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COMBINATORIAL PROOFS OF THE NEWTON-GIRARD AND

CHAPMAN-COSTAS-SANTOS IDENTITIES

SAJAL KUMAR MUKHERJEE AND SUDIP BERA

Abstract. In this paper we give combinatorial proofs of some well known identities and
obtain some generalizations. We give a visual proof of a result of Chapman and Costas-
Santos regarding the determinant of sum of matrices. Also we find a new identity expressing
permanent of sum of matrices. Besides, we give a graphical interpretation of Newton-Girard
identity.

1. Introduction

In this paper we give combinatorial proofs of some well known identities and obtain some
generalizations. Combinatorial proofs give more insight into “why” the result is true rather
than “how” [2, 6, 7]. In Section 2, we give a graphical interpretation of Newton-Girard
identity. A combinatorial proof of Newton-Girard identity was first given by Doron Zeilberger
in [8]. In this paper we have obtained the Newton-Girard identity as a trivial corollary of our
more general formulation. Our general formulation gives a relation between weighted sum
of closed walk and weighted sum of linear subdigraph of wighted digraph Γ. So from our
formulation the Newton-Girard identity is exactly same with the relation between weighted
sum of closed walk and weighted sum of linear subdigraph of the weighted digraph consisting
isolated loops only. However, to the best of our knowledge there is no such general relation
between weighted sum of closed walk and weighted sum of linear subdigraph of weighted
digraph. In this work we get a new identity expressing the relation between walk and linear
subdigraph.

For a weighted digraph Γ, a linear subdigraph γ is a collection of pairwise vertex-disjoint
cycles. The number of cycles contained in γ is denoted by c(γ). The weight of a linear
subdigraph γ is denoted by w(γ). Denote the set of all linear subdigraph of length r by
Lr. Let us denote the sum of the weights of all closed walks of length r by cr. And define
ℓr ,

∑
ℓ∈Lr

(−1)c(ℓ)w(ℓ). Then our general formulation says that for a weighted digraph Γ with

n vertices,

(1) cr + cr−1ℓ1 + cr−2ℓ2 + · · · + cr−nℓn = 0, r > n

(2) cr + cr−1ℓ1 + cr−2ℓ2 + · · · + rℓr = 0, 1 ≤ r ≤ n.

Like Newton-Girard identity, our general formulation can also be thought as a graph theoretic
analogue of the relation between power sum symmetric functions and elementary symmetric
functions. So our work motivates the investigation of possible graph theoretic interpretations
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for other standard bases of symmetric functions such as complete homogeneous and Schur
functions.

Denote by Mm,n, the set of m × n matrices over an arbitrary field F and by Mn the set
Mn,n. Consider the N -tuple of n × n matrices S := (A1, A2, · · · , AN) and Q ∈ Mn. If
N ≥ n + 1, then the identity of Costas-Santos [5] says that

N∑

k=0

(−1)k
∑

σ⊂[N ]
|σ|=k

det

(
Q +

∑

i∈σ

Ai

)
= 0.

Before that in [4], Chapman proved that

N∑

k=0

(−1)k
∑

σ⊂[N ]
|σ|=k

det

(∑

i∈σ

Ai

)
= 0.

However, there is no formula to the best of our knowledge for the permanent of sum of
matrices. In this work we get a new formula for the permanent of sum of matrices. In
section 3, we give a visual and combinatorial proof of above identities. Moreover our method
recovers a similar identity for the permanent, which we think to be new.

2. Graphical interpretation of Newton-Girard identity

Let α1, α2, . . . , αn be roots of the polynomial f(x) = xn + e1xn−1 + e2x
n−2 + · · · + etx

n−t +
· · ·+en = 0. Suppose pr = αr

1 +αr
2 + · · ·+αr

n (r = 0, 1, · · · , ) so p0 = n. Then Newton-Girard
identity says that

(1) pr + e1pr−1 + e2pr−2 + · · · + p1er−1 + rer = 0(r ≤ n)
(2) pr + e1pr−1 + e2pr−2 + · · · + p1er−1 + enpr−n = 0(r > n).

In this section we give a graphical interpretation of Newton-Girard identity. In fact the
Newton-Girard identity can be deduced as a very special case of our more general set up.
Before that, let us briefly describe some graph theoretic concepts. See [3] for details. Let Γ
be a weighted digraph. A linear subdigraph γ, of Γ is a collection of pairwise vertex-disjoint
cycles. A loop is a cycle of length 1. So loop around a single vertex is also considered to be
a cycle. The weight of a linear subdigraph γ, written as w(γ) is the product of the weights
of all its edges. The number of cycles contained in γ is denoted by c(γ). The length of a
linear subdigraph γ, denoted by L(γ) is the number of edges present in γ. Denote the set of
all linear subdigraph of length r by Lr. A walk in a digraph Γ from a vertex u to a vertex
v is a sequence of vertices u = x0, x1, · · · , xk−1, xk = v such that (xi, xi+1) is an edge for
i = 0, 1, 2, · · · , k − 1. The walk is called closed if u = v. The length L(w̃) of a walk w̃ is
the number of edges present in that walk. The weight w(w̃) of a walk w̃ is the product of
all weights of edges present in that walk. Note that when we talk about a closed walk, its
initial and final point is automatically specified. Let us denote the sum of the weights of all
closed walks of length r by cr. And define ℓr ,

∑
ℓ∈Lr

(−1)c(ℓ)w(ℓ). Now we state the theorem.

Theorem 2.1. For a weighted digraph Γ with n vertices, the following identities hold.

(1) cr + cr−1ℓ1 + cr−2ℓ2 + · · · + cr−nℓn = 0, r > n
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(2) cr + cr−1ℓ1 + cr−2ℓ2 + · · · + rℓr = 0, 1 ≤ r ≤ n.

Proof. First we prove the case r > n. To prove this consider all ordered pair (c, γ), where c

is a closed walk and γ is a linear subdigraph (possibly empty), such that L(c) + L(γ) = r.
Define the weight W of (c, γ) to be W ((c, γ)) = (−1)c(γ)w(c)w(γ). Note that the left hand
side of (1) is precisely equal to

∑
(c,γ)

W ((c, γ)), where the summation runs over all ordered

pairs (c, γ) as described above.
Now the crucial observation is that, since r > n, either c and γ share a common vertex

or c is not a “simple” closed walk (here simple means the graph structure of the closed
walk is a directed cycle). Now take a particular pair (c, γ) satisfying the above conditions.
Suppose that x is the initial and terminal vertex of c. Start moving from x along c. There
are two possibilities: either, first we meet a vertex y which is a vertex of γ or, we complete
a closed directed cycle ć which is a subwalk of c and during this journey from x up to the
completion of ć we have not met any vertex of γ. Now if the first case holds, we form a
new ordered pair (c̃, γ̃), where c̃ = x̂y|c

⊙
γy

⊙
ŷx|c and γ̃ = γ \ {γy}, where x̂y|c is the walk

from x to y along c and γy is the directed cycle of γ containing the vertex y. Note that
W ((c̃, γ̃)) = −W ((c, γ)). Now if the second case holds, then form a new ordered pair (˜̃c, ˜̃γ),
where ˜̃c is formed by removing the directed cycle ć from c and ˜̃γ is γ ∪ ć. Note also that
W ((˜̃c, ˜̃γ)) = −W ((c, γ)). It is easy to see that, this is in fact an involution and it is sign
reversing by the above observation. This completes the proof.

Now we prove the case r ≤ n. Let A = {(c, γ) : c is a closed walk of length ≥ 1 and γ

is linear subdigraph (possibly empty) and L(c) + L(γ) = r}. Consider the following sum
S =

∑
(c,γ)∈A

W ((c, γ)) + rℓr. Note that the left hand side of (2) is precisely equal to S.

Consider the subset of A consisting of ordered pair (c, γ) satisfying the conditions: either
c ∩ γ 6= φ or c is not a simple closed walk. Call this subcollection BAD. So the GOOD
members of A are the ordered pairs (c, γ) satisfying c ∩ γ = φ and c is a simple closed walk.
Now observe that, the weights of the BAD members cancel among themselves just like the
previous case (case, r > n). Now let us see, how a GOOD member looks like. As a directed
graph it is just a disjoint collection of distinct cycles with vertex set {v1, v2, · · · , vr} i. e. it
is a linear subdigraph γ̇ with vertex set {v1, v2, · · · , vr}. Now for this fixed linear subdigraph
γ̇ with vertex set {v1, v2, · · · , vr}, we claim that there are precisely r GOOD members (c, γ).
For the proof, take any vertex say vi from γ̇. Consider the cycle c in γ̇ containing the vertex
vi. Let γ1 = γ̇ \ {c}. Now the cycle c can be thought of as a closed walk cvi

starting and
ending at the vertex vi. So we get a GOOD member (cvi

, γ1). Since vi is arbitrary the claim
follows.

The main observation is that the sum of the weights of all the good members, found in
this way from γ̇ is r(−1)c(γ̇)−1w(γ̇). This cancels with the term r(−1)c(γ̇)w(γ̇) in the equation
S =

∑
(c,γ)∈A

W ((c, γ)) + rℓr. �

Corollary 1 (Newton-Girard identity). Let α1, α2, . . . , αn be roots of the polynomial f(x) =
xn + e1xn−1 + e2x

n−2 + · · · + etx
n−t + · · · + en = 0. Suppose pr = αr

1 + αr
2 + · · · + αr

n

(r = 0, 1, · · · , ) so p0 = n. Then Newton-Girard identity says that

(1) pr + e1pr−1 + e2pr−2 + · · · + p1er−1 + rer = 0(r ≤ n)
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(2) pr + e1pr−1 + e2pr−2 + · · · + p1er−1 + enpr−n = 0(r > n)

Proof. Just apply the above theorem on the weighted digraph consisting of n disjoint loops
with weight α1, α2, . . . , αn respectively, we get the Newton-Girard identity. �

3. Combinatorial proof of Chapman-Costas-Santos identity

In this section, we prove interesting identities about the determinant and permanent of
sum of matrices. Before that we have to develop some necessary background. For details
we refer [1]. Let G be a weighted, acyclic digraph. We call A = {A1, A2, · · · , An} to be
the initial set of vertices and B = {B1, B2, · · · , Bn} to be the terminal set of vertices (not
necessarily disjoint) of the graph G. To A and B, associate the path matrix M = (mij),
where mij =

∑
P :Ai→Bj

w(P ), [w(P ) is the product of weights of all edges involved in the path

P ]. A path system P from A to B consists of a permutation σ and n paths Pi : Ai → Bσ(i),
with sgn(P) = sgn(σ). The weight of P is w(P) =

∏n
i=1 w(Pi). Now it easy to see that

det(M) =
∑
P

sgn(P)w(P) and per(M) =
∑
P

w(P).

For the N -tuple of n × n matrices S := (A1, A2, · · · , AN) and an n × n matrix Q = (qi,j)
with N ≥ n + 1, Costas-Santos [5] proved

N∑

k=0

(−1)k
∑

σ⊂[N ]
|σ|=k

det

(
Q +

∑

i∈σ

Ai

)
= 0

and before that Chapman [4] proved

N∑

k=0

(−1)k
∑

σ⊂[N ]
|σ|=k

det

(∑

i∈σ

Ai

)
= 0

by using algebraic manipulations. In this section we give a purely combinatorial proof of his
identity and the same identity for permanent.

Theorem 3.1. Consider the N-tuple of n-by-n matrices S := (A1, A2, · · · , AN). If N ≥
n + 1, then the following relations hold.

(1)
N∑

k=0
(−1)k ∑

σ⊂[N ]
|σ|=k

det

(
∑
i∈σ

Ai

)
= 0.

(2)
N∑

k=0
(−1)k ∑

σ⊂[N ]
|σ|=k

per

(
∑
i∈σ

Ai

)
= 0.

Proof. For the sake of simplicity we take N = 3, n = 2 and we prove these identities for
three matrices A = (ai,j)2×2, B = (bi,j)2×2, C = (ci,j)2×2 . The proofs of these two identities
follow from the digraph in Figure 1 and the Principle of Inclusion and Exclusion (PIE).

Look at the boxes labeled by A, B, C in Figure 1. From this figure, clearly the path
matrix (paths from vertex set X = {x1, x2} to the vertex set Y = {y1, y2}) of the graph is
the matrix A + B + C. Let PABC = {P, a path system from X to Y such that each box
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Figure 1. First box, second box and third box are denoted by A, B, C respectively.

contains atleast 2 intermediate vertices of some paths in P}. Then
∑

P∈PABC

sgn(P)w(P) = 0,

as PABC = ∅ (because each path system contains exactly two paths which can not pass
through all three boxes simultaneously). Now we compute this empty sum by PIE. The
signed sum of weights of all possible path systems is det(A + B + C). The signed sum of
weights of all possible path systems, whose underlying paths do not pass through box C

is det(A + B). Similarly, the signed sum of weights of all possible path systems, whose
underlying paths do not pass through box B is det(A + C) and the signed sum of weights of
all possible path systems, whose underlying paths do not pass through box A is det(B + C).
Again the signed sum of weights of all possible path systems, whose underlying paths pass
through neither B nor C is det(A). Proceeding this way and using the PIE we get,

det(A + B + C) − det(A + B) − det(A + C) − det(B + C) + det(A) + det(B) + det(C)

=
∑

P∈PABC

sgn(P)w(P) = 0.

Similarly,

per(A + B + C) − per(A + B) − per(A + C) − per(B + C) + per(A) + per(B) + per(C) = 0.

Now if we add one more directed edge from each vertex Xi(i = 1, 2) to each vertex
Yj(j = 1, 2) in the directed graph in Figure 1 with weight qi,j and applying above argument
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we can prove Costas-Santos’s identity
N∑

k=0

(−1)k
∑

σ⊂[N ]
|σ|=k

det

(
Q +

∑

i∈σ

Ai

)
= 0.

Similarly we can prove the new identity
N∑

k=0

(−1)k
∑

σ⊂[N ]
|σ|=k

per

(
Q +

∑

i∈σ

Ai

)
= 0.

�
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