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On the long—time behavior of a perturbed conservative

system with degeneracy.

Wengqing Hu * .

Abstract

We consider in this work a model conservative system subject to dissipation and
Gaussian—type stochastic perturbations. The original conservative system possesses
a continuous set of steady states, and is thus degenerate. We characterize the long—
time limit of our model system as the perturbation parameter tends to zero. The
degeneracy in our model system carries features found in some partial differential
equations related, for example, to turbulence problems.
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1 Introduction.

Many Hamiltonian systems that arise in mechanics, mechanical engineering, as
well as hydrodynamics are subject to group symmetry. As an example, in the study
of the motion of an ideal incompressible fluid, V.I.Arnold had proposed (see [1], [2],
[3], [44]) a beautiful picture that describes the dynamics of ideal incompressible fluid
as geodesic flows on the group of all diffeomorphisms of a certain domain (see also the
author’s related work [32] in this direction). The studies of random perturbations of
Hamiltonian systems, or general dynamical systems with symmetry, in particular the
long—time dynamics and problems about invariant measures of these systems are of
interest (see also the author’s related work [31], [18], [17]). Schematically, the general

problem can be formulated as follows. We are given a dynamical system
i = b(x) 1)

in an ambient space x € M (M can be a Riemanian manifold). Usually we assume

b(x) preserves the energy. Then we assume that for some group G the system (1) has
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some symmetry with respect to G. The last sentence about symmetry of the system (1)
with respect to the group G is a bit vague and could be understood in many different
ways. It can be understood in a strict way so that the group can act on the space M
(in particular, it is such case when G = M) and the dynamics of (1) is invariant with
respect to G—action. It can also be understood as a more “rough” symmetry, in the sense
for example that the stable attractors of (1) has equivalent dynamical properties under
G-action (in [16] such dynamical property is in the sense of equivalence of logarithmic
asymptotics of transition probabilities when we add a small noise to (1), this is related
to the notion of “quasi—potential”, see [28], [30]). Our goal is to describe the effect of

adding a small noise to (1). That is, we study systems of type

= (A7) € @
where £° is a deterministic and/or stochastic perturbation depending on the small pa-
rameter(s) € = (e1,...,6;). Recent progresses in this direction have shown that an
effective description of the long—time behavior of (2) is the motion on the cone of in-
variant measures of the unperturbed system (1) (see [16]). Several examples of such
description are recently demonstrated in [16], [23], [21], [24], [22].
The above paradigm is only a general scheme. In this work we are interested in
studying a model problem that falls under the above general paradigm. Let us consider

the following system (see [7], [, Section 4.4]) corresponding to (1):

3
dy; = z2dt . )

{ dry = —xpydt

A phase picture of system (3) can be seen in Figure 1(a). We see that the whole line

Oy 4 contains stable equilibriums and the whole line Oyp contains unstable equilibriums.
This is different from the cases considered in [28], [25]. In this case we can understand
the symmetry of (3) in a more rough way: the stable and unstable equilibriums are
symmetric with respect to shifts in the directions of Oy4 and Oyp, respectively. The
unperturbed system (3) preserves the energy E(x,y) = 22 +%2. The driving vector field
b(z,y) = (—zy,2?) is degenerate on # = 0. Let us add a perturbation to system (3)

that consists of a deterministic friction and a random noise:

{ AXF = —XFVedt — eXEdt + \JedW]) | XE = aq @

dYs = (XF)2dt — eYidt + edWE , V5 =1yo

Here W' and W7 are two independent standard 1-dimensional Brownian motions;

the small parameter ¢ > 0 is the intensity of the friction, and the small parameter
V€ > 0 represents the intensity of the noise. System (4) is a two-dimensional nonlinear
stochastic equation involving a non—potential force. It is this non—potential force that

has the essential effect of creating a line of stable fixed points (attracting line Oya)
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Figure 1: The AB model.

touching a line of unstable fixed points (repelling line Oypg). In the subsequent text we
sometimes refer to this model as the AB—model.

Our goal in this paper is to study the long-time behavior of system (4) as € | 0. By
further developing results in [16], [23], [21], [24], [22], we will characterize the limiting
process as a diffusion process Y; on the positive—y semi—axis. The limiting diffusion
process Y; behaves as a 2—dimensional radial Bessel process with linear damping, and
henceforce we call it a damped 2—-d radial Bessel process, abbreviated as damped-BES(2)
(for Bessel process in arbitrary dimension see [39, Chapter XI, §1]). The origin O is an
inaccessible point for damped-BES(2). Diffusion processes on singular 1-dimensional
manifolds as the limit of averaging procedure has been considered in [20], [27], among
many other literature. The major contribution in our work is that we consider the man-
ifold of unstable equilibria touching the manifold of stable equilibria. This results in
non—trivial analysis that leads to our limiting process Y; as well as the inaccessibility of
the origin O. We will describe the limiting Markov diffusion process Y; via its infinites-
imal generator, and we show the weak convergence by making use of tightness and the
classical martingale problem method.

In a certain sense, our model problem here differs from the set—up in the classical
Freidlin-Wentzell theory (see [25]) in that the point-like asymptotically stable attractor
is replaced by a manifold. We can view our limiting process Y; on Oy4, the damped—
BES(2) process, as a “process—level attractor” of our system. For € > 0, the dynamics
of the system as € | 0 corresponds to the “metastable” behavior (see [15]). We will
show that under this scenario the “metastable” behavior of the system is characterized

by jumps between points on Oy and Oyp.



We are motivated by finite dimensional models for the inviscid stochastic 2-d

Navier—Stokes equations written in vorticity form (see [33], [15, Lecture 39])
ow

E—i—(u-V)w—l/Aw: Vin(t,x) , u=Kw, w(0,z) = we(z), (5)

in which £ = V+A~! is the Biot-Savart operator, 7(¢,z) is a noise, and the viscosity
parameter ¥ — 0. An unsolved issue here targets at studying the vanishing noise limit
of stationary measures of the 2-d stochastic Navier—Stokes system (see open problem
3 in the last section of the survey [33]). The difficulty there is that one has to put
a rather restrictive hypothesis, namely the unperturbed dynamics has to be globally
asymptotically stable. To remove this restriction, in the finite dimensional case this
problem is rather well-understood, and one can establish the so—called Freidlin—Wentzell
asymptotics for stationary measures (see Section 6.4 in [30]). As for stochastic PDEs,
similar results can be proved, provided that the global attractor for the unperturbed
dynamics has a “regular structure”. The latter means that the attractor consists of
finitely many steady-states and the heteroclinic orbits joining them. A result in this
direction has been proved in [35] for the case of a damped nonlinear wave equation.
However, the global attractor for the 2-d Euler system does not have a regular structure,
and in fact it has continuous sets of steady states (see [15, Lecture 68]). More generally,
systems that arise in hydrodynamics, such as in the context of Euler’s equation, typically
possess equilibrium points that belong to an infinite dimensional “manifold” of other
equilibria. These has been found in experiments (see [12], [43]), in numerical simulations
(see [11]), explained using arguments based on statistical mechanics (see [8], [40], [36],
[6]), as well as explained theoretically (see [5], [38]). Our system (3) is a very simple
finite—dimensional example of such type, in which the attractor is a semi-line Oy 4. When
we add a damping to (3), we obtain for fixed £ > 0 the model system (4) without the
stochastic noise, which admits only one single attractor O. Of course, the situation will
be much more complicated for the Euler and the Navier—Stokes equations. For example,
in low dimensions a good example is the famous Lorenz attractor (see [16]). However,
a surprising geometric connection is that our system (3) can be viewed as the Euler—
Arnold equation (see [44], [2, Appendix 2]|) for the group of all affine transformations
of a line ¢ (see [37] for more on this group), while the 2-d Euler equation is the Euler—
Arnold equation for the group of all diffeomorphisms transforming the domain in which
the fluid is moving (see [1] and [2, Appendix 2]). The formulation of our system (3) as
the Euler—Arnold equation will be discussed in Section 6.

The paper is organized as follows. In Section 2 we will explain the heuristics of the
limiting mechanism. In Section 3 we demonstrate the main convergence theorem as well
as its proof. In Section 4 we prove auxiliary lemmas that are needed in Section 3. In
Section 5 we describe the dynamics of our model system for small but nonzero ¢ > 0.

In Section 6 we discuss the formulation of our system (3) as the Euler—Arnold equation



for the group of all affine transformations of a line. Some remarks and generalizations

are provided in Section 7.

2 Heuristic description of the limiting mechanism.

t
To describe the limiting motion as ¢ | 0, we can first do a time rescaling t — —.
€

Let (X7, Yf) = (X7

e f/e). Then we have

1
dX; = —=X7YFdt — Xidt + dW} | X§ = o , (©)
c 6
1
dYF = =(X{)%dt — Yidt +dWE |, Y§ =1yo .
9

In this way, we see the separation of a “fast” motion which is governed by the non—

)

potential force term, and a “slow” motion which is due to the random perturbation.
Due to the effect of the fast motion, starting from anywhere (z, y9) that is not lying on
the semi-axis Oyp, the process (X[, Y) will come close to the attracting line Oy4 in a
relatively short time. Let 7 denote this hitting operator, so that we have the following

definition.

Definition 2.1. We define a projection operator © : R®\Oya — Oya, or equivalently
y™(z0,v0) : R2\Oya — Ry, such that m(xo,y0) = (0,y™(x0,%0)) as follows: when
(w0, y0) € R%\(Oya UOyg), we set y™(xo,yo) = tlgrolo y(t) where (x(t),y(t)) is the deter-
ministic flow in (3) with initial condition (x(0),y(0)) = (zo,y0); when (0,y0) in Oyp
(i.e. yo < 0), we can then naturally extend the operator m onto the Oyp axis, so that

y™(0,90) = y™(|yo| sin k, —|yo| cos k) for some small k > 0; finally, we define y™(0,0) = 0.

In the limit as € | 0, the process (X7,Y)) is pushed by the flow onto Oy4, and
will be close to m(zp,yo) in short time. There, the Y-component Y behaves as a

2-dimensional linearly damped radial Bessel process (damped-BES(2)) on Oyu:

1
dY; = <2_Yt — Yt> dt + th2 Yo = y"(x0,%0) - (7)

1
Indeed, when Y; is close to O, the large positive drift term A comes from the

t
X¢€)2
(XP) in the Y—equation of (6) as € | 0 (which is illustrated

€
as Corollary 4.3). This makes the origin O an inaccessible point for Y;. However, for

limit of the positive drift

small € > 0, the process (X7, Y,?) may still enter a thin strip around the half-line Oyp
through O. Due to the strong Markov property of the process (X§,Y/), once it enters
the domain R?\Oyp, it will move along the fast flow to hit somewhere on Oy 4. For any
fixed € > 0, the probability of hitting the level Y = —a for some a > 0 before moving
along the fast flow and hit somewhere on Oy, decays to 0 as € | 0. As the process Y;°



(XF)?

€
back to positive y—axis. Thus our limiting Y —process, the damped-BES(2), only lives

is closer to the origin O, the positive drift term pushes the process Y,° to bounce
on the positive Y-axis (see Figure 1(c)).
The above scenario can be roughly seen by considering the radial process r; =

V(X£E)? + (Y)2. In fact, by applying It6’s formula to (6) we see that

X: 1
drf = r—; K—ngYf — X{ ) dt + dW}
t
Ve[l 1(Y¥)? 1(X7)?
#3 (Bowir v ) awg] ¢ o 505
1
<— - T§> dt +dW/ , 5= /(X5)* + (Y5)?

= £
2r;

dt (8)

where W/ is a standard Brownian motion on R. When the process X} is pushed by the
flow to be close to the Y-axis, we have that Y, is close to 77, and thus (8) indicates the
limiting Y -dynamics (7).

However, for fixed € > 0, at a subexponential time scale, excursions of the process
(X7, YF) moving from Oyy4 towards a level set y = —a will be observed. These excursions
are directly crossing through a neighborhood of O. Due to the repelling nature of Oyp
and the random perturbation, the process will not strictly lie on Oyp but it will move
along the fast flow and come close to somewhere on Oya. This induces jumps from
points in Oyp to points in Oy4 (see Figure 1(b)). At even larger time scale, such as an
exponentially long time scale, large deviation effect makes the process (X[,Y?) move
from the attracting line Oy 4 to the repelling line Oyp. Such moves are not through O
but are directed motions against the fast flow. Again the instability of Oyp and the
random perturbation will make the process quickly jump back to Oya. This induces
back and forth jumps between points in Oy, and those in Oyp (see Figure 1(b)). As
¢ becomes smaller, motions of the process (X§,Y?) to Oyp and jumping back become
more and more rare, and in the limit no more such jumps appear, so that we come to
the limiting process Y; which cannot penetrate through O. Thus as € > 0 is close to
0, the description of the “metastable” behavior of system (4) involves both a diffusion
part and a jump part.

Figure 2 shows sample pathes of the X; and Y,® processes, as well as the limiting
Y -—process (driven by the same Brownian motion as the driving Brownian motion for Y;7)
starting from (X,Y) = (0,2) in 15000 steps for stepsize= 0.0001, with all steps rescaled
to [0,1]. In Figure 2(a), (b), the red curves are the sample pathes for Y;, and the blue
curves are for sample pathes Y,F when € = 0.1 (Figure 2(a)) and ¢ = 0.01 (Figure 2(b)).
In Figure 2(c), (d), the black curves are the sample pathes for X; when ¢ = 0.1 (Figure
2(c)) and € = 0.01 (Figure 2(d)). One can see that the process X; is mainly localized

near 0, and the process Y behaves similarly as the process Y;, especially when the



Figure 2: Sample pathes of the X; and Y;° processes, as well as the limiting Y -process
(driven by W) starting from (X,Y’) = (0,2) in 15000 steps for stepsize= 0.0001, that
is rescaled to [0,1]. (a) € = 0.1; (b) € = 0.01; the red curves are the sample pathes for
Y}, the blue curves are the sample pathes for Y. (c) ¢ = 0.1; (d) € = 0.01; the black

curves are the sample pathes for X;.

parameter € > 0 is small.

Let us also notice that, the cone formed by the set of extremal invariant measures
of the unperturbed system (3) consists of both the lines Oy4 and Oyp. And according
to [16] the description of the limiting process shall be given by a Markov process on
this cone. Our result is in a sense a specific example of this general paradigm. What
we are demonstrating here is that the part Oyp of this cone is simply inaccessible, and
the limiting process just lives on Oya. This agrees with the heuristic that Oy, is the

“stable” half-line of equilibriums and Oyp is the “unstable” half-line of equilibriums.

3 The limiting process and weak convergence theorem.

Let Y} be defined as the diffusion process on R with infinitesimal generator given by

the operator A and domain of definition D(A) (see [11]). For any continuous function



f R — R that is twice continuously differentiable in y > 0 we have

2
Af) = 5550+ (55— 0) ) foraty >0, )
and
Af(0) = lim Af(y) . (10)

For y < 0 we further define
Af(y)=0forall y <O0. (11)

The domain of definition of the operator A is given by the set of continuous functions

f R — R such that f(y) are twice continuously differentiable in y > 0, with the limit

ar I OE ()

of —(y) = exist and is equal to zero as y — 0+, i.e.
dy 2oYE>Yy  Z2— Y
artf
lim —=(y)=0. 12
Jim, o) (12

By (10) and (12) we infer further that

1d*f
lim ~—" 1
Jm W) (13)

exists.

The existence of such a process Y; is guaranteed by the Hille-Yosida theorem (see
[14], [34]). The closure m of the operator A in the space of continuous functions on
R exists and it actually defines a Markov process on {y > 0}, which is a 2-dimensional
radial Bessel process with linear damping on R, that is inaccessible to the origin O,

and it contains isolated points on {y < 0}. Our main theorem can be stated as follows.

Theorem 3.1. Let T > 0 and initial condition (xq,vo) € R%. Then
(a) For any bounded continuous function F : R? — R that is uniformly Lipschitz

continuous with a Lipschitz constant Lip(F) < oo we have

lim B [F (X7, Y) = F(0,¥£)] =0 (14)
£

(b) The measures on Cig7)(R) induced by the process Yy* converge weakly as € | 0
to the measure induced by Y; with Yy = y™ (0, yo).

1
Proof. Let 6 =d(e) =e* >0 with § - 0 as ¢ ] 0. Wepickozzl—o. Set og = 0 and
Tk = inf{t > Ok—1, ‘Y;E’ = (5} s, O = inf{t > Tk, ‘Yf’ = 2(5} 5 k= 1,2,....

Our proof intuitively goes as follows:



Step 1. We show that if Y° > ¢, then as € | 0 the process X} is very close to the
Y —axis. This is proved in Lemma 4.1. We then show in Lemma 4.2 and Corollary 4.3

(XF)?

that as X7 is small, the quantity —— is close to
€

oY, —. In particular, this makes the
process Y;° behaves close to a 2-dimensional radial Bessel process with linear damping
when Y® > 6.

Step 2. We show that during the time 7, < ¢t < 0}, we have |X[| < 3§ with high
probability. This is because whenever | X7 | > 2§ the flow (6) with small & > 0 will quickly
bring the particle back to the region Y > 4, and during this process the | X|-value is
less or equal than 3§. This is done in Lemma 4.4.

Step 3. We show that P(Y; = 20) — 1 as e | 0 and therefore 6(¢) — 0. This
is because if Y7 < —1.50, then the flow of (6) with small ¢ > 0 will quickly bring the
particle back to Y > 4, and during this process the Y—coordinate is > —1.99 with
probability — 1 as € | 0. This is done in Lemma 4.5.

Step 4. We then estimate E(oy, — 1) < O(6%) in Lemma 4.6. By making use of the
fact that | X7 | will be close to 0 for o <t < 7341, we estimate E(1y11 —o0y) 2 O(0) — 0
as € | 0 in Lemma 4.7. The asymptotic lower bound for E(7;41 — o) provides us with
an upper bound on the number of up-crossings N(¢) < O(67!) from  to 26 before
time T'. This is done in Lemma 4.8. Combining Lemmas 4.8 and 4.6 we obtain that
N(e)-E(or — 1) - 0ase 0.

Steps 1 and 2 together help us to settle (14) so part (a) of this Theorem. To
prove part (b) of this Theorem, we shall make use of a modification of Lemma 3.1
in [28, Chapter 8]. This has been used in the works [23], [22], [26], [9], [L0], [20], [19].
First, in Lemma 4.9 we show that the family of processes Yy is tight in Cjg7(R).
Secondly, we show that for every continuous function f : Ry — R such that f € D(A)
and every T' > 0, having bounded derivatives up to the third order, uniformly in the

initial condition (xg,%0) € R? we have

T
By 01 [f(Yf) - 5.5 - | Af(Yf)dt} =0 (15)

as € | 0. The desired convergence in (b) then follows from (15) by the argument using
martingale problem formulation of Markov processes (see [13, Chapter 4]). We are left

with proving (15). To this end, we decompose
T
B[ - 706,99 - [ ar07)al

N N ok
- A +;E[f(Y§k)—f(Yé)— [ aroal

E [f(Y;N> s - [ Af(Yf)dt}
= (I) + (II) — (III) .

V) = 10 ) - [ Ar

k—1




Let us first estimate (I). In fact, we can estimate, by Lemma 4.2, that

E < OTel4e |

FO0E) = 10 ) - [ Arer

k—1

This helps us to conclude, by further making use of Lemma 4.8 that

< 07?5 50

N
Z E
k=1

FYE) — Ve ) — / " Afve)de

k—1

1 1
aseiO,f0r0<oz<gsayoz:1—.

To estimate (II), we notice that Yy = 20 and Y = d. Thus by using the fact that
17(0) = 0 we obtain

F(Y5) = £(0) = 4f"(0)0% + O(8°) , f(Yy,) = f(0) = f"(0)8* + O(6?)
so that

\E 105 - 1020 - [ A \ < L") + CoB(oy — )

k

This combined with the fact that N(¢) - E(oy — %) — 0 and N - 6> — 0 as ¢ | 0 from
Lemmas 4.8 and 4.6, help us to conclude that |(II)] — 0 as € | 0.
Finally it is easy to see that |(IIT)| — 0 as € | 0. Thus (15) is proved. O
4 Proof of auxiliary lemmas.
Recall that by (6), we have
1
dX§ = <——X§Yf — Xf) dt+dw} | X§=u,
€

1
dYy = (g(Xf)Q - Yf) dt+dWE . Ye=uyo.

Lemma 4.1. For any § = () such that § = — 0 ase | 0 for some 0 < a < 1, there
exist some to = to(e) which can be picked as to(e) = e =9/2, such that ast > to(e) and
while Y > 0 for 0 < s <t, we have

E(X{)? < Cel™™ (16)
for some C > 0.

Proof. Let Y& > 6 for 0 < s < t. Let s € [0,t] and we consider applying It6’s formula
to (X£)2. In this way, we obtain from (6) that

10



d(XE)? =2XEdX:+ (dXE)?

Ye 17
=2 <——s — 1) (XE)2ds +2XdWE +ds . (a7
£
Therefore taking expectation in (17) we obtain
YE
dE(XS)? = 2E <——S — 1) (X5)2ds + ds . (18)
€
As we have Y > 6 and (X£)2 > 0, we can estimate
Ye 0
25 ) (X2 <[ == — 1) (X9)?
(- 1) o< (<2 1) o
so that (18) becomes
€2 0 €2
dB(X:)? <2 (=2 — 1) B(XD)ds + ds .
Thus
d|2CETSE(X2)2| < 2(2HDs (9 <_§ — 1) E(X%)2%ds + ds + 2 (é + 1) E(X§)2ds>
€ €

_ 62(§+1)sd8 _

Integrating the above differential inequality in the argument s from 0 to ¢ we see

that we have

1
CCTVE(X])? ~ B(XG) < 2(2+1) (6 =1)
3

i.e.
B(X})? < e ?EBG) + 5

So finally we obtain the estimate

B(X) < e ?CTVB(XG) + ﬁ | (19)
As we have 0 = €, the above estimate (19) implies that we have
B(X{)? < e RB(XG) 4 e
From here we infer that as ¢ > ty(¢) and € > 0 sufficiently small we have
E(X{)? < Cel™™
for some C' > 0. In particular, we can pick to(e) = e(1=)/2, O

11



(XF)?

€
as the first term in the right-hand side of the equation for Y;*. In fact, this estimate can

The above estimate (16) cannot provide a precise estimate for

, which enters

be obtained by first noticing the following Lemma.

Lemma 4.2. There exist some constant C' > 0 so that for small € > 0 and any function
f € D(A) with bounded derivatives up to third order, uniformly in k = 1,2,..., N we

have

E < OTet e (20)

05 - 105 ) - [ Arer

k—1

Here the constant C' > 0 depends on the bounds for the derivatives of f.

Proof. Let us assume that there exist uniform constants M; > 0, My > 0 and M3z > 0
such that |f'(y)] < My, [f"(y)] < Mz and [f"(y)] < M3. In fact, as Y = § and
Y; =2 for k=1,2,..,N, we have

E|f(vs) - f(Y: ) - / " At

k—1

< M [EY; -5 | 4BV - g |
| [* (g —ve) oy g a- [0 (5 ) £od + 35
ooy LN2VE Lol M oy L\2rF ! 2
= M [B|YS -5 |+ B — 5, ]
B /Tlc [/ 1 _ye f/(YE)_{_lfl/(Yg) dt_/Tk i et f/(T‘a)—Flf”(T
ooy LN2YE T B2 gl M ory L\2rE g
= Ml |:E|Y’Ti - |+E| Ok—1 _Tg'k_1|]
E T [ 1 Y&‘ /Ya‘ /(.. 1 YE 1 £ !(,.€
+ L\ (') = F'(ri) + v Y gt frg)
1
L) - f”(rf))] a
1 Tk
< oM, [E|Y:k—r6 |+E|YE  —rE 1|] + My <5+5> E/ Y7 — rf|dt
g
N o
M <1+—2>E/ , —rt]dt—ingE/ YE — |t
5 Ok—1 Ok—1
(21)
As we have Y7 > ¢ and r§ = \/(X7)2 + (YF)? > YF > for o1 <t < 7, we infer
that )
Y€ 1
‘Yz-: —7“5 ’ |( ) (Tt) | (Xs) (22)

—|YE+E T 25
From (21) and (22), taking into account Lemma 4.1, we know that, as ¢ > 0 is

small, for some constant M > 0 we have

12




Tk Tk
E|f03) - f0% )~ [ AT ~E |705) - f05, ) - [ Af(r?)dt]
Ok—1 Ok—1
1 1
< _ £ \2 _ € 2
< CM; 25E(X7'k) + 25E(X0k71)
v (L es) e (142) L st E/Tk (X7)2dt
2\ ! §2)25 " P28 oy
< M [E(Xa )2+ E(X¢ )2] + = - TE(XE)th
=5 Tk Ok—1 53 0 t
< 0[517201 +T€174a] < CT€174a )
(23)
As we have, by martingale formulation of Markov processes, that
Tk
B (/05 - 05, ) - [ Af(rf)dt] -0,
Ok—1
we see that the claim (20) follows from (23). O
Corollary 4.3. For any 1 <k < N and any op_1 < t1 <ty < 71, we have
E / (L - L) il < cprto  atey ) (24)
t1 € ! 2Y;56 N ? ! .

Proof. Let us consider a function f € D(A) having bounded derivatives up to the third
order. We can apply Itd’s formula to the Y—dynamics of (6) and we obtain, for any
op—1 < t1 <ty <7y, that

f(fé)—f(Yfl) t
2 1 2
= PO +5 | ()t
t1 t1
b2 I\ E 1 £\2 € b2 Iy € 2 1 2 Iy €
= PO Z(XE)7 = Y7 et | ffY0)dWe +5 | f1(YE)dt
t1 t1 31

This gives

B[r00) - 1) - [ asopa) =m [ (Tor - g

[ ! W) PR (25)

From the proof of Lemma 4.2 we see that the estimate (20) is valid also for the
integral from t; to ty. In fact, a finer estimate can be obtained by improving (23) via

the estimate .
2
E/ (X5)2dt < Ce'™2%(ty — t1) .

t1

So ‘E [f(Y;‘Z) ) - /: Af(yf)dt] ' < Clet=2 4 et (ty — 1)) .
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Thus by (25) we see that

271 1

B[ (2o - g ) ro] < Clet s - )
t1 € QY;

We can pick a function f € D(A) with bounded derivatives up to third order, such that

f'(y) > 6% for y > 6. From here we derive (24). O

1
Lemma 4.4. For any § = d(g) such that 6 =e* — 0 ase | 0 for a = 10’ for any initial
condition | X§| > 26, the flow will quickly bring the particle back to the region Y > 9,
and during this process the | X |-value is less or equal than 36. In particular, this implies

that P (| X5 <30 for0<t<T)—1ase 0.

£

Y,
Proof. Let us introduce the angular variable 6 = arctan (X—t€> Here we take the
t

principal branch of the function tanf as 0 € { ;T ;T] Due to symmetry of the system
3
(6) with respect to the Y-—axis, if the point 6 € [g, ;}, then we can equivalently

consider § = 7 — 0 as a replacement of §. In this way, if 6] = g, then the diffusion

T
particle is on the Oy4 axis, and if §; = ——, then the diffusion particle is on the Oyp

axis. Let us apply Ito’s formula from (6) to 67 and we obtain

—

Y€
dos = _—(XE)Q t AL (—EXfodt — XFdt + dW})
t
Xa 1 £\2 €

X7 YE) 6(X)dt—Y dt + dW}2

1 X‘fYE 2X7YF

—— dt — ! dt) (26)
2 ( (PR TP (P
:ledt Ytth +Xtth
f (XF)? + (Y¥)?

(ri)?

Here W/ is another standard Brownian motion on R. Comparing (26) with (8) we see

that we have the system
1 Y§
do; = _Xedt+ ik —dW{ 05 = arctan <X05> :

1
drf = (2——) &t -+ AW g = TR T (3
Ty

(27)

The processes W/ and W/ are two driving standard Brownian motions on R. Set

the slow time clock t = (0/¢)t and let us consider a time-rescaled pair of processes

O = Hfa/é)t and R{ =

(©%, Rf) are given by

rfg /8- Then the stochastic differential equations satisfied by

14



€ X(Ee/é)t € 1 0 € e
107 = — dt+\/; W 85 =0

€ 1 €
ARy = > (2—R§ —Rf> dt+\/gdW€" VRS =1 .

(28)

Without loss of generality, let us start the process from some (X§,Y) such that
XG5 > 26 and Y < 6. In this case we have Rj > 26. Consider the stopping time

TS = inf{t > 0: X5 < 8} (29)

€

X
and let TS = (6/e)T5. We see that for ¢t € [0,T5] we have X; > ¢ and thus Tt > 1.

1
We pick § = &% with a = o Since \/§ = ¢9/20 and % = ¢%/5 = ¢16/20

the R—equation in (28) that for finite t,

, it is seen from

P <]R§ — 2] < 059/”) ~1. (30)

In this case, /< - EETIY O ﬁ = O(e'/?71/5) = O(3/19). Therefore, the ©—
Voo (RY)? 52 ' ’
equation in (28) can be viewed as a perturbation of the dynamical equation
XE

40, = (85/ it , O = 65 (31)
such that

p (\ei — 0 < 053/10) —1 (32)

in finite t. From (29), (30), (31) and (32) we know that T% is finite, and thus T5 ~
O(e%/19) and Yj?)s( > 0. From here we know that whenever X§ > 20, the flow will quickly
bring the particle to the region Y > §, and during this process X; < 30. Thus we see
that with high probability, we have X; < 30. The other-side estimate X; > —3¢ is

obtained in a same fashion. O

1
Lemma 4.5. For any § = 6(g) such that 6 =e* — 0 ase | 0 for a = 10’ for any initial
condition Yy < —1.50, the flow will quickly bring the particle back to the region Y > 0,
and during this process the Y —coordinate is > —1.999 with probability — 1 as € | 0.

Proof. This is proved in the same way as the proof for Lemma 4.4. O
Lemma 4.6. We have E(oy, — 1) < C6% — 0 as £ | 0 for some constant C' > 0.

Proof. Let us introduce the auxiliary OU-process

dY, = —Yidt + dW? |, Yo = Y5 . (33)

15



By Lemma 4.5, we know that as € is small, with probability close to 1 we have Y7 =
(X7)?

€

26. Taking this into account, as we have
that

> 0, we can estimate by comparison

E(op — 1) <E (O'D/}U = 25) .

Here o is the first time that the OU-process }A/} starting from }Afo = ¢ hits Y = £24.

As we have

Ec =E (oY, =26)P(Y, = 2) + E (ﬂffo - _25> P(Y, = —20)
>E (o]V, =26) P(Y, = 20)
3 ~
~ JE (0|Y0 - 25) ,
we can further estimate 4
E(op — 1) < gEO‘ . (34)

We denote u(d) = Eo. By the standard theory of stochastic differential equations
we know that u(y), y € [—24,26] is the solution to the ODE

() + 30 () = 1,
u(20) = u(—26) =0.

Solving the above ODE system, we obtain that

20 ) z 5
” ; y / e* dz/ e “du
u(y) = —2/ ezzdz/ e % du + 2/ % dz =2 2 .

26
~26 —26 —26 / o2 0
—20
y
/ e dz
It is easy to see that as y € [—26,20] we have 0 < % < 1. Thus
e* dz
—26
26 ) z 5
0§u(5)§/ ezdz/ e “du .
§ —26

In particular, this implies that u(d) < C6? for some C' > 0. Taking into account (34),

we obtain the statement of this Lemma. O
Lemma 4.7. We have E(141 — ox) > C6 as € | 0 for some constant C' > 0.

Proof. Recall that the Y-equation in (6) has the form
1
dYf = <E(Xf)2 - Yf) dt +dW7 .

16



Thus by comparison, we know that
Y >V,
in which }Aft is an OU-process defined by
dY; = —Yidt + dW? Yo =Yg .
From here, we know that we have
E(t441 — o) > ET |

where 7 is the first time that the process Y, starting from 24 hits .
Set u(20) = E7. From the standard theory of stochastic differential equations we
infer that u(y), y € [d, 00) is the solution to the ODE

—yul(y) + 30" () = -1
u(d) = u(o0) =0 .

Solving the above ODE system, we obtain, for y € [§,00), that u(y) = Mlim un (y),

— 00
where

v 5 /e dz/
uM(y):—Q/Mez dz/M - du+2/ e* dz
fye

y
/ e dz
Again, as M — oo we have lim “Y— — 1. Thus in the limit we have

M— o0 g 22
e’ dz
M

26 () 0
Er =u(20) = 2/ eZde/ e % du > 26¢" / e " du > C§
0 z 26

for some constant C > 0. O

Lemma 4.8. The number of up—crossings N(g) from § to 26 before time T has the
asymptotic N(g) < CTS6~ ' for some constant C > 0.

Proof. This follows from Lemma 4.7. O

Lemma 4.9. The process Yy is weakly compact in Cp1)(R).

Proof. Let (Q2,F,P) be the probability space for Y5, 0 < ¢ < T, such that for any
w € Q the sample path Yy (w), 0 < t < T is a trajectory in Cip)(R). We would

like to show that from any sequence ¢ | 0, k = 1,2,... as k — oo one can extract a

17



further subsequence e; | 0, j = 1,2,... as j — oo such that for any bounded continuous

functional F" on Cpg71(R) we have

€k

EF(Y, 7 (w)) = EF(Y(w)) (35)

for some j — oo and some random element Y, in Cio,7)(R). Here E is the expectation
with respect to P.

Unlike any of the previous Lemmas, here we will pick some fized § > 0. It is easy
to see that if we replace § = % by a fixed §, then Lemmas 4.5, 4.6, 4.7 remain valid
(The stopping times o} and 7 can also be defined in a same way as for § = &%), while
the estimate (16) in Lemma 4.1 shall be modified into

E(X5)? < C% . (36)

Henceforce we will make use of Lemmas 4.5, 4.6, 4.7 in below by directly adapting
it to a fixed 6 > 0.
Let for any small € > 0 the family of sample pathes

Qifd ={w: min Y (w) < —-26} . (37)

0<t<T
By Lemma 4.5 we know that P(Qifd) —0ase 0.
Let us introduce a new probability measure P on (Q, F,P) as follows. For any
event A € F we define s
~ P(A\Q
P(A) _ ( \ ?a:sd) )
P(O\Q;,,)

Let the corresponding expectation be defined by E. As we have P(Qabfd) —0asel0,

(38)

we have that EX — EX for any random variable X as € | 0. From here we see that to
show (35) it suffices to show that

EF(Y, " (w)) = EF(Y (w)) (39)

for some j — oo and some random element Y;" in Cio,7)(R). We then understand (39) is
just saying that Y,® is weakly—compact under P. We will then make use of Lemma 5.1
in [29]. In fact, Lemma 5.1 in [29] indicates that in order to show weak—compactness of
the family of sample paths in Y}® in Cg;(R) under the measure 1?’7 it suffices to show,
for each § > 0, weak—compactness of the family of sample paths }7;6’5, where f/f’é =Y7
forop_1 <t<m, k=1,2,...,N and

T — t— oy

Y0 =6 +26

Tk — Ok Tk — Ok

for 7, < t < op. This is because we have |Yf(w) — f/f’é(wﬂ < 4 for each § > 0 on
we MO,

18



By the classical Prokhorov’s theorem, to show weak—compactness of the process
525’6, it suffices to check tightness of the family of processes 525’6, 0 <t <T. Since
375’5 is a linear interpolation between 7, < t < op, we just have to check that, for any

op—1 < 81 < 89 < 7 so that |sg — s1| is small,
Y57~ Y3|" < Clsi — so™ (40)

for some a,b > 0 and C' > 0. Since 17;6’5 =Y for o1 < s < 73, and P(Qi;d) — 0 as
e} 0, we just have to check (41) for Y7 and E replaced by E, i.e.

1+b
E]Y;Z - le]“ < C|s1 — s9| . (41)
Notice that, for any op_1 < 81 < 89 < 73, we have

1
m—m=;/ /Y%+w”v@w (12)

From here, we see that (41) follows from (36).

5 “Metastable” behavior of the system as ¢ | 0.

The previous section considered the case when € | 0. In this case, one can roughly
understand that the coupled process (X7, Y;?) converges weakly to (0,Y;). We can then
let ¢ — oo, so that the damped-BES(2) process Y; in (8) converges to an invariant
measure 1Y on Oya. In this case, ignoring the topology with respect to which we speak
about convergence, one can say very vaguely that

lim hm (X5, YF) = (0, ¥ on Oyy) .
t—00 el
It is in this sense that we can understand the measure ;¥ on Oy as a global “attractor”
of our system (X7, Y;). One can also consider the case when the two limits are inverted,
namely for any given measurable set I' C R? we have the convergence of the form
lim lim P ((X;,Y5) € T') = po(T) .
lim lim P ((X;,¥/") € T) = po(T)
The limiting measure po(I') has been studied in [7] via invariant measure and Kol-
mogorov (Fokker—Plank) equation, and has been shown to concentrate on Oy4. In the
classical theory regarding random perturbations of dynamical systems (see [30, Section
6.6]), one is interested in considering the above two limits in a coordinated way. Namely
we consider the case when ¢ = t(¢) — oo as € | 0, and the asymptotic distribution of
(X5

t(e)’
sets of the unperturbed system consists of isolated compactum. In this case, if #(g)

Vi 6)) In the classical case such as those demonstrated in [28], [30], the w—limit
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increases sufficiently slowly, then over time t(¢) the trajectory of (Xf( 8),Yt? 6)) cannot
move far from that stable compactum in whose domain of attraction the initial point is.
Over larger time intervals there are passages from the neighborhood of this compactum
to neighborhoods of others: first to the “closest” compactum (in the sense of the action
functional) and then to more and more “far away” ones. Such a phenomenon has been
quantitatively characterized as the “metastable” behavior of the system.

The particular feature of the system (4) that we consider here has been in that
the unperturbed system admits a continuum of stable attractors. At the level of time—
rescaled process (6), this leads to possible “jumps” of (Xf(a),Y;?e)) between Oy,4 and
Oyp. To illustrate this, let us imagine that we start our process (X7,Yy) in (6) from
(X§,Yy) such that Y > 0.

As € is small, in very short time ~ O(g), the process (
the Y-axis along the deterministic flow, and it hits a neighborhood of (0,y™(X§,Ys)) L.
For any a > 0, let the stopping time

£,YF) first comes close to

T(ase) = inf{t > 0; Y < —a} . (43)

We then define
p(a,t;e) = Pixe vey (T(a;e) < 1) (44)

to be the probability that the trajectory {(X¢,Y?)}o<s<t ever reached below ¥ = —a
on the Oyp axis. By Lemma 4.5, we have that p(a,t;e) — 0 as ¢ | 0. We set t(g) ~
1

patid) — 00 as € | 0. Then we see that at time scale ~ t(g) the process (Xf(e),Yt‘EE))
may demonstrate an excursion to Y < —a. By combining Lemma 4.1 and the instability
of the flow near Oyp, we see that this excursion happens along the Y—axis and will hit in
a neighborhood of (0, —a). In fact, within the half space for Y > 0 the process (X, Yy)
will be pushed by the deterministic flow to be close to the Y—axis. When the excursion
diffuses to the half-space with Y < 0 but |X| # 0, the deterministic flow will quickly
bring the process (X§,Y?) back to the half-space with positive Y—value. Therefore the
excursion to (0, —a) within the half-space for Y < 0 should happen along the Y-axis.
At time t ~ t(e), the process (X;,Y) will be close to (0,—a) and is fluctuating in a
neighborhood of this point. Due to instability of the flow near Oyp axis, the process
(X7,Y;") will then be quickly (at time scale ~ O(e)) brought back to a neighborhood of
(0,a).

Under the above mechanism, as € > 0 is small, what we actually see is that the
process (X7, Y[), although mostly stays within the half-plane of positive Y -value, being
close to the Y—axis, makes rare excursions to (0, —a) along Y-axis, and after that
quickly jumps back to (0,a). As € > 0 becomes smaller and smaller, the excursion to

(0, —a) becomes rarer and rarer, so that in the limit € | 0, the process (X7, Y;) will not

'Recall the definition of y™ (o, yo) in Definition 2.1.
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enter Oyp any more, and we arrive at the “process level stable attractor” (0,Y;). This
characterizes the metastable behavior of the system (6), and when changed back to the

slow time, the perturbed system (4).

6 Formulation of the system (3) as the Euler—Arnold equa-

tion for the group of all affine transformations of a line.

In a beautiful paper from 1966 (see [1], also [2, Appendix 2] and [44]), V.I.Arnold
observed that many basic equations in physics, including the Euler equations of the
motion of a rigid body, and also the Euler equations describing the fluid dynamics of
an inviscid incompressible fluid, can be viewed (formally, at least) as geodesic flows on
a (finite or infinite dimensional) Riemannian manifold G. This Riemannian manifold G
is also a Lie group equipped with a right—invariant metric. Equivalently, these geodesic
flows can be written as the solution of an ordinary differential equation at the co-tangent
space to the origin of the Lie group G (the dual space of the Lie algebra of ), describing
the evolution of the angular momentum (more precisely, the pull back of the angular
momentum to the origin). Such an ordinary differential equation has been thereafter
named the Euler—Arnold equation. Below let us first briefly discuss the background
of the Euler-Arnold equation in one subsection, and then in another subsection we
will formulate our system (3) as the Euler-Arnold equation for the group of all affine

transformations of a line.

6.1 Background of the Euler—Arnold equation.

Let G be an n—dimensional real Lie group. Let g be its Lie algebra, i.e., the
tangent space of G at the identity element e associated with a commutator relation [, ].

The commutator relation is defined in the standard way: For two tangent vectors &

82
and 7 the Lie bracket is defined as [£, 7] = eese ™5 In a coordinate
0s0t |,
dependent language if eq, ..., e, be a basis of g so that cé“j are structure constants, then

n
lei el = cfjek.
k=1

Consider the actions of left and right shifts of G on itself:

Ly:G—G, Lih=gh;R;,:G— G, Rgh=hg .

The induced maps on the tangent space at every h € G are

Lg* : ThG — TghG s Rg* : ThG — Tth .

Consider the diffeomorphism R,-1 Ly, which is an inner automorphism of the group

G. This diffeomorphism preserves the identity element e and its derivative at the identity
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element e is the so called adjoint representation Ad, of the group G. That is to say,
Adg g—9, Adg = (Rg—ng)*e .

The mapping Ad, satisfies Ady[&,n] = [Ady€, Adyn] , &,n € g as well as Adgy), =
AdyAdy,. We could view the mapping Ad as a mapping from the group to the space of

linear operators on g:
Ad(g) = Ad, .
The derivative of the mapping Ad at the identity element e of the group G is a linear

mapping ad from g to the space of linear operators on g. We have

ad = Ad,. : g — Endg , ade = % Ad e
t=0

etgesne_tge_sn =
t=s5=0

82
(Re_t5 Letﬁ )*677 =

d
We see that adegn = —
=0 Ot0s

dt
£, ).
Let us now consider the dual space g* of the Lie algebra g. The space g* consists

d
Adetgn = —
=0 dt

of all real linear functionals on g: g* = T;'G. Let us denote the pairing of { € T)'G and
n € TyG in the cotangent/tangent spaces at g € G by the bracket

(5577) €R ’geTgG aneTgG .

It is natural to define the dual operator Adj : g* — g* by the identity

(Adg&,m) = (&, Adgn)

The operator Ady is the co-adjoint representation of the group G.

Correspondingly, one can define

d
adZ:g*—)g*,{Eg,adE:E AdZe
t=0

such that
(ad¢n,¢) = (n,adeC) \n€ g ,(€g,.£€Q .
We may denote
adgn={&n}, {€g,neg" .

We have an identity

{&n}1 Q) =, [€,¢]) for E€g,neg", (€g.

Let us turn to coordinate-dependent language. If el, ..., " is a basis dual to ey ..., ey,
in g (e',ej) = 6;. Then we can calculate {e;, e’} = >~ e
k=1
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Let A : g — g" be a symmetric and positive definite linear operator: for any
§,m € g we have (A¢,€) > 0 and (A, n) = (An,§). Let Ay : T,G — T;G be defined
by Ag§ = LyAL,-1,&, § € TyG. In mechanical applications the operator A, gives the

moment of inertia. Consider a metric on GG defined by an inner product

<§777>9 = (Ag§777) = (Agnaé.) = <777§>9

for £,m € T,G. This metric is a left invariant metric on G, i.e., (§,M)e = (Lg«&, Lgs1)g,
and it makes the Lie group G into a Riemannian manifold. We shall denote the corre-
sponding inner product (, ). at T.G = g simply as (,). We shall also denote the operator
A simply as A.

The above introduced inner product also induces an inner product on T)G. Let
¢ € T/G and p € T*G. We can define (¢,u) = ((,u)e = ((,A"'p). Such an inner
product on TG makes TG into an inner product space.

Consider a geodesic curve g = ¢(t) on the group G, with respect to the metric
given by (,)s. The trajectory g = g(t) complies with the principle of least action. The
Lagrangian here is the kinetic energy T(t) = E(t) = %(g(t),g'(t»g(t) and the action is

t

1
Sot(g) = / 5(9(5),g(s)>g(s)ds. The trajectory g = g(t) is such that the first variation

0
of the action vanishes.

The angular velocity is w = §. Let

we=Lg1,9€9, ws=Ry-1,9€9.

These are the so called “angular velocity in the body” (w.) and “angular velocity
in the space” (ws).

The angular momentum is defined as
M =A49 .

We see that M € T; G. We consider

Mc = szlM S g* s MS = R.ZilM S g* .

These can be viewed as “angular momentum in the body” (M.) and “angular
momentum in the space” (Mj).

The kinetic energy can be rewritten as

1 1 1 1 1 1
T fd E — —{(a.¢ = — = — A = — A 70 = — M — — M o .
2<gag>g 2<WC7wc> 2( WCaWc) 2( ggag) 2( wwc) 2( 79)
Theorem 6.1 (Euler’s equation). We have
dM.
= C MC . 45
Me _ fueat) (45)
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Proof. The proof of this Theorem can be found in [2, Appendix 2, Theorem 2]. O

Theorem 6.2 (Euler-Arnold equation). We have

dM,
dt

= {A7'M,, M.} . (46)

Proof. We notice that w. = Lj-1,9 = A_lALg_1*g = A—lL;,lL;ALg_l*g = A_lL;,lAgg =
A~1M,. Thus (46) follows from (45). O

One can see that the evolution of the angular momentum in the body M, is de-
scribed by an ordinary differential equation (46) which is the the Fuler—Arnold equation.
The dynamics of this equation is an equivalent way of forming the geodesic flows on the

Riemannian manifold G.

6.2 Formulation of the system (3) as the Euler—Arnold equation.

Let G be the group of all affine transformations of a line ¢ (see [37]). We can

represent GG in terms of the following matrices:

a b
G= = Gub = a>0beR ) .

The group multiplication is then just matrix multiplications: gu, p,9a;.b1 = Ya1as,azb1+bs-

The inverse is given by g;; = g1 _». The identity element e = gy g.

The Lie algebra
T.G = vy s,y € RS
0 0

Ifge Gand M € T.G then Ly M = gM and Ry M = Mg in which the multiplica-

d
tion is understood as matrix multiplications. This is because we have T exp(tM) =
t=0

d
gM and — exp(tM)g = Mg.

dt|—g

: &1 & Mmoo
Let us use the inner product o ol'lo o =&y +&amp for £, € T.G.

In this way we can identify T,G with T*G. Let A : R? — R? be the identity matrix. We
can introduce a metric on G via A: for any &,n € T.G we introduce (£, n) = (£,7n).

a b m o1 & &
Let g = ,n = and £ = . Then
g (0 1) K ( 0 O ) : ( 0 0

_ a b\ (m m\ [t -2 n —bn +ane
Ad,n = 1_ a a) .
9"l = 919 (0 1) <0 0) <0 1 0 0
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By definition (Ady€,n) = (€, Adgn) = mé — bméa + anala. Thus we see that
. &1 — S ale
Adse — < .

0 0
For any £ = 501 %2 € T.G we can calculate
e &f (&)
té) =
where

T

1 )
fa)={ & 1
t if& =0.

From here it is readily checked that

d
0= — Ad
(& nl= — i &1 0 0

. m —é(et& — Dy + ey 0 &mo—E&m
te= — = .
ST P .

Moreover, if ¢ € TG we have

d
Adf (= —
=0

: - %(et& G i _ <—§2C2 51(2) . (47)

d
{Sac}_ % . o 0 0 0 O

Theorem 6.3. The Euler—Arnold equation for the group G of all affine transformations

of a line ¢ is equivalent to (3).

Proof. Set M.(t) = (Mc1(t), Mc2(t)), using (47), the Euler-Arnold equation (46) in
Theorem 6.2 is given by

(M1 (1), Mo (1) = {Me(t), Me(t)} = (=M25(t), Me,1 () Mea(t)) -
Set x(t) = M.2(t) and y(t) = —M,1(t), then the above equation is
(=9, &) = (—2*, —zy) ,
which is the same as (3). O

We have seen that our unperturbed system (3) is nothing but the Euler—Arnold

equation for the group G of all affine transformations of a line £.
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7 Remarks and Generalizations.

1. Let us introduce the elliptic operator

1 o 50 0 o 10 106°
Le—g<—xya—x+:ﬂ8—y>—xa—x—ya_y+§@+§a—y2- (48)

The above elliptic operator can be written as

1
Le=—-Lo+ Ly,
€
in which 9 5
Ly = —zy— + 22— 49
and

L0 0 13 15
L= "% y@y 2022 20y?

In this way, the operator Ly degenerates on x = 0. One can consider a corresponding

(50)

Cauchy problem
out

ot

where f(x,%) is a bounded continuous function in (z,y) € R2. The solution is repre-

=L.u®, u(0,2,y) = f(z,y) , (51)

sented by
ua(ta xz, y) = E(x,y)f(XtE7 Y;fe) .
By our Theorem 3.1, we infer that 151?01 By f(X5,Y) = 181&)1 Ef(0,Y) = Eyr (@) f(0, Y1)
This gives the following
Corollary 7.1. Let the initial condition f(x,y) be a bounded continuous function of

(x,y). Then as e — 0 we have u®(t,z,y) — u(t,y" (x,y)) where u(t,y) is the solution of

the equation

ou 1 ou 10%u ou
— = _ = —_ [ = > — — . 2
5 <2y y) By + 297 u(0,y) = f(0,y) fory >0, 8y<0+) 0 (52)
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YA,

YA, yA,

Figure 3: A more general problem.

2. One can consider a more general system such as the one shown in Figure 3.
Here the 3 axes Oya,, Oya, and Oy, consist of stable equilibriums and the other 3
axes Oyp,, Oyp,, Oyp, consist of unstable equilibriums. One can analyze this system
in a similar fashion as we did in this work, so that we expect to see the limiting process
as a diffusion process on a tree I' (see [26]). The tree I' = Oy, U Oy, U Oy, consists
of 3 edges that are the semi-axes Oya,, Oya,, Oya,. On each edge the limiting process
is a Bessel-like process and the interior vertex O is inaccessible. The proof of these
facts follows from the method we adopted in this paper as well as the techniques used
in [28, Chapter 8], [27], [26]. One can first obtain “localization” type of results as we
showed in Lemmas 4.4, 4.5. With such localization results at hand, we then show that
the process localized onto I' converges weakly to a diffusion process on the graph T,

similarly as we did in the current work.

3. If the system (6) do not have the dissipative terms, so that it looks like

1

dXs = —gngfdt +dW , X§ =0, 53)
1

dY§ = g(X,i)?dt +dW? ., Yi=1yo.

Then the argument of the Lemmas 4.1-4.9 and the proof of Theorem 3.1 still go through,
with minor changes in the estimates. The limiting Y —process will be a process of the
form

1
dY,; = ?dt + thZ » Yo =9y"(x0,%0) - (54)
t
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In particular, this implies that the Y; process keeps growing in the direction Oy 4. That is
to say, the energy grows in the direction of the stable manifold Oy 4. Geometrically, this
phenomenon comes from the fact that the energy constraint given by the conservative
flow b(x,y) = (—xy,x?) provides a positive force around the stable line Oy 4. Thus the
energy can keep growing at Oya due to the random noise. Such a geometric phenomenon

might be related to some problems in 2—d turbulence (see [12]).
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