..1.

(Case 2) Next we assume that o = —1, that is, Mowy = —e1,... 1 + 1. We have the following two
possibilities:
(2-1) There is a Ref-subspace W & ker Ny different from Wy and MyWy.
(2-ii) Any irreducible Ref’-subspace different from W, and MyW, is contained in ker Np.

In the first case, WY is generated by e; ;1 + v} with 1) € ker Ny. If 1y = 0, then Ref® acts on
W, =Cey,. . 1. If ) # 0, then the dimension of

Wo + MWy + Wy + MW = (e1,...1, Yo, Vo)

is at most three, and we see that Ref? acts on W4 = Ces,...1 by the same argument with Lemma
Finally we consider the case (2-ii). Since C2?" = Ce;....1 ® ker Ny, we can write

.....

/
M,vg = cper, .1+ Vn, €1,..,1,0 = Cp€1,.

i)

11



with ¢, ), € C and v, v, € ker Ny. Then we have

1
Mn(iel ..... 1+ VO) = i791 Qe (—e() + 61) + M, vy

n
1

=+—(er,..1—€1,..10)+ €1, 1+ Vs
n
14 cpy

==+ "oy 1 F —(cher. 1+t

Tn n

1+ /

= T e L F vl v

Tn n

Let us assume that both of M,,Wy = Wy and M,,(MoWy) = MyWj are hold. By the above calculation,
we have

M, Wy =W, N M, (e1, .1+ 1p) =const. x (e1,...1+1p)
Mn(M()Wo) = MyWy, Mn( e,.1+ Vo) = const. X (—el, 1+ 1/0)
_ ’
Mt L 1y,
< " ' " =  Cplp =V,
—l+cnynte, 1 n n
- 4, W= 'Tnl/;”b T Vn

However, if ¢,y = v, we have
Myvo = cper, 1+ v, = culer 1+ vo) = cowo € Wy,

and hence vy € M, Wy = Wy. This contradicts Wy = Cwp. Therefore, at least one of M, Wy # Wy and
M, (MoWy) # MWy must be hold. Replacing Wy by MWy if necessary, we assume that M, Wy # Wy.
Applying Lemmafor g = M, (note that M,, = F2®---® E2 ® G, satisfies conditions for ¢ in Lemma
by the assumption ~, # —1), we see that Ref' acts on Wy @ M,, W, as constants. Therefore, there
are infinitely many Ref’-subspaces W C Wy & M,,W,. Let W be an irreducible Ref’-subspace different
from 27*! subspaces

MWy, M (MWy), Ic{o,1}™

Then (MT)~'W is not equal to either of Wy and MWy, and hence My-invariant by the assumption.
Therefore we have

R'W = M"My(M))™'W = M!(M))"'w =w,  Te{0,1}"

,,,,,

From the above, Ce;, . ; is an irreducible Refo—subspace in any case. Now we see that each Cf; (I €
{0,1}™) is an irreducible Ref O—subspace since M! normalizes Ref’. However, if v = —1, then we have

By Lemma we have W = Cf; for some J € {0,1}" and Ref® acts on (M”)~'W = Ce;, ;.

Mof1,...0 = Mo(Miey, . 1)

(@B + (1" Ty )
af

1,...,1 — 5081,...,1

=ep1,..1— (1 +20)ei,. 1
=fio. . o+er . 1—(m+20)er, 1
=fio,..0+ 1=y —20)ei,. . 1="Fio,.. 0+2(1—3d),.. o

This contradicts dy # 1, and therefore we have v, # —1. By Lemma [2.6] we see that Ref® acts on
Ce;,...1 @ CM;e;,. 1 as constants for ¢ = 1,...,n. Applying Lemma again, for W = CM;eq . 1
and g = Mj, we see that Ref? acts on CM;e1,...1 ® CM;M;eq,.. 1 as constants for 1 < ¢ < j < n.
Repeating this process, we can conclude that Ref? acts on ®refo,13»Cfr = C2?", and Ref? consists of
scalar matrices. Since Ref” C SLyx (C), we see that Ref" is finite and so is Ref. O

Corollary 2.3. Assume that Ref acts on C2" irreducibly ( that is, the parameters satisfy the conditions
(irr—aBy) and “at most one of V1,...,Yn, Bt is —17 ). If Mon is infinite (for example, if 5o = 1),
then Mon® is irreducible.

12



3 Double coverings arising from integral representations of F

3.1 Double coverings

Fora=0b=1/2 and ¢; = -+ = ¢, = 1, Lauricella’s function F¢(a,b,c;z) is a period of an algebraic
variety

n

oty ety
Viz) : 52:t1~-~tn(1—Zti)(tl---tn—zgxi ! » )
1=

i=1

dty A+ Adt
with respect to a rational n-form w = —————"—"_ The variety V(z) is a double covering of P"

branched along n 4 2 hyperplanes and a hypersflrface of degree n. Similarly, Euler-type integrals of F
are regarded as periods of algebraic varieties that are cyclic branched coverings of projective spaces if
all parameters are rational numbers.

Note that the monodromy group is infinite and irreducible for the parameters a = b = 1/2 and
1 == ¢, = 1. By Theorem and we see that the Zariski closure of Mon is Sp,. (C) if
n is odd, and Oaqn (C) if n is even. Moreover, monodromy groups are defined over rational numbers. In
the following, we study varieties V' (x) for n = 2 and 3.

3.2 K3 surfaces

It is classically known (e.g. [2]) that Appell’s Fy satisfy the following formula
Fyla,c+c —a—1,¢,c52(1 —y),y(1 —x))
= 2F1(G7C+C, —a—= ].,C;(E)QFl(CLC-l-C/ —a— ]-vcl;y)a

and we see that Fy(1/2,1/2,1,1;2(1 — y),y(1 — x)) is a product of elliptic integrals. However it seems
that a geometric proof of the formula is not known. In any way, we can show the following.

Proposition 3.1. For a general parameters (x1,x2), the minimal smooth model of

V(l‘l,ﬂfg) . 52 = t1t2(1 — t1 — tg)(tltg — $1t2 — .1321‘51)

is a product Kummer surface with transcendental lattice U(2) @ U(2) where U(2) = (g (2)> .

Proof. Let V(x1,22) be a double covering of P? branched along four lines and a conic:
L,={T, =0} (i1=0,1,2), Ly ={Ty — T, — T>, = 0}, Q={TT, — 21 ToT> — z2TyT) = 0}.
For a general parameters (z1,x3), it has A;-singularities at points over
Ps=L;NLy (i=0,1,2), {P', P"}=QnNLs
and Dy-singularities at points over
Pyu=LoNLiNn@Q=[0:0:1], Po=LoNLNQ=[0:1:0], Po=LiNLyNQ=[1:0:0].

Hence it is a double sextic with rational singularities, and the minimal resolution S = S(z1,x2) is a K3
surface. Let us consider a pencil of lines passing through P’. For such a line ¢, let Pg(¢) be another
intersection point with Q. The (strict) pull back 7~1¢ by the projection 7 : S — P? is a double covering
of ¢ branched over four points £ N L; (i = 0,1,2) and Py(¢). Therefore they form an elliptic fibration
with 2-torsion sections 77 1L; (i = 0,1,2) and 7~ 1Q.

Let ¢;; (i,j = 0,1,2) be the line passing through P;; and P’. These three lines and Lz gives four
I;-fibers, and we obtain disjoint sixteen smooth rational curves from their components. Hence S is a
Kummer surface. Let NS(S) be the Néron-Severi group of S, and p(S) = rank NS(S) be the Picard
number. Since the family has 2-dimensional moduli, we have p(S) < 18 for a general member S. By the
Shioda-Tate formula ([25], Corollary 6.13), we see that p(S) = 18 and the Mordell-Weil rank is zero.

13
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Moreover, the Mordell-Weil group is precisely (Z/2Z)?, since the specialization of torsion sections to a
singular fiber is injective and we have only Ij-fibers. By the formula (22) in [25], we have

disc NS(S) = —(disc D4)*/|(Z/2Z)%* = —4*/4* = —16,

where Dy is the Dynkin lattice of type D4. Therefore the discriminant of the transcendental lattice T
is 16. On the other hand, T's must be of the form U(2) ®T"(2) where T" is a even lattice ([2I], Corollary
4.4). Hence we have T/ = U and S is a product Kummer surface. O

Changing our basis by the following matrix P, we have new intersection matrix H' = !PHP and
monodromy representations M} = P~*M,P (k= 0,1,2):

3 00 —3 0 0 0 1
1 010 0 , | 0 0 -1 0
P= 0 01 0 ’ H = 0o -1 0 0 |’

0 00 2 1 0 0 O
0 0 0 -1 1 -2 0 0 10 -2 0
;L 0 1 0 0 ;10 1 0 O , 101 0 -2
My = 0 01 0 » M= 0 o0 1 =2 |” Mz = 0 0 1 0
-1 0 0 O 0 0 0 1 0 0 O 1

Now let us consider the Segre embedding
]Pﬂ X ]Pl — ]P)3, [50 : 51] X [to : tl] — [Soto 1 Sotq : s1tg : Sltﬂ.

The image satisfies a quadratic relation
(soto, sot1, sito, sit1)H'*(soto, sot1, s1to, s1t1) =0
and M}, acts on P! x P! by

M- (s,t) = (=t —s71), M (s,t) = (s,t +2), Mj-(s,t)=(s+2,t)

where s = s1/sg and t = t1/tg. Since the congruence subgroup I'(2) C SL2(Z) is generated by <(1) ?)

and (; (1)> projectively, we see that a subgroup of index 2, generated by

M!, M}, MMM, MMM},
is isomorphic to I'(2) x I'(2) as projective transformations.

Remark 3.1. (1) The projective monodromy of 2 F1(1/2,1/2,1) is T'(2)/{£1}.
(2) The product SLy(C) x SLa(C) is a double cover of SO4(C).
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3.3 Calabi-Yau varieties

Proposition 3.2. For a general parameter x = (x1,x9,x3), we have a resolution V= V(x) of

V(l‘) : 52 = t1t2t3(1 — tl — f,g - t3)(t1t2t3 — $1t2t3 — .132t1t3 - Z‘3t1t2)

which is a Calabi Yau 3-fold with Hodge numbers h''1 (V) = 68, h*1(V) = 4 and the Euler characteristic

e(V) = 128.

Proof. The variety V = V(x) is a double covering of P? branched along the following five planes H; and
a nodal cubic surface S:

HZTZZO (i:O71,2,3), H42(T07T17T27T3):O,
S : T1T2T3 - To(J}lTQTg + I2T1T3 + .133T1T2) =0.

The cubic surface S is known as the Cayley cubic, and it has four nodes
Py=[1:0:0:0], P=[0:1:0:0], P,=[0:0:1:0], P3=[0:0:0:1].

The branch divisor B = Hy + - -- + H4 + S has singularities as given in the table below.

5-fold points P=H;NnH,nH NS, ({ijk1}={01,23})
4-fold points HnNH;,NnH,NS, (i,7=0,1,2,3)

triple lines Li=H;,NnH;nS (i,j=0,1,2,3)
double curve || SN Hy (smooth cubic curve), Ly =H;NHy (1=0,1,2,3)

We resolve them in three steps by admissible blow-ups in [5], according to Cynk and Szemberg. (However
B is not an arrangement in the sense of [5], and we can not apply formulas in [5] for the pair (P2, B)
directly).

(step 1) Let oy : Uy — P2 be the blow-up at 5-fold points Py, P;, P, and Ps, and let E; be the exceptional
divisor corresponding to P;. We denote the strict transform of a subvariety D € P? by D®), and take
B = ZH,S) +SM 13" E,.. On Fy = P2, three lines H,El) NEy (k= 1,2,3) form a triangle with a
circumscribed conic S N Ey. The same is true for other F;.

1 1
2 )

)

Now triple lines LS are disjoint, and there are new twelve 4-fold points as intersections of LZ(-;) and Ey.

(step 2) Let oy : Uy — Uj be the blow-up along six triple lines ngl»). Let E;; be the exceptional divisor

corresponding to ngl-), that are P'-bundles over P*.

E12
HY LY HP O Er
foNAPACIE JPR— S EO A By
Eon LYY ES N Es
L§12) H£2) N Ei2 H§2) N Ei2 S? N Eyg
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At this point, the branch divisor
By = ZH,?) +5@ 4 ZE,(CQ) + ZEij

is normal crossing, and HISQ) (k=0,1,2,3) and S() are disjoint.

(step 3) Let o3 : Us — Us be a blow-up along double curves of Bs. This is not unique and depends on
the order of blow-ups of double curves. However it does not affect on Euler characteristics of resultant
varieties. We blow up in the following order:

(i) blow up along E;; N Hl-(z) (i # 4) and E;; N SP),

ii) blow up along E;; N g% and E;;N E(Q),
J 4 J k

iii) blow up along H? N H?, HP NnE® (i #£4,k), SP N H? and @ 0 EY,
% 4 ) k 4 k

and put
By=Y HP +5+3 EY +3 EBY.

The Euler characteristics of U; and components of B; are changed as in the following table.

U, |H, (i#4) | Hy | S| E; | By
Up=P3 || 4 3 35| —
U, 12 6 393 -
U, 24 6 9196 4
Us — (i) || 60 6 27 |9 | 15| 4
Us — (i) || 96 6 27 (9| 15| 4
Us — (ifi) || 136 6 27 (9| 15| 4

Let 7 : V — Us be the double covering branched along B3. Then V is a Calabi-Yau variety with the
Euler characteristic e(V) = 128, and hence h*(V) — h12(V) = 64.
Next we compute Hodge numbers. By Proposition 2.1 in [4], we have

Hl(vv 6‘7) = Hl(U3a@U3(logB3)) @Hl(U?n ®U3 ® ‘C_l)

where O x is the tangent bundle, © x (log D) is the sheaf of logarithmic vector field ([4], [7]) and £®? =
Ou,(Bs). Moreover H!(Us, Oy, (log Bs)) is isomorphic to the space of equisingular deformations of B in
P3, and h'(Op, ® £L71) is the sum of genera of all blown-up curves (see [4]). Since blown-up curves are
rational except an elliptic curve S N Hy, we have hl(©p, ® £L71) = 1. Let us show h!' (O, (log B3)) = 3.
(Then we have 1! (6 ) = 4, and we can conclude that h»2(V)) = 4 by the Serre duality since K5 = Og.)
To show this, let W be an octic surface which has similar singularities with V' (z). By a projective
transformation, we may assume that 5-folds points of W are Py, ..., Ps. Consequently triple lines of
W must be L;;. Since W has multiplicity 5 at P;, the polynomial F(Ty,...,T3) defining W is a linear
combination of

TTTE, T)TTW T, TPT;TRT, ToTiT3T3, {i,4,k,1} = {0,1,2,3}.

Moreover F belongs to ideals (T7, Tij, TZ-TjQ, Tf) since F' vanishes on L;; with third order. Therefore F'
does not have terms 737, ;”T,?, T3T f’Tle, and we have F' = TyT1T>T3G where G is a linear combination
of

ﬂQTkaa TOT1T2T35 {Za.]vkal} = {0315273}

Then the singular locus of a quartic G = 0 must contain an elliptic curve C' of degree 3 (a deformation
of SN Hy). Note that C is on a certain plane H. Since 4-fold points of W are on C, double lines
connecting 4-fold points (a deformation of L;4) must be on H. This implies that G = 0 decomposes
into H and a cubic surface. We see that W coming from our branch divisors B C P23, and we have
h'(©y, (log B3)) = 3. O

Changing our basis by the following matrix P as in the case n = 2, we have H' = ‘PHP and

16



My

=P 'MyP (k=0,1,2,3):

£ 0 0 -3 0 -3 -3 0 0 0 0 0 00 01
0O -1 0 0 0 0 0 0 0 0 0 0 0010
0 0 -1 0 0 0 0 0 0 0 0 0 01 00
p_| 0O 0 0 1 0 0 0 0 | 0 0 0 0 1000
oo 0o o0 1 0 o0 0] 0 0 0 -1 00 0 0 [’
00 0 0 0O 1 0 0 0 0 -1 0 00 0O
o0 0 0 0 0 1 0 0 -1 0 0 00 0O
0o 0 0 0 0 0 0 2 -1 0 0 0 00 0O
100 00O0TO0O 12000 0 0 -2
01000000 01000 0 0 O
001 000UO0O0 00110 0 0 0

, 000100UO0O0O , 00010 0 0 O
M=loo0001000| MT|loo0o001 10 0 |
000O0O0CT1UO0O0O0 000O0O0C 1T 0 O
000O0O0COT1O0 000O0O0CO0 1 -2

1 00 000O0°O0°71 000O0O0CTO0O 0 1
102000 0 =2 1000 -200 -2
010100 0 O 0100 0 10 0
001000 0 O 0010 0 01 0

, 000100 0 O / 0001 0 00 -2
M=loo0o0010 -1 0| M= [oo0oo00 1 00 o0
000001 0 =2 0000 O 10 O
0000O0O0O 1 0 0000 O 01 0
0000O0O0 O 1 0000 O 00 1

These give an integral representation of Mon, but we do not know arithmeticy of Mon, that is, the
finiteness of the index |Sp(H’,Z) : Mon|.
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