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Abstract: In this article we establish a few Lyapunov-type inequalities for two-
point discrete fractional boundary value problems involving Riemann-Liouville
type backward differences. To illustrate the applicability of established results,
we obtain criteria for the nonexistence of nontrivial solutions and estimate lower
bounds for eigenvalues of the corresponding eigenvalue problems. We also apply
these inequalities to deduce criteria for the nonexistence of real zeros of certain
discrete Mittag-Leffler functions.
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1. INTRODUCTION

In 1907, Lyapunov [31] provided a necessary condition, known as the Lyapunov
inequality, for the existence of a nontrivial solution of Hill’s equation associated
with Dirichlet boundary conditions.

Theorem 1.1. [31] If the boundary value problem

y'(t) +p(t)y(t) =0, a<t<b,
{y<a> 0,y =0, -

has a nontrivial solution, where p : [a,b] — R is a continuous function, then

b 4
ds > . 1.2
[ wsas > = (1.2

The Lyapunov inequality (I.2]) is applicable in various problems related to the
theory differential equations. Due to its importance, the Lyapunov inequality has
been generalized in many forms. For more details, we refer [9, [35] 36} 140} 42} [43]
and the references therein.

In this line, several authors [12| 16, 18] 19, 28, 29, 34], 38, B9] have investi-
gated Lyapunov-type inequalities for various classes of fractional boundary value
problems. In 2013, Ferreira [I8] generalized Theorem [[T] to the case where the
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classical second-order derivative in (L)) is replaced by an a'-order (1 < a < 2)
Riemann-Liouville derivative.

Theorem 1.2. [I8] If the fractional boundary value problem
(Day) (t) + p()y(t
y(a) =0, y(b) =

has a nontrivial solution, where p : [a,b] — R is a continuous function, then

/ab p(s)lds > () 5 . a)al.

Moving to discrete calculus, in 1983, Cheng [10] developed the following discrete
analogue of the Lyapunov inequality for the first time.

)=0, a<t<hb,
0,

Theorem 1.3. [10] If the boundary value problem

(A%u)(t = 1) +q(t)y(t) =0, ¢ €N,
ula—1)=0, wu(b+1)=0,

has a nontrivial solution, where q is a nonnegative function defined on N°, then

Zq %, if (b—a) is odd,
=at2) if (b—a) is even.

b— a+2)

Here A? denotes the classical second-order difference operator. For a detailed
discussion, we refer the reader to [11], 15, 25, 26] B2, 41, 44] and the references
therein.

On the other hand, in 2015, Ferreira [20] generalized Theorem L3 for a‘!-order
(1 < o < 2) Riemann-Liouville type forward differences A®.

Theorem 1.4. [20] If the fractional boundary value problem
(A%u)(t) +q(t+a—Dult+a—1)=0, teN*t b>2
yla—2)=0, yla+b+1)=0,

has a nontrivial solution, where q is a nonnegative function defined on {o, o +
(a—1),a+2(a—1),--- ,a+0b}, then

b1 I(b+a+2)I2(2+2) P

- 1 4L )(b+2a)(b+2)F2(§+2a)F(b+3)’ if b is even,
Z g(s +a—1)> T'(b+a+2)T2(PE3 12) L

5—0 ') if b is odd.

L(b+3)r2( +a) 7

Following Ferreira, authors of [13, [14, 23] have obtained generalized Lyapunov-
type inequalities for various classes of delta fractional boundary value problems.

Motivated by these developments, in this article, we derive Lyapunov-type in-
equalities for two-point nabla Riemann-Liouville fractional boundary value prob-
lems.



2. PRELIMINARIES

Throughout, we shall use the following notations, definitions and known results
of fractional nabla calculus [Il, 5] [0, 21]. Denote the set of all real numbers by R.
Define

Na = {a,a—l—l,a—l—Q,-“}aHdNZ = {CL,CL—FLCL—'—Q,"' 7b}7

for any a, b € R such that (b — a) is a positive integer. Assume that empty sums
and products are taken to be 0 and 1, respectively.

Definition 2.1. (Backward Jump Operator) [7] The backward jump operator
p: N, = N, is defined by

p(t) = max{a, (t — 1)}, t € N,.

Definition 2.2. (Gamma Function) [30, 37] The Euler gamma function is defined
by

I'(z) ::/ t~le7tdt, R(z) > 0.
0
Using the reduction formula
I(z+1)==2I'(2), R(z)>0,

the Euler gamma function can be extended to the half-plane $(z) < 0 except for
z:#:07__1f_27"”

Definition 2.3. (Generalized Rising Function) [21] For ¢t € R\ {---,—2,—1,0}
and r € R such that (t+7r) € R\ {---,—2,—1,0}, the generalized rising function
is defined by
~-  I'(t =
" = ( +T), 0":=0
I'(t)

Definition 2.4. (Nabla Difference) [7] Let v : N, — R and N € Ny. The first
order backward (nabla) difference of u is defined by

(Vu)(t) :=u(t) —u(t —1), t€ Ny,
and the N**-order nabla difference of u is defined recursively by
(VYu)(t) 1= (V(V¥'0) ) (), ¢ € Nopw.

Definition 2.5. (Nabla Sum) [21] Let u : N,;; — R and N € N;. The N*'-order
nabla sum of u based at a is given by

(Vau)t) = ey 2 (= pls) ule). 1 € N

s=a+1

We define (V;%)(t) = u(t), t € Ngy1.
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Definition 2.6. (Nabla Fractional Sum) [21] Let v : N,4; — R and v > 0. The
v'h-order nabla sum of v based at a is given by

(Vo u)(t) = 5= D (= p(s)" "uls), t € Noga.

s=a+1

Definition 2.7. (Nabla Fractional Difference) [21] Let u : Nyy; — R, v > 0 and
choose N € N; such that N — 1 < v < N. The Riemann-Liouville type v order
nabla difference of u is given by

(V2u) (t) = (vN(v Af”>))@% t €Ny

Theorem 2.1. (Alternative Definition of the Nabla Fractional Difference) [3] Let
u:N, - R, v>0, v &Ny, and choose N € Ny such that N —1 <v < N. Then,

t

(Ve O = 55 D (t=p(s) " Tuls), tE€Nap.

s=a+1

We observe the following properties of gamma and generalized rising functions.

Theorem 2.2. [27] Assume the following gamma and generalized rising functions
are well defined.
(1) I'(¢t) > 0 for all t > 0;
(2) t7(t + ) = 15,
(3) Ift<r thent“<ra
(4) Ifa <t <7 then r—® ét
(5) @+af—ﬁ@+®ﬁ,__
(6) V(e =) = —B(a — p(t))" "

Theorem 2.3. (Generalized Power Rules) [2] Let v > 0 and pn € R such that p,
p+ v and p — v are nonnegative integers. Then,

N - I'(p+1) e
Vot —a)f = T g e
J(t—a) F(u+y+1)<t a)*™, t € Ngy,
_ F(p+1) =
Viit—a)l = —"——"—(t—a)", .
alt=a) D(p—v+ 1)( A" 1€ Nany

Definition 2.8. (Nabla Mittag-Leffler Function) [21] For |p| < 1, @ > 0 and
£ € R, we define the nabla Mittag—Lefﬂer function by

ak+6

Epoplt Z:p ak+6+1)

teN,.

Clearly, we have Eg,0(t,a) =1 and E, 4 (a,a) = 1.
Theorem 2.4. [21] Assume |p| <1, @ >0 and § € R. Then,
VZEp@,g(t, a) = Ep@,g,,,(t, CL), t € Ngiq.



Theorem 2.5. [21] Let v, p > 0 and u : N, — R. Then,
(V2(Varu) ) (1) = (T u)(®), ¢ € Noyo.

Theorem 2.6. [21] Assume v >0 and N —1 <v < N. Then, a general solution
of
(Viu)(t) =0, ¢ € Nopy,
15 given by
u(t) = Ci(t —a)" '+ Cot —a)’ >+ -+ COn(t —a)” N, t €Ny,
where C1,Cy, -+, Cn € R.

Theorem 2.7. [21] Assume v >0, N —1<v < N and |c| < 1. Then, a general
solution of

(Viu)(t) + cu(t) =0, t€Nypy,
s given by
U(t) = ClE—qu,u—l(t) (l) + CZE—C,V7V—2(t7 a’) + -+ CNE—C,V7V—N(t7 (l), te Na+17
where C1,Cy, -+, Cn € R.

3. LEFT-FocAL TYPE BOUNDARY VALUE PROBLEM

In this section, we derive a few important properties of the Green’s function for
a left-focal type discrete boundary value problem and obtain the corresponding
Lyapunov-type inequality.

Theorem 3.1. Letl <a <2andh : NZH — R. The discrete fractional boundary
value problem

(Vou)(t) + h(t) =0, teN,,,, )
(Ve lu)(a+1) =0, u(b) =0, '
has the unique solution
b
u(ty= "> Gi(t,s)h(s), teN,, (3.2)
s=a+2
where
_1 (b_s‘f'l)m&a)m te Np(s)
Gilt,s) = 4 " S — . (3.3)
o [ (- s+ 1277, 1N

Proof. Applying V_* on both sides of (3.1]) and using Theorem [2.6], we have
u(t) = —(V7%h) () + Ci(t —a)* T+ ot —a)® %, t €Ny,  (34)

for some Cy, Cy € R. Applying V¢! on both sides of (3.4) and using Theorems
- 28 we have

(Vo tu)(t) = =(V,'h)(t) + Cil'(«0), t € Ngyy. (3.5)
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Using (V& 'u)(a+1) = 0 in ([BF), we get

_ h(a+1)
C, = Tla)

Using u(b) = 0 in (B4]), we get
1 ° —
— (b—s+1)*'h(s).
(b—a)**T(a) s:z.;g
Substituting the values of C and Cy in ([B4]), we have

: h(a+1) —

Cy =

1

Mﬂ:_f@x%;@_sHﬁ_M@+ ORERE
o=z b -
(b (—t ;):—)Zﬂa) > (b= s+1)""h(s)
_ 1 ¢ . ) ﬁh (t . a)ﬁ b ) 1 Eh
—_@s:;; —s+1)* h(s) + b T (a) 82;2( — s+ 1) Th(s)
— ﬁ _Z:H [(b -5 J(rblzo‘a)g_z_ a)*= (t—s+ 1)ﬁ]h(s)

b I

Log~ (st Do,

(b—a)*—2

t

First, we show that this Green’s function is nonnegative and obtain an upper
bound for the Green’s function and its integral.

Theorem 3.2. The Green’s function G,(t,s) satisfies Gy(t,s) > 0 for (t,s) €
NG 1 X NG

Proof. For t € Nzﬂ, using Theorem 2.2]
(b—s+ 1)t —a)*2
T(a)(b—a)
- Tb—s+a)l(t—a+a—2)['(b—a)
ST (b—s+1)I(b—a+a—2)(t—a)

Now, suppose t € Nb. Since t < b and (a — 2) < (t —a) < (b — a), by Theorem
2.2 we have

(t—s+1)*T<(b—s+1)*Tand (b—a)* 2 < (t —a)* 2,

Gl(t, S) =

> 0.




implies
Gilt, 5) = r<1a> [(b — J(rblza;)i;?_ s D™
(b—s+ 1) 1r(t—a)?
= T [(b— P JEL
Hence the proof. O

Theorem 3.3. The mazimum of the Green’s function Gy(t,s) defined in (B3) is
given by

b—a—1
max Gi(t,s) = u.
(t,s)ENE  xNb_, (—1)

Proof. Fix s e N, Let t € Nggf%. Consider

1 (b—s+1)>1T T
I(a) (b—a)? Vilt =)
2—a)(b—s+ 1)0‘_1&— a)>3
I'(«) (b—a)*—2
C-a)lb-—s+a)l(t—a+a—-3)I'(b—a)

=TT Th—s+)b—ata—20(—a -

implies G)(t, s) is a decreasing function of t. Now, suppose t € N°. Consider

Vt [Gl(t, 8)] =

Vi [Gi(t,s)] = P(la) [%;j;?_i Vet —a)2] = V[t — s+ 1)671]]
C 2-a)-—s+1D)"(t—a)*F (a—1) e
ST G-a Iy 7Y

2-—a)Tb—s+a)(t—a+a—-3)T(b—a)
I'a) TO—s+1DI'(b—a+a—-2)I'(t—a)
- 1)I(t - —1
@-DI—sta-1)
Ma) T({t—-—s+1)
implies G|(t, s) is a decreasing function of . Now, we examine the Green’s function
to determine whether the maximum for a fixed s will occur at (a+1,s), (a+ 2, s)

or (s,s). We have

(b—s+1)ﬁ
Gla ,8) = T
(a+1,s) R

Gila+2,s) = %

and

(b—s+ 1)ﬁ(s —a)*?

SERAEN
P(a)(b—a)*?

Gi(s,s) =



8
Clearly, Gi(a +2,s) < Gi(a +1,s) and

—a— 1)1 —a—
max Gi(a+1,s) = (bza-1) :<b ¢ 1).

seND_, (a—1)(b—a)*2 (a—1)
Also,
b—a—1)*"1
maXGl(s,s):( a4 L —1=(0b-a-2).
SENZ+2 (b - a)a*Q
Thus,
a1
max Gi(t,s) = M.
(t,s)ENs | xNY_, (a—1)

O
Theorem 3.4. The following inequality holds for the Green’s function G,(t,s)

from (3.3).
b

b—a—-1)(b—a+a—2)
D Gilt,s) < ol D) , (t,s) eNE X NV,
s=a+2

Proof. Consider

b t

S Gilts) = —— 3 [<b_5+1)a_1<t_“)a_2 ~(t—s+1)"]

s=a+2 F(Oé) s=a+2 (b - a’)ﬁ

1 b b— s+ 1)1t —q)2
)Z( ) (t —a)

(a s=t+1 (b—a)ﬁ
R N (S e (A e Vi
T, T, W
_ (t—a)ﬁ(b—a—l)a_ (t—a—1)~

(b—a)=2 T(a+1) T(a+1)

We now find the maximum of this expression with respect to ¢ € Nb_ . Using
Theorem 22 for ¢t € N?_ |,

(t—a-1)* Tt—-a+a—-1)

= > 0.
['(a+1) MNa+1)I'(t—a—1) —
Thus,
b —
b—a—1)° b—a—1)(b— -2

max [ZGl(taS)]: ( a )ﬁ:< a )( a—+ o )

teNs,, Lo~ ala—1)(b—a)® ala—1)
Hence the proof. O

We are now able to formulate a Lyapunov-type inequality for the left-focal type
discrete boundary value problem.



Theorem 3.5. If the following discrete fractional boundary value problem

{(vzu) () +q(y(t) =0, teN,,

(Veu)(a+1) =0, u(b) =0, (3.6)

has a nontrivial solution, then
b
(a—1)
> — 3.7
> a2 G (37)
s=a+2
Proof. Let B be the Banach space of functions endowed with norm

[ull = max |u(t)].
a+1

It follows from Theorem Bl that a solution to (B.0) satisfies the equation

Hence,

atl " g=q+2
b
< max | 37 Gl 9)lg(s)]u(s)]
teNg Lo

b

<lull| max - GlEs)] D o)l

teNd  ,, seNb_ s—at2
or, equivalently,

1< [ max G(t,s)} zb: lg(s)].

b b
teNy 4, sENG s—al2

An application of Theorem yields the result. O

Now, we discuss three applications of Theorem [3.5 First, we obtain a criterion
for the nonexistence of nontrivial solutions of (3.0]).

Theorem 3.6. Assume that 1 < a < 2 and

> Jals)] < % (3.8)

s=a+2

Then, the discrete fractional boundary value problem ([B.6) has no nontrivial solu-
tion on NV _ ;.
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Next, we estimate a lower bound for eigenvalues of the eigenvalue problem
corresponding to (3.6]).

Theorem 3.7. Assume that 1 < a < 2 and u is a nontrivial solution of the
eigenvalue problem

(Vou)(t) + Mu(t) =0, teN: (3.9)
(Ve~lu)(a+1) =0, u(b) =0, '
where u(t) # 0 for each t € N'2L. Then,
IA| > % (3.10)

Finally, we deduce a criterion for the nonexistence of real zeros of certain nabla
Mittag-Leffler functions.

Theorem 3.8. Let 1 < a < 2. Then, the function A\E_) 4 o—1(t,0)+E_x o.a—2(t,0)
has no real zeros for

Proof. Let a =0, b =n € Ny and consider the eigenvalue problem

(Vou)(t) + Au(t) =0, teNg,
-1 (3.11)
(Vo 'u)(1) =0, u(n) = 0.
By Theorem 7] a general solution of (3.IT) is given by
U(t) = ClEf)\,a,a71<t7 0) + CQE,)\@,Q,Q(t, 0), t e Nl, (312)
where Oy, Cy € R. Applying V§ ™! on both sides of (3.12), we get
(Vo ') (t) = C1E_x00(t,0) = A\C2E_ a.a-1(t,0), n €Nj. (3.13)

Using (Vi 'u)(1) = 0, we get C; = ACs. Using u(n) = 0, we have that the
eigenvalues A € R of (BI1) are the solutions of

)\E*)\ﬂ,a*l(nv O) + Ef)\,a,af2(n7 0) = 0, (314)
and the corresponding eigenfunctions are given by
u(t) = AE xaa-1(t,0) + E_xaa-2(t,0), teN. (3.15)

By Theorem .5 if a real eigenvalue A of ([B.I1]) exists, i.e. A is a zero of (B.11]),

a—1
then || > ((71_1))2.

n
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4. RicHT-FocAL TYPE BOUNDARY VALUE PROBLEM

In this section, we derive a few properties of the Green’s function for a right-focal
type discrete boundary value problem and obtain the corresponding Lyapunov-
type inequality.

Theorem 4.1. Let 1 < a <2 andh : N, — R. The discrete fractional boundary
value problem

(Vau)(t) + h(t) =0, teN,,. o
u(a+1) =0, (Ve tu)(b) =0, -
has the unique solution
b
ult) = Y Grlt,s)h(s), te€Ny,, (4.2)
s=a+2
where
L (t—a—-1)"1, te N
Gr(t,s) = {Ff)( o a1 a1 . (4.3)
m[(t—a—l) —(t—s+1)*], teN.

Proof. Using (V& 'u)(b) = 0 in B3), we get

Using u(a+ 1) = 0 in (3.4), we get
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Substituting the values of C and Cy in (8.4]), we have

) =~ ;H(t — 5+ 1) Th(s) + % Z h(s)
_ % SéQh(s)
_ _ﬁ S;;(t —s+1)*'h(s) + ( ;((2;1 séz h(s)
_(ﬁ&;?i;sé;zh@)
- ﬁ Z (t—a) ™ = (=1t —a)" = (t =5+ 1" |h(s)
- ﬁiﬁ (t=a=1"T = (t=s+1)%7] n(s)
T ﬁ ;:1@ —a—1)""hs)

b
= ) Gi(t, s)h(s).

s=a+2

U

First, we show that this Green’s function is nonnegative and obtain an upper
bound for the Green’s function and its integral.

Theorem 4.2. The Green’s function G,(t,s) satisfies G,(t,s) > 0 for (t,s) €
Noj1 % NG
Proof. For t € Ng(ﬁ,
(t—a—11 T(t—a+a—2)
G.(t,s) = = > 0.
(t,s) T(a) T(@)l(t—a—1) —
Suppose t € N2, Since a + 2 < s, we have

(t—a—1)1>({t—s+1)*",

implies
ot ) = ﬁ[(t—a— R R EL
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Hence the proof. O

Theorem 4.3. The mazimum of the Green’s function G,(t,s) defined in (L3) is
given by

b—a—1)1
max G.(t,s) = (b-a-1)
(t73)€Ng+1XNg+2 P(a)

Proof. Clearly, G,(a+1,s) = 0 for each s € N?,. Fixt € N°_,. For s € NV, |,
Vs [Gr(t, s)} = 0 implies G,(t, s) is a constant function of s. Now, suppose s €
N ;. Consider

I'(t—s+a)

V.Gilt,) = S — s 277 D(a— 1)0(t— s +2)

[(a)

> 0,

implies G,(t, s) is an increasing function of s. We examine the Green’s function
to determine whether the maximum for a fixed ¢ will occur at (¢,t) or (¢,t+ 1).

We have

(t—a— 1)ﬁ
and
(t—a—1)>"1
Clearly,
G,(t,t) < G.(t,t+1), teN,,
and
(b—a—1)*"1
t,t+1) =
o Gl 1) =T
Thus,
—a-—1 a—1
max G,(t,s) = (bza-1)
(t,s)ENE  xNb_, ()
O

Theorem 4.4. The following inequality holds for the Green’s function G,(t,s)

from (&3).

> Gt < U a1, e N xR,
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Proof. Consider

Y Gilt,s)= Y Git.s)+ Y Gilt,s)

s=a+2 s=at2 s—tt1
I—L—j:[@—a—D?T—@—5+U?ﬂ
()
s=a+2
T i (t—a—1)"T
()
s=t+1
(t—a—1)>"1 L(t—s+1)T
=———“ (t—a—-1)— R
a0 2 T
t—a—1)"1 t—a—1)7
I(c) T(a+1)
We now find the maximum of this expression with respect to ¢ € N’ ;. Since
(t—a—1)~ -
[a+1) —

fort e Nb_ 4,

max Z G.(t, s)} = (bza-1) max [(t—a— 1)E]

teNd —ry I'(a) tENG 1y
(b—a—1)>"1
= o) (b—a—1).

t

We are now able to formulate a Lyapunov-type inequality for the right focal
boundary value problem.

Theorem 4.5. If the following discrete fractional boundary value problem
(Veu)(t) +a()y(t) =0, teNg,,,
u(la+1) =0, (Vo tu)(b) =0,

has a nontrivial solution, then

b
S Jgls)] > —) (47

s=a+2 <b —a- 1>ﬁ.

(4.6)

Now, we discuss three applications of Theorem (4.5 First, we obtain a criterion
for the nonexistence of nontrivial solutions of (4.0).

Theorem 4.6. Assume that 1 < a < 2 and

> Jals)] < o) (4.8)

=, (b—a—1)at
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Then, the discrete fractional boundary value problem (46]) has no nontrivial solu-
tion on NV ;.

Next, we estimate a lower bound for eigenvalues of the eigenvalue problem
corresponding to (4.6)).

Theorem 4.7. Assume that 1 < a < 2 and u is a nontrivial solution of the
eigenvalue problem

(Vau)(t) + M) =0, te N, "
u(a+1) =0, (Vtu)(b) =0, |
where u(t) # 0 for each t € N'.L. Then,
r
NE @) (4.10)

b—a—1)b—a—1)>1

Finally, we deduce a criterion for the nonexistence of real zeros of certain nabla
Mittag-Leffler functions.

Theorem 4.8. Let 1 < a < 2. Then, the function E_y ,0(t,0) + AE_x 4.a-1(t,0)
has no real zeros for

[(a)
(n—1)(n — 1)1
Proof. Let a =0, b =n € Ny and consider the eigenvalue problem

{(Vg‘u) (t) + Au(t) =0, teNj,

Al <

u(1) =0, (V§ ™ u)(n) =0. (4.11)

Using u(1) = 0 in 3I2), we get C; = —C,. Using (V§ 'u)(n) = 0 in BI3), we
have that the eigenvalues A € R of (411l are the solutions of

E_300(n,0)+AE_)q0a-1(n,0) =0, (4.12)

and the corresponding eigenfunctions are given by
u(t) = E_xaa-1(t,0) — E_x aa-2(t,0), te&Nj. (4.13)
By Theorem (1] if a real eigenvalue A\ of (LI1]) exists, i.e. A is a zero of (LI,
then || > % Hence the proof. O
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