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ABSTRACT. Hellsten [[el03] gave a characterization of IT}-indescribable sub-
sets of a II};-indescribable cardinal in terms of a natural filter base: when &
is a II}-indescribable cardinal, a set S C & is II}-indescribable if and only if
SNC # @ for every n-club C' C k. We generalize Hellsten’s characterization to
TTL -indescribable subsets of Py ), which were first defined by Baumgartner. Af-
ter showing that under reasonable assumptions the Hé—indcscribabﬂity ideal on
P\ equals the minimal strongly normal ideal NSS,; y on Py, and is not equal
to NS, » as may be expected, we formulate a notion of n-club subset of PcA
and prove that a set S C P, ) is IT}-indescribable if and only if SN C # @ for
every n-club C' C Py \. We also prove that elementary embeddings considered
by Schanker witnessing near supercompactness lead to the definition of
a normal ideal on P\, and indeed, this ideal is equal to Baumgartner’s ideal
of nonfﬂ%—indoscribablc subsets of PxA. Additionally, as applications of these
results we answer a question of Cox-Liicke [CLI7] about F-layered posets, pro-
vide a characterization of II}'-indescribable subsets of P<A in terms of generic
elementary embeddings, prove several results involving a two-cardinal weakly
compact diamond principle and observe that a result of Pereira yeilds
the consistency of the existence of a (k, kT )-semimorasses u C Pcxt which is
TT1 -indescribable for all n < w.

1. INTRODUCTION

Recall that a set W C k is weakly compact if and only if for every A C & there is
a transitive M | ZFC™ with k, A,W € M and M <" C M, there is a transitive N
and there is an elementary embedding j : M — N with critical point s such that
k € j(W). It is well known that x is weakly compact (as a subset of itself) if and
only if the collection NWC, = {X C k : X is not weakly compact} is a normal
ideal on x, which we refer to as the weakly compact ideal on k. Baumgartner
Section 2] showed that assuming k<" = &, a set W C & is weakly compact
if and only if it is ITi -indescribable, meaning that for every IT{-formula ¢ and every
R CV,,if (Vi, €, R) = ¢ then there exists & € W such that (V,,€, RNV,) E ¢.
Thus,

NWC, = (k) =gef {X C k : X is not II{-indescribable}.
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Sun [Sun93|] proved that the ideal NWC,, can be characterized in terms of a natural
filter base as follows. A set C' C k is called 1-club if and only if C' € NS: and when-
ever a < k is inaccessible and C'Na € NS! we have o € C. Sun’s characterization
of weakly compact sets states that, assuming x is a weakly compact cardinal, a set
W C k is weakly compact if and only if WNC # & for every 1-club C C k. Since a
set S C K is H(l)—indescribable if and only if k is inaccessible and S € NS:, it follows
that for k inaccessible NST = TI}(k)* = {S C & : S is first-order indescribable}
and we can restate Sun’s characterization as: for x weakly compact, a set W C &
is weakly compact (or equivalently I1}-indescribable) if and only if

(VO e T (k) M) (Va < k)(CNa eTj(a)t = acC) = CNW #2). (1.1)

In this article we prove similar results for the weakly compact ideal and the IT}-
indescribability ideals on P\, which apparentlyﬂ were first defined by Baumgartner
in [Bau|, and have since been studied in [Car85], [Joh90], [Abe98], [MU12], [Usul3]
and [MU15]. In [Baul|, Baumgartner defined a notion of II-indescribability for
subsets of P\ using a natural P;\-version of the cumulative hierarchy (see Section
[ below), which gives rise to the IT"-indescribability ideal on P\

I (k, A) = {X C P,A: X is not II'-indescribable}.

Abe [Abe9§| showed that when P, A is II"-indescribable the ideal I (k, A) is nor-
mal. In light of the version of Sun’s characterization of weakly compact subsets of
k in ([J)), it seems natural to attempt to give a similar characterization for Baum-
gartner’s notion of II}-indescribability for subsets of P;A. We will show that when
Kk is inaccessible, the ideal II}(x,A) of non-II}-indescribable (i.e. non-first-order
indescribable) subsets of Py is equal to the minimal strongly normal ideal NSS,; x
of non strongly stationary subsets of P, (see Section 2l below) and is not equal to
NS, as may be expected. The fact that II§(k, A) = NSS, \ and the fact that Sun’s
characterization (LI) holds, suggests that the correct notion of “I-club subset of
P, )\ needed to generalize Sun’s characterization to P\ should be stated using
NSS;A instead of NS;A. Recall that for x € P, we define k, =qef |2 N K|.

Definition 1.1. We say that C' C P\ is 1-club if and only if
(1) Ce NSS:)/\ and
(2) C is 1-closed, that is, for every z € P, A, if k, is an inaccessible cardinal
and CN P,z € NSS:I@ then z € C.

In Section [Bl we generalize Sun’s characterization of IT}-indescribable subsets of &
by showing that the notion of 1-club subset of P, ) in Definition [[LT] can indeed be
used to characterize the I1}-indescribable subsets of P;A. In fact, in Section [ we
develop a notion of n-club subset of P;A where n < w and prove the following.

Theorem 1.2. Suppose k < X are cardinals with A< = X\, n < w and P\ is
I} -indescribable. Then S C Py is 11! -indescribable if and only if for all n-clubs
C C P\ we have SNC # @.

In Section [, we also prove that Baumgartner’s I1}-indescribable subsets of P\
can be characterized using elementary embeddings which resemble the usual ele-
mentary embeddings witnessing the weak compactness of subsets of k. Recall that,

1Baumgartner’s handwritten notes seem to be unavailable.
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for cardinals k < A, K is A-supercompact if and only if there is an elementary em-
bedding j : V — M with critical point x such that j(k) > A and j”\A € M. Such
embeddings can be assumed to be ultrapowers by normal fine k-complete ultra-
filters on P, A, in which case M* NV C M. Schanker [Schi3] fused the notions
of weak compactness and A-supercompactness as follows: & is said to be nearly A-
supercompact if for every A C \ there is a transitive M = ZFC™ with A\, A € M and
M<*NV C M, there is a transitive N and an elementary embedding j : M — N
with critical point x such that j(k) > A and j”X € N. As observed by Schanker,
it is clear that if k is A-supercompact then k is nearly A-supercompact and the
converse is not true in general; for example, the least cardinal x which is nearly
kT-supercopmact is not xT-supercompact. Even though & is supercompact if and
only if k is nearly A-supercompact for every A > k, Schanker proved that for any
fixed A > K, k being nearly A-supercompact need not imply that s is measurable.
For example, Schanker proved that if & is nearly xT-supercompact and GCH holds,
then there is a cofinality-preserving forcing extension in which s remains nearly
kT-supercompact and GCH fails first at x. Furthermore, if & is A-supercompact
and GCH holds then there is a cofinality-preserving forcing extension [CGHS15] in
which « is the least weakly compact cardinal and & is nearly A-supercompact

We prove that the elementary embeddings considered by Schanker in [Sch13] lead
to a normal ideal on P, \ as follows, and indeed this ideal is equal to Baumgartner’s
ideal 11 (x, \).

Definition 1.3. We say that a set W C P, is weakly compactE if and only if for
every A C X there is a transitive M = ZFC™ with A\, A,W € M, a transitive N
and an elementary embedding j : M — N with critical point x such that j(k) > A
and j7\ € j(W). The weakly compact ideal on P\ is defined to be

NWC, » = {X C P,A: X is not weakly compact}.

Theorem 1.4. Suppose k < X\ are cardinals such that k is inaccessible and \<% =
A. Then a set W C P, is 11 -indescribable if and only if it is weakly compact.

In Section [6] we provide several applications. In Section [, we answer a ques-
tion of Cox and Liicke [CL17]. Before stating the question, let us review some
terminology from [CLI7]. For partial orders Q C P, we say that Q is a regular sub-
order of P if the inclusion map preserves incompatibility and maximal antichains
in @ are also maximal in P. Given a partial order P, we let Reg, (P) denote the
collection of all regular suborders of P of cardinality less than k. In [CL17], the
authors consider various properties of partial orders that imply Reg, (P) is large in
a certain sense. For example, suppose k is a regular uncountable cardinal, a partial
order P is called k-stationarily layered if Reg, (IP) is stationary in P;P. Among other
things, Cox-Liicke showed [CLI7, Theorem 1.8] that such properties can be used to
characterize weakly compact cardinals:  is a weakly compact cardinal if and only if
every partial order P satisfying the x-chain condition is x-stationarily layered. Cox
and Liicke also consider another notion of largeness of Reg, (P): a partial order P
is F-layered if it has cardinality at most A and {a € P,A : s[a] € Reg,(P)} € F
holds for every surjection s : A — P. Question 7.4 of [CL17] states, assuming

2GCH must fail at « is such an extension.

SWe prefer this terminology to saying that “W is nearly A-supercompact” because we will prove
that W C P\ is weakly compact if and only if W is I_I%—indescribable7 and thus this terminology
conforms to more of the existing literature.
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(k1T)<F = kT, “Let k be an inaccessible cardinal such that there is a normal filter
F on P.k* with the property that every partial order of cardinality x* that sat-
isfies the k-chain condition is F-layered. Must x be a measurable cardinal?” By
generalizing the work of Schanker [Sch13|, we show that the answer is no by proving
the following.

Theorem 1.5. Suppose P\ is weakly compact, GCH holds and AX<* = \. There
is a cofinality-preserving forcing extension V|G| in which
(1) (PMVIG s weakly compact and hence the filter F = (NWCF, ,)VI¢ is
normal and nontrivial,
(2) every partial order of cardinality \ that satisfies the k-c.c. is F-layered,
(3) K is not measurable and

(4) ASF =\,

In Section[6.2] we consider properties of generic ultrapowers by the ITI7"-indescribability
ideals on P;\. Indeed, we give a characterization of II]'-indescribable subsets of
P, in terms of generic elementary embeddings.

In Section [6.3] generalizing similar principles considered by Hellsten [Hel03], we
use the weakly compact ideal NWC,;  to formulate a two-cardinal weakly compact
diamond principle as follows.

Definition 1.6. Suppose W € NWCZA. We say that weakly compact diamond
holds on W and write ¢S (W) if and only if there is a sequence (a, C z : z € PgA)
such that for every A C A we have {z € W :a, = ANz} € NWC‘;)\. When
W = P, )\ we write simply Ogi\ instead of O:f)\(PN)\).

As an application of the 1-club characterization of weakly compact subsets of P;A
obtained by combining Theorem and Theorem [[4] we prove that for any W €
NWC; s if £ is A-supercompact then {7 (W) holds. We also show that, assuming
GCH, there is a natural way to force ,V{VCA(W) without collapsing cofinalities from
the assumption that P.\ is weakly compact and A<* = \.

In Section [64] we use a result of Pereira [Perl7] to show that if s is x™-
supercompact and GCH holds then there is a cofinality-preserving forcing extension
in which there is a (k, xT)-semimorass y C (k, xT) which is IT} -indescribable for all
n < w.

We close the paper with a discussion of several open questions concerning re-
flection properties of weakly compact sets W C P, and generalizations of club
shooting forcing to the context of the weakly compact ideal on P.A\.

2. PRELIMINARIES ON STRONGLY NORMAL IDEALS AND STRONG STATIONARITY

Throughout this section we assume x < A are cardinals, k is a regular cardinal
and X is a set of ordinals. Recall that an ideal I on P,X is normal if for every
S € I and every function f : P,X — X with {x € S : f(x) € 2} € I there
isaT € P(S)N I such that f | T is constant. Equivalently, an ideal I on
P.X is normal if and only if for every {Z, : © € X} C I the set VaiexZz =def
{y € P,X : y€ Z, for some x € y} is in I (see [Forl0, Proposition 2.19]). An
ideal T on P\ is fine if and only if {a} =get {z € PA : a € x} € T* for every
a < A Jech [Jec73] generalized the notion of closed unbounded and stationary
subsets of cardinals to subsets P.\. Recall that a set C C P, is club in P\ if
(1) for every z € P, A there is a y € C with z C y and (2) whenever X C C is
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directed under the ordering C and |X| < k we have |JX € C. A set S C P, is
stationary if SN C # @ for all clubs C C P,A. Jech proved that the collection
NSx.a = {X C P, A : X is not stationary in P,A} is a normal fine k-complete ideal
on P.\. Carr [Car82| proved that, when  is a regular cardinal, the nonstationary
ideal NS,; ) is the minimal normal fine k-complete ideal on P, A.

When considering ideals on P\ or P, X for k inaccessible, it is quite fruitful
to work with a different notion of closed unboundedness obtained by replacing the
structure (P, C) with a different one. For € P, X we define k, = |x N x| and
we define an ordering (P, X, C) by letting

x C y if and only if z € Py y.
Given a function f: P, X — P, X we let
Cyr=aes {r € P, X 2Nk # SN f[P, 2] C P x}.

We say that a set C' C P, X is weakly closed unbounded if there is an f such that
C = Cy. Note that it is straightforward to see that when & is inaccessible, every club
C C P, X contains a weak club (see Lemma[24lbelow). However, in general, it is not
the case that every weak club contains a club (this follows from Corollary 23] below).
A set S C P, X is called strongly stationary if for every f we have Cy NS # @. An
ideal I on P.X is strongly normal if for any S € I'™ and function f : P, X — P, X
such that f(z) C  for all x € X thereis Y € P(X)NI* such that f | Y is constant.
It follows easily that an ideal I on P, X is strongly normal if and only if for any
{X,:a€ P, X} CT the set V- Xy =det {x € P X : x € X, for some a C z} is in
I. Note that an easy argument shows that if x is A-supercompact then the prime
ideal dual to a normal fine ultrafilter on P, is strongly normal. Matet [Mat88]
showed that if x is Mahlo then the collection of non-strongly stationary sets

NSSw.x =def {X € P.X : 3f : PuX — P, X such that X NCy = @}

is the minimal strongly normal ideal on P, X. Improving this, Carr, Levinski and
Pelletier obtained the following.

Theorem 2.1 (Carr-Levinski-Pelletier [CLP90]). Suppose k is a reqular cardinal
and X is a set of ordinals with k < |X|. There is a strongly normal ideal on P, X
if and only if K is Mahlo or k = p* where p=* = u; moreover, in this case NSS, x

18 the minimal such ideal.

In these cases, since every strongly normal ideal on P\ is normal, we have
NS, » € NS5, .

The following lemma, due to Zwicker (see the discussion on page 61 of [CLP90)]),
shows that if k is weakly inaccessible the previous containment is strict. We include
a proof for the reader’s convenience.

Lemma 2.2 (Zwicker). If k is weakly inaccessible then NS x is not strongly nor-
mal.

Proof. Let A = {z € P, : x Nk is an uncountable cardinal with cf(x N k) = w}.
First we show that A is a stationary subset of P;A. Let C' C P, be a club and
recall that the set C* = {x € P\ : x Nk € K} is a club subset of P,A. We
inductively define a sequence (z; : i < w) with 2; € C N C* as follows. Let kg = wq
and choose xg € CNC* with kg C xg. Let k41 > x; Nk and choose ;41 € CNC*
with k;41 € zi1. Now let =, = |J,_,, z; and notice that z, € C N C* N A.

1<w
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Now define F' : A — P, A by letting F'(z) be some countable and cofinal subset
of x N k. Then F(z) C z for all z € A and F is not constant on any stationary
subset of A. O

Corollary 2.3. If k is Mahlo then NSS,;  is nontrivial and NS, x C NSS, ».

Lemma 2.4. Suppose k is an inaccessible cardinal and X is a set of ordinals
with k < |X|. If C is a club subset of P.X and f : P.X — P.,X is such that
2 C f(z) € C for every z € P, X, then

Cr={zeP.X:2NkKk#IA f[Ps,z] C P, x}
is a subset of C.

Proof. Suppose C'is a club subset of P,, X and f is as in the statement of the lemma.
Suppose z € P, X and f[P, x] C P, x. It follows that C N P, is directed since
ify,ze CNP,, xthen yUz e P, x and hence yUz C f(yUz) € CN P, x. Since
C N P, x is a directed subset of C' with size at most |z|<"* < &, it follows that
z=J(CnNP,,zx)eC. Thus C; C C. O

The next lemma shows that NSS, » can be obtained by restricting NS,; » to a
particular stationary sets

Lemma 2.5 ([CLP90], Corollary 3.3). If A<* = X and NSS,; » is nontrivial, then
for any bijection ¢ : P\ — A,

NSSH,)\ = NSN,)\ f Sc
where S = {x € P,): [Py, x] C z}.

3. ELEMENTARY EMBEDDINGS AND THE WEAKLY COMPACT IDEAL ON P\

There are many ways to characterize the weakly compact subsets of P;\ from
Definition [[3] using elementary embeddings. Indeed, all six characterizations of
the near A-supercompactness of a cardinal k given in [Sch13] can be generalized to
provide characterizations of weakly compact subsets of P;A. Here we summarize
the pertinent characterizations without proof; note that the proof is very similar to
that of [Sch13, Theorem 1.4].

Lemma 3.1 (Schanker). For cardinals k < A with A<" = X and W C P\, the
following are equivalent.

(1) W is a weakly compact subset of P.X; in other words, for every A C A
there is a transitive M |= ZFC™ with A, A, W € M and M<*NV C M, a
transitive N and an elementary embedding j : M — N with critical point
k such that j(k) > X and j° X € j(W).

(2) For all 6 > k and every transitive M = ZFC™ of size X with A\ W € M
and M<° NV C M, there is a transitive N of size A with N<° NV C N
and P(N)M C N and an elementary embedding j : M — N with crit-
ical point k such that j(k) > X, 77X € j(W) and N = {j(f)(J"N) :
f € M is a function with domain P \}.

(3) For every collection A of at most A subsets of P;\ with W € A and every
collection F of at most A functions from P X to A, there exists a k-complete
filter F' on PyX such that W € F; (Va < A\)({a} =qet {z € P.A:a €2} €
F); F measures all sets in A, meaning that for all X € A either X € F
or PaA\ X € F, and finally, F is F-normal, in the sense that for every
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f € F which is regressive on some set in F', there is ay < X such that
{r e PA: f(z)=as} € F.

By assuming a little bit more about cardinal arithmetic we obtain another char-
acterization which will be useful for forcing arguments.

Lemma 3.2. I[f A< = X and W C P.\ then W is a weakly compact subset of
P if and only if for every A € H(AT) there is a transitive M | ZFC™ of size
X with A, AW € M and M<* NV C M, there is a transitive N of size \ with
N<*NV C N and an elementary embedding j : M — N with critical point r such
that

1) j(k) >

2) j"Ae ( )

3) N={j(/)Y(G"N) : f € M is a function with domain P.\} and
4) if X € M with |X|M <X and X € N thenj | X € N.

(
(
(
(

Proof. The reverse direction is easy. For the forward direction, assume W is a
weakly compact subset of P,A\ and A € H(A'). Since A<* C X\ we can use an
iterative Skolem-hull argument to build a transitive M < H(AT) of size A with
MAW € M and M<*NV C M. Now, applying Lemma B3] (3), there is a x-
complete fine M-normal M-ultrafilter F with W € F. Let j : M — Ult(M, F) =
("M N M)/F be the corresponding ultrapower embedding, which is well-founded
since F' is k-complete. Thus we may identify Ult(M, F') with its transitive collapse
N and obtain j : M — N. To see that (1) — (3) hold one may apply standard
arguments. For (4), suppose X € M with | X|M < Xand X € N. Let b: A = X
be a bijection in M. By elementarity j(b) : j(A) — j(X) is a bijection in N and
JO)[j7A] = 77 X. Furthermore, working in N, we may define a function f with
domain X such that f(z) = j(b)(J(b~ () = j6) (G (i(2) = j | X(z). O

The next definition will make negating the definition of weakly compact set
easier.

Definition 3.3. Suppose x < A are cardinals and Z € NWC, . We say that
A C X\ witnesses that Z is not weakly compact or witnesses Z € NWC,, , if and
only if whenever M | ZFC™ is transitive with A\, A, Z € M and whenever N is
transitive and j : M — N is an elementary embedding with critical point « such
that j(k) > A, we must have j” A ¢ j(Z); in other words, A being in M guarantees
that j”\ ¢ j(2).

Proposition 3.4. If P, )\ is weakly compact then the non—weakly compact ideal
NWCy » is a strongly normal proper ideal.

Proof. Let us show that NWC,, , is strongly normal; the rest is routine. Suppose
Z, € NWC,  for all @ € P.X and let Z = y{Zy : a € PA} =ger {x € P :
x € Z, for some a € P, x}. For each a € P\ there is some A, C A witnessing
that Z, € NWC, . Since |PA| = |[A|<" = |)| there is a single set A C X coding all
of the A,’s as well as the sequence 7= (Z, : a € PgA) in the sense that whenever
M is transitive with A € M then A, € M for all a € P, )\ and Z € M. Clearly we
have that for every a € P,\ the set A witnesses that Z, € NWC,, ». Let us argue
that A witnesses that Z € NWC,, 5. Suppose M = ZFC™ is transitive of size A
with \, A, Z € M, N is transitive and j : M — N is an elementary embedding with
critical point k such that j(k) > A. We must argue that ;7\ ¢ j(Z). Since A € M
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we have Z € M and we let j(Z) = (Z, : b € j(P.\)). Notice that Zj(a) = j(Za) for
all a € P\ by elementarity of j. By definition of Z,

J(Z) ={x € j(P\) : & € Z, for some b € Pj(,), x}
where j(k);x = |j77AN j(k)|N = k. For the sake of contradiction, suppose j”\ €
j(Z). Then j7\ € Z; for some b € Pj();-,3" A = P, j” A. Since the critical point of
j is & we see that b = j(a) for some a € P\ and hence j"\ € Zj,) = j(Z,) for
some a € P, A. This contradicts the fact that A witnesses Z, € NWCj ». [l

Since NSSj » is the minimal strongly normal ideal on P;\ we obtain.
Corollary 3.5. If P )\ is weakly compact then NSS,, x € NWC,, ».
To see that NSS, » € NWC,, » when P\ is weakly compact, let us consider

the set S = {x € P, A : |z N k| = |z|}, which played an important role in various
results on almost disjoint partitions of elements of NS:) , (see the discussion around

Proposition 25.5 in [Kan03]).

Proposition 3.6 (Proposition 25.5, [Kan03]). Suppose that k < X and S = {x €
P\ |z Nkl =|z|}. Then:
(a) S e NS:)/\
(b) If k is a successor cardinal then S € NS .
(c) If K < X and K is A\-supercompact then S ¢ NSF .
(d) (Baumgartner) If X C S is stationary then X can be partitioned into A
disjoint stationary sets.

Straight forward arguments show that if NSS, » is nontrivial, Proposition
can be improved by replacing NS,; x with NSS,;  in (a) and (b) and by weakening
the hypothesis and strengthening the conclusion of (c).

Proposition 3.7. Suppose kK < A and S = {x € P\ : |[x Nk| = |z|}. Then the
following hold.

(a) If NSS, x is nontrivial then S € NSS:)/\.

(b) If K is a successor cardinal then S € NSSJ ;.

(c) If P is weakly compact then S € NWC, ».

Proof. For (a), first notice that if x is a successor then by Proposition (a),
S eNS;, C NSS:)/\. On the other hand if  is a limit, then by Theorem 2]  is
Mahlo since NSS,, » is nontrivial. Fix f : P.A — P.A and recursively define x(n)
and y(n) as follows. Let y(n + 1) = U f[Ps,,,#(n)] € P:\ and define z(n + 1) =
y(n)U]y(n)|. Notice that z(n+1) € S. Now it follows that 2(w) =qet U,,,, (n) € S
and f[Px,,7(W)] C Py, z(w).

For (b), if x is a successor, say £ = pu* then {x € P.A: [z Nk| = p} is in NSS}, |
and is a subset of S.

For (c), fix A C X and let M be a (k,A)-model with 4,5 € M. Since P, is
weakly compact there is a j : M — N with critical point s such that j(k) > A
and ;77X € N. In N we have || < [j7A], and hence ;7\ € j((PsA) \ S). Thus
S € NWC,j.». O

Corollary 3.8. If P )\ is weakly compact then NSS, x € NWC,, ».

Proof. If P;\ is weakly compact then NSS, » € NWC, » by Corollary and
S={zxePA:|xNk| =]z} € NWC, \ NSS, x. O
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4. INDESCRIBABILITY OF SUBSETS OF P.\

According to [Abe98|] and [Car85], in a set of handwritten notes, Baumgartner
[Bau| defined a notion of indescribability for subsets of P\ as follows. Give a
regular cardinal x and a set of ordinals A with x < |A|, consider the hierarchy:

Vo(r, 4) = A
Var1(r, A) = Pe(Va(r, A)) U Va (s, A)
Va(k, A) = U Va(k, A) for « a limit
B<a
Clearly V,; C V. (k,A) and if A is transitive then so is V,(k, A) for all o < &.

See [Car85l Section 4] for a discussion of the restricted axioms of ZFC satisfied by
V. (k,\) when & is inaccessible.

Definition 4.1 (Baumgartner [Bau]). Suppose & is a regular cardinal and A is a
set of ordinals with x < |A|. Let S C P,A. We say that S is II! -indescribable in
P, A if whenever (V(k,A),€,R1,...,Rr) E ¢ where k < w, Ry,..., R C Vi(k, A)
and ¢ is a I} sentence, there is an = € S such that

Nk =ky and (Vi, (ks, ), €, ROV, (Ke, 2)) E @

Abe [Abe98| Lemma 4.1] showed that if P, A is II.-indescribable then
! (k, A) = {X C P,A: X is not II}-indescribable}
is a strongly normal proper ideal on Py A.

Lemma 4.2. [Abe98| page 270] Assuming |A| > k, there is a I1}-sentence o such
that (Vi (k, A), €) = o if and only if k is inaccessible.

Lemma 4.3. [Abe98, Lemma 1.3] Suppose & < X are cardinals and k 1is regular.
) Vi(k, A) = UzGP A Ve, (Ka, ).
) If y © x then Vi, (ky,y) € Vi, (Ke, ).
) If kp =Nk is inaccessible then Vieo (B2 @) = U0 Vs, (K4, y)-
4) For any bijection h : Vi,(k,A) = P, {x € P.A: h[Vi, (kg x)] = Pz} €
NSS; »-
(5) If & is inaccessible then {x € P\ : Vi, (ke ) < Vi(k, )} € NSS |

(1
(2
(3
(

Abe states Lemma (.3 without proof; we now present a restatement and proof
of Lemma (5) (see Lemma 7] below) since it is vital to our proof of Theorem
410 and seems to be somewhat nontrivial.

Lemma 4.4. Suppose k < X are cardinals and k is regular. If z,y € P\ and
x Cy then Vg(kz,x) C Va(ky,y) for all B < kg and Vi, (kz, ) C Vi, (Ky,y).

Proof. Notice that £, < k,. We proceed by induction. Clearly V(kg,z) = x C
y = Vo(ky,y). Suppose Vo (kz, x) C Vo(ky,y), then

Vati(kia, @) = P, (Va(kia, ©))UVa ke, ) C P, (Va(ky, y))UVa(ky, y) = Vagi(ky, y).

Assume that Vo (kg, ) € Val(ky,y) for all @ < v < kg where « is a limit ordinal.
Then V, (kz, x) C V4 (ky,y) follows easily by definition. O
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Lemma 4.5. Let k be an inaccessible cardinal and X a set of ordinals with k < | X]|.
Suppose f : P.X — P.X is a function such that for every z € P,X we have
sup(zNk)T C f(z). Forz € P.X, iftNk € k and f[P. z] C P, x then ky = xNK
is a weakly inaccessible cardinal.

Proof. Suppose x N k were singular. Then some z € P, x is cofinal in x N k. But
then since f[P,, z] C P, we have sup(zNr)*t C f(z) € P, x, which is impossible
since sup(z N k)" > k,. This implies that z N k is a regular ordinal and thus a
cardinal.

Suppose x Nk were a successor cardinal, say z Nk = u+. Since k, = xNK =
it follows that u € P, x and since f[P,,z] C P, @ we conclude that sup(u)™ =
ut =k, C f(u) € Py, x, which is impossible. O

+

Lemma 4.6. Suppose k is an inaccessible cardinal and A is a set of ordinals with
k < |Al. If X C Vi(k,A) and |X| < K, then there exists x € P,A such that
X CV,, (K, ).

Proof. We will prove by induction that for all o < &, if X C V,,(k, A) and | X| < &
then there is an x € P, A such that X C V,,_(k4,x). Suppose X C Vy(k,A) = A
and | X| < &, then X € P,A. By the inaccessibility of k we may let € P;A be such
that X C x and | X| < kg. Then X € P, x C V,,, (Kg,x). Suppose X C V,,(k, A) for
some limit o < k. Let (B(i) : i < cf(a)) be cofinal in . For each i, X NV (k, A)
is a subset of Vj(;)(k, A) of size < k. Thus by induction, for each 7 there is some

z(i) € PyA such that X N V) (k, A) € Vi, (Ka@y), 2(6)). Let @ = U, _cpq) 2(0)-
Since (i) C x, by Lemma 4, we have V. (kz(),2(i)) C Vi, (kz, ) for each
i < cf(a). Thus

X= | X0V A) S | Ve (Fagp), 2(0) € Vi, (i, ).
i<cf(w) 1<cf(a)
Now suppose X C Voi1(k, A) = Po(Vo(k, A)) U Vy(k, A). Then we may write
X =Y UZ for some Y C P;(Vy(k,A)) and Z C Vo (k,A) with Y N Z = &. Let
X' = (UY)U Z, then we have |X’'| < x and X' C V,(k,A). By the inductive
hypothesis there is some y € P A such that X' C Vi (ky,y). Now choose z € P A
with k, T ky. Then X' C Vi (ky,y) C Vi, (ke,x) implies X € X' U P, X' C
Viep+1(ke, 1) C Py, (kg, ) and thus X C Vi (kz, ). O

Here we present, with proof, a slight modification of Lemma [3(5).

Lemma 4.7. Suppose & is inaccessible and A is a set of ordinals with x < |A|. If
RCV, (f<a A) then

={zx € PA: (Vg (ke,x), €, RNV, (Kz,x)) < (Vi(k,A),€,R)}

s in NSSmA; in other words, there is a function f : P;A — P.A such that Cy =qet
{r € P,A: f[Ps,x] C Py,x} CC.

Proof. Let <1 be a wellordering of P, A. Define f : P;A — P, A by letting f(z) be
the <-least y € P; A such that

Sk AV, (2, 2), €) C Vi, (y, y) and

)
) sup(zﬁfq)‘L Cy,
)
) Iyl =ynm= sy
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That such a y can be found follows from Lemma and the fact that {z €
P.A:|z| = 2Nk = k,} is unbounded. Suppose f[P., z] C P, x. Since z Nk € &,
it follows by Lemma that k, = x N k is a weakly inaccessible cardinal.

Next we will argue that conditions (1) and (4) imply that |z| = k,. Notice
that the set D =40t {# € PyA : |z| = 2Nk = k,} is a Jech club, meaning that
D € NS;, 4. Since z € f(2) € D for every z € P, A we may apply Lemma 24 to
see that C'y C D and hence « € D, which implies |z| = 2 Nk = K,.

Since |z| = z Nk = K, is a weakly inaccessible cardinal, we may fix a bijection
b from the set of successor ordinals less than x, to z. We recursively define a C-
increasing sequence (x(i) : i < kg) in P, x and an elementary chain (M; : i < Ky)
of substructures of (Vi (k,A), €) as follows. Choose z(0) € P, x and let My =
SkV"(K’A)(VNz(D) (Kz(0),2(0)), €). By (3) and the fact that f[P. z] C Py, x, it follows
that My C Vi, (ky,y) for some y € P,z with 2(0) C y. Given 2(i) and M;, let
x(i+1) be the <-least element of P, x such that z(¢)U{b(i+1)} C z(i+1) and M; C
Viwiorn, (Fa(isn), 2(i+1)). Define My = Sk (Vi - (kygign), 2(i+1)), €). I
i < kg is a limit let z(i) = U;, 2(j) and M; = UJ;, M;. It follows by induction,
applying the elementary chain lemma at limit stages, that for every j < k; we
have i < j implies M; < M;. Thus (M; : i < k) is indeed an elementary chain of
substructures of (Vi;(k, A),€). Since b(i + 1) € x(i + 1) for all i < K, and b is a
bijection from the successor ordinals less than k. to z, it follows that

x = U x(2). (4.1)

1<Kg
Thus r; = U;.,, Ka(i)- Furthermore we have
U M,; = U Viwioy (Fa(i), (1)) (by construction)
i<Kg i<Kg
= U Vi, (Ky,y) (use (1) and k; inaccessible)
y=<x
= Vi, (Kz, ) (Lemma [A3))

Since (M; : i < Kk;) is an elementary chain, each M; is an elementary substructure
of (Vi, (ksz, ), €) and hence (Vi (kz, ), €) < Vi (k, A) by the Tarski-Vaught test.
[l

Lemma 4.8. If § is inaccessible and A is a set of ordinals with 6 < |A|, then
Vs(8, A)NVs = V. In particular, if © € P, and Kk, is inaccessible then V. (K, )N
View = Vi, -

Proof. Tt suffices to show that for every a < § we have V,, (4, A) NV, = V,, which
can be done using an easy induction argument. ([

Lemma 4.9. Forz € P\ with 1 <z Nk = Kk, € k we have P ANV, (kg x) =
P,z

Proof. Notice that Vi(k;,2) = (Pe,x) Ux C V, (Kg,2z). Hence P,z C P,AN
V. (Kg, ). For the converse, it suffices to prove by induction that for every a <

ke we have PoA N Vy(ky, ) € Py z. For o = 0 notice that P, A N Vo (ke,x) =
(PiA) Nz = (xNK) = Ky C Py x. Assuming that P.A NV, (ky,z) C Py x, let
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us consider P, A N Vyq1(Ke,x). Since PoA N Py, (Vo (K, ) C Py, x it follows that
P AN Vog1(kg, ) = PAN P, (Vo (Kz,x)) C Py, x. The limit case is trivial. O

As mentioned in Section[I] the next theorem suggests that one should use strong
stationarity instead of stationarity when generalizing the notion of 1-club subset of
K to that of P, A.

Theorem 4.10. If k is Mahlo and A is a set of ordinals with k < |A|, then
S C P, A isin NSS:)A if and only if S is II§-indescribable in P, A (i.e. first-order
indescribable); in other words,

I (k, A) = NSS, 4.

Proof. Suppose S is in NSS;A7 R C Vi(k,A) and let ¢ be a first order sentence
with (Vi(k,A),€,R) = ¢. By Lemma [L7] there is a weak club Cy such that
xz € Cy implies (Vi (kz,2),€, RN Vi, (kz, ) < (Vi(k,A),€,R). If we choose
x € CrNS #athen (Vi (kg ), €, RNV, (ka, ) E .

Conversely, suppose S is II}-indescribable, i.e. S € II}(x, A)T, and let Cy C P, A
be in NSS} 4 where f : P,A — P;A. Since Vi(k, A) = (P, A) U A, it follows that
f C Va(k, A) C V,(k,A). We have

(Vi(k, A) €, f, P A) = (Vy € P A)(3z € P.A)(f(y) = 2). (4.2)

Since S is II}-indescribable we may fix an z € S with Nk = k; to which the
formula in ([@2]) reflects. Since z Nk = k,, we may apply Lemma to obtain
P, ANV, (Kg,x) = Py, x. Since f NV, (K, ), it follows that

(Vieo (K2, 2), €, f | Pz, P, x) | (Vy € Pe,x)(32 € P, z)((f | Pe,)(y) = 2).
Therefore x € SN CYy. O

5. INDESCRIBABILITY, n-CLUBS AND WEAK COMPACTNESS

First, we show that under reasonable assumptions, a set S C P, \ is IT! -indescribable
if and only if SNC # @ for all n-clubs C C P, \. Let us define the notion of n-club
subset of P, \A. Recall that Definition [[Ilstates C' C P\ is 1-club if and only if

(1) Ce NSSZA and
(2) C is 1-closed, that is, for every & € P, if k; is an inaccessibld] cardinal
and CN P,z € NSS:ME then x € C.

We generalize Hellsten’s [Hel03, Section 2.4] notion of n-club subset of a cardinal
to the two-cardinal context as follows.

Definition 5.1. Suppose x is an inaccessible cardinal and A is a set of ordinals
with k < |A]. A set C C P, A is 0-club in P, A if and only if it is a weak club
in P;A. For n < w, we say that C C P,A is (n + 1)-club in P, A if and only if
C € 11} (k, A)* and whenever z € P, A is such that C N P,z € I} (kz, 2)" and k,
is inaccessible, then we have z € C.

Lemma 5.2. Suppose & < X are cardinals where k is Mahlo and n < w. If P\ is
I} -indescribable so that 1% (k, \) is a proper ideal, then every n-club subset of P\
is (n + 1)-club.

4Notice that we could replace “inaccessible” with “Mahlo” here to obtain an equivalent defi-
nition because NSSL@ # @ and kg inaccessible implies x5 is Mahlo, by Theorem 211
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Proof. For n = 0 we must show that if C' C P\ is a weak club, then it is a 1-club.
Suppose f : P.A — P\ is a function with C = Cy = {x € P.A: f[P., 2] C P, x}.
Clearly Cy € NSS! . Suppose z € P\ is such that Cy N P,z € NSS}  and k, is
inaccessible. Suppose & ¢ Cy. Then there is some y € P,z such that f(y) ¢ P., z.
Since § =qef {#z € Pe,x 1y € Pe,z} € NS, it follows from Lemma 2.4 that
there is a g : P, , v — P, x such that C; C ¢. Since C¢ N P, x has nontrivial
intersection with every weak club subset of P, x, we conclude that there is some
w e (CyNP,,z)NC,. Since w € Cy C § we have y € P, w, but since f(y) ¢ P, x
we also have f(y) ¢ P, w and thus w ¢ Cy.

Suppose n > 0 and C' C P\ is an n-club. Since II.(k, \) is a proper ideal, we
see that C' € TIL (k, A\)*. To show that C is an (n+1)-club, suppose z € P\ is such
that CN P,z € 1T} (k,, #) T and k, is inaccessible. Then CN P, x € 1L, (kz, )T,
and hence x € C since C' is n-club. O

Let us consider the following generalization of a standard fact (see [Kan03l Corol-
lary 6.9]).

Lemma 5.3. For every n < w there is a H}LH sentence @, such that for any
inaccessible cardinal x and any set of ordinals A with k < |A| we have S is IT}-

indescribable in P, A if and only if (Vi.(k,A),€,5, P, A) E ¢n.

Proof. For n = 0, since the II}-indescribability of S is equivalent to its strong
stationarity (by TheoremEI0), we let ¢y be the natural ITj description of the strong
stationarity of S; that is, g is the I} statement “for all functions f : P, A — P.A
there is an « € S such that f[P,, x] C Ps, a”.

Suppose n > 0. As noted in [Abe98| Section 4], there is a universal 11} formula
Y1,n(X,Y) where X a second-order variable and Y a first-order variable, in the
sense that for any II. formula ¢(X) there is a k& < w such that whenever § is an
inaccessible cardinal, A is a set of ordinals with |A| > k and R C V;(d, A) we have

(V5(0, A), €) = ¢[R] if and only if (V5(d, A), €) = 1,.[R, K]
Since 11 ,, is [T}, it follows that the statement
VXYY (1, X, Y] = Tz € S(Vi, (Ka, ), €) E Y1 0[X NV, (kg 2),Y])),

which we denote by ¢, is IT}, 41+ It is straightforward to see that ¢, satisfies the
conclusion of the lemma. ]

Generalizing [Hel03, Theorem 2.4.2] we obtain the following result which was
mentioned in Section [I1

Theorem 1.2. Suppose K < X are cardinals with A< = X\, n < w and P\ is
I} -indescribable. Then S C Py is 11! -indescribable if and only if for all n-clubs
C C P\ we have SNC # @.

Proof. The cases n =0 and n = 1 follow directly from Theorem

Suppose 1 < n < w. For the forward direction, suppose S C P\ is IIL-
indescribable and suppose C' C P, \ is an n-club. Since C' € I}, (k, A\)*, it follows
that (Vi (k,A), €,C, PsA) E ¢n—1 A o where ¢, is the II} sentence from Lemma
BE.3and o is the [T} sentence from Lemma 2] asserting that k is inaccessible. Since

S € I1L (k,\)T there is an « € S such that z Nk = Kk, and
(VKI (K’l‘a I)a SN cn PKZZE, PKI'I) ': Pn—1 No.
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This implies C N P,z is in 11}, (ks, z)" and k, is inaccessible. Thus x € C since
C' is n-club.

Conversely, suppose S intersects every n-club subset of P, A. Let R C Vj(k, )
and let ¢ = VX1 (X) be a II} sentence where 1(X) is a X1 ;| formula such that
(Vi(k,A), €, R) = . Tt suffices to show that

D ={z e PX: (Vi,(kz,),€, RNV, (K, 2)) E ¢}

x

is n-club.
First let us show that D € IIL_,(k,A\)™. Suppose not, then

n—1
E=PA\D={zxePX:(V,, (kz,2),€, RNV, (ksz,z)) EIX(X)}
is in II! _;(k,\)*. By our inductive hypothesis, this implies that E contains an

n—1
(n—1)-club subset of P, A, and since (n—1)-clubs are n-clubs we see that E contains
an n-club. Since IT}(k, \) is a proper ideal, E is therefore II}-indescribable. Thus,
from our assumption that (Vi (k, ), €, R) = VX (X), we may conclude that there
is an # € E such that (V,,_(kg,2), €, RNV, (K, z)) |E YX(X), a contradiction.
Next, we show that for every z € P\, if DN Py x € L | (kz,2)" then z €
D. Suppose DN P,z € 11} ;(kz,z)" but « ¢ D. Then (Vi,(ke,x),E, RN

Vi, (kz, ) = —9[A] for some A C V,_ (kg,x). Since —¢[A] is a II}_; sentence, it
follows that there is some y € D N P, x such that

(Viey Ry, 9), € ROV (1y,y), AN Vi, (Ry, ) = ~9[A],

a contradiction. O

x

From Theorem [[.21 we can easily show that n-clubs are measure one with respect
to any supercompactness ultrafilter.

Corollary 5.4. Suppose k < X are cardinals with A<® = X and k is \-supercompact.
If U is a normal fine k-complete nonprincipal ultrafilter on P.\ then for alln < w
if C C PcA is n-club then C € U.

Proof. Let 5 : V. — N be the ultrapower by U. So the critical point of j is &,
j(k) > X and j7X € N. It is easy to see that every O-club is in U.

For n > 0, suppose C' is n-club in P,A. Then by elementarity, in N, j(C) is n-
club in j(P;A). It will suffice to show that the set j(C) N Pj(,),., 5" A = j(C)NPej” A
is a [T} _;-indescribable subset of P,j” X in N, because this implies 57\ € j(C). By
Theorem[I2] it will suffice to show that, in N, j(C)NP,j” A intersects every (n—1)-
club subset of P;j”\. In N, fix an (n—1)-club D C P,j”\. Since j | P.A — P.j”" A
is a bijection and j is a supercompactness ultrapower, it follows that j~1[D] is an
(n — 1)-club subset of P;A. Since C' is an n-club subset of P, A in V, it follows that
C is II},_,-indescribable, and thus there is some z € C'N j~'[D]. Then we have
j(z) =372 € j(C)N DN P.j”A. Thus, in N, j(C) N P,j” X is II}_;-indescribable
and so 77\ € §(C). O

Corollary 5.5. Suppose that k is A\-supercompact where k < X and \<" = \. If U
is a normal fine k-complete nonprincipal ultrafilter on P, then for all n < w we
have

! (k,\)* CU CTIL (k, M) T

Next, let us establish Theorem [[.4], which we restate here for the reader’s con-
venience.
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Theorem 1.4. Suppose & < \ are cardinals such that k is inaccessible and A\<* =
A\. Then a set W C P\ is I} -indescribable if and only if it is weakly compact.

To do this we will use the filter characterization of weakly compact subsets of
P\ due to Schanker [Sch13] given above in Lemmal[3](3), which strongly resembles
a filter characterization of II}-indescribable sets due to Carr [Car85).

Definition 5.6 ([Car83]). The normal ultrafilter property for X € NS:)\7 written
NUP, » x states that for any x-complete field B of subsets of P, A such that |B| = A,
X € B and (Va < AN)({a} =det {x € P.A: a € 2} € B), and for any collection
G = {ga : @ < A} of regressive functions on P,A such that (Va < M\)(V3 <
N (921 ({B}) € B), there is a r-complete ultrafilter U in B such that X € U,
(Va < A)(a € U) and every function in G is constant on a set in U.

For the reader’s convenience, let us recall that Carr showed that, under reason-
able assumptions, NUP, ) x is equivalent to X being II}-indescribable by using the
following generalization of a characterization of weakly compact cardinals due to
Shelah [She79].

Definition 5.7 ([Car85]). We say that X C P, has the A-Shelah property if and
only if for every sequence of functions (f; : z € X) € [[{*2: 2 € X}

Gf A= NV e PNy e XNa)(fy lz=f12)
where T = {z € P,z C y}.

Theorem 5.8 (Theorem 3.5 and Theorem 4.7 in [Car85]). Suppose k < X\ are
cardinals, k is inaccessible and A\~ = \. For every set X C P, )\ we have

X is H%—indescm’bable < X is A-Shelah <= NUP,, ) x.

Proof of Theorem[I.7} By Theorem [5.8 and Theorem B} it suffices to show that
Carr’s filter property NUP,, » w is equivalent to Schanker’s filter property Theorem
BI(3), but it is easy to see that Schanker’s filter property is a slight reformulation of
Carr’s filter property. Notice that if A is a collection of subsets of P,; A is in Theorem
[BIK3), then by the inaccessibility of k, there is a x-complete collection B of subsets
of P;\. Also notice that in Carr’s statement of NUP,, » y, the assertion that U is
a x-complete ultrafilter in U means the same thing as Schanker’s statement that U
is a k-complete filter measuring all sets in B. (]

Corollary 5.9. Suppose & < X are cardinals and A\<% = X\. If P\ is weakly
compact then the following hold.
NWC, » =11 (k,\) = {Z C P.A\: ZNC = @ for some 1-club C C P,\}
NWC, =T (s, \)F ={W C P.A: WNC # @ for every 1-club C C P A}
NWC}, , =TI} (k, A\)* = {C C P.\: C contains a 1-club}

6. APPLICATIONS

6.1. On a question of Cox-Liicke. The following question was posed in Cox-
Liicke. See Section [ for relevant background and definitions.

Question 6.1. [CLIT, Question 7.4] Assume (k7)<* = k™. Let  be an inaccessible
cardinal such that there is a normal filter F on P,x™ with the property that every
partial order of cardinality ™ that satisfies the x-chain condition is F-layered.
Must k be measurable?
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The answer is no. The proof of the following lemma is very similar to that of
[CL1T, Lemma 4.3].

Lemma 6.2. Suppose P.\ is weakly compact. Then every partial order of cardi-
nality at most X that satisfies the k-chain condition is NWC,’;A-layered.

Proof. Fix a surjection s : X — P. We must show that X = {& € P\ :
slz] € Reg,(P)} € NWC[ . Let M | ZFC™ be transitive of size A<" with
A X, P, s,Reg, (P),... € M and let j : M — N be an elementary embedding with
critical point x such that j(k) > X and j”\ € N.

Just as in Cox-Liicke, j[P] is a suborder of j(P) and j [ P : P — j[P] is an
isomorphism of partial orders. If A is a maximal antichain of j[P] then j~'[A]
is a maximal antichain of P and hence |A| < k. Since crit(j) = &, it follows
by elementarity that A = j[j~[A]] = j(j~'[A]) is a maximal antichain of j(P).
Hence, in N, j[P] is a regular suborder of j(P). Since j(s)[j”A] = j[s[A]] = j[P] €
Reg;(,) (7(P))N = j(Reg,(P)) we conclude that 57\ € j(X). Thus X € NWC;, ;.

O

Recall that, as a matter of terminology, P\ is weakly compact if and only if &
is nearly A-supercompact. Schanker proved that if the near x'-supercompactness
of s is indestructible by the forcing to add x* Cohen subsets of «, then the near
xT-supercompactness of & is indestructible by the forcing to add any number of
Cohen subsets of k. This allowed Schanker to then show [Sch13l Theorem 4.10 (2)]
that if  is nearly xT-supercompact and 2% = xk* then there is a forcing extension
V[G] in which & is nearly x-supercompact and the GCH fails first at , hence & is
not measurable. Translating Schanker’s results into our terminology we obtain the
following.

Proposition 6.3. Suppose P.x™ is weakly compact and GCH holds. There is
a cofinality-preserving forcing P such that if G C P is generic then in V[G] the
following hold.

(1) GCH fails first at s, hence (k7)<% = kT and k is not measurable.

(2) (P.xT)VIE) is weakly compact, hence F =qet (NWC:7N+)V[G] is a nontrivial
normal ideal and by Lemmal6.2, every partial order of cardinality at most
kT that satisfies the k-chain condition is F-layered.

This answers Question [6.1] and establishes Theorem [[LHin the case that A = .
The case in which A > xTT requires more work: the usual reflection arguments
[Sch13, Theorem 4.10 (3)] show if x is nearly x**-supercompact then GCH cannot
fail first at k. However, by carrying out a delicate argument using the lottery
preparation [Ham00] and the fact that in forcing extensions V' C V|G| satisfying
the d-approximation and cover properties for some § < k, definable elementary
embeddings h : V[G] — N with critical point x must lift ground model embeddings
[HamO03| Corollary 8], Schanker proved the following.

Theorem 6.4 (Schanker [Sch13]). If k is nearly A-supercompact for some A > 2%
such that X< = X, then there exists a forcing extension preserving all cardinals
and cofinalities above Kk where K is nearly A-supercompact but not measurable. Fur-
thermore, in this extension 2% = AT, and if the SCH hold below k in the ground
model, then no cardinals or cofinalities were collapsed.

Again, by translating the previous theorem of Schanker’s to our terminology,
and applying Lemma we obtain Theorem
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6.2. Two-cardinal indescribability and generic embeddings. Let us recall
the following standard fact concerning generic ultrapowers (see [Forl(] for more
information).

Lemma 6.5 (Folklore). Suppose & is regular, kK < X with A< = X, and I is a
k-complete normal fine ideal on P.X. If G C P(P.A)/I is generic and j : V —
M = VPG C VI[G] is the corresponding generic ultrapower then the following
conditions hold.

(1) G extends the filter I* dual to I.

(2) crit(j) = & and j(k) > .

(3) [id]g = 7"A € M and thus for all X € P(P,\)V we have X € G if and only
if A EM j(X).

(4) For every function f: PsA — V in V we have j(f)(§"A) = [fla-

(5) M is wellfounded up to (A\*)V.

The previous lemma easily yields the following standard result.

Proposition 6.6 (Folklore). Suppose k is reqular, k < X and A<" = . A set
S C P is stationary if and only if there is a generic elementary embedding j :
V — M C VI[G] with critical point k such that j(k) > X\ and j° X € 5(S) N M.

Proof. Suppose S is stationary and let G C P(k)/(NS, » [ S) be generic. Since
NSk [ S is a k-complete normal ideal on P, we have crit(j) = s and [id]g = 77\
Hence j7X € M. Since A = j(f)(57 ) = [f]e¢ where f(z) = ot(z) and j(k) = [ck]a
we have A < j(k). Clearly S € (NS, » [ S)* C G and hence « € j(95).

Conversely, suppose that j: V — M C V]G] is a generic elementary embedding
with critical point k such that j(k) > X and j7X € j(S) N M, where j is obtained
by forcing with some poset P. Fix a club C C P\ in V. Then

I'={X € P(P:}):lFp j7A ¢ j(X)}

is a normal ideal on P;A in V. This implies that C € I*, in other words, IFp
7A€ 4(C). Thus M = j(S)Nj(C) # @ and by elementarity SN C # &. O

The following lemma is a straightforward generalization of standard fact about
IT7"-indescribable filter on a cardinal x (taking n = m = 1 in the next lemma yields
a result proven above; see the proof of Theorem in Section [{l).

Lemma 6.7. Suppose k < X\ are cardinals and P, is 11" -indescribable. Further
suppose that Ri,...,Rry C Vi(k,\) where k < w and ¢ is a II" sentence. If
(Vi(k,A), €, Ry, ..., Ri) = ¢ then the set

{z € P.)\: (Vi (Kg, ), €, R1 NV, (kg ), ..., RN Vi, (ks ) = 9}
is in the filter I (k, A)*.

Next, we will provide a characterization of II]"-indescribable subsets of P.A in
terms of generic embeddings.

Proposition 6.8. Suppose n,m < w, k is reqular, A > k is a cardinal with A<% = \
and S C P. . The following are equivalent.
(1) S is I -indescribable in P, A
(2) There is a generic embedding j : V — M C V[G] with critical point k such
that crit(j) = K, j(k) > A, 77X € j(S) N M and for every IIT"-sentence ¢
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over (Vi(k,\), €, Ry,...,Ri) where Ry,..., R, € P(Vi(k,\)V it follows
that
(Vi(ky A), €, Re,y ..o, Ri) = )Y

implies

(Vilre, 57 0), €, (Ba) O Vi (15, 57N 3 (Bi) O Vi, 7A) = )™
Proof. To see that (1) implies (2), suppose S C P is II"-indescribable. Let G
be generic for the poset P(P.A)/(II7' (K, A) [S) — {[@]}. Since G extends the filter
(I (k,A) | S)* and S € (II"(k, A) | S)*, it follows that S € G. Thus, by Lemma
B6A if welet j : V — M = VI**/G C V]G] be the generic ultrapower obtained
from G, then j”X € j(S) N M. Furthermore, if ¢ and Ri,..., Ry are as in the
statement of the proposition and

((Vn('k‘./u )‘)7 <, Rlu ey Rk) ': QO)Vu
then it follows by Lemma and Lemma that

(Vilr, 57 0), €, (Ba) O Vi (1, 57 A), -0 3 (Bi) O Vi, 7A)) | )™,
Conversely, if (2) holds then it follows by elementarity that (1) holds. O

6.3. Two-cardinal weakly compact diamond. First, as an application of the
1-club characterization of weak compactness in Corollary [5.9] we will show that if

k is large enough then for every A > k with A<® = X and every weakly compact
W C P, OFS (W) holds (see Definition [L]).

Remark 6.9. In what follows we will identify subsets X C A with functions X :
ot(X) — X enumerating the elements of X in increasing order; in other words,
X (a) denotes the a-th element of X where a < ot(X).

Proposition 6.10. Suppose k is supercompact and X > k is a cardinal with A<% =
A If W C PoX weakly compact then $PS (W) holds.

Proof. Suppose « is supercompact and let £ : K — V; be a Laver function [LavT7§],
that is, for any A and any x € H,+, there is a A-supercompactness embedding
j: V — M with critical point &, j(k) > A, 7A€ M and j(¢)(k) = =.

Fix A > k with A<* = X and fix a weakly compact set W C P, \. For each z € W
with 2Nk € Kk and £(zNk) C ORD define a, = {z(8) : B < ot(z) Al(zNK)(B) =1}
where £(zNk)(53) is the S-th element of (2N k). Otherwise let a, be arbitrary. Let
us argue that the set Ex = {z € P;A: X Nz = a,} is weakly compact.

Fix a 1-club C C P.\. By Corollary 5.9 it will suffice to show that j”\ €
J(C) N j(Ex) where j is a A-supercompactness embeddingﬁ Take j : V. — M
to be a A-supercompactness embedding with j(¢)(x) = Fx. We certainly have
J"A € 3(C). Let j({ay : z € PA)) = (@, : z € j(PN)). Since ajox = {j7A(B) : B <
ANFO)(R)(B) =1} =35"X = j(X)Nj" A, it follows that ;7\ € j(Ex). O

When arguing that ultrapower embeddings j : V' — M by normal fine x-complete
measures on P;\ can be extended to forcing extensions by an Easton-support iter-
ation [P, one often uses a function f : k — & satisfying j(f)(k) > A to ensure that
the tail of j(IP) will be sufficiently closed. The same is true when lifting elementary
embeddings witnessing the weak compactness of subsets of P, A\.

5Let us emphasize that, in this context 7”X € j(Fx) does not directly imply Ex is weakly
compact because j is a supercompactness embedding, but the fact that Ex is weakly compact
follows from Corollary [5.9] or Corollary 5.5
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Definition 6.11. Suppose P, is weakly compact. We say that a function f : k —
k has the Menas property for weakly compact subsets of P, if and only if for every
weakly compact W C P, A and every A C ) there is a transitive M = ZFC™ of size
A<F with \, A, W, f € M, a transitive N and an elementary embedding j : M — N
with critical point s such that j(k) > A, j”A € j(W) and j(f)(x) > A

The proof of the following lemma is essentially the same as that of [Sch13l Lemma
3.3]

Lemma 6.12. Suppose P\ is weakly compact. Then there is a function f : k = Kk
with the Menas property for weakly compact subsets of PgA.

Theorem 6.13. Suppose W C P\ is weakly compact and GCH holds. There is a
cofinality-preserving forcing extension V|G| in which W is a weakly compact subset

of (P-A)VIE! and &S (W) holds.

Proof. Let f : k — Kk be a function with the Menas property for weakly compact
subsets of P.A. Let Pyiq = <PQ,Q/3 ta < k+ 1,8 < k) be the Easton-support
iteration such that if v < k is inaccessible and f”~v C v then Q'v is a P,-name
for the forcing to add a single Cohen subset to 7, and otherwise Qv is a P,-name
for trivial forcing. Let Gu41 = Gy x H, C Py x QK be generic over V' and let
hy=UHx:k— 2.

We will identify each z € P\ with a function z : ot(z) — A enumerating its
elements in increasing order; in other words, z(a) denotes the a-th element of z
where o < ot(z). For each z € P\ with 2Nk € k we define a, = {2(8) : 8 <
ot(z) ANhu(zNKk+ B) =1} and let @ = (a, : z € P.\). Standard arguments show
that P,y preserves cofinalities under GCH, so it remains to show that, in V[G 1],
W remains weakly compact and that (a, : z € P,\) is a weakly compact diamond
sequence on W.

Fix X € P(\)VIG~+l Tt will suffice to show that Ex(W) = {z € W : X N
2 =a.} € NWCY I Pix 4 € POVIC] and let A, X, Ex(W), h,d €
H;Q be P, +1-names for the appropriate sets. We assume that A and X are nice
names for subsets of \. Working in V, let M |= ZFC™ be transitive of size A with
A,A,X,Ex(W),hK,é, Put1,... € M. Since W is weakly compact in V' there is a
j: M — N such that crit(j) = &, j(k) > X, 5(f)(k) > X and 537\ € j(W), as in
Lemma [3.21

We now show that standard arguments allow us to lift j to have domain M[G].
Since N<* NV C N we have j(P,) = P, * Q. * ]I'D;)j(ﬁ) where P;_j(,{) is a P+ Q-
name for the tail of the iteration j(P.) as defined in N. Since j(f)(k) > A, it
follows that the next stage of nontrivial forcing in j(P,) after x occurs beyond .

Thus, it follows that in N[G, * H,], the forcing IP’;J.(H) =def (P;,j(,i))Gm*HN is <A
closed. Since |N[G, * H,]|VIG=*Hs] < X, the poset P, j(x) has at most \-dense sets
in N[G, * Hy]. The model N[G,, * Hy]| is closed under <A-sequences in V|G, * H,]
and thus, working in V|G * H] we may build a filter G| ;) € V|G, * H,] which

i) over NGy = H,]. Since the critical point of j is £ it follows

that j[Gx] C G x Hy * G;7j(m) and thus j lifts to j : M[G.] — N[Gj)] where

Gj(ﬁ) = G,{ * HK * G;.(ﬁ).
We define m : A — 2 by letting m | & = h,, and m(k+a) = X () for k +a < A,
where we are identifying X with it’s characteristic function; that is, X (§) = 1 if

is generic for P
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and only if £ € X. Since hy is clearly in N[Gj(,)], to check that m € j(Qy) it will
suffice to show that X € N[Gj(ﬁ)]. Since X is a nice P, 1-name for a subset of ), it
follows that X = J, . {a} x Ay where A, is an antichain of P,y for each a < A.
Since j”X € N we have j”X = [J, . \{j()} x 77 Aq €, and since j [ Pryq € M, it
follows that X € M. Hence we have X = Xg, ,, € N[C;'j(,{)].
Since m is a condition in j(Q,) we may build a filter ﬁj(ﬁ) C j(Q,) with m €
Hj(.y which is generic over N[G
M(G, * Hy] = NGy * Hy). )
Since @ € M[Gy * H,| we may let j(@) = (a. : z € j(PxA)). Since m € Hj,),
it follows that j(hs)(x + 8) = X(B) for all 8 < A. By definition a, = {z(8) : § <
ot(z) A hg(z Nk + B) = 1}, thus by elementarity
J@EA) = agma = {T7NB) : B < ob(7N) A G(he)(7AN () + B) = 1}
={i(B): B <ANG(he)(s + B) =1}
={j(B): B <ANX(B) =1}
— j(X)non

Thus 7\ € j(Ex (W)). O

iyl Since j"H, C Hj.y, we may lift j to j :

Standard arguments can be used to prove the following.
Proposition 6.14. S (W) implies that NWC,, \ [ W is not A\-saturated.

6.4. Indescribable semimorasses. For cardinals k < A, a (k, A)-semimorass is
a subset p© C P,A which is well-founded with respect to C and satisfies certain
homogeneity properties (see Definition[G.I5below). The reader may consult [Kos95]
or [KoslT] for some additional information and applications of semimorasses. If
uwC P.Aand z € Py, we define

ple={yepn:y<car}

Definition 6.15. Let x and A be cardinals with x < A. A (k, \)-semimorass is a
family p C P; A which satisfies the following properties.

(1) p is well-founded with respect to C.

(2) p is locally small, that is, for all x € p, |u | 2| < k.

(3) w is homogeneous, that is, if z,y € u and rk(z) = rk(y) then = and y have
the same order type and p [y = {fzy[z] : 2 € p [ 2}, where fp ,:x =y is
the unique order-preserving isomorphism from z to y.

(4) p is directed with respect to C, that is, for all z,y € p there is z € p such
that z,y C 2.

(5) w is locally semi-directed, that is, for all z € p either

(a) p [z is directed, or
(b) there are z1,22 € p such that rk(z1) = rk(zz2) and © = 1 * z2, that
is, « is the amalgamation of x; and xo with respect to p.
(6) p covers A, that is, [Ju = A.
(7) p has height &.

Koszmider [Kos95] proved that if k<% = x then there is a <s-directed closed
kT-c.c. poset K, .+ such that if g C K, .+ is a generic filter over V then u = [Jg is
a stationary (k, k*)-semimorass. Pereira [Perl7] used an Easton-support iteration
of Koszmider forcings to prove that if x is k™-supercompact and GCH holds then
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there is a cofinality-preserving forcing extension V[G] in which there is a normal
fine k-complete nonprincipal ultrafilter U € V[G] on (P,x*)VI%! which contains a
(k, k1)-semimorass p € U. It is an easy consequence of Corollary [5.5 and Pereira’s
result that if x is x*-supercompact and GCH holds then there is a cofinality-
preserving forcing extension in which there is a (k, kT )-semimorass y C Pyr™
which is IT}-indescribable for all n < w.

Corollary 6.16. If k is kT -supercompact and GCH holds then there is a cofinality-
preserving forcing extension V[G) in which there is a (k, k1)-semimorass p C Py A
which is 11} -indescribable for all n < w.

7. QUESTIONS

7.1. Shooting 1-clubs. In many ways 1-club shooting forcings, and more generally
n-club shooting forcings, are more well-behaved than club shooting. For example,
Hellsten proved [Hel03] that if W C & is any weakly compact set and GCH holds
then there is a cofinality-preserving forcing extension in which W contains a 1-club
and all weakly compact subsets of W are preserved, whereas the forcing to shoot a
club through a given stationary set S C x may collapse cardinals unless S contains
the singular cardinals less than x. Similarly, in [CGLH] it is shown that if W C &
is any II}.-indescribable set and GCH holds then there is a cofinality-preserving
forcing extension in which W contains an n-club and all II};-indescribable subsets
of W are preserved. Can these results be generalized to the two-cardinal context?

Question 7.1. Suppose W C P\ is weakly compact and GCH holds. Is there a
cofinality-preserving forcing extension in which W contains a 1-club and all weakly
compact subsets of W remains weakly compact?

The work of Gitik [Git85] seems to be relevant to answering Question [.1] how-
ever this remains open. When attempting to answer Question [[.I] the author
considered various Easton-support iterations, and in an attempt to build master
conditions for such forcings, the author was led to the following related questions

(Question [7.2 and Question [[.3] below).

Question 7.2. Is it consistent that there is a weakly compact set W C P.x™ which
does not contain a 1-club and

forall z € Wif y C z and |y| > K, then y € W?

Koszmider (see [Kos17, Proposition 4.3] or [Kos95, Proposition 10]) has shown
that if p is a (K, A\)-semimorass (see Definition [6.15 above) then it satisfies the
following non-reflection property:

for every proper subset X C A with |X| > k we have uN P, X € NS, x. (K)

Combined with Corollary [616] this shows the consistency of the existence of a set
W C Pkt which is H}L—indescribable for all n < w and which satisfies Koszmider’s
non-reflection property (K). When attempting to build master conditions for various
forcings, the author arrived at the following question concerning additional non-
reflection properties of semimorasses.

Question 7.3. Is it consistent that there is a weakly compact set W C P.x™ such
that W is a special (k, k™ )-semimorass, meaning that it is a (k,s")-semimorass
and it satisfies the non-reflection property: for every proper subset X C x* with
|X| > k we have pN P, X € NS, x?
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7.2. The P;)\-weakly compact reflection principle. Schanker proved that if
k is kT-supercompact cardinal and GCH holds then there is a forcing extension in
which x remains nearly xT-supercompact and the GCH fails first at &, hence & is
not kT-supercompact or even measurable. Can we obtain a similar forcing result
while preserving GCH?

Question 7.4. If k is kT-supercompact and GCH holds, is there a cofinality-
preserving forcing extension in which s remains nearly x*-supercompact, GCH
holds and & is not xT-supercompact? Phrased in our preferred terminology: if
P,k is weakly compact and GCH holds, is there a cofinality-preserving forcing
extension V[G] in which (P,xT)VI¢] is weakly compact, GCH holds and & is not
kT -supercompact?

In order to address this question, let us use the following definition.

Definition 7.5. Suppose & is inaccessible and X is a set of ordinals with x < | X|
and | X|<* = | X|. We say that a set W C P, X is weakly compact if and only if it
is II{-indescribable as a subset of P, X via Definition E1]

Under the assumptions of the previous definition, the collection NWC, x =
11 (k, X) is a strongly normal ideal on P, X (see Section[d]). If « is x-supercompact,
then it follows that for every weakly compact W C P,x™ there is an x € P.x™
such that WN P, oz € NWC:IJ.

Definition 7.6. For cardinals k < X\, we say that W C P, )\ is a non-reflecting
weakly compact set if and only if W is weakly compact and for all x € P\ the set
W N P, x is not a weakly compact subset of P, z. We say that the P,A-weakly
compact reflection principle holds and write Reflwc(k, A) if and only if every weakly
compact W C P, reflects at some z € P, A.

Hence, one could answer Question [T.4] in the affirmative by showing that if « is
kt-supercompact then there is a forcing extension V[G] in which there is a non-
reflecting weakly compact subset of (P.xT)VI¢ and (P.x*)V ¢ is weakly compact.
However, it seems that subtle issues involved with building master conditions pre-
vent one from using the usual forcing techniques.

Question 7.7. Suppose P, s is weakly compact and GCH holds. Is there a forcing
extension V[G] in which (P,xt)VIl is weakly compact, cofinalities are preserved
and there is a weakly compact set W C (P.x7)VI such that for all z € (P,x+)VIC]
we have (W N P,z ¢ NWC/ )VIcl?

The proof of the following is a straightforward application of the fact that II}-
indescribability can be expressed by a II3-sentence (see Lemma [5.3).

Proposition 7.8. Suppose k < X are cardinals with \<* = X and P\ is 1L}-
indescribable. Then Reflwc (s, \) holds.

Question 7.9. Is it consistent that P;\ is weakly compact where x < A and
A<F = \, Reflwc(k, A) holds and P, is not IT-indescribable?

7.3. Alternative 1-clubs.

Question 7.10. One can formulate a notion of 1-club subset of P\ using Jech’s
NS, instead of NSS,; ». In other words, we define C' C P, A to be Jech-1-club if
and only if C' € NS; » and whenever x € P, is such that s, is inaccessible and
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CNnP,ze NS™  we have x € C. What is the relationship between 1-club and

Ka &

1’-club subsets of P.\ when & is Mahlo?
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