1807.11789v1 [math.DG] 31 Jul 2018

arXiv

The first Pontryagin class of a quadratic Lie 2-algebroid

Yunhe Sheng
Department of Mathematics, Jilin University, Changchun 130012, China
Email: shengyh@jlu.edu.cn

Abstract

In this paper, first we give a detailed study on the structure of a transitive Lie 2-algebroid
and describe a transitive Lie 2-algebroid using a morphism from the tangent Lie algebroid
T M to a strict Lie 3-algebroid constructed from derivations. Then we introduce the notion
of a quadratic Lie 2-algebroid and define its first Pontryagin class, which is a cohomology
class in H°(M). Associated to a CLWX 2-algebroid, there is a quadratic Lie 2-algebroid
naturally. Conversely, we show that the first Pontryagin class of a quadratic Lie 2-algebroid is
the obstruction class of the existence of a CLWX-extension. Finally we construct a quadratic
Lie 2-algebroid from a trivial principle 2-bundle with a I'-connection and show that its first
Pontryagin class is trivial.
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1 Introduction

The notion of a Lie algebroid was introduced by Pradines in 1967, which is a generalization of
Lie algebras and tangent bundles. Just as Lie algebras are the infinitesimal objects of Lie groups,
Lie algebroids are the infinitesimal objects of Lie groupoids. See [I6] for general theory about Lie
algebroids. A transitive Lie algebroid (i.e. p is surjective) (A4, [, ]a,p) is called a quadratic Lie
algebroid if there is a nondegenerate symmetric invariant bilinear form S on ker(p). A connection
of a quadratic Lie algebroid is a splitting o : TM — A of the short exact sequence

0 — ker(p) — A 25 TM — 0.
The curvature R € Hom(A?T M, ker(p)) is defined by
R(X,)Y)=0[X,Y]—[0(X),0(Y)]a, VX,Y €(TM).

Then the first Pontryagin class of a quadratic Lie algebroid is defined to be the cohomology class
[S(R,R)] in H*(M).

The notion of a Courant algebroid was introduced in [I4] in the study of the double of a
Lie bialgebroid. An alternative definition was given in [20]. See the review article [I2] for more
information. Roughly speaking, a Courant algebroid is a vector bundle E, whose section space is
a Leibniz algebra, together with an anchor map p : E — T'M and a nondegenerate symmetric
bilinear form S, such that some compatibility conditions are satisfied. For a transitive Courant
algebroid (i.e. p is surjective), E/p*(T*M) is a quadratic Lie algebroid. Conversely, it is proved in
[8, @] that a quadratic Lie algebroid admits a Courant-extension if and only if its first Pontryagin
class is trivial.

Recently, people have paid more attention to higher categorical structures by reasons in both
mathematics and physics. A Lie 2-algebra is the categorification of a Lie algebra [3]. The Jacobi
identity is replaced by a natural transformation, called the Jacobiator, which also satisfies some
coherence laws of its own. If a skew-symmetric bracket is used in the definition of a Courant
algebroid, the authors showed that the underlying algebraic structure of a Courant algebroid is
a Lie 2-algebra [2I]. Along this approach, the author defined split Lie n-algebroids in [26] using
the language of graded vector bundles. Usually an NQ-manifold of degree n is considered as a Lie
n-algebroid [27]. The equivalence between the category of split Lie n-algebroids and the category
of NQ-manifolds of degree n was given in [6].

CLWX 2-algebroids (named after Courant-Liu-Weinstein-Xu) were introduced in [I3], which can
be viewed as the categorification of Courant algebroids, and one-to-one correspond to symplectic
NQ-manifolds of degree 3. See [I1] for more applications in 4D topological field theory. Similar
as the case of Courant algebroids, we can obtain a quadratic Lie 2-algebroid (called the ample Lie
2-algebroid) from an exact CLWX 2-algebroid by modulo p*(T*M). Then it is natural to ask the
following question:

e Whether every quadratic Lie 2-algebroid admits a CLWX-extension? If not, what is the
obstruction?

Motivated by the above question, first we study the structure of a transitive Lie 2-algebroid
(A_1®Ap; p,l1,12,13). It turns out that a transitive Lie 2-algebroid is a nonabelian extension of the
tangent Lie algebroid T'M by a graded bundle of Lie 2-algebra A_; @ker(p). By choosing a splitting
(a connection), we give precise formulas of a transitive Lie 2-algebroid. One important property
that we need to stress here is that the corresponding curvatures include a ker(p)-valued 2-form



and an A_j-valued 3-form. Furthermore, we construct a strict Lie 3-algebroid using derivations
of A_1 @ ker(p) and characterize a transitive Lie 2-algebroid by a morphism from the tangent Lie
algebroid T'M to this strict Lie 3-algebroid. Then we go on to give the notion of a quadratic
Lie 2-algebroid. For a quadratic Lie 2-algebroid, we construct a 5-form using the aforementioned
curvatures. We show that this 5-form is closed and does not depend on the choices of connections.
Thus, it gives rise to a characteristic class, which we call the first Pontryagin class of a quadratic
Lie 2-algebroid. The first Pontryagin class of a quadratic Lie 2-algebroid plays the same role as the
one for a quadratic Lie algebroid, namely, a quadratic Lie 2-algebroid admits a CLWX-extension
if and only if its first Pontryagin class is trivial. This is the reason why we call this characteristic
class the first Pontryagin class of a quadratic Lie 2-algebroid.

In the past ten years, principle 2-bundles and higher gauge theory are deeply studied in [2]
(Bl [7, [0, [T7, 18, 22 23] 28] 29, 30]. For a trivial principle I'-2-bundle with a connection, where
I" is a strict Lie 2-group, we construct a transitive Lie 2-algebroid which can be viewed as its
Atiyah algebroid. We further show that if the Lie 2-algebra corresponding to the Lie 2-group I is
quadratic, then this Lie 2-algebroid is quadratic and its first Pontryagin class is trivial. We will go
on to study the infinitesimal of principle 2-bundles in a separate paper.

The paper is organized as follows. In Section 2, we recall Leibniz 2-algebras, Lie n-algebroids
and CLWX 2-algebroids. In Section 3, we study transitive Lie 2-algebroids. In Subsection 3.1, we
give precise conditions that the structure maps of a transitive Lie 2-algebroid satisfy. In Subsection
3.2, we construct a strict Lie 3-algebroid using derivations and characterize a transitive Lie 2-
algebroid by a morphism from the tangent Lie algebroid T'M to this strict Lie 3-algebroid. In
Section 4, we give the notion of a quadratic Lie 2-algebroid and define its first Pontryagin class,
which is a cohomology class in H?(M). In Section 5, we study exact CLWX 2-algebroids. In
Subsection 5.1, we show that skeletal exact CLWX 2-algebroids are classified by the higher analogue
of the Severa class, which is a cohomology class in H*(M). In Subsection 5.2, we show that a
CLWX 2-algebroid gives rise to a quadratic Lie 2-algebroid and conversely, a quadratic Lie 2-
algebroid admits a CLWX-extension if and only if its first Pontryagin class is trivial. In Section 6,
for a trivial principle 2-bundle with a I'-connection, we construct a transitive Lie 2-algebroid and
show that its first Pontryagin class is trivial.
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Xu and Chenchang Zhu for very useful comments and discussions. We also give our special thanks

to the referee for very helpful suggestions that improve the paper. This research is supported by
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2 Preliminaries

2.1 Leibniz 2-algebras

As a model for “Leibniz algebras that satisfy Jacobi identity up to all higher homotopies”, the
notion of a strongly homotopy Leibniz algebra, or a Lods-algebra was given in [I5] by Livernet,
which was further studied by Ammar and Poncin in [I]. In [25], the authors introduced the notion
of a Leibniz 2-algebra, which is the categorification of a Leibniz algebra, and proved that the
category of Leibniz 2-algebras and the category of 2-term Lods.-algebras are equivalent.

Definition 2.1. A Leibniz 2-algebra V consists of the following data:

e o complex of vector spaces V : V_q N Vo,



o bilinear maps Iy : V_;y x V_j — V_;_;, where 0 <i+j <1,
e a trilinear map ls : Vo x Vo x Vo — V_q,
such that for all w,z,y,z € Vo and m,n € V_q, the following equalities are satisfied:
(a) dla(z,m) = la(z,dm),
(b) dig(m,z) = la(dm, z),
(c) la(dm,n) = la(m,dn),
(d) dls(x,y,2) = la(z, 12 (y, 2)) = la(l2(2,y), 2) = la(y, la(2, 2)),
(e1) Ia(z,y,dm) = la(x, l2(y, m)) — la(l2(z, y),m) = l2(y, l2(x, m)),
) Is(z,dm,y) = la(x,l2(m, ) = la(l2(z,m), y) = la(m, ls(z, y)),
) Is(dm, z,y) = la(m, l2(z,y)) = la(la(m, x), y) — la(2, l2(m, y)),
)

(f) the Jacobiator identity:

(e2

(es

lo(w,l3(x,y,2)) — la(z, l3(w,y, 2)) + l2(y, l3(w, 2, 2)) + l2(I3(w, x,y), 2)
—l3(la(w, z),y,2) — l3(x, la(w,y), 2) — l3(x,y, l2(w, 2))
+is(w,lo(x,y), 2) + ls(w,y,la(x, 2)) — l3(w, x,l2(y, 2)) = 0.

We usually denote a Leibniz 2-algebra by (V_1 @ V;d, l2,13), or simply by V. In particular, if
both Iy and 3 are skew-symmetric, we obtain the notion of a Lie 2-algebra [3].

Definition 2.2. Let V and V' be Leibniz 2-algebras, a morphism § from V to V' consists of
o linear maps fo: Vo — V{§ and f1: Vi — V] commuting with the differential, i.e.

food=d"o fy;

e a bilinear map fo: Vo x Vo — V/,

such that for all x,y,z € Lo, m € L1, we have

fola(z, ) l/z(fo(z),fo(y)) = d'fa(z,y),
{ f1l2($ m —lé(fo(l‘),fl(m = fQ(‘T?dm)a (1)
fila(m,z) = 15(fi(m), fo(z)) = fa(dm, ),

and

=fills(x,y,2)) + 15(fo(2), fa(y, 2)) = 15 (fo(y), fa(x, 2)) = 1(fa(2,y), fo(2))
—fal2(z,y), 2) + fal@,12(y, 2)) = fa(y, l2(x, 2)) + 13(fo(2), fo(y), fo(2)) = 0. (2)



2.2 Lie n-algebroids and CLWX 2-algebroids
The notion of a split Lie n-algebroid was introduced in [26].

Definition 2.3. A split Lie n-algebroid is a graded vector bundle A= A_,,;1&--- B A_ 18 A
over a manifold M equipped with a bundle map (the anchor) p : Ag — TM, and brackets l; :
T'(APA) — T(A) with degree 2 — i fori= 1,2, ,ln11, such that

(1) (T(A);l1, 2, -+ ylny1) s a Lie n-algebra (n-term Loo-algebra);
(2) 1o satisfies the Leibniz rule with respect to the anchor p:

(X, fY) = fla(X°Y) + p(X°)(f)Y, VX" €T(Ao), f € C*(M),Y € I(A);

(3) fori#2,1; are C*°(M)-linear.
Denote a Lie n-algebroid by (A; p,l1,la, - lny1).

A split Lie n-algebroid is said to be strict if [; = 0 for all ¢ > 2. In this paper, we will only use
split Lie 2-algebroids and strict split Lie 3-algebroids. See [6] for more details about the category
of Lie n-algebroids.

Lemma 2.4. Let (A;p,l1,l2, - ,lnt1) be a Lie n-algebroid. Then we have

poly = 0, (3)
pla(X°Y0) = [p(X%),p(Y?)], VX°,Y" €T (A). (4)

When n = 1, a Lie 1-algebroid is exactly a Lie algebroid. Associated to any vector bundle
E, the covariant differential operator bundle ©(F) is a Lie algebroid naturally. Let (A;a,ls)
be a Lie algebroid and V : A — D(F) a bundle map. Then there is a differential operator
dy : T(Hom(AFA, E)) — T(Hom(AF*T1 A, E)) defined by

k+1
dv0(X1, X)) = S~V f(Xp - Koo, i)

i=1
+Z(_1)i+j9(l2(Xian))Xla T 35(\725 T a*g(\ja T an-i-l)a
i<j
for all Xy, -+, X1 € T'(A). d% = 0 if and only if V is a Lie algebroid morphism, i.e. a

representation of A on E. See [16] for more details.
The notion of a CLWX 2-algebroid was introduced in [I3] as the categorification of a Courant

algebroid [14] 20].

Definition 2.5. A CLWX 2-algebroid is a graded vector bundle £ = E_1 & FEy over M equipped
with a nondegenerate symmetric bilinear form S on &, a bilinear operation o : T(E_;) xT'(E_;) —
L(E_(i+j)), 0 < i+ j <1, which is skewsymmetric restricted on I'(Eg) x I'(Ep), an E_1-valued
3-form Q) on Ey, two bundle maps 0 : E_1 — Ey and p : Eg — T M, such that E_1 and Ey are
isotropic and the following conditions are satisfied:

(i) (T(E-1),I(Ep),D,0,9) is a Leibniz 2-algebra,
(ii) for alle €T(E), eoe = +DS(e,e),



(i) for all e}, e} € T(E_1), S((e]), e}) = S(el, d(ed)),
(iv) for all e1,eq,e3 € T(E), p(e1)S(ea,e3) = S(e1 ¢ ea,e3) + S(ea, e1 ¢ e3),
(v) for all €9, €9, e3, €] € T(Ey), S(Q(e], €3, ¢3), ef) = —S(e3, (e, €5, €)),
where D : C°(M) — T'(E_1) is defined by
S(Df. €)= p(e”)(f), VfeC®(M),e eI (E). (5)

Denote a CLWX 2-algebroid by (E_1, Ey, 9, p, S, ¢, ), or simply by £. The skew-symmetrization
of the Leibniz 2-algebra structure ¢ will give rise to a Lie 3-algebra structure. There is a close
relationship between CLWX 2-algebroids and symplectic NQ manifolds (QP manifolds) of degree
3. On the double of a Lie 2-bialgebroid, there is a CLWX 2-algebroid structure naturally. See
[11} [13] for more details.

3 'Transitive Lie 2-algebroids

In this section, we study the structure of a transitive Lie 2-algebroid. In Subsection 3.1, by choosing
a splitting, we obtain some structure maps and we give the conditions that these structure maps
satisfy. Then in Subsection 3.2, we characterize these conditions by a morphism from the tangent
Lie algebroid T'M to a strict Lie 3-algebroid constructed from derivations of a graded bundle of
Lie 2-algebras.

3.1 General description of a transitive Lie 2-algebroid

A Lie 2-algebroid (A_1 & Ag; p,l1,12,13) is said to be transitive if the anchor p : A4g — TM is
surjective. Denote by G = ker(p). By Lemmal[Z4] we deduce that l3(u,v) € T'(G) for all u,v € T'(G).
Then it is obvious that (A_1 @ G; 1, [z, [3) is a graded bundle of Lie 2-algebras, where [; = [y, [y
and [3 are restrictions of [ and I3 respectively.

Definition 3.1. A splitting (connection) of a transitive Lie 2-algebroid (A_1 & Ag;p,l1,l2,13)
consists of a section o : TM — Aq of the following short exact sequence of vector bundles:

0— G- Ay 25 TM — 0, (6)

and a bundle map v : A°TM — A_,. Here i denotes the inclusion map.

After choosing a splitting, we have Ag = T M @& G and p is simply the projection prp;,. Define
VO TM — ©(G) and V! : TM — D(A_;) by

Vu=1l(o(X),u), Vim=Ih(o(X),m), VX cX(M),uecl(G),mecTl(A_). (7)
Define the bundle map R : A>2TM — G by
R(X,)Y)=0[X,Y] - la(c(X),0(Y)) — 17(X,Y), VX,V € X(M). (8)
Define the bundle map I : A3TM — A_ by

I(X,Y,2) = —de1y(X,Y,Z) = I3(c(X),0(Y),0(2)), VX,Y,Z € X(M). (9)



Define totally skewsymmetric bundle map J : A2TM ® G — A_; by
J(X,Y,u) = —l3(c(X),0(Y),n), VX, Y e€X(M), uel(G). (10)

Define totally skewsymmetric bundle map K : TM ® A’G — A_; by
K(X,u,v) =l3(c(X),u,v), VX €X(M), u,vel(G). (11)

Transfer the transitive Lie 2-algebroid structure from A_; ® Ag to A_; & (G & T M), for which
we use the same notation (p, (1, l2,13), we have

P = Prrm,
li(m) = hL(m),
L(X+u,Y+v) = [X,Y]-R,(X, Y)—l—VXU—VgJ,u—i—[g(u,v), 12
lo(X +u,m) = —lao(m, X +u)=Vim+l(u,m), (12)
(X +u,Y +0,Z4w) = —L(X,Y,2) - J(X,Y,w) - J(X,0,2) — J(u,Y, Z)

+K(X,U,U}) +K(U,Y,U}) +K(U,’U,Z) + [3(uavaw)a

where
Ry,=R+liory, I,=I+dv1y.

Remark 3.2. R, and I, can be viewed as curvatures.

Theorem 3.3. Let (A_1 @ G; 11,12, 13) be a graded bundle of Lie 2-algebras. Then (A_1 @ (G @
TM); p,l1,l2,13) is a transitive Lie 2-algebroid, where p,ly,1a,13 are given by [I2) for totally skew-
symmetric 1, J, K, if and only if for oll X,Y,Z € X(M), u,v,w € T'(G) and m € T'(A_1), the
following equalities hold:

LoV = V%o, (13)

V&l (v, w) — lo(Viv, w) — la(v, Viw) LK(X,v,w), (14)

Vila(v,m) — (Vv,m) — (v, Vim) = K(X,v,lim), (15)

Iy (u, K (v,w, X)) — la(v, K (u,w, X)) + lo(w, K(u,v, X))

—K(Ia(u,v),w, X) — K(v, la(u,w), X) + K (u, lx(v,w), X)
~Vi(u, v, w) + 3(Viu, v, w) + 3(u, Vv, w) + 3(u, v, Viw) = 0, (16)
Vi Vyw =V Viw — Vix yjw + b(Ry(X,Y),w) + LJ(X,Y,w) = 0, (17)
Vi Vym = VyVim = Vixyym+ b(Ry(X,Y),m) + J(X,Y,hm) = 0, (18)
dyoR(X,Y,Z) = LI(X,Y,Z), (19)

lo(u, I,(X,Y, 2)) = V¥ J(w,Y, Z) + Vy J(u, X, Z)

~VyJ(u, X,Y) + J(V&u,Y, Z) + J(X,Vu, Z2) + J(X, Y, Vyu)

+J(u, [X, Y], Z) + J(u, [Z, X],Y) + J(u, [V, Z], X)
—K(u, Z,Ry(X,Y)) = K(u,Y, Ry(Z,X)) — K(u, X, R,(Y, Z)) = 0, (20)
dgil, +JoR, = 0, (21)

where J o R, : AYX(M) — T'(A_1) is given by

JoRy(Xy, o Xa) = 5 Z sgn(r X7 (1) Xr(2))s Xr(3)s Xr(a))- (22)

TESy



Proof. Assume that (A_1 ® (G & TM); p,l1,12,13) is a transitive Lie 2-algebroid. By the equality
l1l2(X,m) = l2(X,11(m)), we deduce that (I3 holds. By the equality

lQ(X, lQ(’U,U})) + lQ(’U, lg(’w, X)) + ZQ(UJ, ZQ(X,’U)) = lllg(X,’U,w),

we deduce that (I4)) holds. Similarly, we deduce that (IH) holds. By the equality
la(u,l3(v,w, X)) — l2(v, l3(u, w, X)) + l2(w, l3(u,v, X)) — l2(X, l3(u, v,w)) — I3(l2(u,v), w, X)
+l3(l2 (u7 'LU)7 v, X) - l3(l2 (’U7 w)7 u, X) - l3(12(u7 X)7 v, ’LU) + 13(l2 (’U, X)7 u, w) - l3(l2 (w7 X)7 u, U) = 07
we deduce that (I6) holds. By the equality

lQ(Xv lQ(Yv U})) + lQ(Yv 12(w7 X)) + l?(wv l?(Xa Y)) = l1l3(Xa Ya w)a
we deduce that (I7)) holds. Similarly, we deduce that (I8]) holds. By the equality
L(X, (Y, 2) +12(Y,12(Z, X)) + 12(Z,12(X,Y)) = Li3(X,Y, Z),

we deduce that (I9) holds. Then by the equality
lo(u,13(X,Y,Z)) — l2(X,l3(u, Y, 2)) + 12(Y, l3(u, X, Z)) — 12(Z,13(u, X, Y)) — I3(l2(u, X),Y, Z)
+l3(l2(u,Y),X, Z) - l3(l2(u7 Z)7X7 Y) - l3(12(X7 Y)vuvz) + 13(l2(X7 Z),u,Y) - l3(l2(Y7 Z),u,X) = 07
we deduce that 20) holds. Finally, by the equality
4
D ) (X (X, Xy X))+ 3 (D) (12 (X0, X), Xy, Xy, X, Xa) =0,
i=1 1<j

we deduce that (2I) holds.
Conversely, by ([[4) and (7)), we can deduce that

—la(u, J(0, Y, 2)) + (v, J(u, Y, Z)) + J(la(u,v),Y, Z)
+Vy K (u,v,2) =V K(u,v,Y) — K(u,v,[Y, Z]) + l3(u, v, R,(Y, Z))
v)

+K (v, Viu, Z) + K(v,Y,Vyu) — K(u, Vv, Z) — K(u,Y, VY = 0. (23)

Then by [@3)-2I) and 23]), we can deduce that (A_; & (G & TM); p,l1,ls,13) is a transitive Lie
2-algebroid. ®

3.2 Transitive Lie 2-algebroids and Lie 3-algebroid morphisms

In this subsection, we give a conceptual explanation of equations listed in Theorem We show
that they give rise to a morphism from the Lie algebroid T'M to a strict Lie 3-algebroid constructed
from derivations of the graded bundle of Lie 2-algebras (A_1 ® G; lq, o, [3).

First we give the definition of a morphism from a Lie algebroid to a strict Lie 3-algebroid. See
[6, Section 4.1] for details for general formulas of a morphism between Lie n-algebroids.

Definition 3.4. Let A= (A;p,l2) be a Lie algebroid and A" = (A & A & Ap; p', 11, 15) a strict
Lie 3-algebroid. A morphism F from A to A’ consists of:

e a bundle map F': A — Aj,
o a bundle map F? : N2Ag — A" |,

o a bundle map F3 : N3Ag — A",



such that for all X, Y, Z, X; € T(A), 1 = 1,2, 3,4, we have

ploFt = p,
Fly(X,Y) = (FY(X), FI(Y)) = L[F*X.Y),
L(FYX),F*(Y,Z)) — F*(12(X,Y), Z) + cp. = U F*(X,Y,2),
and

4

D (CO)T(FN(XG), FA(X, - X X))

=1

+y (~1)H (Fg(lz(Xian)anaXl) - %l’g(F%Xi,Xj),FQ(Xk,Xl))) =0,
i<j

where k < 1 and {k,1} N{i,j} = 0.

Then we construct a strict Lie 3-algebroid using derivations of a graded bundle of Lie 2-algebras
& = (G_1 @ Go; l1, 1o, 13). Denote by D(Gp) and D(G_1) the covariant differential operator bundle
associated to Gy and G_; respectively. We have the following exact sequences:

0 — gl(Go) D(Go) ——TM —0,
0—gl(G_1) D(G_1) ——=TM —0.

Definition 3.5. A degree 0 derivation of a graded bundle of Lie 2-algebras (G_1 & Go; l1, l2, I3)
is a triple 0 = (99,01,lp), where 99 € T'(D(Gy)), 01 € T(D(G_1)) and I, € T'(Hom(A?Go,G_1)),
such that we have

Jo(@0) = 31(01),

0goly = L1000y,
Vla(u,v) = [2(do(w),v) + la(u,00(v)) + lily(u, v),
O1la(u,m) = la(0(u),m) + la(u,01(m)) + lp(u, l1(m)),

and

lo(u, o (v, w)) + la(u, Iy (v, w)) + I5(00 (w), v, w) + l3(u, 0o (v), w) + I5(u, v,0p(w))
= 01l3(u,v,w) + lh(la(u, v), w) + Iy (v, 2 (u, w)) + la(lp(u, v), w) + la(v, Iy (u, w)),

for all u,v,w € T(Go) and m € T'(G_1).

It is obvious that the set of degree 0 derivations is the section space of a vector bundle, which
we denote by Der”(®). Furthermore, we define Der™ ! (&) = Hom(Gy, G_1).

Example 3.6. For any u € I'(Gy), define ad® : T\(Gy) — ['(Go) and ad), : T(G_1) — T(G_1) by
addv = lh(u,v), adim = ly(u,m), Yo €T(Gy),m € T(G_1).
Define loa, : N2T(Go) — T(G_1) by
laa, (v, w) = I3(u, v, w), Yo, w e T'(Go).

Then it is straightforward to see that (ad’,adl, l.q,) € T'(Der’(&)).



Define j : Der’(®) — TM by

3(0,01, 1) == jo(d0).

On the graded bundle Der(®) = Der’(®) @ Der (&), we define § : Der () — Der’(&)
and skew-symmetric bracket operation [+, Jper : I'(Der ™" (®)) x I'(Der 7 (&)) —s I'(Der =) (&)),
0<i+j<1, by

() = (hoo,poly,lsg)), (24)
[(00,01,00), (to, t1,l)]per = ([90,to]c, [01, t1]es g ) (25)
[(00,01,00), Plper = V1 0¢ — oD, (26)

where l5(¢): l[p,4o € T'(Hom(A?Gy,G_1)) are defined by
l5(¢) (u7v) = ¢([2(ua U)) -k (¢(U), U) - [2(u7 ¢(U))a
Ip,ge(w,v) = 0uli(u,v) = L(@o(u), v) — l(u,00(v)) + L (to(u), v) + L (u, to(v)) — tla(u,v).
It is straightforward to deduce that

Proposition 3.7. Let & = (G_1 @ Go;l1,la,13) be a graded bundle of Lie 2-algebras. Then
(Der (&) @ Der®();3,9, [, |per) is a strict Lie 2-algebroid.

We go on constructing a strict Lie 3-algebroid. On the 3-term graded vector bundles
DER(8) = G_; @ (Der (&) @ Go) @ Der®(&),

where the degree 0 part DER’(®) is Der’(®), the degree —1 part DER_l((’j) is Der ' (®) & Gy
and the degree —2 part DER (&) is G_;, we define d : DER (&) — DER™"(&), i = 1,2 and
[, ]per : T(DER™(®)) x T(DER 7 (6)) — ['(DER™H)(&)), 0 <i+j <2, by

d(m) = _[2(m’ ) +h (m)a
d(¢+u) = 6(¢)+ (ady,ady, laa,),
[(00,01,00), (to, t1,l))]pER = [(00,01,00), (to, t1, )| Ders

[(00,01,00), ¢+ ulpEr = [(00,01,%), @lper + lo(u, -) + o (u),

]
]
[(00,01,00),m]pEr = 01(m),
(¢ +u,¥ +vlpEr = ¢(v) +P(u),

for all (99,01,1), (to, t1, 1) € T(Der’(®)), ¢, € I'(Der (&), u,v € ['(Gy) and m € T'(G_1).

Theorem 3.8. Let & = (G_1 ® Go; I, l2,[3) be a graded bundle of Lie 2-algebras. Then
(DER™*(®) @ DER™'(6) ® DER"(6);j, d, [, Jper)

s a strict Lie 3-algebroid.

Proof. The proof is a straightforward verification. We leave it to readers. W

With above preparations, we go back to Subsection 3.1. For a transitive Lie 2-algebroid (A_; @
Ao;p, 1,1, 13), let & = (A1 ® G;1h, 1o, l3) be the corresponding graded bundle of Lie 2-algebras,
where G = ker(p), and DER(®) the strict Lie 3-algebroid given above.
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Define F' : TM — DER%(&) by

By @), (@), (@), @), F' is well-defined.
Define F? : A2TM — DER (&) by

F2(X,Y)=J(X,Y, )+ R,(X,Y), VX,Y€X(M). (28)
Define F3 : A>T M —s DER (&) by
F3(X,Y,Z2)=1,X,Y,Z), VX,Y,Z<cX(M). (29)

Theorem 3.9. Let (A_1 @ Ao; p,l1,12,13) be a transitive Lie 2-algebroid. Then (F*', F? F3) is a
morphism from the Lie algebroid TM to the strict Lie 3-algebroid DER(®).

Proof. We only give a sketch of the proof and leave details to readers. By (1), (I8) and 23], we
deduce that

FYX,Y]) — [FYX), F*(Y)]prr = dF?(X,Y), VX,Y € X(M).
By () and @0), we deduce that
[FY(X), F2(Y, Z)pEr — F2([X,Y],Z) + c.p. = dF3(X,Y, Z).
By (1)), we deduce that

4
Z(*l)Hl[Fl(Xz‘),Fg(Xl, o, Xiy - Xa)pER
i=1
1
D) (FH(X X1, X, X1) = SIF? (X3, X)), P2 (X XD)oen )
1<J

= (dvl[ +JOR )(Xl,---,X4)

Thus, (F!, F?, F3) is a morphism form TM to DER(®). ®

4 The first Pontryagin class of a quadratic Lie 2-algebroid

In this section, we give the notion of a quadratic Lie 2-algebroid and define its first Pontryagin
class, which is a cohomology class in H°(M).

Definition 4.1. A transitive Lie 2-algebroid (A_1 & Ag; p,l1,12,13) is said to be a quadratic Lie
2-algebroid if there is a degree 1 nondegenerate graded symmetric bilinear form S on the graded
vector bundle A_1 @ ker(p) satisfying

S(h(m),p) = S(m,h(p)), (30)
p(e®)S(u,m) = S(la(e”,u),m) + S(u, lx(e”,m)), (31)
8(13(61,62, ),v) = _8(13(e?aegvv)7u)a (32)
for all u,v € T'(ker(p)), €%, €Y, €3 € T'(Ag) and m,p € T(A_1).
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Let (A1 ® Ao; p,l1,12,13) be a quadratic Lie 2-algebroid. As before, denote by G = ker(p). By
the nondegeneracy of S, we deduce that A_; = G* and we will write A_; = G* directly. Then the
pairing § is simply given by

S(u+m,v+p)=(u,p)+ (v,m), Yu,vel(G),m,pecTl(G"). (33)

By @0)-(32), we deduce that for the graded bundle of Lie 2-algebras (G* @& G; 4, l2, [3), there holds:

(im),p) = (m,lL(p)), VYm,peT(G"), (34)
(lo(u,v),m) = —(v,lb(u,m)), Yu,vel(G),meTl(G"), (35)
((u,v,w),z) = —(w,l3(u,v,2)), Yu,v,w,x €T (G). (36)

Proposition 4.2. With the same assumption and conditions in Theorem [Z.3, the transitive Lie
2-algebroid (G* ®(GETM); p,l1,12,13) is a quadratic Lie 2-algebroid, where p,l1,la,1l3 are given by
@2 for totally skew-symmetric I,J, K, if and only if B4A)-BL) and the following equalities hold:

(V&u,m) + (u, Vim) = X(u,m), (37)
(J(X,Y,u),v) + (J(X,Y,v),u) = 0, (38)
(K(X,u,v),w) + (K(X,u,w),v) = 0. (39)

Proof. It follows from that the invariant conditions in the definition of a quadratic Lie 2-algebroid

is equivalent to (34)-(39). =

Let (G* & (GBTM); p,li,l2,l3) be a quadratic Lie 2-algebroid given by (I2) with S the graded
symmetric bilinear form given by ([B3). Define S(R,, I,) € Q°(M) by

1

S(R’YvI’Y)(le" ' 7X5) = E

Z sgn(7)S (Ry (X7 1), Xr(2))s Iy (X7(3), Xr(a), X)) - (40)
TESS

Theorem 4.3. The 5-form S(R,, 1) is closed, i.e. dS(Ry,I,) = 0, and its cohomology class
[S(R,,1,)] in H5(M) does not depend on the choices of o and 7.

The cohomology class [S(R,,I,)] € H°(M) is called the first Pontryagin class of the
quadratic Lie 2-algebroid (A_1 & Ag; p,l1,12,1l3). To prove the above theorem, we need the fol-
lowing technical lemma.

Lemma 4.4. For all = € T'(Hom(A¥T'M,G)) and 11 € T(Hom(A'T M, G*)), we have
dS(Z, 1) = S(dyoZ, ) + (—1)*S(E, dy: 10), (41)

where S(Z,11) € QM) is defined by

- 1 -
S(‘:‘v H)(X17 e 7Xk+l) = 7 Z Sgn(T)S(‘:‘(XT(l)v e aX‘r(k)>a H(XT(k+1)7 e aX‘r(k-i-l)))v

for all Xq,--+, Xpp1 € X(M).
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Proof. First we have

dS(Ea H)(Xla T an-i-H-l)
k+1+1 .
= Y C)PXSEM(X, o, X Xega)

i=1
=+ 2(71)14»]8(5’ H)([XU X]]a le e 7Xia T 7Xja e 7Xk+l+1)'
i<j
Then by 1), we can deduce that [I) holds after a careful computation. We omit details. B
The proof of Theorem By Lemma 4] ([T9), @), (34) and (B8], we have

dS(Ry,I,) = S(dyoRy,I,)+ S(R,y,dvi1,)
= Sl Iy) = S(Ry,Jo Ry)

e

Thus, S(R4, 1) is a closed 5-form.
Furthermore, by Lemma 4] and (I9)), we have

S(R’le’Y) = S(RaI> +S(RadV17)+S([1 0751)+S([1 O’Yvdvlf}/)

1
= S(R,I)+dS(R,v) + §d5([1 °,7),

which implies that the cohomology class does not depend on the choices of ~.
If we choose another section o’ : TM — Ag, then we define 0 : TM — G by

0(X) = o(X) - o'(X), VX € X(M).

We have
R(X,)Y) = o[X,Y]—=l(c"(X),0'(Y)) =L oy(X,Y)
— R(X,Y) +dyof(X,Y) — L (0(X),0(Y))
and
I'X,Y,2) = -l3(o'(X),0'(Y),0'(2)) = dv1y(X,Y, Z)

= I(X,Y,2) + b(6(X),00),6(2)) — (J(X,Y,0(2)) + K(X,00),0(2)) + c:p.).

We define [500 : A2TM — G, I300 : A°TM — G*, Jof : N°TM — G* and Kof : N3TM — G*
respectively by

LoO(X,Y) = L(O(X),0(Y)),
bol(X,Y,Z) = L(0(X),0(Y),0(2)),

Job(X,Y,Z) = JO(X),Y,Z)+J(X,00Y),Z)+ J(X,Y,0(Z)),
KoO(X,Y,Z) = K(X,0(Y),002))+ K(0(X),Y,0(2)) + K(0(X),0(Y), 2)



Therefore, by the following Lemma 5 Lemma (L9, we have

S(R,,I)) = S(Ry+dyo—100,1,—Jof—Kob+I300)

S(Ry, 1) + S(dvo0, 1)) = S(Ry, J 0 ) = S(Ry, K 0 0) + S(Ry, 3 00)
—8(dg00, J 0 0) — S(dwgob, K 0 0) + S(dgob,l300)

—8(l300,I,)+ S8(lz00,J00)+S(lz00, K 060) —S(l200,[300)

= S(R7,17)+d(Ci—Cj{—Cf-i—Cig),

which implies that S(R.,, I’,) and S(R, I,) are in the same cohomology class. ®
For any G-valued 1-form 6 € T'(Hom(T'M,G)), we define a 4-form C] € Q*(M) by
Ci=S8(,1,). (42)
Lemma 4.5. With the above notations, we have
dCj = S(dyo0,1,) — S(R,, J 0 0). (43)
Proof. By Lemma 4, (Z1) and (B8], we have

dS(0,1,) = S(dgob,L,) —S(0,dyi1,)
= S(dyo0,1,) +S(0,J o R,)
= S(dyo,I,) — S(R,,J o 0).

The proof is finished. B

For any G-valued 1-form 6 € T'(Hom(T'M, G)), we define a 4-form C{ € Q*(M) by
cf = %3(9, Jo#). (44)
Lemma 4.6. With the above notations, we have
dCy = S(dygo8,J00) + S(R,, K 00) +S(lz00,1,). (45)
Proof. By Lemma 4, 20), 38), 39) and [B5), we obtain

1
dcy = 5d$(¢9,Joe)

— % (S(dvoe, Jo0)—8(0,dy:(Jo 9)))

1
= 5 (S(dvoG, J00) + S(dgof, J 0 0) + 28(R., K 0 0) +25(I3 0 0, 17))

= S(dgo0,J00)+S(R,,Ko00)+S(lz00,L,).
The proof is finished. B

For any G-valued 1-form 6 € T'(Hom(T'M, G)), we define a 4-form CK € Q*(M) by

1
cF = 380, K 00). (46)
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Lemma 4.7. With the above notations, we have

dCy* = S(dyo8, K 00) — S(R,,1300) —S(l206,J 0 0). (47)
Proof. By Lemma 4, (23), (B]), B9), (B33) and [B4), we have
dck = %d&(@, K o#6)
1
= 3 (S(dvoG, K o00) —8(0,dvi (K o 9)))

1
= 3 (S(dv09, K 00) +28(dg0, K 00) — 3S(R., 130 0) — 38(ly 00, J o 9))

= S(dyof,Ko00)—S(R,,1300)—S(l086,J080).
The proof is finished. B

For any G-valued 1-form § € I'(Hom(T'M,G)), we define a 4-form C}® € Q*(M) by
1
op = 15(0.1500). (48)

Equivalently,
C (X1, X2, X3, X4) = S(0(X1), 15(6(X2),0(Xs),0(X4))).
Lemma 4.8. With the above notations, we have
dC = S(dgo0,l300) +S(l 00, K 0 0). (49)
Proof. By Lemma 4] (I6]), (36) and [B39), we have

1
cy = 105(6,15 00)

1
= 5 (S(dvoo, 5 00) — S(0, dg1 5 0 9))

- %<S(dv09, [3 0 8) + 3S(dgo, I3 0 8) + 4S(Iz 0 0, K o 9))
= S(dygob,l300)+S(lz06,K o).
The proof is finished. H
Lemma 4.9. With the above notations, we have
S(lz06,l300)=0. (50)

Proof. Tt follows from B8], (36) and the Jacobiator identity for [3. W

5 Exact CLWX 2-algebroids

A CLWX 2-algebroid (E_1, Ey, 0, p, S, ¢, Q) is called exact if we have the following exact sequence
of vector bundles:

0—TMS B 2 By 25 TM —s 0,

where p* : T*M — E_; is defined by
S(p*(@), ) = (, ple?)), V€ Q' (M), € T(Ey).
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5.1 Skeletal exact CLWX 2-algebroids

In this subsection, we associate a skeletal exact CLWX 2-algebroid a cohomology class in H*(M),
can call it the higher analogue of the Severa class.

Definition 5.1. An ezact CLWX 2-algebroid (E_1, Ey, 0, p, S,0,Q) is called skeletal if 9 = 0.
For a skeletal exact CLWX 2-algebroid (E_1, Ey, 9, p, S,¢,), by the exactness, we have
E1=2T"M, Ey=TM.
In the sequel, we will write E_1 = T*M, Ey =TM directly. By definition, 9 = 0. S is given by
S(X 4+ a,Y +8)={(a,Y)+ (3, X), VX,Y € X(M),a,p € Q(M). (51)

Obviously, we have
XoY =[X,Y] (52)

By Axiom (iv) in Definition 28] we have

X{a,Y) XS(a,Y)=5Xoa,Y)+S(a,XoY)

= (Xoa,Y)+ (o, [X,Y]),

which implies that
Xoa=Lxa. (53)

Then by Axiom (ii), we deduce that
ao X = —1xda (54)

Finally, by Axiom (v), Q: A3X(M) — QY(M) gives rise to a 4-form H € Q*(M) by
H(X,Y,Z,W) = S(UX,Y, Z),W). (55)
By Axiom (i), H is closed. Summarize the above discussion, we have

Proposition 5.2. Any skeletal exact CLWX 2-algebroid must be of the form (T*[1|M,TM,0 =
0,p = 1id, S,¢,Q), where S, are given by BI), ), B3), GI), and Q is equivalent to a closed
4-form H.

We will denote a skeletal exact CLWX 2-algebroid simply by (T*[1]M,TM, S, ¢, H).

Definition 5.3. An isomorphism from a CLWX 2-algebroid (E_1, Ey,, p,S,0,Q) to a CLWX
2-algebroid (E' 1, E{, 0, p',S", o', QV) consists of two bundle isomorphisms ®g : Ey — E{, ®y :
E_1 — E' | and a bundle morphism ®5 : A2Ey — E’ | such that

() oo ®0 =,
(i) S(Po(e), @1(el)) = S(e¥,el), for all e € T(Ep) and e* € T(E_y),

(i) (P, Py, P2) is an isomorphism from the Leibniz 2-algebra (T'(E_1) & T'(Ey);d,0,Q) to the
Leibniz 2-algebra (T'(E” 1) & T(E}); 0',¢, Q).
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We have seen that different skeletal exact CLWX 2-algebroids are differed by closed 4-forms.
Now we show that if two closed 4-forms H and H’ are in the same cohomology class, the correspond-
ing skeletal exact CLWX 2-algebroids are isomorphic. Thus, skeletal exact CLWX 2-algebroids are
classified by H*(M). This is a higher analogous result of that exact Courant algebroids are classi-
fied by H*(M).

Theorem 5.4. Let (T*[1]M,TM, S,o, H) and (T*[1]|M,TM,S,o, H") be two skeletal exact CLWX
2-algebroids. They are isomorphic if and only if H and H' are in the same cohomology class.
Proof. If H and H' are in the same cohomology class, we assume that H = H' + dh. Then (® =
id, ®; = id, @5 = h) gives the required isomorphism from (T*[1|M,TM, S, o, H) to (T*[1|M,TM, S, ¢
In fact, what we need to show is that (®y = id, ®; = id, P2 = h) is a Leibniz 2-algebra morphism
from the Leibniz 2-algebra (Q'(M),X(M),0 = 0,0, H) to (Q'(M),X(M),0 = 0,0, H'). The only
nontrivial thing is to verify that

Xoh(Y,Z) =Y o h(X,Z)+ h(X,Y) o Z + H'(X,Y,Z) = h([X,Y], Z) + c.p. + H(X,Y, Z),
which is equivalent to dh + H' = H. &

It is known that exact Courant algebroids are classified by the Severa class [24]. Thus, for a
skeletal exact CLWX 2-algebroid (T*[1]M, T M, S, o, H), we call the cohomology class [H] € H*(M)
the higher analogue of the Severa class.

5.2 CLWX-extension of a quadratic Lie 2-algebroid

In this subsection, we show that every exact CLWX 2-algebroid gives rise to a quadratic Lie
2-algebroid and a quadratic Lie 2-algebroid admits a CLWX-extension if and only if its first Pon-
tryagin class vanishes.

Let (E_1, Eo, 0, p, S,0,9) be an exact CLWX 2-algebroid. Denote by F_y = E_1/p*(T*[1]M)
and we have the following short exact sequence:

0— T UM 25 By 25 Py —0.

On the graded vector bundle F_; & FEy, define [ : F1 — Ey by

li(m)=0(m), Vm eT(F_-1), m € '(E_;) such that pr(m)=m; (56)
define I by
lo(e}, €)) = el oy, (e, m) = pr(e” om), Iz(m,e”) = pr(moe’); (57)
and define I3 : A3T'(Eg) — T'(F_1) by
I3(e}, €3, €5) = prQ(ef, 3, €3). (58)

Proposition 5.5. Let (E_1, Eo, 0, p, S,0,Q) be an exact CLWX 2-algebroid. Then (F_1® Ey; p, 1,
la,13) is a quadratic Lie 2-algebroid, which is called the ample Lie 2-algebroid. Consequently,
the exact CLWX 2-algebroid (E_1, Eo, 0, p,S,©,8) is an extension, called CLWX-extension, of
the quadratic Lie 2-algebroid (F_1 & Eo; p,l1,12,13) by T*[1]M, i.e.

0 —— QM —2— B, —2 F, 0
o | u| (59)
0—— 0 —— B Eo 0.
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Proof. By the exactness, we can deduce that Iy is well-defined. By [I3] Lemma 3.7], we can
deduce that [5 is also well-defined. Since the obstruction of the operation ¢ being skew-symmetric
is given in p*(T*[1]M), it follows that I is skew-symmetric. Since d o p* = 0, we obtain a Lie
2-algebra (I'(F_1)®T(FEoy); 11,12, l3). Therefore, (F_1@® Eo; p,11,12,13) is a transitive Lie 2-algebroid.
It is obvious that the pairing S vanishes restricting on p*(T*[1]M) @ ker(p). Thus, it induces a
nondegenerate graded symmetric pairing S on F_1 @ ker(p) by

S(u,m) = S(u,m), VYmeT(F_1), m €T (E_1) such that pr(m)=m. (60)

It is straightforward to see that invariant conditions in Definition [£]] are satisfied. Thus, the
transitive Lie 2-algebroid (F_1 @ Ey; p, l1,l2,13) is a quadratic Lie 2-algebroid. B

Let (A_1 ® Ao;p,l1,12,13) be a quadratic Lie 2-algebroid, in which I; is injective. Now we use
the notations as in Subsection Bl Denote by G = ker(p). By the nondegeneracy of S, we have
A_1 = G* and we will write A_; = G*[1] directly. Then S is simply given by (33]). The transitive
Lie 2-algebroid (G*[1] ® Ao; p,11,12,13) fits the following exact sequence:

0 —— G*[1] — G*[1] 0 0
[11 lll J{ (61)
0 —— G =ker(p) —— A P TM 0.

We use ([, 2, I3) to denote the graded bundle of quadratic Lie 2-algebra structures on G*[1] & G.
Since [; is injective, [; is an isomorphism. Choose a splitting (o, ) of the quadratic Lie 2-algebroid
(G*[1] ® Ag; p,l1,12,13), then Ag = TM & G and p is exactly the projection pry,,. Define VO :
[(TM) xT(G) — T(G), V! : I(TM) x I'(G*) — T'(G*) and R € Q*(TM,G) by (@) and (&)
respectively. Define totally skewsymmetric bundle maps I : A3STM — G*, J: A2TM ® G — G*
and K : TM ® A*G — G* by ([@)-(I) respectively. Then I,,.J, K induce totally skew-symmetric
bundle maps I’ : A*TM ® G — T*M, J* : TM ® A*G — T*M and K” : \°G — T*M by

(I:(X,Y,u),Z> = _<uaIV(X7YaZ)>7
(J(X,u,0),Y) = —(v,J(X,u,Y)),
(Kb(u,v,w),X> = —(w,K(X,u,v)),

for all XY, Z € X(M) and u,v,w € T'(G).

Theorem 5.6. Let (A_1 ® Ag; p,l1,12,13) be a quadratic Lie 2-algebroid, in which 1y is injective.
Then it admits a CLWX -extension if and only if its first Pontryagin class [S(R.,I,)] € H*(M) is
trivial.

Proof. Assume that the quadratic Lie 2-algebroid (A_1 ®Ao; p, 1, l2,13) admits a CLWX-extension.
Using the same notations as in Section 4, let (G* @ G; [y, [5, [3) be the corresponding graded bundle
of Lie 2-algebras. Let (E_1, Ey, 0, p,S,©,8) be an exact CLWX 2-algebroid whose ample Lie 2-
algebroid is (A_1 ® Ao; p,l1,l2,1l3). Then we have Fy = Ag. We go on choosing a section A\ on
G*[1] that is orthogonal to o, i.e. S(A(m),o(X)) = 0 for all m € T'(G*[1]) and X € X(M). It
turns out that F_1 = p*(T*[1]M) & A(G*[1]). Since p is surjective, p* is injective, we deduce that
E_; 2T*[1]M @ G*[1] and the nondegenerate bilinear form is exactly given by

S(X +u,a+m) = {a, X) + (m,u), VX €X(M),acQ(M),ucT(G),mecT(G"). (62)
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Define H € Q*(M) by
H(X,Y, 2,W) = 5(Q(o(X),0(Y),0(Z)),a(W)).
Transfer the CLWX 2-algebroid structure to (T*[1]M & G*[1]) ® (TM @ G), we have

[1(7’71),

(X, Y]+ V& — Vi%u — Ry (X,Y) + lx(u,v),

Lxa+ Vim+Q(X,m)+ la(u,m) + Pi(u,m),
—txda — Vim — Q(X,m) + la(m,u) + Psy(m,u),
H(X,Y,Z) - L(X,Y,w) — I(X,v,Z) — I}(u,Y, Z)
— (X, v,w) — J(u,Y,w) — J*(u,v, Z) + K°(u,v,w)
—I,(X,Y,Z) — J(X,Y,w) — J(X,v,Z) — J(u,Y, Z)
+K(X,v,w)+ K(u,Y,w) + K(u,v, Z) + l3(u,v,w),

d(a+m)

(X +u)o (Y +v)

(X +u)o(a+m)
(a+m)o (X +u)
UX +u,Y +0,7 +w)

where Q : X(M) x T'(G*) — Q' (M) is defined by
(Q(X,m),Y) = (m, R’Y(Xa Y)),
and P : T(G) x ['(G*) — QY(M) and P, : I'(G*) x T'(G) — QY(M) are defined by
(Py(u,m), X) = (m,Vu), (Py(m,u),X)= (u, Vim).

Then by the Jacobiator identity that Q should satisfy, for all W, X,Y, Z € X(M), we have

WoQ(X,Y,Z) - XoQW,Y,Z)+ Y o QW, X, Z) + QW,X,Y)o Z
—QW o X, Y, 2)+ QW oY, X,Z)— QW o Z,X,Y)
—UX Y, W, 2)+ UX 0 Z,W,Y) — QY o Z, W, X)
= Wo(H(X,Y,Z)—I(X,Y,2))— X o (HW,Y, Z) — I(W,Y, Z))
+Y o (HW,X,Z) — I(W,X,2)) + (HW,X,Y) = I(W,X,Y))o Z

(63)

(64)

(65)

(66)

79([WaX]7R’Y(VV7X)aYaZ)+Q([VV7Y]7R’Y(Way)aXaZ)7Q([WaZ]7R’Y(WZ)7X7Y)
—QX,Y] = Ry (X,Y), W, Z) + Q[X, Z] = Ry(X, Z), W,Y) = Q[Y, Z] - Ry(Y, Z), W, X)

= LwH(X,Y,Z) -~ LxHW,Y,Z)+ LyHW, X, Z) — 1zd(H(W, X,Y))
—H([W, XY, Z) + H(W,Y], X, Z) — H(W, Z], X,Y)
CH(X.Y].W.Z) + H(X, ZL.W,Y) — H([Y.Z], W.X)
Vi, (X,Y,Z) - QW, 1,(X,Y,Z)) + VX I,(W,Y, Z) + Q(X, L, (W, Y, Z))
Vi I, (W. X, Z) = Q(Y, I, (W. X, Z2)) + V3 I, (W, X,Y) + Q(Z, v(VV,X,Y))
L(W,X1,Y,2) - L(W,Y), X, Z) + I,([W, Z], X,Y)
+L([X, Y], W, Z) = L([X, Z], W, Y) + L (Y, 1WX>
~L(R, (W, X),Y, Z) + (R, (W,Y), X, Z) = I(R,(W, Z), X, Y)
—I(Ry(X,Y), W, Z) + I}(R ( 2),W,Y) = I(R,(Y, Z), W, X)
~J(R,(W,X),Y, Z) + J(R,(W, Y), X, Z) J(R,(W,Z),X,Y)
—J(Ry(X,Y), W, Z) + J(Ry(X, Z),W,Y) = J(Ry(Y, Z), W, X)

= dHW,X,Y,Z,-) +S(R,,1,)(W,X,Y, Z,-) — (dy1 I, + J o R,))(W, X, Y, Z)

= 0.
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In particular, we have S(R,, I,)+dH = 0, which implies that the first Pontryagin class [S(R,, I,)] €
H?(M) is trivial.

Conversely, if the first Pontryagin class is trivial, then there exists a 4-form H € Q*(M) such
that

S(R,,1,) + dH = 0. (67)

On the graded bundle (T*[1]M &G*[1]))®(T M &G), define 9,0, 2 by ([64). We are going to show that
(T*IMaeG* 1)@ (TM®G),d,prpa, S, ¢, Q) is a CLWX 2-algebroid. First we show that under
conditions in Theorem and by Proposition 2 and 1), (Q1(M) ST(G*), X(M) o T(G),d,0,Q)
is a Leibniz 2-algebra. This is the most intrinsic part in the proof. By (I3) and (34), we can deduce
that Axioms (a), (b), (c¢) in Definition 2] hold by straightforward computations. Note that the
restriction of o on A2I'(T'M & G) is the same as the one for the transitive Lie 2-algebroid given in
([I2), we deduce that Axiom (d) in Definition 2T holds by the fact 0|g1(ar) = 0. By straightforward

computation, we have

(X o (Y +0)o(a+m) — (X +u)o (¥ +v))o(a+m)
(¥ +0) o (X +u)o (atm))

= LX +u, (Y +v,m)) =X +uY +v),m)—1LY +ov,(X +um))
+Lx(Lya+Q(Y,m)+ Pi(v,m)) + Q(X, Vym + la(v,m)) + Py (u, Vy-m + la(v,m))
—Lixyje— Q(X,Y],m) — P\(Vkv — Viu— Ry (X,Y) + lr(u,v), m)
—Ly(Lxa+ Q(X,m) + Pi(u,m)) — Q(Y,Vim + lo(u,m)) — P (v, Vim + lo(u,m)),

where [y is given by ([[2)). By Theorem B3] we have

(X +u,lo(Y+v,m)) —la(lo(X +u,Y +v),m) — (Y +v,lo(X +u,m))
I3(X +u,Y +v,l1(m))
—J(X,Y, li(m)) + K(X,v,l1(m)) + K(u, Y, [1(m)) + l3(u, v, [1(m)).

Thus, Axiom (e;) in Definition 2] holds if and only if

LX(Q(Ya m) + Pl(vv m)) =+ Q(Xa V%/m + [2(’07 m)) =+ Pl(ua V%/m + [2(’07 m))

—Q([X,Y],m) — P1(V&%v — VYu — Ry (X,Y) + lx(u,v), m)

—Ly(Q(X,m) + Pi(u,m)) — Q(Y, Vim + lo(u,m)) — P (v, Vim + lo(u,m))
= —D(X,Y,4(m)) — J°(X,v,l1(m)) — J"(u,Y, 1 (m)) + K’ (u, v, [1(m)),

which can be obtained by (34)), (35, (1), (), B7) and (7). We omit the details.

Similarly, we can show that Axiom (es) and (e3) in Definition 2] hold.

The last step to show that ((Q1(M) @ T(G*)) @ (X(M) @ T'(G));0,0,9) is a Leibniz 2-algebra
is to show the Jacobiator identity for 2. Roughly speaking, the Jacobiator identity for €2 is due
to (@6), @0), @I), @3) and @0). We leave the proof to readers. This finishes the proof of
(QY (M) ®T(G") @ (X(M) DT(G)); 0, 0,9Q) being a Leibniz 2-algebra.

By [B7)), we have

(X+u)o(a+m)+ (a+m)o(X+u) = Lxa—ixda+ Pi(u,m)+ Pa(m,u)
d((X, @) + (u,m))
= dS(X +u,a+m),
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which implies that Axiom (ii) in Definition 23] holds.
Finally, by Proposition 2] we can deduce that Axioms (iii)-(iv) in Definition hold directly.
The proof is finished. ®

6 The first Pontryagin class of a trivial principle 2-bundle
with a ['-connection

6.1 Strict Lie 2-groups and strict Lie 2-algebras

A group is a monoid where every element has an inverse. A 2-group is a monoidal category where
every object has a weak inverse and every morphism has an inverse. Denote the category of smooth
manifolds and smooth maps by Diff, a (semistrict) Lie 2-group is a 2-group in DiffCat, where DiffCat
is the 2-category consisting of categories, functors, and natural transformations in Diff. For more
details, see [3, [4]. Here we only give the definition of a strict Lie 2-group.

Definition 6.1. A strict Lie 2-group is a Lie groupoid C such that
(a) The space of morphisms C1 and the space of objects Cy are Lie groups.

(b) The source and the target s,t : C1 — Cy, the identity assigning function i : Co — Cy and
the composition o : Cy x¢, C1 — Cy are all Lie group morphisms.

In the following we will denote the composition o in the Lie groupoid structure by -, : C1 x¢,
C1 — (7 and call it the vertical multiplication. Denote the Lie 2-group multiplication by -, :
C x C — C and call it the horizontal multiplication.

It is well known that strict Lie 2-groups can be described by crossed modules of Lie groups.

Definition 6.2. A crossed module of Lie groups is a quadruple (Hy, Hy, U, ®), which we denote
simply by H, where Hy and Hqy are Lie groups, W : Hy — Hy is a Lie group morphism, and
®: Hy x Hy — Hy is an action of Hy on Hy preserving the Lie group structure of Hy such that
the Lie group morphism V is Hy-equivariant:

U(Dy(h)) = g¥(h)g~", VY ge& Ho, heH, (68)
and ¥ satisfies the so called Perffer identity:
Dy (R') =hW'h™', YV hh' € Hj. (69)

Theorem 6.3. There is a one-to-one correspondence between crossed modules of Lie groups and
strict Lie 2-groups.

Roughly speaking, given a crossed module (Hy, Hy, U, ®) of Lie groups, there is a strict Lie
2-group for which Cy = Hy and C7 = Hy X Hy, the semidirect product of Hy and Hi. In this strict
Lie 2-group, the source and target maps s, ¢t : C; — Cj are given by

s(g,h) =g, t(g,h) =t(h)-g,

the vertical multiplication -, is given by:

(g, 1) v (g:h) = (9,1 - h), where g¢"=t(h)-g, (70)
the horizontal multiplication -, is given by
(9;h) u (g 1) = (g-g',h- gl). (71)
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Definition 6.4. A crossed module of Lie algebras is a quadruple (b1, 40,0, @), which we denote by
b, where b1 and bo are Lie algebras, v : h1 — ho is a Lie algebra morphism and ¢ : ho — Der(h1)
is an action of Lie algebra by on Lie algebra by as a derivation, such that

"/)((bu(m)) - [uvw(m)]hov (bw(m) (p) = [m’p]h17 Vu € ho,m,p € b1.

Example 6.5. For any Lie algebra £, the adjoint action ad is a Lie algebra morphism from € to
Der(t). Then (¢, Der(t),ad,id) s a crossed module of Lie algebras.

Theorem 6.6. There is a one-to-one correspondence between 2-term DGLAs (strict Lie 2-algebras)
and crossed modules of Lie algebras.

In short, the formula for the correspondence can be given as follows: A 2-term DGLA (V_; @
Vo;l1, [2) gives rise to a Lie algebra crossed module with h; = V_; and by = Vp, where the Lie
brackets are given by:

[map]hl = [2([1(m);p)7 [uav]ho = [Q(Uav)a v m,p S Vfla u,v S ‘/07

and ¢ = [1, ¢ : hp — Der(hy) is given by ¢, (m) = la(u, m). The DGLA structure gives the Jacobi
identity for [-,]p, and [, ]s,, and various other conditions for crossed modules.

Conversely, a crossed module (b1, ho, 1, ¢) gives rise to a 2-term DGLA with V_; = by, Vo = by,
[1 =1, and [ given by:

[2(11'7’0)é [U,’U]ho, [2(u7m)é¢u(m)a VU,’UGho,mE hl-
6.2 The transitive Lie 2-algebroid associated to a trivial principle 2-
bundle with a ['-connection

First we review the notion of a principle 2-bundle for a strict Lie 2-group I' on the basis of [28] [30].
Let T be a strict Lie 2-group corresponding to the Lie group crossed module (Hy, Hy, ¥, ®). Let
(b1, H0,%, @) be the crossed module of Lie algebras corresponding to (Hy, Hy, ¥, ®), and (h; &
ho; l1, [2) the associated strict Lie 2-algebra.

Definition 6.7. A principle I'-2-bundle over a differential manifold M is a Lie groupoid P, a
surjective submersion functor m : P — Myis, and a smooth right action R of I' on P that preserves
m, such that the smooth functor

(pri, R) : PxT — P xyP
is a weak equivalence, where Myis is the Lie groupoid with objects M and only identity morphisms.

It is obvious that My;s X I' is a principle I'-2-bundle, which is called the trivial principle I'-2-
bundle.

A T-connection on M is a pair (A, B) consisting of an ho-valued 1-form A € Q' (M, ho) and an
h1-valued 2-form B € Q?(M, bh1). The curvature curv and the fake-curvature fcurv of a I'-connection
(A, B) are defined by

(1>

curv(4, B) dB + Iy(A, B) € Q3(M, by),

(1>

1
fcurv(A, B) dA + 5[Q(A, A) — 1;(B) € Q*(M, hy).
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Every I'-connection can give rise to a connection on the trivial principle I'-2-bundle Mg;s x I'. See
[28, Lemma 5.4.1] for more details.

Given a I'-connection (A, B), we can construct a transitive Lie 2-algebroid, which can be viewed
as the infinitesimal of the trivial principle I'-2-bundle with a connection, as follows: let A_; =
M x by, Ag =TM @& (M X bo), and define 1y, 2,15 by

li(m) = hL(m),
L(X+uY+v) = [X,)Y]+ Lxv+L(AX),v) — Lyu — L(A(Y),u)
+feurv(4, B)(X,Y) + lz(u, v),
Lxm+ (A(X),m) + la(u,m),
—curv(A, B)(X,Y,Z) + 2(B(X,Y),w)
+i(B(Y, Z),u) + b(B(Z, X),v),

forall X,Y,Z € X(M),u,v,w € T'(M x ho) and m € T'(M X by).

Theorem 6.8. Let (A, B) be a T'-connection on M. Then (M x bh1) ® (TM & (M X bo));p =
Proas U1, L2, ls) is a transitive Lie 2-algebroid, where l; are given by ([2).

(72)

l2(X+uam)
BX+u,Y+v,Z+w)

Proof. Compare to (I2), we write

Vhu = Lxu+l(AX),u),
Vim = Lxm+L(A(X),m),
1
R = —dA—Q[Q(A,A),
v = B,
J(X,Y,U)) = 7[2(B(X,Y),’LU),

and I =0, K =0, I3 =0. Now we have
I, =1+dgyiy=dyiB=dB+3(A,B) =curv(A, B).
Then (M x 1) ® (TM @& (M x ho)); p = Pryas, 1,12, I3) is a transitive Lie 2-algebroid if and only
if (I3)-(@2I) hold. Since l; is C°°(M)-linear, (I3)) holds naturally. Since K = 0 and I3 = 0, we
can deduce that (I4)-(I6) hold. It is also straightforward to deduce that (IT) and (I8) hold. By
dla(A, A) = 2l5(dA, A) and the Jacobi identity for [, we have
V%R(Y,Z)— R([X,Y],Z) + c.p.
= LxR(Y,Z)-R(X,Y],Z)+cp + L(AX),RY,Z)) + cp.
= dR(X,Y,Z)+ (A R)(X,Y, Z)

— d(—dA - %[Q(A, AN(X,Y, Z) + l(A, —dA — %IQ(A, A)(X,Y, Z)
= (),
which implies that () holds. It is straightforward to deduce that (20) holds. Finally, by
dla(A,v) = 2(dA,v) — 2(A, dv) and Ix(I3(m),p) = la(m, [1(p)), we have
dyi(I +dgiy) = dyi(dvry)
d(dg17) + 12(4, dy17)
d(dy +12(A, 7)) + 12(A, dy + 2(4, 7))

= [2(dA,’Y> + [2 (A7 [2 (Avfy))
1
= [2(dA+§[2(A7A>57)7
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and

Jo R’y = _IQ(WaRW) = _[Q(VaR + [1 o ’7) = [2(R7’7)a
which implies that (ZI) holds. Thus, (M x b1) & (TM & (M X bo));p = pryas,li,la,1l3) is a
transitive Lie 2-algebroid.

Remark 6.9. As proposed by the referee, it is natural to consider the case of nontrivial principle 2-
bundle. It is known that principle 2-bundles are classified by the nonabelian differential cohomology.
See [19, (29, [30] for more details. A nonabelian cocycle is represented by an open cover {U;} of
M, together with a collection of smooth maps g;; : Uy; — Ho and asji : Uy — Hy such that
Gik = V(aiji)gijgjk and i Pg,, aijr = aijiajr. One can see that g;; does not satisfy the cocycle
condition. Thus, the naive idea of gluing the local standard model given in Theorem [G.8 to obtain
a global object does mot work. We will study this interesting question in the future.

6.3 The first Pontryagin class of the quadratic Lie 2-algebroid associated
to a ['-connection

In this subsection, we show that the first Pontryagin class of the quadratic Lie 2-algebroid associated
to an I'-connection is trivial. First we give an interesting example of quadratic strict Lie 2-algebras.

Example 6.10. Let (g, [, ], K) be a quadratic Lie algebra. That is, K is a symmetric nondegen-
erate bilinear form on g. Denote by K* the induced map from g to g*, i.e.

K*(u)(v) = K(u,v), Yu,v € g.
Then K* is an isomorphism. On the graded vector space g*[1] @ g, define [; and [y by
L= (K97,
Lu+&v+n) = [uv]g+adyn—adyl, Yu,veglneg.
Then (g*[1] ® g; 1, 2, S) is a quadratic strict Lie 2-algebra, where S is given by

S(u+&v+n) = (&0) + (1),

In fact, the only nontrivial part of proving (g*[1] @ g; 1, [2) to be a strict Lie 2-algebra is to show
the equality

L((KH)THE) ) = (& (KT ), (KF) a(u, ) = (u, (KF) 7 ().

Since K* is an isomorphism, we can assume that ¢ = K*(u) and n = K*(v). Since K is invariant,
we have

(L((KF)7HE)m) — L& (BT ), w) = ((u, K4 (v)) — (K (u),v), w)

(ad® K*(v) + ad’ K* (u), w)

= 7K(’Uv [uvw]g) - K(ua ['va]g)
0.

Similarly, for any v = K*(w), we have

(K5 o (uym) = (u, (KT ), 7) = (la(uyn),w) = (la(u, v), KF(w))
_K(U’ [uvw]g) - K(w’ [U,U]g)
= 0.
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Thus, (g*[1] ® g;l1,[2) is a strict Lie 2-algebra. It is obvious that S is invariant. Therefore,
(g*[1] ® g; 1, 2, S) is a quadratic strict Lie 2-algebra. B

Now let I" be a strict Lie 2-group such that the corresponding strict Lie 2-algebra is a quadratic
strict Lie 2-algebra (h*[1] @ b; 14,12, S). Let (A, B) be a I'-connection on M. Then the transitive
Lie 2-algebroid given in Theorem is a quadratic Lie 2-algebroid naturally. Consider its first
Pontryagin class, we have

Theorem 6.11. Let I' be a strict Lie 2-group such that the corresponding strict Lie 2-algebra
is a quadratic strict Lie 2-algebra, and (A, B) a T'-connection on M. Then the first Pontryagin
class associated to the quadratic Lie 2-algebroid given in Theorem [G.8, which is represented by the
5-cocycle —S(fecurv(A, B),curv(A, B)), is trivial.

Proof. First we have
S(feurv(A, B),curv(A,B)) = S(dA+ %[Q(A, A) —11(B),dB + 13(A, B))
—  S(dA,dB) + S(dA,12(A, B)) + 5(%[2(/1, A),dB)
FS(5(A, 4), b(4, B)) ~ S(1(B),dB) ~ S((B), b(4, B)).

By the Jacobi identity that [ satisfies and (B3]), we have

S(5(A,4), (A, B) = ~S(2 (A, b(A, 4)), B) = 0.
By [B8) and the property that [ being skew-symmetric, we have

S(1(B), (A, B)) = =S(A,1,(;(B), B)) = 0.
It is not hard to see that dly (B) = [1dB. Thus, by @4]), we have
S(i(B),dB) = %dS([l(B),B).

Finally by (B3]), we have

AS(31(A,4),B) = S(3di(A A).B) +S(L(4,),dB)

- S(IQ(dA,A),B)+5(%[2(A,A),d3)

S(dA, 15 (A, B)) + 3(%[2(/1, A),dB).
Therefore, we have
S(feurv(A, B), curv(A, B)) = d(S(A, dB) + 5(%[2(/1, A),B) — %5([1 (B), B)),

which implies that the first Pontryagin class is trivial. B
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At the end of this subsection, we analyze how does the primitive form of the first Pontryagin
class behave under the gauge transformation. Recall from [28, Section 5.4] that a gauge trans-
formation between I'-connections (A, B) and (A’, B) on M is a pair (g, ¢) consisting of a smooth
map g : M — Hy and a 1-form ¢ € Q'(M, b;) such that

A = AdgA—g* 0 — 11(o), (73)
B = (,).B-d+ 3b(1(8),6) ~ b(AdgA,6) + b(g"0,0), (74)

where 0 is the Maurer-Cartan 1-form on the Lie group Hy.

Proposition 6.12. Let (A, B) and (A’, B') be two gauge equivalent T'-connections on M. Then
we have
S(feurv(A’, B'), curv(A’, B")) = S(feurv(A, B),curv(A, B)). (75)

Proof. By the Maurer-Cartan equation that @ satisfies, we have
1
feurv(A',B') = dA'+ 5[2(14’, A —1,(B)
_ 1 _ _
= d(AdgA — g*@ — [1(¢)) + 5[2 (AdgA — g*@ — [1(¢),Adgz4 — g*@ — [1(¢))

0 ((@g)eB — b+ S(0(68),0) ~ L(AdyA,6) + b (g"F, 9))
= AdydA +15(g*0,Ad,A) — dg*0 — 11 (dop)
Ay (A, 4) ~ b(AdyA,g°0) ~ b(AdyA, 1(6))

1

+3a(0°0,6°0) + 3(1(6),1(9)) + (g"0, 1 (9)

~Adgla(B) + 1 (d0) — 31(1(0), 6(6)) + B(Ady A, () — b(g", 1 (6))
= Ad,(dA+ %[2(14, A) —1,(B))
= Adgfcurv(A4, B).
Similarly, by a tedious computation, we obtain
curv(A', B') = (®g4).curv(4, B) — l3(Adgfeurv(4, B), ¢).
Therefore, by the invariance condition that S satisfies, we have

S(feurv(A', B'),curv(4’, B")) = S(Adyfeurv(4, B), (®,).curv(A, B) — lx(Ad,feurv(A, B), ¢))
= S(feurv(4, B),curv(A4, B)) + S(Ad,la(feurv(A, B), fecurv(A, B)), ¢)
= S(fecurv(A, B),curv(A4, B)).

The proof is finished. B
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