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On the interior of projections of planar self-similar sets

YUKI TAKAHASHI

ABSTRACT. We consider projections of planar self-similar sets, and show that
one can create nonempty interior in the projections by applying arbitrary small
perturbations, if the self-similar set satisfies the open set condition and has
Hausdorff dimension greater than 1.

1. Introduction and main results

1.1. Planar self-similar sets and their projections. The study of or-
thogonal projections of fractal sets has a long history, dating back to Marstrand’s
projection theorem [10]. Ever since, it has been considered in many papers and in
many different settings (e.g. [, [2], [4], [5], [6], [7], [8], [9], [14]). For a broad view
of the subject, the reader is referred to the survey [3]. For the recent developments
of the study, see [13].

Recall that, an Iterated Function System (IFS) on R™ is a finite collection
F = {fa}aca of strictly contractive self-maps of R™. It is well known that for any
such IFS there exists a unique nonempty compact set K, called the attractor, such
that

K= U fa(K)'
acA
When the maps are similarities, the set K is called a self-similar set (we will later
modify the definition of self-similar sets slightly). The similarity dimension of an
IFS F = {fa}acA is the unique solution d > 0 of

Z ’I“g =1,

acA
where r, > 0 is the contraction ratio of f,. Recall that the IFS F = {fq}aca
satisfies the open set condition (OSC) if there exists a nonempty open set O such
that f,O C O for all a € A, and the images f,(O) are pairwise disjoint. It is well
known that Hausdorff dimension and similarity dimension agree whenever OSC
holds.

In this paper we consider projections of planar self-similar sets. Our interest

in this paper is the case that projections have nonempty interior. Since projec-
tion does not increase Hausdorff dimension, we can restrict our consideration to
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the case that self-similar sets have Hausdorfl dimension greater than 1. In [10],
Marstrand showed that for any planar Borel set with Hausdorff dimension greater
than 1, for a.e. directions the projections have positive Lebesgue measure. Re-
cently, P. Shmerkin and B. Solomyak showed that for any planar self-similar set
with Hausdorff dimension greater than 1, the projections have positive Lebesgue
measure except for the directions that have Hausdorft dimension 0 [14].

However, very few results are known concerning the nonempty interior of pro-
jections of planar self-similar sets. It is natural to expect that for any planar
self-similar set with Hausdorff dimension greater than 1, one can create nonempty
interior in the projections by applying arbitrary small perturbations to the gen-
erating contracting similarities, but this problem is known to be extremely hard.
In this paper we consider weaker form of this question. We allow more freedom
to the perturbation, and show that by applying this perturbation one can create
nonempty interior in the projections. The basic idea of the proof is borrowed from
[11] and [15]. In [I5], by relying on the techniques invented by Moreira and Yoc-
coz in [11], the author showed that for any planar self-similar set one can create
nonempty interior in a projection by applying arbitrary small perturbations, if the
projection of a uniform self-similar measure has L?-density and the generating con-
tracting similarities are homotheties (f : R? — R? is a homothety if f(z) = ro +t
for some r € (0,1) and ¢t € R?). This paper can be considered as an extension of
[15]. Additional complication comes from the fact that the contracting similarities
are no longer homotheties.

1.2. Main results. As explained in the introduction, self-similar set is nor-
mally defined as a set K together with a set of contracting similarities that generates
K. From below we modify the definition of self-similar sets to be the following:

DEFINITION 1.1. A set K C R? is self-similar if the following holds: there
exists a finite alphabet A and a set of contracting similarities F = {f, }ac4 on R?
such that

K = | fu(K).

acA

Write I = [0, 1]2. Without loss of generality, we can further assume that K C I.

DEFINITION 1.2. Let K be a self-similar set. We say that K satisfies the OSC
if there exists a set of contracting similarities F = {f, }aca that generates K and
satisfies the OSC.

DEFINITION 1.3. Let KJ? be self-similar sets. We say that K and K are e-
close if the following holds: there exist sets of contracting similarities F = {f; }aca

(resp. F = {fﬁ}aej) that generates K (resp. K) such that
(i) A=A
(i) 7a =74 for all a € A;
(iii) ||fa — fallr/ra < €for all a € A,
where |[fo = fallr = sup{|fa(z) = fa(2)| : @ € I}.

Let ¢y > 0 be the line that makes the angle 6 + /2 with the z-axis, and let Il
be the projection onto £y. Our main result is the following;:
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THEOREM 1.1. Let K be a self-similar set. Assume that K satisfies the OSC
and has Hausdorff dimension greater than 1. Then, for every ¢ > 0 there exists an
open set E C [0,m) and a self-similar set K such that

(i) [[0,m) N E| <¢;
(ii) K is e-close to K ;
(iii) HgK contains an interval for all 6 € E.

DEFINITION 1.4. A set K C R? is h-self-similar if the following holds: there
exists a finite alphabet A and a set of contracting homotheties F = {f, }ac4 on R?
such that

K = | fa(K).

acA

In [15], the author proved the following:

THEOREM 1.2. Let K be a h-self-similar set. Assume that K satisfies the OSC
and has Hausdorff dimension greater than 1. Then, for a.e. 6 € [0,7) we have the
following: for every e > 0 there exists a h-self-similar set K such that

(i) K is e-close to K;
(ii) e K contains an interval.

Theorem [[.1] is an extension of Theorem In Theorem [[1] the set K is a
general self-similar set (not necessarily h-self-similar), and furthermore, projections
of the perturbed set have nonempty interior in “most of the directions”, while in
Theorem projection of the perturbed set has nonempty interior only in one
particular direction.

REMARK 1.1. Let K be a h-self-similar set and {f,},c4 be a generating homo-
theties. Write f,(z) = rqx 4+ to. Then it is easy to see that for any 6 € [0, 7), [Ig K
is a self-similar set generated by {r,x + gty }aca. Therefore, considering projec-
tions of h-self-similar sets is equivalent to considering one-dimensional self-similar
sets. In [I5], Theorem is stated in terms of one-dimensional self-similar sets
(with overlaps). If K is not h-self-somilar then a projection of K is not necessarily
self-similar.

REMARK 1.2. The a.e. directions in Theorem [[.2] is the directions such that
the projections of uniform self-similar measure have L2-density. See section

1.3. Structure of the paper. In section [2] we define renormalization opera-
tors and recurrent sets. The outline of the proof of Theorem is given in section
Bl In section M we will construct the set £ which is the candidate of a recurrent
set. The main difference of the proof between [15] is in section [4l In section [5| we
will prove the key proposition, which roughly claims that with “very high proba-
bility” any point in the set £ can return to itself by an action of a renormalization
operator.
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2. Projections of planar self-similar sets and recurrent sets

2.1. Renormalization. For any 6 € [0, 7), we parametrize the line gy by
R — €9
P (— sin 9) .
cosf
We use this identification freely. Throughout this section, we fix a self-similar set
K C I and a set of contracting similarities F = {f; }ac.a that generates K. Let Q

be the set of all lines in R?. For u € Q, we denote by argu € [0,7) the angle that

u makes with the z-axis. Write uNlag, € R by (u). It is easy to see that the map
—[0,7) xR
o) Q= [0,7)
urs (argu, (1)

is a bijection. From below we use this identification freely. For a € A, we define a
renormalization operator Ty () : Q@ — @ by

(2.2) Ta(u) = f; ' (u).
Similarly, for a;,as € A we define a map T,,4,(+) : @ = Q by
Tayay (u) = fo,' 0 fa,' (),

and call this also a renormalization operator. Note that we have Ty, 4, = T,, 0 Ty, -

REMARK 2.1. Tt is convenient to see u € @) as the “relative position” between
I and u. For any a € A, T,(u) can be seen as the “relative position” between the
square f,(I) and u.

2.2. Recurrent sets. We say that u € Q is intersecting if K Nu # (.

LEMMA 2.1. Let u € Q. Then u s intersecting if and only if the following
holds: there exists M > 0 and a; € A (i =1,2,---) such that the sequence {u;} (i =
0,1,---) defined by

(23) Up = u, U; = Taiui_l
satisfies [(u;)| < M (i =0,1,2,---).

PrROOF. Assume first that u is intersecting. Let z € K be such that z € w,
and let a; € A (i =1,2,---) be a sequence such that

= ﬂfm o0 fo,(I).
=1

Note that

(2.4) lorofilz)el
for all i € N. Define {u;} by (2.3). Then we have
(2.5) w; = folto-rofil(u).

Since x € u, by (2.4) and (2.5) we conclude that w; NI # §. This implies that
[{ui)] < 1.
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Assume next that w is not intersecting. Let us take a; € A (i = 1,2,---), and
let {u;} be the sequence defined by (2.3]). Write

T = mfalo"'ofai(j)'
i=1

Since z ¢ u, we have fq, o0 fu,(I) Nu = for sufficiently large i. Since the size
of the square fq, o--- 0 fq,(I) goes to 0, we obtain lim;_, [{u;)| = oo. O

The above lemma leads to the following definition:

DEFINITION 2.1. We call a nonempty bounded set £ C Q) a recurrent set if for
every u € L, there exists a € A such that T,u € L.

Lemma [2.1] implies the following:

PROPOSITION 2.1. Let L be a recurrent set and 0 € [0, 7). If the set {t : (6,t) €
L} contains an interval, then g K contains an interval.

3. Outline of the proof of the main theorem

3.1. Perturbation. In this section, we discuss the outline of the proof of
Theorem [I.1] Let € > 0. Let K C I be a self-similar set, and let 7 = {f,}qc.4 be a
set of contracting similarities that generates K. Denote the Hausdorff dimension of
K by d. Let u be the associated uniform self-similar measure, i.e., 4 is the unique
Borel probability measure such that

p="y rifan,
acA
where f,u is the push-forward of p under the map f,. By retaking F if necessary,
we can further assume that
ca1p1/2 <y < cop'l?

for sufficiently small p > 0. Let A;, A2 be such that A; U Ay = A and |A] =
|A2| = |A|/2. Let ¢; > 0 be a sufficiently large constant, to be chosen later.

REMARK 3.1. In the proof we use constants ¢, (k = 0,1,---,10). They may
depend on each other but can be taken independently of p > 0.

Let a € A; and w € (—¢,€) x (—1,1)2. Write w = (,7), where ¢ € (—¢,¢)
and v € (—1,1)2. Let f* be the contracting similarity which satisfies the following:
f@(I) is the square that is obtained by rotating the square f,(I) by the angle
¢ € (—¢,¢€) and shifted by yc1p € (—ec1p, c1p)?.

Define

Q= (6,6 x (-1,1)2)7"
Let w = (Wa)aca, € Q, and denote w, = (Ya,Va), Where @, € (—€,¢) and v, €
(—1,1)%. We define

‘/—:& = {fag}aEAa
a set of contracting similarities, in the following way:

fﬂ_ f:"' ifa,E.Al
) fa i a € As.
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FIGURE 1. Recurrent set

Let K% be the self-similar set generated by F%. Note that if p > 0 is sufficiently
small, then K% is e-close to K.

Recall that we defined the renormalization operator in . For a € A; and
w € (—€,€) x (—1,1)2, we define the renormalization operator T in analogous way.
For w = (wq)aca, € 2, we define

Tw _ Twe if ae€ Ay
T, if ae A,

3.2. Outline of the proof. In section we will construct the set E C [0, ),
and the set L(0) C (—1,1) for all § € E. Define

LO={0,t):0cE, tcL)}.
Let
L' ={(0,t) : (0o, t0) € L° with |0 — 8| < p, |t — to| < p}
and
L= {(6,t):3(0o,to) € L with [0 — bo| < p/2,|t —to| < p/2} .
We show that £ is a recurrent set for some w € Q. For u € L', we define Q°(u) C
to be the set of all w €  such that the following holds: there exists b € A% and
the image
Ty (u) =@
satisfies 7 € £°. The following crucial estimate will be proven in section
PROPOSITION 3.1. There exists co > 0 such that for any u € L',
P (Q ~ Qo(u)) < exp (_02p—%(d—1)) .

The sets F and L(0) are constructed in such a way that Proposition holds.
Below we prove Theorem assuming Proposition In section [ we construct
E and L(0), and show that the measure of the set L(#) is bounded away from zero
uniformly. Combining all these properties we prove Proposition [3.1] in section
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We choose a finite p°/2-dense subset A of £'. Note that
Al < esp™®? - p75 = e3p7P.
Now, if p > 0 is small enough,
c3p 0 exp (—cw_%(d_”) <1,
and therefore we can find w, € Q such that w, € Q°(u) for all u € A.

REMARK 3.2. The above is saying that any u € A can return to £° by an
action of the renormalization operator of the form Tbﬂo.

Theorem follows from the following claim:
CLAIM 3.1. For wy € §, the set L is a recurrent set.

PROOF OF THE CLAIM. Let u € L. Let ug € A be such that | argu — argug| <
p°/% and |{u) — (ug)| < p°/2. By the choice of w,, we have w, € Q°(ug). Therefore,
there exists b € A2 such that, writing

Tfo (Uo) = ,&07
we have 4y € £°. Let
T2 (u) = .
It is easy to see that |argd — argdo| < p°/2 and |(4) — (Gg)| is of order p3/2.
Therefore, we obtain @ € L. ([l

4. Construction of the set F and L(0)

4.1. Construction of E. Kaufman’s proof of Marstrand’s theorem tell us
that the measure Ilyu is absolutely continuous with respect to Lebesgue measure
for a.e. 0 € [0,7), with L2-density y, satisfying

| ulteas <co

0,

See, for example, [12]. We define
E={0€0,m):lxoll> <ecs},
where ¢5 > 0 is a sufficiently large constant so that |[0,7) \ E| < €/2.

4.2. Construction of L(6). Let a1 € Aj,a2 € Ay and w = (¢,7) € (—¢,¢€) X
(—1,1)%. We denote the square f& (I) by I¥7(ay), and the square f o f,,(I) by
I1%7(ajaz). Let u=(0,t) € Q. For

(9, f) = T;l (u)v
we denote 6 by arg, I*(a1) and £ by pos g )17 (a1). Define argy I¥7(araz) and

pos(gyt)l*aﬁ(alag) analogously.
With cg > 0 conveniently small, to be chosen later, let

N = cgp*%(d*”.
Let 6 € E. We define L(0) to be the set of points ¢ € (—1,1) such that the

following holds (¢; > 0 is a sufficiently small constant to be chosen later) : there
exist mutually distinct words {ai,a?, -+ ,al'} C A; and the sets ®; C (—¢, €) with
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|®;] > c7 (i = 1,2,---,N) such that for all a{ and ¢ € ®;, there exists a’ € A
such that
argy I“”’O(allaé) € F and |pos(97t)l“"’0(a21a12)\ <1.

In the next section, we will prove the following estimate:

PRrROPOSITION 4.1. If cg > 0 is sufficiently small, there exists cs > 0 such that
|L(0)| > cg for all0 € E.

4.3. Projections of the squares I(a). Let 6 € E, and let A C A be such
that |A| > |.A|/8. For a € A, we have

(4.1) cglp%d < p(I(a)) < cop??.
Write J (a) := Hy(I(a)). Then
1M < |7(@)] < copl?.

We call a € A (j,@)-good if there are no more than cglp_%(d_l) intervals J(a)
(@ € A) whose centers are distant from the center of J(a) by less than cg'p!/2.
Calla € A (A, 0)-bad if it is not (A, #)-good. Recall that, since § € E, the measure
Ilyp has L2-density xg which satisfies || xal|7> < cs.
LEMMA 4.1. The number of (A, 0)-bad words is less than
6050603p_%d.

In particular, if cg > 0 is sufficiently small, the number of (VAT7 0)-good words is at
least |A|/2.

PROOF. Let a € A be (A, 6)-bad. Then we have
/ xo 2 ¢y tpit gt
37 (a)

1 — 1 4
=cg 109 1p1/2 > gcﬁ 1092|3\7(a)|,

where 37 (a) is the interval of the same center as J(a) and length 3|7 (a)|. By the
Cauchy-Schwarz inequality,

2

1, _

3% 1092‘35(‘1”/ Xo < (/ X9>
3J (a) 3J(a)

< |3J(a)|/ X3
37 (a)

1 4 _
/ X% > gcﬁ 1092/ X0-
37 (a) 37 (a)

Let J* be the union over all bad words a € A of the intervals 37 (a). One can
extract a subfamily of intervals whose union is J* and does not cover any point
more than twice. Then we obtain

and thus
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Therefore,
/ xo < 6cscpes.

As J* contains J(a) for all bad a € /T, together with 1) the estimate of the
lemma follows. O

Lemma implies the following:

LEMMA 4.2.
‘ U J(a)‘ > CgC1p-
acA
Proor. We have
U 7@] > A1 (e p3eD) Ll
acA

14 Ba=1) | o112 1.2

-1 -1
> Cog p 27 -Cep 16 6Co -

N =
ool —

O

4.4. Proof of Proposition We fix 6 € E for the rest of the section. For
a1 € Ay and ¢ € (—¢,€), define
Aal,go = {ag e A, argy I"”O(alag) S E}
and
P, ={pe(-6€): A,
The following lemma is immediate.

> [A|/4} .

LEMMA 4.3. For any a1 € A1, we have |®} | > e.
PROOF. By the construction of E, we have
[{¢ € (—€,€) : argg I9%(ara2) € E}| > ge
for all as € As. Let 9 be the sum, over as € As, of the characteristic functions of
{p € (—€,€) - arg I{°(ar1ag) € E}. Note that 0 < ¢ < |Ay| and
eV, < P(p) > |A/4

Therefore, we have

3
pobdal< [ w= [ ws [
(—e,e€) o (—e.,e)\<I>;;1

A
<Aooy, |+ 22

The claim follows from this. 0
For a; € Ay, let
Qi =Dy N{p € (—¢€ ) :arg, I9%ay) € E}.

By the above lemma, we have [®}*| > ¢/2. For a; € A1,a2 € Az and ¢ € ®}*, we
denote
J?(a1az) = Io(I9°(a1a2)),
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and for a; € Ay and p € @7, write
J@(al) = U J“"(alag).
a2€Ma, o
By Lemma we have
|J#(a1)| > CGC1OP1/2~
For t € R, let
Dy, = {gp cedr:te J‘p(al)} .
Write
Ja1 = {t (S R N |q)a1,t

1 _
> 56669 1610|(I)2T|} .

Note that we have
1 1
=C6Cqy 1010|<I):T| > =CgCy 1610 .
2 2
= C7.

56

LEMMA 4.4. We have

1
|Ja1 | > 50661()p1/2.

PROOF. Let us integrate the characteristic function of
{(t,¢) : t € J#(ay) for some ¢ € "}
over {(t,¢) : t € R, € (—¢,¢)}. By Fubini’s theorem, we have

|<1>j;j|-c6c10p1/2</ /
pE(—e,e) JtER
B /tGR /cpE(—e,e)
o R |
te€Jay Jp€(—e,e) tERNJa; J pE(—¢€)

Kok 1 — Kok
< | oy [|1R57] + cop™/? - 566 Lero| @57 .

The claim follows from this. |

Let ¢ be the sum, over (Aj,#)-good words a; € Aj, of the characteristic
functions of J,,. Note that suppvy C (—1,1) and

0 S ¢ S cglp_%(d_l).

Let D = {¢) > ¢2p~2(4=D}. Then we have
1 i 1
D cilp b0 b2yt [y [y
L (—=1,1)\L

-/

> —cgC
_2610P
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Take cg > 0 small enough so that

1
20(23 < Eq;cglcm.

holds. Then we obtain
|D| > %606651010 - Cg =: Cg.
Since D C L(#), we have proved that
IL(0)] = cs.

This concludes the proof of Proposition

5. Proof of the key Proposition

5.1. Proof of Proposition In this section, we prove Proposition (3.1
Fix (0,t) € L. Let (0',t') € £L° be such that | — ¢'| < p and |t — /| < p.

Then, there exist mutually distinct words {ai,a?,---,al} C A; and the sets
®; C (—¢,¢€) with |®;| > c7 (i =1,2,--+, N) such that for all a} and ¢’ € ®;, there
exists al € Ay such that

arg, I¥%(alal) € E and |pos(9,,t/)l“"l’0(a§a§)\ <1.

Let
Az = {a%,a%,-~- ,a:]lv}.
Write
Q= ((—6,€) x (=1,1)2)7 x (=€, ) x (=1,1)2) 7
w=(v,w"), and W' = (w1,wa, "+ ,wWN)-

Denote w; = (¢;,7;), where ¢; € (—¢,€) and 7; € (—1,1)2. By Fubini’s Theorem,
Proposition [3.1] follows from the following claim:

CrLAIM 5.1. There emists ¢, > 0 such that for any a® € As,

Hwi : Jab € Ay such that T 0 (0,1) € EO}‘ > .
1

5
~ PROOF OF THE CLAIM. Let at € Az and ¢’ € ®;. Let ¢ = ¢’ +60 — 0. Let
ab € Ag be such that

argy I¥%(atal) € E and |pos(9,,t/)l“"l’0(a§a§)\ <1.

Therefore,

arg, [97(alab) € E
for all v € (—1,1)2. It is easy to see that

‘pos(07t)l‘p’0(a§a§) — pos(gr 1 ’O(aiaé)’

is of order 1. Therefore,

|posg.n 17 (a}ab)|
is also of order 1. It follows that, by taking c¢; > 0 large enough, we obtain

HV € (-1,1)%: pos(97t)l‘p’"’(a’ia§) € L(H)H > dy.
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Therefore,

Hwi : 3aj € A such that T (0,1) € 50}‘ > (@ +0—0) N (—e )| - /2

i
2

/

1 1
> §|<I>Z| : 50'2’ =:ch.
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