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5/6-SUPERDIFFUSION OF ENERGY FOR COUPLED CHARGED
HARMONIC OSCILLATORS IN A MAGNETIC FIELD

KELJI SAITO, MAKIKO SASADA, AND HAYATE SUDA

ABSTRACT. We consider a one-dimensional infinite chain of coupled charged har-
monic oscillators in a magnetic field with a small stochastic perturbation of order
€. We prove that for a space-time scale of order ¢! the density of energy dis-
tribution (Wigner distribution) evolves according to a linear phonon Boltzmann
equation. We also prove that an appropriately scaled limit of solutions of the lin-
ear phonon Boltzmann equation is a solution of the fractional diffusion equation
with exponent 5/6.

1. INTRODUCTION

There has been much progress during the past decades in the understanding of
superdiffusion in one dimensional systems with several conservation laws. Chains
of coupled oscillators are typical models showing superdiffusive transport of energy.
They are the one-dimensional Hamiltonian systems

{%qxu) = 0 H(va(t), 4 (1))
Lop(t)  =-05, H(v2(t), qu(t)),

with Hamiltonian

2
H = Z (% + V(Qz _Q:z:+1)) .
xeZ

Here v,(t) is the velocity of the oscillator x at time ¢t and ¢, (t) is the displacement
from its equilibrium position of the oscillator x at time ¢. In the case where the
potential V' is quadratic, the dynamics is linear and the chain is said to be har-
monic and otherwise anharmonic. The Fermi-Pasta-Ulam chain (FPU chain) has
possibly cubic and/or quartic terms in the potential. Super diffusion of energy and
the divergence of the corresponding thermal conductivity have been observed nu-
merically in the dynamics of FPU chains ([5],[12],[13]). Strong efforts are made to
identify the exponent of the divergence and the nature of superdiffusion in FPU
chains numerically and theoretically in recent years.

In an innovative article [I5], Spohn discussed an asymptotic behavior of time-
dependent correlation functions of heat mode applying the method of fluctuating
hydrodynamics. His argument suggests that for general anharmonic chains the
macroscopic diffusion of energy is governed by the fractional diffusion equation

ate(yat) = _(_Ay)ae(yat)' (11)
Moreover, Spohn’s theory suggests that there are only two universality classes, s = %
5
or 3

However, a rigorous mathematical analysis of the energy transport in the an-

harmonic chains is too hard to justify Spohn’s theory. Recently as an analytically
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tractable model, the harmonic chains of oscillators with a stochastic exchange of mo-
mentum between neighboring sites, which we call the momentum exchange model,
was introduced [I]. In [I] the authors prove the divergence of the thermal conductiv-
ity for this model and obtain an explicit exponent of the divergence of Green-Kubo
formula. To understand the nature of superdiffusion for this model, a weak noise
limit is studied in [2]. They show that in the weak noise limit the time evolution of
the local density of the energy is governed by the Boltzmann equation

ou(y, k,t) + %w'(k)ayu(y,kz,t) = (Lu)(y,k,t), (1.2)

(Lu)(y, k, t) = /T Ak’ Rk, k) (u(y, K, t) - u(y, k, £)).

Here, the local density of energy u(y,k,t) depends on the position y € R along the
chain, the wave number k € T = [-3,1) and time ¢ > 0. w(k) is the dispersion
relation. Later in [9], it is shown that a properly scaled solution of the Boltzmann
equation (L2)) converges to the solution of the fractional diffusion equation (I.I]) with
s = % The main idea of the proof of this convergence is the following: Since the
scattering kernel R(k,k") is positive, (I.2)) can be interpreted as the forward equation
for the probability density of a Markov process (z(t),k(t)) on R x T. Applying

a limit theorem for additive functionals of Markov processes, the scaled process
N %z(N t) converges to a Lévy process generated by —(—A)% (up to a constant).
By this two-step scaling limit, the 3/4-fractional diffusion equation is derived from
the momentum exchange model rigorously. Recently the 3/4-fractional diffusion
equation is derived by a direct limit (namely one-step scaling limit) in [I0]. For a
variant of the momentum exchange model, a skew 3/4-fractional diffusion equation
is derived by a direct space-time scaling limit in [3].

Most recently in [14] [16] two of the authors introduced another variant of the
momentum exchange model which also shows the superdiffusive behavior of the
energy but the exponent of the divergence of Green-Kubo formula is different from
the original one. The model is a chain of coupled charged harmonic oscillators in a
magnetic field with a stochastic exchange of velocity between neighboring sites.

The goal of the present paper is to understand the nature of the superdiffusion
for this coupled charged harmonic chain of oscillators in a magnetic field with noise.
We apply the two-step scaling limits. Following the idea of [2], we first show as
Theorem [ that in the weak noise limit the local density of energy is governed by
the phonon linear Boltzmann equation

1
Oy, bit) + 5= (K)Oyuy, k1) = Ly, K1), (1.3
v
Lu(y,kit) = 3 /Tdk’ Rk,i, K ) (u(y, K, j,t) - uly, k,i,1)).
§=1,2

Here, the local density of energy u(y,k,i,t) depends on position y € R along the
chain, the wave number k € T, the type of phonon ¢ = 1,2 and time ¢ > 0. Then,
we consider a properly scaled solution of the Boltzmann equation (L3]) and show
that it converges to the solution of the fractional diffusion equation (L) with s = g
as Theorem This provides a first rigorous example of the 5/6-superdiffusion of
energy in a chain of oscillators.

A key ingredient of the proof of Theorem [ is the scaling limit of an additive
functional of a Markov process as the prior work. Actually, since the scattering
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kernel R(k,i,k',j) is positive, (IL3]) can be interpreted as the time evolution of the
density for a Markov process (Z(t), K(t),I(t)) on RxTx{1,2}. Applying a general
limit theorem in [9], we show that the scaled process N 3z (Nt) converges to a Lévy
process generated by —(—A)% (up to a constant) as Theorem [3l

The difference of the exponents between % (obtained in [9] [10] for the original
momentum exchange model) and % is explained by the asymptotic behavior of the

derivative of the dispersion relation w’(k) and the mean value of the scattering kernel
R(k) = [y R(k,k")dk" as k - 0. (We abbreviate the term ¢,j.) Roughly speaking, if

W'(k) ~ k% R(k)~k’ as k-0

for some a,b € Nyg, by applying the argument in [9] formally, one will obtain a Lévy

b+1
process generated by —(~A)26-a) as a proper scaling limit if 0 < 724~ <1 and by A

2(b-a)
if Q(bbtla) > 1. For the original momentum exchange model presented in [2] and [10]

W'(k)~1, R(k)~k* as k-0,
while in our model
W' (k) ~ k, R(k) ~k* as k — 0.

In particular, our model has the vanishing sound speed since limg_qw’(k) = 0. To
be more precise, in our model R(k,i) = Z?:l Jp R(k,i,K',7)dk" satisfies R(k,1) ~ k?
and R(k,2) ~ k* (or R(k,2) ~ k* and R(k,1) ~ k* depending on the sign of the
magnetic field) and the latter dominates the macroscopic evolution. Note that for a
class of non-acoustic chains introduced in [I1],

W'(k)~k, R(k)~k® ask -0

and so its macroscopic evolution is diffusive.

A technically crucial idea of our proof of Theorem [[]is that we consider the micro-
scopic local density of energy, called the Wigner distribution in physics, associated
to the eigenvectors of the deterministic dynamics including the effect of the mag-
netic field. If we employ the classical wave functions which are the eigenvectors of
the harmonic Hamiltonian dynamics (without a magnetic field) and study its asso-
ciated Wigner distribution, then we obtain a system of Boltzmann equations as the
weak noise limit. However, so far we do not know how to rescale the solutions of
the system and derive the fractional diffusion equation from it. By employing the
modified wave functions, instead of the classical wave functions, we obtain a single
limiting Boltzmann equation which is much easier to analyze. This strategy can be
applied to derive the limiting equation from other Hamiltonian systems with some
energy-conservative external field.

Our paper is organized as follows: In Section 2 we prepare some notations. In
Section 3 we introduce our model, wave functions and its associated Wigner distri-
bution. Note that since we consider the infinite system, we need to define our model
in terms of wave functions to make the argument rigorous. In Section 4 we state
our main results, Theorem [l and 2 We study a Markov process associated to our
Boltzmann equation and its scaling limit in Section 5. Proofs of Theorem [ and
are given in Sections 6 and 7 respectively.
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2. NOTATIONS

Let T [—%, %) be the one-dimensional torus. For f € ¢*(Z), we introduce the
discrete Laplacian Af : Z — R defined by

Af(z)=flz+1)+ flz-1)-2f(x)

and its Fourier transform f e L?(T) defined by
Ty = 3 e p (@),

For functions f, g € £2(Z), the discrete convolution f * g:7Z — R is defined by

frglx)=) flxz-2)g(z).

z€Z,

For J : RxT — C such that J(y,k) is rapidly decreasing in y € R, we define
J:RxT - C as

J(p,k) = [Rdy eiQWﬁpyJ(y,k).
Let S be the space of rapidly decreasing functions on R x T defined by
S={JeC®RxT,C); |Jlmn<oo Vm,neZs}
where

[Tl = sup  sup (1+y°)"0,03] (y, k).
r,s<m yeR, keT

We introduce a norm || - || on 8% = 8 x S defined by

1M1= 3 [ dpsup|7o.5)

i=1,2

for J = (J1,J2) € S? and define a topology on S? induce by the norm || - ||.
By (S?)" we denote the dual space of S? equipped with the weak-* topology.
For two functions f(k) and g(k) defined on T or T\ {0}, we denote by f(k) ~ g(k)
as k — 0 if there exists a constant C' > 0 such that for all k£ whose absolute value is
small enough, &lg(k)| <|f (k)| < Clg(k)|.

3. THE DYNAMICS

We consider the one-dimensional infinite chain of coupled charged harmonic os-
cillators in two-dimensional space with weak continuous noise. Since the dynamics
involves infinite number of particles, we give a formal description of the determinis-
tic dynamics in Section 3.1, a formal construction of the associated wave functions
in Section 3.2 and a formal description of the stochastic perturbation in Section
3.3. They are rigorous when we consider a finite chain. Then we present a proper
definition of the dynamics in Section 3.4. In Section 3.5 we introduce the Wigner
distribution associated to our wave functions.
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3.1. Deterministic dynamics. We consider a one-dimensional chain of oscillators
in a magnetic field. Our deterministic dynamics (v, (t),q.(t)) € R? x R? is formally
given as follows:

(3.1)

Ly —
%U; [qu]m + 62‘,1B’U§ - 5@',23%15

for x € Z,i=1,2 where B € R~ {0} is the strength of the magnetic field.
The total energy E of the system is formally given by

P2 i i 2
E:ZZ(lvgl +|qa: §x+1| )

i=1,2z¢Z

We introduce operators A and G as follows:

A= Z Z(U;aq; + [Aqi]x({?%),

i=1,2 e

G=Y (V201 —v;0,2).

Tl

Then our deterministic dynamics formally satisfies % f(v,q) =(A+BG)f(v,q) for
any smooth cylinder function f, that is, f depends on the configuration (v,q) only
through a finite set of coordinates.

Let a: Z — R be a function that a(0) =2, a(1) = a(-1) = -1 and a(x) = 0, |z| > 2.
Using this function, the total energy E and the operator A are also written as follows:

_ % a(z-a) ; ;
E Z Z 9 + Z 9 A9y | >

1=1,2 \zeZ z,x' €l

A= > (Zviaq;— > oz —z')q v;).

1=1,2 \zeZ z,x'€Z

Remark 3.1. Suppose that o, : Z — R is a function satisfying the following condi-
tions (a.1) - (a.4).

(a.1) ax(x) #0 for some z € Z.

(a.2) ax(z) = a.(-x) for all z € Z.

(a.3) There exist some positive constants Cy,Cy such that |ov, (x)] < Cre~@2 for
all x € 7.

(a.4) @z (k) >0 for all k0 , @z (0) = 0,az"(0) > 0.

We can consider the dynamics associated to a.., or precisely that given by A, +BG
where

A, = Z (Zviaq;— Z a*(:v—x')q;, U;).

1=1,2 \xeZ z,x' €

Then, Theorem 1, 2, and 3 are generalized to this dynamics (with stochastic pertur-
bation) by replacing o with a... The generalization from « to o is straightforward,
so we omit the proof.

3.2. Wave functions. To define our dynamics rigorously and then introduce the
Wigner distribution, we consider the Fourier transform of the configuration (v,q).
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From the formal description of the dynamics (B.1]), the time evolution of the deter-
ministic process (V(k,t),q(k,t)) should be given by

¢l (k,1) q'(k,t)
2(k,t) 2 (k,t)
o, | LD ey | £ 3.2
"otk 1) (k) ol(k,t) |’ (3.2)
v2(k,t) v2(k,t)
0 0 1 0
0 0 0 1
MB =z o o B|
0 -a(k) -B 0

for each k € T where @(k) = 2—2cos 2wk. Note that the dynamics (3.2) is well-defined
for any initial condition (¥(%,0),q(k,0)) for each k€ T.
We denote the eigenvalues of the matrix M (k) by {+v-1w;(k),7 = 1,2}, which

are explicitly given as
B2 B
k)y=n/a(k)+ —+—
(k) =\[a) + 2=+ 2,
B2 B
wa(k) =/ a(k) + — YR

Note that w;(k),w!(k), ¢ = 1,2 are bounded in k € T and w] = w). Denote by
w'(k) the common value of w](k). We introduce the corresponding wave functions

{@i(k,t);i =1,2} given by

E(k’t) = Hl(k)(lﬁ(kﬁ,t) - \/__1W2(k)c.ﬁ(k’t) + \/__h;i(k’t) + WQ(k)CF(k’t)),
Ga (k1) = (k) (0 (k, ) = V=T (k)gL (K, £) = V=102 (k, 1) -1 (k)P (K, 1)) (3.3)

with

wi(k) .
bik) = \le(k)w(/g) =12

¥i(k) is the eigenfunction associated to the eigenvalue —/—=1w;(k) :
Ot (k) = —V/=1w; (k)i (k), i=1,2.

We normalize J by multiplying 6; so that the total energy FE is given by the integral
of the L? norm of the wave functions as

L Lk (PR PR+ (D +[20P)
=L [k (T + ).
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By a direct computation we have

a(k) = B @Gy (w20

(P2 (k) +a(-k)"),

1) ) - Tk,

V=105 (k) —

(k) - —M@m —E(—k)*) .
00

(0 = Y S @) - T + @) - Ta (-,
sk = 2B oy v mem) - 20 Gy T, (3.4)

2w1 (k) 2ws (k)

3.3. Stochastic perturbation. We consider a local stochastic perturbation of the
dynamics (B.1)) which conserves the total energy. We introduce an operator S as
follows:

Z(Ym m+1) Z Z (Ym,z)Qa

er meZzeZ sle—z|=1

Yo = (vz _vx)(av; _811}5) - (vz _vx)(avz - av?c)

We consider a Markov process (v, (t),q.(t)) generated by L := A+ BG+eyS. v>0is
the strength of the stochastic noise and 0 < € < 1 is a scale parameter. The dynamics
can be also given by the stochastic differential equation

dgt. =vldt
dvi, = (=[a* q']s + 0;,1Bv2 — §; 3 Bul + e[ Av'], )t (3.5)
+\/a Zz;\zfx\:l(ym,zvg;)dwx,z,

for x € Z, i = 1,2 where {w, .(t) = w,,(t);x,2 € Z,|z — x| = 1} are independent
standard Wiener processes on R. Note that L formally conserves the total energy
and the total pseudomomentum ¥, vl — B¢2, ¥, v2 + Bql. For more details about
the conserved quantities, see [14].

Remark 3.2. This specific choice of noise is not important. Qur proof is also
applicable for the velocity exchange noise used in [14] and yields the same scaling
limits. For the construction of this jump-type process, we can follow the argument
in Chapter 5 of [0].

3.4. Rigorous definition of the dynamics. In this subsection, we define the
dynamics rigorously. First, we calculate the time evolution of the wave functions
1;(k,t) obtained from the formal description (B.5]):

dqi(k,t) = vi(k,t)dt ,i=1,2,
dol (k,t) = (~a(k)qi (k,t) + Bo2(k,t) + eyB(k)vl (k,t))dt
- ﬁ[rr(k, KYo2(k - K )W (dk', i),
dv2(k,t) = (~a(k)q2(k,t) - Bol(k,t) + eyB(k)v2(k,t))dt
N ﬁ[rr(k, K)ol (k - K )W (dk', i), (3.6)
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where
B(k) = 2cos 2rk - 2,
’I“(k‘ k") _ (6—27r\/—_1k’ _ e—27r\/—_1k)(627r\/—_1k _ 1)
W(kyt) = 3 wp per (£)e 27102
xel

The term with B(k) comes from the stochastic perturbation. In our case (k) =
~B(k), but in general (cf. Remark B1)) there is no such relation between @ and J3,
and so we keep @ and 3 for the generalization. W is called a cylindrical Wiener
process on L2(T). A precise derivation of (B.6) from (3.35)) is given in Appendix [Al
Combining (33]) and (3:6]) we have

dipy (k1) = (=V/=Teor (k) by (k1) + ex01 (k) B(k) (0L (k)1 (k1) + 02 (k) ba =k, 1)) )t
+V=16, (k) /ey fT r(k, k) (01 (k= k' Yy (k=K' t) + 0ok — K)o (K =k, t) YW (dK, dt),
dipy (k1) = (=V/=Tewa (k)2 (k1) + 302 (k) B(R) (0L (k)1 (=, )" + Oa (k) (i, 1)) )t
—V/=1604(k) /ey fT r(k, KDY (01(k = KDDL (K =k t) + 00 (k — K )by (k= K £))W (dE, dt).
(3.7
Now we define a stochastic process {$(-,¢) € (L%(T))?;¢ > 0} as the unique solu-
tion of ([3.7]). We can show the existence of the solution by using a classical technique,
called a fixed-point theorem. For the sketch of the proof, see Appendix[Bl Once we

define the dynamics 9 (-,¢) € (L2(T))?, then we can also define V(k,¢) by (34) and
then define a stochastic process {v,(t),¥(z,t);x € Z,t >0} by

Vi (t) = /T dk 2™ TG (1),

bi(,t) = fT dk 2™ TR0 T () 1)

for © € Z,i = 1,2. On the other hand, q(-,¢) is not necessarily well-defined as an
element of (IL2(T))? because wy(k) ~ k? as k — 0 if B >0 and wy (k) ~ k% as k — 0 if
B < 0. Hence, q,(t) are also not necessarily well-defined. Hereafter we do not use
the variables q.

3.5. Wigner distribution. Let Q. be a probability measure on (IL(T))? which
satisfies the following condition:

_ I 2 s 2 00
Ko=sup 3 ¢ [k Eq[TWP +[Ta(t)f] < oo (33

Denote by E, the expectation with respect to the distribution of {;(-,t)}s0 which
starts from Q.. In Appendix [C], we show that

> Ecflli 02,1 = 3 Ecllldi(,0)lIE, ]

i=1,2 i=1,2

for any ¢ > 0. In particular, under the condition (B.8])

sup 3 e [k EfPi(k O + a0k )] = Ko < o0 (3.9)
O<e<lj=12 “T

for any time t > 0.



For the wave function ), we introduce the averaged Wigner function as in Section
3 of [2]. We denote the Wigner distribution on the time scale e 't by Q¢(¢) with ¢
the small semiclassical parameter. Namely, we define Q¢(t) € (S2)’ by

<Qt), T >= > <Qit),J; >

i=1,2
for J = (Jy1,J2) € S? with
<Q5(t),J >
=& i, ) e, )] [k VT i) by
z,x'eZ € € T 2
€ — €p t - - €p AN *
< d/dkl& =L 5 B+ L Tk 3.10
S [ [k BB - 22y Gk + T )T (k) (3.10)
for J € S. By the Cauchy-Schwarz inequality and (3.9),
1
sup sup| < Q(¢t),J >| < =Kol||J|| (3.11)
0<e<1 t>0 2

under the condition (B.8]).

Remark 3.3. As discussed in [2], Q°(-) is well-defined on a wider class of test
functions than S%. In particular we can take J(y,k) = (J(k),J(k)) with a bounded
function J(k) on T, and then we have

. € —~ .t
<@ ). d>=% [dk 3 B[k P (R).
T 12 €
From this representation one can see that Q°(-) is the distribution of the spectral
density of the energy. Also if we take J(y, k) = (J(y), J(y)) with a rapidly decreasing
function J(y) on R as a test function, then we have

<O, T 5= 55 Y Bl P (er).

zeZi=1,2

This is the integral of J with respect to the averaged empirical measure of% Yic1,2[Vi(, §)|2
Namely, Q(t) is a rescaled microscopic local spectral density.

4. MAIN RESULTS

As mentioned in the Introduction, the main purpose of the present paper is to
understand the nature of the superdiffusion for the coupled charged harmonic chain
of oscillators in a magnetic field with noise defined in the last section, and we apply
the two-step scaling limits. In Subsection 4.1, following the idea of [2], we claim that
in the weak noise limit the local density of energy is governed by a phonon linear
Boltzmann equation. In Subsection 4.2, we consider a properly scaled solution of
the Boltzmann equation and state that it converges to the solution of the fractional
diffusion equation (ILI]) with s = %, which is our main result.

4.1. Boltzmann equation. In this subsection we state the limiting behavior of the
Wigner distribution.

Theorem 1. Suppose the condition B8] holds. If Q¢(0) converges to Qg in (S?)’
as € > 0, then for all t >0, Q°(t) converges to a vector-valued finite positive measure
9



w(t) = (u1(t), u2(t)) in (S?) as € - 0, which is the unique solution of the following
Boltzmann equation

{atf du(t) - J = 5 [ du(t) -9, J +~ [ du(t) - CI (1)
[ dp(0) - J =< Qq, J >, '

where

fdu-J= > fR TMi(dy,dk) Ji(y, k)" for p=(p1,p2),
i=1,2 JRx

(CT)i(w, k)= Y [Tdk:’é?i(k)QR(k:,k:’)é?j(k:’)Q(Jj(x,k:’)—Ji(x,k:))

§=1,2
for J = (Jy, Jo) € 8% with R(k,k") = 16sin® nksin® 7k’
Remark 4.1. In the case B =0, if we assume an additional assumption
€ 2 —~
lim lim sup - ; e Eq.[[i(k)*] =0

on the initial measure Q., the same statement of Theorem [ holds. For this case,
the proof is essentially given in [2].

Remark 4.2. Suppose that the solution of ({.1)) has the density u(y,k,i,t) for all
te[0,T] , that is,

wi(t)(dy, dk) = u(y, k,i,t)dydk , i=1,2,
1i(0)(dy, dk) = uo(y, k,i)dydk , i=1,2.

Then u(y, k,i,t) is a weak solution of the linear Boltzmann equation

Ouly, k,i,t) + 5=w'(k)dyu(y, k,i,t) = yLu(y, k,i,t) (4.2)
U(y,k,Z,O) = uO(yakai)7 ‘
where
Luly ki) = 3 [ dk0,(6) RO K0, (K (uy. 3. = uly. ki)

j=1,2

We prove Theorem [l in Section [6l The strategy of our proof is as follows: First
we derive a microscopic evolution equation of €2¢, which is not closed in terms of
Q¢ Then, with this expression of the time evolution, we show that for any fixed
T >0, {Q(t),0 <t < T}oeeer is sequentially compact in C([0,T]; (S?)) in a certain
weak-* sense. See its precise meaning in Section [l We verify that any limit of
a convergent subsequence is extended to a vector-valued finite positive measure in
Appendix[Dl The uniqueness of the bounded solution of (1) in the class of vector-
valued finite positive measures is shown in Appendix [El Finally we show that any
limit of a convergent subsequence satisfies (4.1]), which is a closed equation in terms
of p. Summarizing the above we can show that (Q2°(-)), is convergent and the limit

satisfies (4.J]).
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4.2. Derivation of the 2 fractional diffusion equation. In this subsection we
study a macroscopic behav10r of a solution of properly scaled Boltzmann equation
([#£2)). Consider a spatially scaled linear Boltzmann equation with a scaling param-
eter N as

4.3
u(y,kz,z,O) —uo(y,kz,z), ( )

and denote its solution by uy.

{@u(.y,k,z,t) + hm o (R)dyuly, ki, t) = vLu(y, k.i,t)

Remark 4.3. For any given uo(y, k,1) e C°(RxT), i =1,2, a solution of ([£2) is
constructed explicitly using a Markov process associated to the Boltzmann equation
in the next section. The uniqueness of solutions in a certain class follows from that
of (Z1). The argument also applies to [A3)) and so the ezistence and uniqueness of
upy follows.

Theorem 2. Suppose ug(y, k,i) € C5°(RxT), i =1,2. Define the initial local density
of energy at y € R as up(y) = ¥,;-1 Q/Tx{l 2 dk ug(y,k,i1). Then, for allyeR, t>0,

lim f dk Jun (y, k, i, Nt) - —u(y,t)|
N=oo ;59

where 4 is a solution of
5
at’l_t(y,t) = _D(_Ay)ga(yat)
u(y,0) = uo(y)
and D = D(B,~,«a) is a positive constant such that
_1 ,2/\//
D =C|B|"5y75a@7(0)

with a universal constant C. In particular,

]\l/im |Z fdk: un(y, ki, Nt) —a(y,t)]* =
T =12

Remark 4.4. In the case B =0, if we denote by un(y, k,i,t) the solution of a scaled
linear Boltzmann equation

Oru(y, k,i,t) + w3 5=’ (k) yu(y, k,i,t) = vLu(y, k,i,t)
u(ya ka 2, O) = uO(ya ka Z))
then for ally e R, t >0,

lim fdk lun(y, k,i, Nt) - —u(y,t)| =
N=oo; 7o

where 4 is the solution of
{ata(y,t) = ~D'(=A,)%u(y. 1)
u(y,0) = uo(y).
and D" = D' (v, ) is a positive constant such that
= 'y 2 (@(0))

with a universal constant C'. The result is essentially proved in [9].
11



For the proof, we follow the strategy of [9]. Namely, we consider a long-time
asymptotic behavior of a Markov process associated to the Boltzmann equation
(£2]) and then use a functional limit theorem for a continuous time random walk.
To apply a general theorem in [9], we need to check several conditions. This is the
main subject of the next section, where we conclude all the required conditions are
satisfied and then Theorem Bl on the asymptotic behavior of a Markov process is
obtained. We apply it to the study of the limit of uy and prove Theorem [l in
Section [71

5. MARKOV PROCESS ASSOCIATED TO THE BOLTZMANN EQUATION

In this section we construct a solution of (4.2]) probabilistically. We will see that
there exists a Markov process associated to (£2]) and study its long-time asymptotic
behavior.

Let {(Ky,,I,);n € Zso} be a Markov chain on T x {1,2} whose transition proba-
bility is given by

P(k,i,dk', j) = t(k,i)v0; (k) R(k, k")0;(k')dk’,
where
(ki) = [0 RO R(K) = [ d/ R(k, ).
Since R(k, k') is a product of functions of k and k', we have
P(k,i,dk',j) = m(dK', j)
where 7(dk,di) is a reversible measure for this Markov chain given as

- t(kaj)_l . )
w(dk,diy = S M) grs o (di), R= [ dk R(k).
j:ZLz 7 (5} A

In particular, {(K,,I,);n > 1} is an i.i.d. sequence of random variables on T x {1, 2}
with distribution 7.

Now we construct a continuous time random walk generated by L. Let {7,,,n > 1}
be an i.i.d. sequence of random variables such that 7 is exponentially distributed
with intensity 1 and {(K,,I,);n € Zso} and {7,,n > 1} are independent. Set t,, :=
Yot (K m-1,I;m-1)Tm,n 2 1, to = 0 and define a stochastic process (K (t),I(t)) as
K(t) = Ky, I(t) = I, if t € [ty,tp41). Then, by the construction {(K(t),I(t))}0 is
a continuous time random walk generated by £. With this process we can construct
an explicit solution of the equation (d.2]) by

u(y’ kj, i, t) = E(k,z) [UO(Z(t)’ K(t)’ I(t))]’

where

1 rt
2(t) =y+5- [ ds o/ (5 (s)),
2w Jo
and K (0) = k,1(0) =14. For this process, we have the following result.
Theorem 3. Suppose (K(0),1(0)) = (k,i) for some k +0 and i =1 or 2. Then

as N — oo, the finite-dimensional distribution of scaled processes {N_%Z(Nt)}tzo

converge weakly to a Lévy process generated by —D(—Ay)%, where D = D(B,v,a) is
a positive constant such that

D = C|B["5775a"(0),
12



and C is a positive constant which does not depend on B, v, «

Remark 5.1. In the case of B =0,the finite-dimensional distribution of scaled pro-

2 3
cesses {N"3Z(Nt);t > 0} converge weakly to a Lévy process generated by —D'(-A,)1,
where D" = D'(~, ) is a positive constant such that

D/ — / -= A//(O))4
and C' is a positive constant which does not depend on vy, «. It is essentially shown
5.1. Proof of Theorem [Bl We apply [9, Theorem 2.8 (i)] to our process with
o= g For this, it is enough to show that Conditions 2.1, 2.2, 2.3 and (2.12) of [9]
are satisfied.

First we verify that Condition 2.1 is satisfied. Define

U(k,i) =w (k)t(k,i).

The tail of ¥ under  is

. 2
m({(k,0); U(k,i) 2 A}) = 3 f . 0i(k)* R(k)

iT9 kU (ki)2)) R
= C|B| 577 3a"(0)A"3 (1 + O(A5)),
as \ — oo because
a”(0)k?

01(k)* ~1, and 09(k)? ~ P

ask—->0if B>0

a’(0)k?
|BI?

01 (k)* ~ and B2(k)? ~1lask -0 if B<O0

and

- //k:

W' (k) ~ ﬂ’
| B

C' is a positive constant which does not depend on B,~v,a. ¥ is odd for k£ and the
density of 7(-,7) with respect to the Lebesgue measure is even for k, so

m({(k,1); W(k, 1) 2 A}) = w({(k,4); W(k, i) < -A})

R(k) ~k* ask—0.

and f Udr = 0.
Next we check Condition 2.2. It is obvious that

sup{|Pfllaceys [ dm £ =0, fllaey = 1} =0

because Pf = [dr f.
Finally we show that Condition 2.3 and (2.12) hold. Condition 2.3 is obviously
satisfied with @) =0 and p =1. Also, we have

wmmm—Zf%(Z/MWW‘W”))“@I

j=1,2 TR

/w'(k‘) t(k,i)!
Zm[dk(mfdk ) <




Therefore, by [9, Theorem 2.8 (i)], the finite-dimensional distributions of the

scaled process { N VA (Nt) }1>0 under P, converge to a stable process with exponent
3 whose characteristic function at time 1, denoted by ¢(z) is

3
6(a) = exp ([ X e O,
where
5C|B| 3y 3a”(0)As
3
t
for all A #0, C is a positive constant appeared in the tail estimate of ¥ and
As = f dy e y%
3
f- /dw t(k,i) = —.
27
Finally we show that the finite-dimensional distributions of {N 5z (Nt);t >0}

under P ;y also converge to the same stable process for k € T\ {0}, i = 1,2. For
t > 0 define n(t) as the nonnegative integer such that

c(A) =

tn(t) ST <tn(t)+1-
Then we have

3 n(Nt)
N-3Z(Nt)=N~3 Z U (K, 1) Tns1.

If £ # 0 then N_%\If(k:,i)ﬁ - 0as N — oo P ;y - almost surely. Moreover, un-
der P ;), the distribution of {(Kp,In)}n>1 is an i.id. sequence with distribution
. By Theorem 6.1 and Lemma 6.2 of [9], the finite-dimensional distributions of
{N" Zn(Nt) U (K, In)Tns1;t > 0} under Py, ;) converge to the stable process, so the

finite-dimensional distributions of {N 5z (Nt);t > 0} under Py, ;) also converge to
the same stable process if k # 0.
6. PROOF OF THE THEOREM [II

To simplify the notation, we define functions Qi(t)(p, k), I"\;Jr(t)(p, k) on RxT
by

%Ok - SELF(- T t) B+ 2.9,

T O = SER(h+ D0 oo 2.5

for ¢ = 1,2 where i* = 3-14. We use the notation ¢* throughout the rest of the paper.
We also define Q¢_(t)(p, k), I'S_(t)(p, k) as

QE_(t)(p, k) = §E+(t)(p’ _k)a
L5 (t)(p.k) =15, ()" (=p, k).
Note that for all p € R these functions satisfy

9, () (2, Ml < 5 Ko, T L@l < 3 1Ko

14



for i = 1,2, + = +,— under the condition (Z.8]). With this notation, Wigner distribu-
tion is rewritten as

<), T>= Y fdedek O, (1) (0, k) To(p. ) (6.1)

i=1,2

From now on we will show that the time evolution of Q¢(-) satisfies the following
equation

Oy < Q°(t),J >
_ % QU (1), (K)D,d > +7 < Q(1),CT >
+9(<T(t),C"T > + < (T)*(¢),C'T >) + Oy(e) (6.2)
for J € S? where

<. d>= ¥ [dp [ dk T O@RT k)"

i=1,2

<@y @.T>= Y [dp [ dk T O@ 0T (k) (63

i=1,2

and
(D)o k)= [ 02RO () ROk K Y02 (K )T (oK) + Bk ()0 ).
Here, Oj(e) is a term which satisfies

Oy(e)
—<C
- 7

for all 0 < e <1 with a positive constant Cy which depends on J.
By B.1) the time evolution of Qf (t)(p,k) is

O, (H)(p, k)
-1 —
-+ D) - L (00
(Bl + )07k + ) + Blk = )07 (k= TN, () (p. k)
Bk + D)0k + )05 (k + DT _(B)(p. )
Bk = )0k = 505 (k= ST (D) (v )
90k = D)0k + T) [ b Ry (k)
< [0:(K = D0 (K + DO () (p, k') + 0 (1 = )00 (K + THT_ (D), k)
0K =)0 (K + DT _ (00, K) + (K + )00 (K = DT (0w, k)],
(6.4)
where

@)_

Rep(k, k') = 16sin (k + %p)sin(k - %) sin (K + %) sin (' - 5

For the derivation of (6.4]), see Appendix [Fl
15



Since B\, 0; and w; are smooth on T, the term ([6.4]) is rewritten as
0%, (1) (p, k)
= —V/=1pwi(R)Q, (1) (p, k) + 298 (k)6 () (£) (p, k)
+9B(R)0: (k)0 (k) (T5._() (p, k) + T5. (1) (. K))
+96; (k) fT dk'R(k, K )[67 (K)Q5, (8) (0, k') + 67 (k") Q5. , (1) (p,K')
+0i(K)0;x (KI5 _(1) (0, K) + 0:(K)0ix (KT (1) (0, KD + Ri(p, ), (65)
where R;,i = 1,2 are the remainder terms and these satisfy
IRi(P, )L (my < C(T, B, 7y, o, Ko)|ple
for all p € R. Then for any J € S?,

[ dp [k Ri(p, )T (p. k)" = 05 (). (6.6)

Combining (61)), 63), (63) and (6.6) with the relation [ dk'R(k, k") = —2B(k), we
conclude that (6.2) holds.

From (BII) and (G2), for any fixed T > 0 and J € S?, {< Q(-),J >}ocec1 ©
C([0,T],C) is uniformly bounded and equicontinuous. Hence, for each J e S?,
there exists a subsequence ey | 0 such that < Q°V(-),J > converges to a function in
C([0,T],C) uniformly as N — co. Since S? is separable, there is a dense countable
subset {J (m);m e N} of 8? and by the diagonal argument we can find a sequence
en | 0 such that < QN (), J™ > converges for all m ¢ N. Now, we show that for
all J € S?%, < QN(.),J > converges uniformly to a continuous function as N — oco.
Fix J € 82 and § > 0. Since {J(m);m € N} is dense we can take some JO 5o that
|J = JD|| < 8. Then for any n,m €N we have

sup | < Qo (), J > — < Qo (1), J > |

te[0,T']
< sup |<Qn(t),J>-<Q(t),JO > |
te[0,T7]
+ sup [< Q7 (1), JD > —<Qm(t), g0 > |
te[0,T7]
+ sup | < Q) (1), JO > - <Qm(t),J > |
te[0,T]
<Kpd+ sup |< Qen(t)’J(l) >—< Qﬁm(t)’J(l) >,

te[0,T]
by (BII). Hence, for sufficiently large n,m,

sup | < Q" (t),J >-<Q(t),J >| < (1+ Kp)d
te[0,T']
and so < QN (-),J > converges uniformly.

In Appendix [D] we prove that for any ¢ > 0, any limit of a weak-* convergent
subsequence of {Q°(t)} can be extended to a vector-valued finite positive measures
on R xT. The uniqueness of solutions of the equation (.IJ) is shown in Appendix [El

Hence, noting that w'(k)d,J,CJ,C'J € S* for any J € S?, by (62) and the
following lemma we conclude the proof of Theorem [I1
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Lemma 6.1. For any T >0 and J € S?,

e—0

T
lim|/ dt <T<(t),J >|=0,
0
T
lin6|/ dt < (T (1),J >|=0.
e~ 0
Proof. By (B1) the time evolution of f’\ng(t)(p, k),i=1,21is

AT, (v )
- —@m(k =) wwe (ke NI (O k)
(Bl = )07 (k= ) + Bl + 0% (k+ NI (1) (p, k)
Bk + )0 + )00 (e + (1) (0, )
Bk = )0k = )0 (k= )T (D) (. )
(k- ;—p)ei*(k ; %) dek’Rep(k, k)
< [0k = 0K + DT (O, k) + 50 (K = )60 (K + DI (D, K)

0K =)0 (K + DT (O (0. K) + 0K+ )00 (K = DT (0 (0, 1)].

Since 3, 0; and w; are smooth on T, the above term is rewritten as

O ()0, F)
Vel A B .
=~ (wi(k) +wi (R)T7, (1) (p, k) + 1 (B(R)6; (k) + B(k)6;- (k))TE, () (p, k)
+YB(R)0; (k)0i+ (k) () (0, k) + vB(K)0: (k)0 (k)QL. , (8)(p, k)
+70i (k)03 (k) fT dk' R(k, k") [07 (KO, (£)(p, k') + 0% (KD, (0 (p, k"))
+0: (k)05 (K")TE, (0) (0, k') + 0:(K") 03 (K )TE_(£) (0, )] + Riza(p, k) (6.7)
for i = 1,2 where R;,i = 3,4 are the remainder terms which satisfy

IR (ps MLt (ry < C(T, B, vy, a, Ko)p|(1 +¢€) (6.8)

for all p e R. Hence, for any J € S? and i = 1,2,
Ldp [ dk Risa(p. ) Ti(p, k)" = 05(1).

Combining (6.10), (67) and (6.8]) we have
O <T(t),J >

__ v <D (Wi +w)J >+ <QRI>+<QRJI'>+<TR"J >
€

+<(T) R'T>+<Q 8T >+ <(Q),'T>+<T BT >+ 04(1),
17



where J* = (Jz,J1) and
<@y .= ¥ [ [T Oe.0Tk)"

i=1,2

B'(k) = 01(k)02(k)B (),
(RT)i(p k) = [ a0k RO, K62 (K0 (K) (o, k).

(R T)i(p. k) = [ dk':(k)02() ROk, )01 (K )0 (K ) T (p. ).

Therefore, we have
T
1m5|f dt <T(1), (w1 +wa)J >| =0
€~ 0

for all J € S2. Since wi (k) + wo(k) is uniformly bounded by positive constants from
above and below, (wy +ws)™tJ € 82 for all J € S2. Hence we conclude that
T
lim|/ dt <T(t),J >|=0
e—0 0

for all J € S2.
For (I'“)* we can apply the same proof.

7. PROOF OF THEOREM [2.

We use the Markov chain (K (t),1(t)) introduced in Section Bl First note that
for any ug € C5°(R x T x {1,2}),
un (Y, k,i,t) = By [uo(Zn (1), K (), 1(1))].

where
1

¢

, / ds ' (K (5)).
2rNs J0
Then, by using the Fourier transform we can write

un (y, k,i, Nt) = E iy [uo(Zn (Nt), K(Nt), [(Nt))]

= %[de 21:217()(17,33,‘7')13(19,1‘)[eﬁpZN(Nt)e\/__uK(Nt)1{1(Nt):j}],
Te J=4

ZN(t) =y+

where @(p,x,i) is the Fourier transform of u(y,k,7). Denote by di the counting
measure on {1,2}. Let P! ¢t >0 be the semigroup generated by £. Since %dkdi is
a reversible probability measure of the process {(K(t),1(t))}+0 and 0 is a simple
eigenvalue for the generator £, we have

Jim [P fllp2rxqr,2) = 0

for any f e L2(T x {1,2}) satisfying fo{l 2) dkdif(k,i) = 0 by the ergodicity and the
reversibility (cf. Theorem 1.6.1, 1.6.3 and Exercise 4.7.2 of [7]). Let {mn}nen be
an increasing sequence of positive numbers such that

lim mpy = oo,
N—)OO

. _3
lim myN~5 =0.
N—)OO

18



Then for any t >0,pe R,z €Z and j=1,2

|E(k7z) [6\/—_1pZN(Nt) eﬁxK(Nt)l{I(Nt)zj}] [6\/—_1pZN(Nt—mNt)e\/—_1xK(Nt)1{I(Nt):j}]|

~ B
< E(k z‘)[ll _ e\/*_lp(ZN(Nt)*ZN(Nt*mNt))H

<Egpllp(Zy (Nt) - Zn (Nt -myt))|]

since |1 — eY 719 < |a| for any a € R. The last expression converges to 0 as N — oo
since

1 Nt )
Ei)llp(Zn(Nt) = Zy(Nt -=mnt))|] = E(k,z)ﬂpm thmet ds w' (K(s))l]

/ _3
< o Lol N2 0
where |w'| e = supy [w'(k)|. By the Markov property
E(k,l) [e\/—_lpZN(Ntmet)e\/f_l:vK(Nt) 1{I(Nt):j}]

=Ek.) [e\/__1pZN(Nt_mNt)E(K(Nt—mNt),I(Nt—mNt)) [V oK (mat) Lr(mnt)=j31]-
By the Schwarz’s inequality,
v

WPEN(NEMNDE oy ) I(Ntema 1)) [e\/:xK(mNt)l{I(mNt)=j}]]

Bk [e
- -m 1 —1zk’
- E(k,i)[e\/_lpZN(Nt Nt)E(K(Ntmet),I(Nt—mNt))[5 dekle\/_l F 1|

V-1lzK(m 1 Vv -1zk’ 1
<E ey [[E e (Nt-mty 1 (Ne—mn ey [€7 KNI g oy = 3 dek'e e
(7.1)

Let g(k,i) = e‘/’_lmkl{j}(i) —% T dk'eY 1% Since %dkdz’ is the reversible probability
measure we have

: ToK(m 1 y
fo{lz} dkdi B ) [E (ke (Ntmt), 1 (Nmiyy [ 2 YO Hmut)=i) = 5 dekle\/—l 1P

= ||PmNt9||i2(1rx{1,2})'

Hence we conclude that (1) converges to 0 in L2(T x {1,2}) as N — oo since
f']Tx{l,2} dkdi g(k72) =0.

Summarizing the above and applying the dominated convergence theorem, we
have

lim dkdi f i S |ao(p.. i
A Sy T2 szml o(p,. )]
) o - -m 1 xk!
X |E(k7i)[€\/_1pZN(Nt)6\/_1 K(Nt)l{[(]vt):j}]—E(hi)[e\/_lpZN(Nt Nt)ifl,dk’e\/_l k]lz
=0.
Note that
o ] - -m 1 zk’
Z fdp Z UQ(p,x,j)E(k7i)|:e\/_1pZN(Nt Nt)—/dk’e\/_l k]
zez, IR j=1,2 9 Jr
1
:E ¢ _/ dk,d Z Nt— t;k,7‘ )
(k, )[2 Tx{1,2} 1l UQ( N( mpy ) ])]

- %E(k,z)[ﬂo(ZN(Nt - mnt))].
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By Theorem Bl Zyn(Nt — mpyt) converges to a Lévy process starting from y and

generated by D(—Ay)% and so the last term converges to u(y,t) given in (4] for
k+0, i=1,2. Therefore,

1 1
§E(k7i) [ao(ZN (Nt —mpt))] - Eﬁ(y,t) a.e.

and by the dominated convergence theorem,

1
11?521) ) dkdiluy (y, k,i, Nt) - 5a(y,t)|2

1
< 1111515219 i) dkdiluy (y, ki, Nt) - §E(k,i)[ﬁ0(ZN(Nt -~ mnt))]

Applying the Fourier transform, the last term is bounded from above by

timsup( Y [ dp ¥ [@al| [ dvdi Y [ dp ¥ (@(p.a.5)
N-oo \zez /R ~ jZ12 Tx{1,2} zez, IR

7=1,2

[e\/TIpZN(Nt)e\/TlxK(N \/TlpZN(Ntmet)%‘[Tdkle\/f_lmk']lQ

* Bk i) t)l{I(Nt):j}] -Eaple

and so we complete the proof.
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APPENDIX A. DERIVATION OF (B.6])

We only consider the time evolution of 7y (k,t). By the same calculation one can
get the time evolution of Ta(k,t). From (B.5]) we have

a0y (k,t) = 3 2R gy (2, 1)
YA

= (-a(k)ql (k,t) + Bu2(k,t) + eyB(k)vl (k,t))dt
+/e Yy, Y. 6727“/7_1]%(1/3573?}1 (z,t))dw,, ..
2€Z z;|z—x|=1
Now we compute the last term. By summation by parts we have
- Z Z eiQWﬁkx(Yx,Zvl(x,t))dwx,z
2€Z z;|z—x|=1

=3 > h(z)va(z + z)ei2ﬁ\/7_1k(x+z)dwm7m1,

xel el
where h:7Z — 7Z is defined as
VIR =1
h(z)={e2V1k 1 »-0
0, z+0,1.

20



By the change of variables, the last term is rewritten as

> > h(z)va(z + 2)672”‘/7_1’?(1+2)dwx,x+1

xeZ zeZ

= > h( —.%')’UQ(I'I)C_QF\/__lkx/d’LU$7$+1
reZ x'€Z

_ Z (f dkle27r\/7_1k'(m'7m) Z e—QW\/le'yh(y))vz(xl)ef2ﬂ\/7_1km'dwm7m+17
x,x'eZ T yeZ

and
Z 6727r\/7_1k'yh(y) _ e—2W\/T1k 14 6727r\/7_1k'(e27r\/7_1k _ 1)
yeZ
_ (6—27r\/—_1k’ _ 6—27r\/—_1k)(627r\/—_1k _ 1)

=r(k,k").
Therefore we have (3.0]).

APPENDIX B. EXISTENCE AND UNIQUENESS OF THE SOLUTION OF (B.7))

We follow the strategy of [4] to show the existence by classical fixed point theorem.
First we prepare some notations. We introduce a norm on (IL?(T))? defined as

||f||%1L2(1r))2 = ||f1||12L2(1r) + ||f2||12L2(1r)

for £ = (f1, f2) € (L2(T))%. Let (E,F,P) be a probability space and W be a cylin-
drical Wiener process on (E,F,P). Fix T > 0. Denote by (H,||-||3¢) the Banach
space of (L?(T))2-valued measurable processes f(k,t), ke T,te[0,T] such that

1
[£ll7¢ = ( sup E[IEC, DIz (my)2])? < oo,
te[0,T]

where two processes are identified if they are P x dt almost surely equal.
Next we rewrite (3.7 as

Ga(k, 1)
where A and Ay(k'),k" € T are bounded linear operators on (IL?(T))? defined as
AL (F) (k) = ({—\/—_hul(k:) +eyB(k)01 (k)2 f1(k) + E’yﬁ(k)al(k;)%(k)fg(k))
1 eyB(k)01(k)02(k) fi (k) + {=V=1wa(k) + eyB(k)02(k)*} f2(K) )’

, (6 ) (B (k1) 1~ ) + Ok~ 1) £3 (K~ 1)
w0300 = (R TG LR )

d(W’f’”) = AL (B, ) ()t + A (k) (B 0)) (k)W (K, ),

for £ = (f1, f2) € (L*(T))2. Fix 9, € (L3(T))2. We define a functional I : H — H as
1(f), :@0+f[0 , Al(f(-,s))ds+f[0 AR (EC )W (K ds).

) )

For sufficiently small T > 0, I is contractive and so there exists the unique fixed point
1 € H such that I(%)) = 1. In this way we can construct a solution on the time
interval [0,7'], and then we can construct a solution on the time interval [T',2T"] by

the same argument and so on.
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Finally we check the uniqueness of the solution in the sense of the distribution.
Suppose that £ and £(2) € H are two solutions of B0) with a same initial condition.
By the Cauchy-Schwarz inequality and the boundedness of A; and Ao, we have

E[J[fM () - f(Q)('at)”%m(qr)p]
W)= £@ (. )2
<o) [ ds BIEOC5) = ED )l anye)

for all t > 0. By the Gronwall’s inequality we have E[|[f(V) (-, £)-f3) (-, t)||%]L2(T))2] =0.

APPENDIX C. CONSERVATION OF THE TOTAL ENERGY

By (B, the time evolution of [} dk Ec[|t; (k,t)|?] is given by

d -~ 2

= [ dk B (k0]

= [k 298002 RELIB (k. )] + 2980,k ()RCEL[Ti ks )Di (,1)])

+96; (k) fTdk'R(k,k'){Gf(k')Ee[I@(k',f)lz] + 07 (K Ec[[ir (K, )]

+20;(K") 03 (K )R(Ee[1hi (K, ) b= (. £))])}
where Ra is the real part of a € C. Since ¥,_150;(k)* = 1 and [pdk’ R(k,k') =
-2B(k), we have
d -~ 2
7 2, Jok BB

= [k 2980 3 GBI (kD] + 4B ()01 (k)0 (KRB (k, )P (k,1)])
i=1,2

+ [Tdk’R(k,k’){ef(k’mg[la(k',t)l?] + 03 (K E[[Pa (K, 1)*]

+ 201 (K02 (K)R(E[Dr (K, 1) (k. 1)])}

=0.

APPENDIX D. UNIQUENESS OF SOLUTIONS OF THE LINEAR KINETIC EQUATION

Lemma D.1. Let {QV(t)}nen be a convergent subsequence with its limit Q(t).
Then there exists a vector-valued finite positive measure p(t) = (u1(t), p2(t)) such
that

[ )y, di) Ty k) =< Q1) >, =12
for all J € S?.

Proof. Let Q1(t) € S" as < Q1(t),J >=< Q(t),J > for J = (J,0), J € S. First we
show that Q(-) is multiplicatively positive, that is,

<), [J*> 20
forallt>0and Je8S. Fix t>0 and J € S. Since J is smooth,
1
J(%(x +2'), k) - J(ex, k) = g fo dr (2 - )8, J (ex + r%(m' —2),k)
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for all z, 2’ € Z and so

A dke?™/ L'~k (J(%(m +a), k:)J(%(m v o), k) = J(ex, k)J(% (z+2), k:)*)

, 1
%(x'—x)/jrdkeQW\/j(x 7$)kj(g(x+x'),k:)*[o drayJ(ex+r§(x'—x),k)’.

By repeating the integration by parts we have
, 1
‘[ dke®™ 1@ _x)kJ(g(:U +2'),k)* [ droyJ (ex + T’%(CE’ -x), k‘)‘
T 0

1 ’ m/—1(z' -z € / « 1 €1
[Tdk(m) VAL (0 + 2, F) f drd,J(ca + 15 (@ —x),k)]‘

,|3fdk 93 J( (z+2'), k)" f drd J(ex+r (' - 2), k)]
Hence, we have

A dke?™/ L'~k (J(%(m +a), k:)J(%(m v o), k) - J(ex, k)J(% (z+2), k:)*)

87T3|:U x

€ 3 € « 1 €
smfdk ORI (S ('), k) fo Ard,J(eo +15(a" =), k)]

_| e OJ(e)

for all x # 2’ € Z. In the same way, we can show that

’/T ke -1 -a)k (J(ex, k:)J(g(ﬂU +x'), k)" = J(ex,k)J (ex’, k)*)

1
< 0 .
< —=30:(0
On the other hand we have
t t ’
EY <, 2y () > dek 2V 1 (e k)T (ex' k)

x,x'eZ
[dk: <3 e oy (g L 2 (e k)P > 0.
AV
Since

< fT dle?™ L'~k (J(%(m +a), k)J(%(m o), k) - J(ex, k)J(% (z+2), k)*)

2mv/~1(a'-x)k (J(ex, k:)J(%(x +a'), k)" = J(ex, k)J (ex', k)*) )

combining the above calculations we have
<QS(t), | >= = f dk <|Y e 2V 1k, (g, —)J(e:c )| > +0y(e).
TeZ
Therefore Q4 (-) is multiplicatively positive.
Next we show that () is positive, that is,
< (t),J>>0
forallt>0and JeS,J>0. Since {J€8S;JeC(RxT),J >0} is a dense subset of

{J €8;J >0}, it is sufficient to show the positivity on C5°(R x T). Fix ¢ >0 and a
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positive function J € C§°(R x T). There exists a positive constant M > 0 such that
the support of J is a subset of [-M,M] xT. Let a(y) € C5°(R) be a function such
that a(y) = 1, y € [-M, M]. Define J™ (y,k) e O (R xT), m €N as

T (k) = alyh [ Tk + -

Then the sequence {|J™ |2, m e N} converges to J(y, k) in the topology of C° (R x
T). Since the embedding of the space C3°(R x T) into the space S is continuous,
{|J™2, m e N} also converges to J(y,k) in the topology of S. By the continuity
of Q41(t), we have

< (t),J >= lim <Q(¢),[J™}?>>0.

Therefore 4 (+) is positive.

In the same way we can show that 9(-) is also positive.

By the usual method, for example see Lemma 1 in Chapter 2 of [8], we can extend
the domain of Q;(+), 7 = 1,2 to the space Cy(R x T). By the Riesz representation
theorem there exists a finite positive measure pu;(-), ¢ = 1,2 such that

<Qu®).T>= [ p(t)(dy. k) J(y.k). i=1.2

for all ¢t >0 and J € Cy(R x T). By the linearity and the definition of Q{(-),

<u(t).J> = [ pi(t)(dy,dk) (g, k)" i= 1,2
for all J € S. 0

APPENDIX E. UNIQUENESS OF THE SOLUTION OF THE BOLTZMANN EQUATION

Suppose that a vector-valued finite positive measure p(t) is a solution of the
Boltzmann equation (4.2)). Then fi(t)(dy,dk) := pu(t)(dy+ %w'(k)t,dk) is a solution
of the following space-homogeneous Boltzmann equation

o [ ap()-3 = [ ap(t)-(cJ)

where

[ty = [ o)y + %w’(k:)t,dk)-J

= [ )y dr) - TGy - o (B ).

Conversely, if f1(t) is a solution of the space-homogeneous Boltzmann equation,
then p(t)(dy,dk) = @(t)(dy - %w’(k)t,dk) is a solution of the Boltzmann equation
(#2). Therefore, it is sufficient to show the uniqueness of the solution for the space-
homogeneous Boltzmann equation.

Suppose that J'(y, k) = fAY 7 (y)G(k), J?(y, k) = 0, where

* A
Ayy 5T — - 1 "
f (y) GXp( 2 _ |y_y*|2) B(y ,T)(y)7

B(y*,r)={yeR; [y-y*|<r},
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y* €R ,r>0and G(-) e C*(T). Note that fA¥"" e CE(R), |f M " |w < 1 and

%\li% f)\,y*,r(y) = 1B(y*,r)(y)'

Let p(t),v(t) be solutions of the space-homogeneous Boltzmann equation with a
same initial condition. Then

| [ dutty-d - [ av()-J]
=1 [ du®)- £ @G- [ () )6
< [Mas| [ dtu(s) - w(s)) - (P @)OGEH)

where G = (G(k),0). By taking the limit A - 0, we have

| [ GG () (By" 7). dk) - i (D) (B(y" 7). dh))
< [Mas) [ap(s) (Bl r). k) - v(s) (Bl r).d8)) - (OG)|
<[ &5 | [ aGui(s) (Bl 7). dk) = ()(B( ), dk))(C G|

<328mp|G(R)| [ds 3 el (B ), dk) ~ m(s) (B r), k)|
k 0 =12

where || || is the total variation for a bounded signed measure on T. Hence,

”:u'l(t)(B(y*aT)a dk) -n (t)(B(y*,T), dk)”

<32 [1ds 3 (o) (Bly*r), dk) - w(5)(By* ), k)|

i=1,2

By the same proof, we have

”:U'Q(t)(B(y*aT)adk) - Vg(t)(B(y*,T),dk)”
g32f0td;z s () (B(y* 7Y, dk) - vi(5)(B(y* 1), d)|.
i=1,2

,;2 i (D) (B(y™, ), dk) —vi(t)(B(y”",r), dk)||

<61 ["ds 3 () (Bl r),d) = () (B ), b))

i=1,2

Therefore u;(t)(B(y*,r),dk) = v;(t)(B(y*,r),dk) on T for any ball B(y*,r) c R,
which concludes p(t) = v(t) for any ¢ > 0.
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ApPPENDIX F. DERIVATION OF ([G.4])

We only consider the time evolution of Q\i(t)(p, k). By the same calculation we
can obtain the time evolution of Qg+(t)(p, k). From (B.7) we have

0T, (1) (p. )
N

-V (@ Dy - - D)) 0B

w3 B0+ Dyt + Dyt 5k - Troa- D), (0. )
#Bk+ D)1 (k+ )bk + TS (D)(p.k)

£ yB(k = )01 (k = Yok = TS, () (p,F)

#100(k= D)0k + L) [ak'r(h= Tk v (ks LK)

< [O1(k =K = D)0 (k = k' + D), (D), b~ )

0ok =K = sk - k' + ), (D)(p.k - k)

+ 00 (k=K' = )0k~ k' + )T (1)(p. ke~ )

O (kK + %)%(k . %)f;(t)(p,k — k).
By the change of variables k — k' — k', the last integral is rewritten as

f dk'r(k- L kY etk Lk k)
T 2 2
€ P —~ € €D —~
<[ = D01 + DO, O (0. k) + 02 (K = D)oo (K + D), (1) (. k"))

€ €D \— € €D \—
0L (K = D)0a(k + DITE_()(p, k) + 61 (K + T)0a(k = TITE, () (p. k)],

Hence, it is sufficient to show that r(k -2,k - k") r(k+ %,k - k') = R (k, k). By
the following direct calculations

r(k - %,k K r(k + %,k — k)
(TVTUK) _ 2m /L= (,-2n/ L= ) _ 1

—2m\/=1(k-k') _ e—2m/—_1(k+%))(e2m/—_1(k+§) ~1)

x (e
_ (1 _ e—7r\/—_15p(627r\/—_1k' n e—27r\/—_1k’) n 6—27'('\/—_16]))

% (1 _ eﬂ\/f_lep(e%r\/f_lk T 6727r\/7_1k 2W\/Tlep)

)+e

_ (eﬁ\/TIEp _ (627T\/T1k, " e—2W\/T1k’) " e*ﬂ'\/*_lﬁp)
% (ef7r\/—_lep _ (e2ﬁ\/T1k + 6—2W\/T1k) + eﬂ'\/jé]))
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and

efwx/flep _ (627'('\/*1]? T 6727r\/71k 7/ —lep

)+e

= 2cos mep — 2 cos 2wk
= 4sin (k + ?)sin (k- ?),
2 2
we can verify the equation r(k - 2,k - k') r(k+ L,k k") = Rep(k, k).
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