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INTRODUCTION TO FRACTIONAL ORLICZ-SOBOLEV SPACES

MOHAMMED SRATT!
ELHOUSSINE AZROUL?
ABDELMOUJIB BENKIRANE?

Abstract In this paper, we define the fractional Orlicz-Sobolev spaces, and we
prove some important results of these spaces. The main result is to show the con-
tinuous and compact embedding for these spaces. As an application, we prove the
existence and uniqueness of a solution for a non local problem involving the frac-
tional M-Laplacian operator.

1. INTRODUCTION

Let © be an open subset of RY and let s € (0,1). For any p € [1,+00), the
fractional Sobolev spaces are defined as,

Wer(Q) = {u e () D Ul g Q)}.
N
|z =yl

These spaces have been a classical topic in functional and harmonic analysis all
along, and some important books, such as [34] treat the topic in detail. On the
other hand, fractional spaces, and the corresponding nonlocal equations, are now
experiencing impressive applications in different subjects, such as, among others, the
thin obstacle problem [28], finance [17], phase transitions |2, 10|, stratified materials
[14, 15], crystal dislocation [7], soft thin films [27], semipermeable membranes and
flame propagation [11]|, conservation laws [3|, ultra-relativistic limits of quantum
mechanics [25], quasi-geostrophic flows [13], multiple scattering [22], minimal sur-
faces [12] , materials science [5], water waves [18, 19, 35|, gradient potential theory
[30] and singular set of minima of variational functlonals [29]. Don’t panic, instead,
see also [33] for further motivation.

In mathematics and precisely in PDEs, when trying to relax some conditions on
the operators (as growth conditions), the problem can not be formulated with clas-
sical Lebesgue and Sobolev spaces. Hence, the adequate functional spaces is the
so-called Orlicz spaces (see [3],[4]).

J.F.Bonder and A.M.Salort in [9] proposed a version of the fractional Orlicz-
Sobolev spaces, i.e.,

dxd
WSLM(Q): UGLM //M Uy)) «T yN < o0 p,
[z —yl* e —yl
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where M is N-function and Ly, is the Orlicz space (see section 2).
The authors prove that for any u € Ly, (2) and 0 < s < 1, it holds that

lim(1 — ) / pr(MD Zuly)y dedy [ gr e,

s%l lz—yl* T|e—y|V  Jpn
where M is an N-function defined by,
—~ s dr
M(a) := lim(1 — s) M (alzy|r )dS —
8—)1 SN-s

The previous definition creates problems in the mathematical analysis, more pre-
cisely in the calculus and in the embedding results, for example, the Borel measure
defined as du = |mdj:ZT/N is not finish in the neighbourhood of the origin. To overcome

those difficulties, we introduce another definition of the fractional Orlicz-Sobolev
space, i.e.,

WL (Q) = {u € Lar(Q) : 3N > o/ / (‘x m—r A? _d“;(y_))y']v)) dzdy < oo}.

Observe that in the case M (t) = ¥, these spaces coincide with the fractional Sobolev
space W*P(€2).

We begin this paper by showing some natural properties of the space W*L,(2),
and then we come to the important point of the article, i.e, to study the embedding
results of these spaces. We follow the approach of Donaldson and Trudinger in [21]
and show the embedding results of the fractional Orlicz-Sobolev spaces W* Ly (2)
into the Orlicz spaces.

This paper is organized as follows: We introduce in the second section, some

properties on the Orlicz-Sobolev and fractional Sobolev spaces.
The third section is devoted to proving we prove some important results on the
fractional Orlicz-Sobolev spaces, and we prove a result of continuous and compact
embedding of these spaces into the Orlicz spaces. Finally, we conclude this article by
an application of our main results, to show the existence and uniqueness of solution
for a non local problem involving the fractional M-Laplacian operator.

2. SOME PRELIMINARY RESULTS

First, we briefly recall the definitions and some elementary properties of the
Orlicz spaces and Orlicz-Sobolev spaces. We refer the reader to [1, 26, 32| for
further reference and for some of the proofs of the results in this subsection.

2.1. Orlicz-Sobolev Spaces. We start by recalling the definition of the well-known
N-functions.

Let Q be an open subset of RY. Let M : Rt — R* be an N- function ie M
is continuous, convex, with M(t) > 0 for ¢t > 0, M(t — O as t -0 and — 00

as t — 0o. Equivalently, M admits the representatlon : fo ds where
m : RT — RT is non-decreasing, right continuous, Wlth m(O) = O m(t) > 0
Vt > 0 and m( ) — oo as t — 0o. The conjugate N-function of M is defined by
M fo s)ds, where m : RT™ — RT is given by m(t) = sup {s : m(s) < t}.
EV1dent1y we have

st < M(t) + M(s), (1)
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which is known Young’s inequality. Equality holds in (1) if and only if either ¢ =
m(s) or s = m(t).

We will extend these N-functions into even functions on all R. The N-function M
is said to satisfy the global As-condition if, for some k > 0,

M(2t) < kM(t) , ¥t >0

When this inequality holds only for t > ¢, > 0, M is said to satisfy the As-condition
near infinity.

We call the pair (M, 2) is A-regular if either :

(a) M satisfies a global Ay-condition, or

(b) M satisfies a Ag-condition near infinity and €2 has finite volume.

Lemma 2.1. (cf. [9]). Let M be an N-function which satisfies the Ay-condition.
Then we have,

M(m(t) < (p = DM(1), (2)
for some p > 1.

Let &1, @3 be two N-function. @; is stronger (resp essentially stronger) than @,
Dy = dy (resp @ = Py) in symbols, if

¢2(:E) < @1(&1‘), y & > Zo P 07
for some (resp for each) a > 0 and z, (depending on a).

Remark 2.1. &, = &, is equivalent to the condition

lim Pa(\) =0,
T—$00 @1(x)

for all A > 0.

Let Q be an open subset of RY. The Orlicz class K () (resp. the Orlicz
space Ly (€2)) is defined as the set of (equivalence classes of) real-valued measurable
functions u on €2 such that

/ M(u(z))dr < oo (resp. / M (Au(z))dr < oo for some A > 0). (3)

Ly (€2) is a Banach space under the Lexumburg norm

||u||M:mf{A>o:/QM(%)da;<1}, (4)

and K /() is a convex subset of Ly/(€2). The closure in Ly () of the set of bounded
measurable functions on © with compact support in €2 is denoted by Ej(€2).
The equality Ey(Q2) = Ly (€2) holds if and only if (M, ) is A-regular.

Theorem 2.1. [cf. [1]/ Let Q be an open subset of RN which has a finite volume,
and suppose M, B two N-function such that B << M .Then any bounded subset S
of Lar(Q) which is precompact in L' (), is also precompact in L (Q).

Let J be a nonnegative, real-valued function belonging to C§°(R”) and having
the properties :

e J(z)=0if |z| > 1 and
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o [on J(x)dx =1.

If ¢ > 0, the function J.(z) =
satisfies

o J(x)=0if 2] >1

o/ Je(x)dr = 1.

RN
J. is called a mollifier. We pose

wla) = Joruta) = [ o= gute)dy

Lemma 2.2. (¢f. [1])
o Ifuc L} () then u. € C®(RY).
o If also supp(u) is compact, then u. € C§°(Y), for all ¢ < dist(supp(u),0).

NJ( ) is nonegative, belongs to C5°(RY), and
€

Theorem 2.2. (¢f. [1])
(1) Co(R2) is dense in Fp(Q).
(2) Ep(Q) is separable.
(3) C5°(2) is dense in Ep(2).
(4) For each u € Ep (), we have lim u. = u in Ey ().

e—0t

2.2. Fractional Sobolev spaces. This subsection is devoted to the definition of
the fractional Sobolev spaces, and we recall some result of Continuous and compact
embedding in fractional Sobolev spaces. We refer the reader to [20, 23| for further
reference and for some of the proofs of these results.

We start by fixing the fractional exponent s € (0,1). For any p € [1,00), we
define the fractional Sobolev space W*P(Q) as follows,

Wer(Q) = {u € 1P(Q) : —|7““( ™) |“<y>| € IP(Q x Q)};
v —ylv

i.e, an intermediary Banach space between, endowed with the natural norm

Julles = ( Jrae [ [ O dy) .

Theorem 2.3. (c¢f. [23]). Let s € (0,1) and let p € [1,400) such that sp < N.
Let Q0 be an open subset of RN with C%'-reqularity and bounded boundary. So there
exists a constant C' = C(N, s, p, Q) such that, for all f € W*P(Q) we have

Lo < Cllfllwer) Va € [p,p7],
1.e,
W#P(Q) — LU(Q) Vq € [p, p’],

where p* NN ’;

If, in addition, Q) is bounded, then the space W*P(§)) is continuously embedded in
LU(Q) for any q € [1,p"].
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Theorem 2.4. (cf. [20]). Let s € (0,1) and let p € [1,+00) such that sp < N. Let
Q be a bounded open subset of RN with C%'-reqularity and bounded boundary. Then
the embedding

W*P(Q) — LI(Q) Vq € [1,p"),

1§ compact.

3. MAIN RESULTS

3.1. Fractional Orlicz-Sobolev spaces. Now, we define the fractional Orlicz-
Sobolev spaces, and we will present some important results on these spaces.

Definition 3.1. Let M be an N-function. For a given domain Q in RN and 0 <
s < 1, we define the fractional Orlicz-Sobolev space W* Ly () as follows,

WLy (Q) = {uELM El)\>0// / <|x—y|3M) _(r;(y_))y|N)>dxdy<oo}.
()

This space is equipped with the norm,

[lulls,pr = llullar + [uls,ar, (6)

where [.]s v s the Gagliardo seminorm, defined by

o= mf{bo f L <A|x—y|w&f_zf|(5)—y|fv>>d”’”dyg1}' "

Definition 3.2. Let M be an N-function. For a given domain Q in RY and 0 <
s < 1, We define, the space W*Ep () as follows,

|u(z) — u(y)] }
W2 Ey(Q {uEE Q € Ep(QxQ)p. 8
) = B (e -y € P
Remark 3.1.
o W3E () coincides with W?* Ly (Q) if and only if (M,Q) is A-reqular.
o If1 <p<ooand My(t) =17, then WLy, (2) = W3Ey, () = WP(Q).

Many properties of fractional Orlicz-Sobolev spaces are obtained by very straight-
forward generalization of the proofs of the same properties for ordinary fractional
Sobolev spaces and Orlicz-Sobolev spaces.

Theorem 3.1. Let 2 be an open subset of RY, and let s € (0,1). The space
We Ly (S2) is a Banach space with respect to the norm (6), and a reflexive (resp.
separable) space if and only if (M,Q) is A-reqular (resp. (M,Q) and (M,Q) are
A-regular).

Proof. Let {u,} be a Cauchy sequence for the norm ||.||s . In particular, {u,} is
a Cauchy sequence in Ly (£2). It converges to a function u € Ly (£2). Moreover, the
sequence {v,} defined as,

|un () = un(y)]
z =yl M|z —y[Y)’

Un(T,y) = |
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is a Cauchy sequence in L (2 x Q). It therefore also converges to an element of
L (2 x Q). Let us extract a subsequence {uo(n)} of {u,} that converges almost
everywhere to u. We note that v, (z,y) converges, for almost every pair (z,¥), to

|u(z) — u(y)]
|z —yl*M = (Jz —y|V)

v(z,y) =

Applying Fatou’s lemma, we obtain, for some A\ (note that \ exists since {uo(n)} -

WL () ),

/ / (\x _ y’sM) _(\z;(y_))y]N)> drdy < llnrggf/ / (!x _@(JSM) i w(_rz)y(’y]\)[))> dzdy < oo,

Hence v € W*Ly ().

On the other hand, since {v,} converges in L,;(€2 x €2), then by dominated conver-
gence theorem, there exists a subsequence {va(n)} and a function A in Ly (2 x Q)
such that

[Vo(ny (2, ¥)| < |h(2,y)| for almost every pair (x,y),
and we have
Vo(n) (2, ) — v(x,y) for almost every pair (x,y),

this implies by dominated convergence theorem that,
[, — uls pr — 0.

Finally w,, — w in W*L ().
To establish the reflexivity and separation of the fractional Orlicz-Sobolev spaces,
we define the operator T : W2 Ly (Q) — L (2) x L (2 x Q) by

e lule) — u(w)
7 = (o) = it )

Clearly, T is an isometry. Since Ly (€2) is a reflexive and separable space, then
WLy (§2) is also a reflexive and separable space.

0

We are now a position to construct the Orlicz norm corresponding to the frac-
tional Orlicz-Sobolev spaces, and show that it is equivalent to the Lexumburg norm.
The Orlicz norm in Orlicz space is defined by,

/Qu(x)v(:c)d:c

ullary = sup
p(v,M)<1

(v, TT) = /Q W (v(z))da

By [26], the expression ||u||(as) is @ norm in Ly (€2) which is equivalent to ||ul|.

)

where

Proposition 3.1. We pose

[wlles,ary = [|ullar) + [w)(s,an), (9)

—u(y)
// |x—y‘M (lz — y‘N)U(Ly)dxdy, (10)

where

[u](s,pr) = sup
vM <1
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//M v(z,y))dxdy.

Then ||.||s,a) @5 a norm in WLy (2) which is equivalent to ||.||s -

with

Proof. Clearly [.]s ) is a seminorm, then ||.||( a) is @ norm.
Let u € W*Ly(§2). By Young’s inequality we have,

[ R e @””“@

e = p(:;p<1
\<ﬁﬂ1//[ <u—wﬁ_$ﬂmw>+ﬁwmwﬂmw‘

< sup // < 5 z) — uly) N>da:dy+ sup //M v(z,y))dzdy
plv,M)<1 |$—y|M (|£C—y| ) (v,M)<1

// <|x—y|3M_(I|L;(,3yz y|N)> dady + 1

—QbsM

Then, we get,

{ “} <@M<1L)+1<z (11)
[uls.ne ] (s ary [u] s
this implies that,

On the other hand, we pose

|u(z) — u(y)] "
p(r,y) = T Mz — g € Ly (2 x Q).

// <||soa:y||) )dxdy<1

Then, we have,

but
lete.sllon = sw | [ [ oo xyw@'
vM <1
= sup // — uly) ~ (:E,y)d:pdy’
(o<1 Iaf—yIM (Jz —y|V)
= [u](s,mr
Finally

@“< ) Jfm Qw ﬁM)dmygL 12

this implies that [u]s s < (] (s,71)-
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3.2. Approximation theorem and generalized Poincaré inequality. Asin the
classic case with s being an integer, any function in the fractional Orlicz-Sobolev
spaces can be approximated by a sequence of smooth functions with compact sup-
port.

Theorem 3.2. C°(RY) is dense in W*Ey (RY).
Proof. Let u € W*Ey(RY), and € > 0. Then by theorem 2.2, u. € C§°(RY) and,

i [z = ulasy = 0. (13)

So just show that,

lim [ue — u](sar) = 0.
dim fue — )

Indeed, by Holder inequality we have

us(z) —u(z)) — (ue(y) —ul(y))
we=dosn = o | [ [ ey ke ety
ulw = £2) — uly — £2)) — (u(z) — u(y))
<p<fbp<1/uw @ [ | lv(,y)| dedy
B [ = e2) —uly — £2) — @) —utw)) ||
gp(vs,%QQHUHM |z|<1j() |z =yl M|z —y[) HMd’

this implies that

(u(z —e2) —uly — €2)) — (u(z) — u(y)) H
[z =yl M|z = y[¥) M
|u(z) — u(y)]

|z =yl M|z = y[¥)

given £ > 0, there exists g(z,y) € C5°(RY x RY) such that ||w — g||y < ° That is,

dz.

e — ] g ap) < 2 / J(2)
|z]<1

On the other hand, since w(zx,y) := € Ey(RY x RY), then

(=)

lw(z —ez,y —ez) — gz —ez,y —e2)l[y <

M

and for sufficiently small ¢

| M

llg(x —ez,y —e2) — g(z,y)||y <

for every z with |z| < 1. Thus [u. — u] ) < €.
0

Let WLy (S2) denote the closure of C3°(Q2) in the norm ||.||s s defined in (6).
The space Wi Ey(€2) is defined in analogous fashion.
Note that, in view of Theorem 3.2, we have

WEEy(RY) = WoEy(RY).

Theorem 3.3. (Generalized Poincaré inequality). Let Q be a bounded open subset
of RN and let s € (0,1). Let M be an N-function. Then there exists a positive
constant | such that,
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Therefore, if © is bounded and M be an N-function, then [.]s s is a norm of
W§ L (S2) equivalent to ||.|]s.as-

Proof. Since WLy (2) is the closure of C§°(§2) in W* Ly (§2), then it is enough to
prove that there exists a positive constant p such that,

fullar < pluloas, Y € CF(9).
Indeed, let u € C5°(Q2) and Br € RN \ Q, i.e, the ball of radius R in the comple-
ment of 2. Then for all x € ), y € Bg and all A > 0 we have,

u(w), w@) —uly)
MO = (ke = o (e = oY)

this implies that,

u(x) W@ ) 0 B
M) <o (ot mr (U B diam (M (20 Bal) ).

we suppose o = diam(Q U Bgr)*diam(M~(|Q U Bgr|Y)), we get

M) < ()Y

a Mz —ylPM=1(Jz —y|V)
therefore @ ) - uly)
u(x u(x) —u(y
Br|M(—=) < M dy,
) < [, v (e )
e ) u(z)  uly)
u(x) —u(y
dxdy,
frcesha < [, (e=iar e =)
S0,
lullar < pluls,pr Vu € CgE(9),
where p = %. By passing to the limit, the desired result is obtained.
R

O

3.3. Some embeddings results. The embeddings results obtained in the fractional
Sobolev space W*P(Q) can also be formulated for the fractional Orlicz-Sobolev spaces.
Let M be a given N-function, satisfying the following conditions :

M

dT < 00, (14)

M

= 0. (15)

For instance if M (t) = 1tp then 14 holds premsely when sp < N.
If (15) is satisfied, we deﬁne the inverse Sobolev conjugate N-function of M as follows,

t M*l

(16)

Theorem 3.4. Let M be an N-function, and s € (0,1). Let  be a bounded open subset
of RN with C%'-regularity and bounded boundary. If (14) and (15) hold, then

WL (Q) < L, (). (17)
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The proof will be carried out in a several lemmas. The first of these establishes an
estimate for the Sobolev conjugate N-function M, defined by (16).

Lemma 3.1. Let M be an N-function satisfying (14) and (15), and suppose that, for
1

some p such that 1 < p < N, the function B defined by B(t) = M(t») is an N-function.

Let M, be defined by (16). Then the following conclusions may be drawn.

(1) [M*(t)]¥ is an N-function, in particular, M, is an N-function.
(2) For every e > 0, there exists a constant K. > 0 such that for every t,

—s 1 K.
ML ()]~ < =M, (t) + —t. (18)
2e €
Proof of lemma 3.1. (1) Let Q(t) = [M*(t)]%, Noting that B=1(t) = [M~1(#)]?, we
get
(@ )(1) = M)
dt
N
__N & M=)
_N_S [tN]XS]N];Qf—s
N
N M7t
N -—s RS
1
N o1
_ N Bt =) |” s
N —s tNI\—]s ’
N 1 N(p-1
where p =1+ NS_ TN _sp = (]\Ep_ s)g)) > 0. Being the inverse of an N-function, B~!
satisfies
B7L(t B7L(t
lim ():ooand lim ():0,
t—0+ t t—00 t
B~l(r) r .
and for 0 < r < o we have, > —. Hence, if 0 < t < s, then we get,
B-1(o) " o
—1y/ t
@O 51y
@1)(s) =t

It follows that (Q~!)" is positive and decreases monotonically from oo to 0 as t increases
from 0 to oo, so that @ is an N-function.

N—s
M, (t M, (t . .
(2) Let g(t) = T() and h(t) = w It readily checked that h is bounded on
t
finite intervals and tlim % = o0, then for all € > 0 there exists ty > 0 such that for every
—00

g(t) _
t > to, h(t) < —=. We pose K. =¢ sup h(t), then

2e 0<t<to

N—s 1 K&-
M) 7 < —M,(t —t.
ML) < o M.(t) + =

O

Lemma 3.2. Let Q be an open subset of RN, and 0 < s < 1. Let f satisfies a Lipschitz-
condition on R and f(0) =0, then,

(1) For every u € W(Q), g € W2H(Q) where g(x) = f(|u(x)]).

loc loc

(2) For every w € W*Ly(2), g € W3Lp () where g(x) = f(|u(x)]).
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Proof of lemma 3.2. (1) Let K be a compact subset of Q, follows that 1xg € W*(Q).
Since f(0) = 0, then we have,

[ ix@g@lds = [ ) (fu) = 7O)de < € [ 1x(eua)ids <,

where C' is the Lipschitz constant of f. On the other hand,

Ly (z ’ —’]%fs(y)g(y) dxdy_/ !9’( z) ,ngi)’d dy +2/ "]IK( ),N(ld dy
T — T — OKJK | —
1k (2)g(x) — 1k (y)g(y)]
/Q\K /Q\K |£C - y|N+s dwdy7(19)

where the third term in the right hand-side of (19) is null, and since f satisfies the
Lipschitz-condition, then,

1k (2)g(z) — Lk (y)g(y)
|£C— |N+s

= Lol
dxdy <C'/ d dy + 2 —————duxdy,
|33 - |N+S ok Ji T — |N+s

'(Q) and

where the first term in the right hand-side of (20) is finite since u € W,

loc

1
————dxdy < 2 d ——d .
/ /Q\K |$ - y|N+S e /I( |g(x)| x/Q\K d(y,aK)NJrs y=oe

Note that due to the fact that K is a compact subset, then dis(y,dK)N** > 0 for all
y € RV \ K and we have N + s > N.

Therefore,

Lg( — 1k (y)g(y)
\x —y[Nts

(2) Let uw € W*Lp(82) then there exists A > 0 such that,

— Au(y)
// |~’U—y|5M (|;,;_y|N))dxdy<oo.

Let C' > 0 denotes the Lipschitz constant of f then,
if |C] < 1 we have,

—Ag(y) B Afou(x) — Af ou(y) .

JyRL \x—yrsM Tz — g ) "% = JNRL \x—yrSM T = Iy o
1C1(u(z) — Muy))

< [y \x—yrSM T — g V)

— Au(y)
< PR g <

dxdy < oo.

If |C] > 1 for A\ = we get,

A
\C!

Ag(x) — Mg(y) ey — Alfou — A fou(y) .
//M |x—y|sM e — y7y) &% = //M |x—y|sM e =)

Cl(vu(z) — Au(y))

SRY \cux—yrsM [z — gy %
~ uly)

< [ \x—yrSM T — gy 4 < o0
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this implies that g € W*Ly(12).

Let M be an N-function, since lim Mt() = 0 so there exists a > 0 such that M(¢) <

t—0
for all t < . For this «, we define the function M; as,

Ma)y if t<a
M (t) = (21)
M(t) if t>a.

M is a convex, continuous, nondecreasing, finite valued function which is M;(0) = 0 and
lim M;(t) = +oo. M is called a Young function (cf. [31] ).

t——+oo
For a given domain 2 in RY, we define the space Lyy, (Q) as,

Ly, () = {u Q=R 3> O//QMl()\u(x))dx < oo},

this space is equipped with the norm,

Hulla =inf{A>o:/M1<@>dx<1}. (22)
Q
The Young complement of M; is defined for 0 < z < oo by
M (t) = max {st — My(s)},

then we have st < M (t) + Mi(s) for all s,¢ > 0 and for all u,v € Ly, (Q) we get the
Holder inequality, i.e,

[ tu@otaids < 2ullag vl
Lemma 3.3. Let Q be a bounded open subset of RN and let s € (0,1). Let M be an
N-function and My as defined by (21) then,
(1) Lar, () = L ().
(2) The norm ||.||pr and ||.||ar, are equivalent.

Proof of lemma 3.3. (1) By definition of the function M; we have, M (t) < M (t) for
all t > 0, where f = max {1, }, then

L]u1 (Q) C LM(Q)

M(a)

Let u € Ly (§2), we get

/ My (Au(z /Qﬂ{)\u e My (Au(zx))dx + /Qm{)\u(a:)>a} My (Au(z))dx
M ()| + /QM()\u(x))dm < 0.

Then, Ly, (2) = La(92).
(2) Let uw € Lpy, (2), since M (t) < My (t) for all ¢ > 0, then evidently ||u||ar < Bl|ul|ar, -
On the other hand, we get

J e /Qm{"(”) co} o +/m{ TR T

[Tu]l

M(a)|Q|+/QM(’r;(’TA)J)dx< Q] + 1,
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50, [[ullan, < (M()|Q + D)l|ullar-

[
Remark 3.2. Let Q be an open subset of R and let s € (0,1). Let My as defined by (21),
then we define the space W* Ly, () by,
WL (Q) = du € Lap, (Q 3A>0/// ( x)_“(y)) = )dxdy<oo .
|z — y\sM Hlz =y
(23)

which equipped with the norm

[ulls,nr = [fulla + [u]s,an

[0, = 1nf{>\>0 // <A’x_y’fz\)4_zz’(i/)_y’]\,)>d:cdy<1}.

If Q is a bounded open subset of RN, then by lemma 3.3, we have W* Ly, (Q) = W*Ly ()
and the norm ||.||s pm and ||.||s,p, are equivalent.

where,

). Let My as defined by

Lemma 3.4. Let Q be a bounded open subset of RN and let s € (0,1
(). Therefore W5 Ly ()

(21), then the space W* Ly, (Q) continuously embedded in WSt
continuously embedded in W*1(Q).

Proof of lemma 3.4. Let u € W*Ly;, (), we have by Holder inequality
| tutaide < 2l 1] (24)
On the other hand, we get

u(z) — // (z) —u(y)| // [u(z) — u(y)|
[w@) = vl ;4 IRY) ~ UY)) ddy + %) = YY)\ ddy
/Q |z — ’8+N Qn{|z—y|<a} \95 —ylsty on{lz—y|>a) [T —y[sTN
=1L+ I

By definition of M7 and Hélder inequality, we have

|u(z) —u(y)| lu(x) — u(y)
L = / / . dxdy = / / — dxdy
on{jz—yl<a} \x — | *N on{la—yl<a} |z — yIP My (lz — y|V)

< 2[ufsan [l

(25)

an

(z) — u(y)]
i / / [ul@) —u@)l ;. 4,
2T Qn{|z—y|>a} |$— |S+N
_ -1 N
Q m{\x—y\>a} Iﬁv—ylsM (lz —y[™) |z =yl

CE—N u\r) —u
o B0 Mgt [ ule) ~u)]

QxON{|z—y| >0} |~’C —yN A{z—yl>a) [z — yls M (|o — y|V)

since Mfl(t) is continuous for all ¢ > a and €2 is bounded so,

Mfl N
. 1z — 1)

~ =(C' < .
QxQn{|z—y|>a} ‘.%' - y‘
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Therefore by Holder inequality,

pec [ [ W) — W udy < 3" ulean Ll (26)
on{la—yl>a} [T =

yl M (|l = yIV)
Combining (24), (25) and (26) we obtain
[lullwsr < Cllulls,m,
where C' = (2 + 2C")|[1| 57

N—s

Proof of theorem 3.4. Let o(t) = [M.(t)] ¥

and u € W*Lys (), we suppose for the

moment that u is bounded on €2 and not equal to zero in Lj;(2), then M*(@)dx
Q

decreases continuously from infinity to zero as A increases from zero to infinity, so that
u(x
/ M*(%)da: =1, k=||ullpm,- (27)
Q

Let f(x) = a(%). Evidently by lemma 3.4 w € W*!(Q), and o is Lipschitz, so that by
lemma 3.2 we have f € W*1(Q), and since N > s, then by theorem 2.3, one has,

WL(Q) < LN+ (Q).
So
|

u(x)
1= M —
this implies that,

L< K ([l £l + [f)s0)
u(x [z
s </§20(%)d:c+/g Q%dﬂw

k(11 + [flsn)
and by (27),

u(x) u(y) 2

i / (u(x))d //‘U( 2 ) — o 2 )’d p (28)
= o(——)ax + T

Tk aJo lx —y|N+s Y
=kiI; + k1 15.

By (18) we have for ¢ = ki,
1

ati <y [ e+ % [ s < 5+ Eull, (29)

where k. = 2k.||1||57 since Q has a finite volume.
On the other hand, since ¢ is Lipschitz, then there exists C' > 0 such that,

Ju(
kilfg —// |$— |N+s d dy

But by the lemma 3.4, we have

HEE
/Q ey < Cul . (30)
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and
klfz < %C/[u]&]\/[. (31)
We pose k3 = Ck1C’. Combining (29)-(31) we obtain
1 k:’ ks
1< -+ -5 s.M>
o+ B
this implies that,
k
5 < Kellullar + ksluls,m

So we obtain,

[lullar. < Kallulls,ar,

where k4 = max {2k., 2k3}.
If u e W9Ly () arbitrary, we define

| u(2) if |u(x)| < n,
un() = { n sgn u(x) if |u(z)| > n.
Uy, is bounded and by lemma 3.4 it is belongs to W*L/(£2). Moreover

[lunl[ar, < Kallunlls,ar < Kallulls,mr-
Let lim [|up||lar, =k, then k < Ek4l|ul|s,p. By Fatou’s Lemma we get
n—oo

/M (T < lim M(#)daz<1

n=oo Jo oo Junl|a

sou € Ly, () and ||ul|ar, < k.
U

Theorem 3.5. Let s € (0,1) and M be an N-function. Let Q be a bounded open subset
of RN and C%'-regularity with bounded boundary. If (14) and (15) hold, then

WLy (Q2) <= Lp(Q), (32)
1s compact for all B << M.
Proof. By the lemma 3.4, we have,
WLy (Q) — WH(Q) — L'(Q).

The latter embedding being compact by theorem 2.4. A bounded subset S of WL ()
is also a bounded subset of Ly, () and precompact in L!(2), hence by theorem 2.1 it is
precompact in Lp(£2).

(]

3.4. Application. In this final subsection, we define the fractional M-Laplacian operator,
and we establish the existence of a unique solution for the variational problem related to
this operator by the Minty Browder theorem.

In the rest of this subsection we assume that (M, Q) is A-regular.
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Definition 3.3. Let M be an N-function and 0 < s < 1, we define the fractional M-
Laplacian operator as,

AV wa) — / (u(z) — u(y)) u(z) — u(y) dy
(~te) =22V [ 0 (S ) eyt oo

B - (u(z) —u(y)) u(z) — u(y) dy
‘QP'V/RN (rm—yrsM‘lux—er)) (@) — uly)] [z — "MLz — yI¥)

where P.V is the principal value and M' = m.

P
In the case M(t) = u, we have
p

[u(@) — u(y)P*(w(@) —u(y) ,
|z — y|N+sp

(~A)u(e) = (~A)ju(a) =2pV |

RN

Y.

Lemma 3.5. Ifu € W*Ly (RY), then (—A)3 u(x) € (WL (RY)),
and
u(r) —

—A) u, v >= m U 7u(y) v)dx
<( A)m ) > /RN /RN (h$7y( ))|u($) _u(y)|hx,y( )d dy7

forlt s €W L), e ) =

Proof. Evidently

NI g (@) =) e

By Young inequality and (2), we get

uw) —uly)
m(hg.y(u)) u(z) — u(y)‘hﬂay( )

Finally

e ) —uly)
<= [ [ min, ) B () ddy.
U

Given a bounded open set Q C RY, we establish the existence of unique weak solution for
the following Dirichlet type equation,

(A = f i 9
(33)
u = 0 in RN Q.
We shall work in the closed linear subspace
WL (Q) = {ue WLy(Q) : u=0aeinRYQ},
equivalently renormed by setting [.]s as. which is a reflexive separable Banach space.
Definition 3.4. We say that u € WOSLM(Q) is a weak solution of (33) if
< (=A)u,v >= / fodx (34)
Q

for all v € W§ Ly ().
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Theorem 3.6. Let 2 be a bounded open subset of RN and f € (WOSLM(Q))*, then the
problem (33) has a unique solution v € W§Ly(§2).

Proof. We need to show that (—A)? satisfies the conditions of Minty Browder theorem
(cf. 16]).
Step 1. (—A)Z, is bounded and continuous. Indeed, by lemma 3.5 and Holder inequality

m

we have for all u € WOSLM(Q)
sup < (=A)pu, v >< 2|fm(hey (u)] 37

[(=A)5ull 577 . =
(W5 L (2)) o]l ar<1

therefore H(_A)SmUH(WSLM(Q))* is bounded once [|u||s s is bounded.
0 —
Let w,, = w in W§Ly(2) we show that (—A)j,u, — (—=A)y,u in (W5Ly(2))*. Indeed

Holder inequality

M>

un () — un(y) u(z) — u(y)
’u (x)—u ( _m(h 4/(“)) — H
n n(y)| u(z) — u(y)|

On the other hand, since w,, — u in Lj;(€2), by dominated convergence theorem, there

exists a subsequence {u,,} and a function h in Lp/(2) such that u,, (r) — wu(x) and
|tun, (z)| < |h(x)| for all k, a.e. on Q. This implies that

(=251t = (=AYl 7 1 e < NPy (1)

Un,, (x) — Un,, (y) o aein O x
) 2 2] < ()] € L) i 9,

and

Un,, () — Un, (V) m u(x) — u(y) et O
m(he y(un,,)) o @) e (] (hx,y(h))im(x) )] QxQ,

then by dominated convergence theorem we obtain the desired result.

Step 2. (—A)?, is strictly monotonous. Since m is increasing, then f(u) := m(u)— is

also increasing, then for all u,v € W()”LM(Q) such that u # v, we have

< (FA)pu—(=A)v,u—v >= /Q/Q (M (g gy (W) Ky (1) — MRy (V) Kz y (V)] (R (1) — By (v)) >0,

re u) = )~ uta)
whe kx,y( ) : lu(z) — U(y)‘

Step 3. (—A)j, is coercive. Indeed, let 8 € (1, [u]s ar), By lemma C.3(ii) in [16] we have

// <|$—yISM) <A|Z(—)le)>dxdy

57)0// ( !w—y!”\)f A(!2;6(—)91N)>dmy >

On the other hand, we have < ¢/(u),v >=< (—=A)$ u,v > and since M is convex, it follows
that ¢ is also convex. Thus, we have

d(u) << @' (u),u > for all € WLy (),

it is clear that for any u € WgLM(Q) with [u]s s > 1 we have

0
< (A u,v> < ¢P(u),u> - é(u) < [l 1 > O[0!
= z z HUH&M )

[lulls, 01 [lulls,nr lulls.ar ™ llullsnr =

where C' it is the constant of the Poincaré-inequality. Thus,
< (=A)ju,v >

lulls,a—o0— ||ul|s,0r

)
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ie. (—A)3, is coercive.
Hence, in light of Minty-Browder theorem then there exists a unique solution u € W Lz (£2)
of the problem (33).
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