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SUM FORMULA FOR MULTIPLE ZETA FUNCTION
MINORU HIROSE, HIDEKI MURAHARA, AND TOMOKAZU ONOZUKA

ABSTRACT. The sum formula is a well known relation in the field of the multiple zeta
values. In this paper, we present its generalization for the Euler-Zagier multiple zeta
function.

1. INTRODUCTION
The Euler-Zagier multiple zeta function (MZF) is defined by

1
n‘;l...nir’

C(Sl,...78r) =

1<ni<---<ny

where s; € C (i = 1,...,r) are complex variables. The number of the variables r is called
the depth of ((s1,...,s,). Matsumoto [3] proved that the series is absolutely convergent
in the domain

{(s1,...,8,) €C" | R(sy+---+s,)>r—1+1 (I=1,...,7)}.

Akiyama, Egami, and Tanigawa [I] and Zhao [6] independently proved that ((sq,...,s,)
is meromorphically continued to the whole space C". Furthermore, all possible poles
of ¢(s1,...,s,) are located on s;+ -+ + s, € Z<,_y41 for [ = 1,... 7. Note that some
possible poles are known not to be actual poles, but we do not use this fact in this paper
(for details, see [I]).

The special values ((ki,..., k) with ky,...,k.—1 € Z>; and k., € Zs, are called
multiple zeta values (MZVs). The MZVs are real numbers and known to satisfy many
kinds of algebraic relations over Q. One of the most fundamental relations is the sum
formula:

Proposition 1.1 (Sum formula; Granville [2], Zagier). For positive integers k,r with
k > r, we have

Z C(klu'--7k7') :<<k)
k14 tkr=k
Kyeookr—1> 1k >2
From the analytic point of view, Matsumoto [4] raised the question whether the known
relations among MZVs are valid only for positive integers or not. It is known that the
harmonic relations, e.g., ((s1)((s2) = ((s1, s2) + ((s2, 51) + ((s1 + s2) are valid not only
for positive integers but for complex numbers. Matsumoto and Tsumura [5, Proposition
2.1] gave a relation which is a generalization of Proposition [T with » = 2. This relation
consists not only of the MZF's but also of the Mordell-Tornheim multiple zeta functions.
Based on such circumstances, we give a generalization of Proposition [LI] for the MZF.
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Theorem 1.2. For s € C with R(s) > 1 and s # 2, we have

o

Z(C(s—n—Q,n+2) —((—n,s+n)) = ((s).

n=0

Theorem is a generalization of Proposition [T with depth r = 2. This can be
generalized to the arbitrary depth (see Theorem [LT]).

Definition 1.3. For a non-negative integer a and a positive integer b, we define G, ;(s1, . . ., S4; S)
inductively by

Gaa(S1y---38a;8) =C(S1,. ., 5q,9),

[e o]
Gap(S1s.-.,8a;8) = Z Gat1p-1(51,- -1 Sa, s —n —byn+b)
n=0

- Z Ga-l—l,b—l(Sl) vy Say NS + n)a
n=0
where s1, ..., 84, s are complex numbers such that R(s) > b, R(s+s,) > 1+0b,...,R(s+
Sqg+ - +s1)>a+b.
Remark 1.4. The convergence will be proved in Lemma 3.1

Example 1.5. We show some examples of G, (51, ..., Sq; 9):

Gao(S1,- 454 9)

Zg(sl,...,sa,s—n—Z,n+2)—ZC(sl,...,sa,—n,ern),
n=0 n=0

Gos(S1,---y5q;9)

- Z(Z Q(sl,...,sa,s—nl—3,n1—n2+1,n2+2)

n1=0 \ngo=0
_ ZC(Sl,...,Sa,S—nl—3,—77,2,711—'—712—'—3))
n2=0
- Z(Z C(Sl7"'78aa_n178+n1_n2_27n2+2)
n1=0 \nao=0

- Z C(Sla ey Say =N, —N2, 5+ 1y +’I’L2)) .

na=0

Remark 1.6. We note that G,p(s1,. .., . $) is a sum of MZFs of depth a + b.

Theorem 1.7. Let b be a positive integer. For s € C with R(s) > b, we have
Gop(s) = ¢(s).

Remark 1.8. It s € Zwp, Gap(s1, ..., 54;9) is equal to

Z C(S1y.v s Say My, ..oy myp)

m1+...+mb:5
mi,...,mp_1>1
mb22

by definition. Thus the case s € Z+,; of the theorem implies Proposition [L1l
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2. PROOF OF THEOREM

Let 0 := R(s) and o; := R(s;) for i € Z>;. The proof of Theorem [[.2] is divided into
two parts. For o > 2, we use series transformation. For ¢ > 1, we prove the theorem
by showing the regularness of the infinite series on the left-hand side and using analytic
continuation.

Proof of Theorem[1.2 for o > 2. Since the functions ((s —n—2,n+2) and {(—n,s+n)
are absolutely convergent in o > 2, we have

o0

Z(Q(s—n—Q,nJrZ)—C(—n,ern))

n=0

1
> ¥ (e )

n=0 0<mi<mz2

-2, 2 () G )

n=0 0<m1<ma

s 1 1 1
n mi—mimg \mi 2 mi?)’

0<mi<ma

Here we note that interchanging the order of summations » >, and >, <my<m, 18 valid
because the last sum is absolutely convergent in o > 2. Since

1 1 1 1
Z m3 — mymg mS? - Z ms 2 Z m3 — mims

s
0<mi<me 0<mq 1 mi<mg2

1 1 1 1
:ZTI’L_2 Z ﬁ(ﬂ’?@—ml_@)

0<my
and
1 1 1 1
. =) T )
0<mi<me 2 mamam 1<ma My 0<mi<ms 2 m
=) - (1 R — )
o s—1 5 )
0<ma 2 2 me = 1
we have
> 1
n=0 o<m
Then we find the result. U

Next, we prove Theorem forl <o <2.

Lemma 2.1. For s € C with s # 2 and 0 > 1, and o € C with R(a) > 1, the analytic
continuation of ((s — a, ) can be given by

(omaa)= mla 2 <mié“ _/01 (mzdf t)“) * CS_—ll).

s
0<mq 1 mi<mg
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1 1 dt 1
- =0
T e <m) (my = co)

the first term on the right-hand side converges absolutely for ¢ > 1. Furthermore, if

o > 2, we have
> Y (o [ o)
omy Y mg  Jo (mg—1)"

Proof. Since

o<m 1 m1<msa
-y ! < 1 /OO d_u)
0<mq mi_a mi1<mso mg mi u®
— (s - 00) ~ (s ) 0

We denote by [t] the greatest integer less than or equal to t.

Lemma 2.2. For s € C with s #2 and 0 > 1, and a € C with R(«) > 1, we have

((s—a0) == s+1/ (m+t) l(t—[t])dt+%.

o<m

| = | G )

/ ———————dudt
0<u<t<1 m2 - U)

1—u

L Na+l
0 m_ua-l-

Proof. We have

———du.

Thus we have

((s—a,a)=— Z / a+1 +CS__11)

0<M1 m1<mg (m2

== — & (mTl ) (1 -ty + =

a—1
0<my 1 m1<m2

B a my C(s—1)
=-> —x e ) tdt + >——

0<my m1<m2 ma
(s = 1)
- — Ddt + =—=.
Z mstl / (m + t) * a—1
o<m
This finishes the proof. U

From the previous lemma, we have

% (s —a,a) = —Hi (o) + aHy(o) — Hz(av),



where
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0<m SH/ <m+t) 1(t—[t])dt,

-3 ks (Y () - o

Hy(a) = H

Lemma 2.3. Assume that s € R and 1 < s < 2. Then, for a € Ry, we have

Hy(a) = o(i) (o — 00).

aS

m a+1 p a+1
- < ,
m-4t “\z+t

1 2s+1 23+1
< <
ms+1 — (m + 1)s+1 — ZS+1

fort > 0,m € Z~g, and m < z < m+ 1, we have

me<z [T(L] “(th)aﬂa— )<
szsﬂ/j(; /Ooo(zit)aﬂ(t—[t])dt)%

_ g+l /OO e dz/mt_ 1] gy
0 (1 _|_z)a+1 0 1S

“t—t
:2s+1B(a+1—3,5)/ ts[]
0

where B is the beta function. Since the integral
Ct—t
/ t—1t
0 [Ad

B(aﬂ—s,s):o(i),

as

Proof. Since

dt,

is convergent and

we have the result.

Lemma 2.4. Assume that s € R and 1 < s < 2. Then, for a € Ry, we have

Hala) = o<a81+1) (o = 00).

Proof. Since logz < x — 1 for z > 1, we have

S S A = | L AT

<mms+2/ (m+t) 1t(t— [t])dt.

=2

o<m
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m a+1 P a+1
- < ,
m+t T \z+t

1 2s+2 2s+2
ms+2 - (m + 1)3—1—2 — Zs+2

for any 0 <t,m € Z-g and m < z < m + 1, we have

Hy(a) 1 1 [~/ m \*"
95+2 < 95+2 Z ms+2 /0 (m——l—t) t(t — [¢])dt

o<m

< /loo (% /OOO<Z i t)a+1t(t . [t])dt)dz
LGy )

% gams—l it — 1
o (1+2) 0 t

Since

Ct—|t
:B(a—s,s+1)/ —Hdt.
o t*
Similar to the proof of the previous lemma, we have the result. O

Lemma 2.5. Let M > 0. For 0 <6 < min(l,0 — 1) € R, we have

5% (s —a,a) = O<W) (R(a) — o0, |S(a)| < M).

Proof. Since

we need to show

1
) H(0) =0 (G ) (Rla) o)
and
1
@) atf0) =0 (s ) (R(@) = ,[3(a)] < M)
Note that
1 00 m R(a)+1
| Hi(a)] < (; W/o <m—+t> (t = [t])dt,
1 [e’9) m—|—t m §R(a)+1
|H2(Oé)| SOZW/O log( m ) (m+t) (t—[t])dt
<m
hold. Then, by Lemmas 2.3 and 2.4] we obtain (Il) and (2]). O

Proposition 2.6. Let M > 0 and s € C with s # 2, 0 > 1, and |3(s)| < M. For
0<d<min(l,0—1) € R, we have

1
IC(s —n—2,n+2) — ((—n,s +n)| SO(n1+5).
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Proof. From

C(s—n—Q,n—l—Q)—C(—n,s—i—n):/ (%C(s—a,a))da
e A9
- . (s

n+2 1
- 0] d
[... (e

by Lemma [2.5] we find the result. O

Proof of Theorem [L2. It follows from Proposition 2.6 that the sum ) >° ({(s—n—2,n+
2) —((—n, s+n)) uniformly converges on any compact subsets of {s € C | s # 2,0 > 1},
and holomorphic on the region. By the identity theorem, this finishes the proof. O

3. PROOF OF THEOREM [I.7]

Definition 3.1. For a positive integer d, a non-negative integer D, and s € C, we define

1
F(D:5) = >
D<m m—D<x1<---<zg<m L1 Za
M. o) . 1 1
Fy (Dss) = Z ts=d=1(m — t) Z Ti-Tg
D<t<m m—t<wy <--<zg<m ! d
1 1
2
FODis) = 3 o D,
D<t<m m—t<z1 < <xg<m 1 d
). o) 1 1
Fy"(Dss) = Z ms=d=1(m — t) Z Ti - Ty
D<t<m m—t<z1<---<zg<m 1 d

Lemma 3.2. If 0 > 1, the function Fy(D;s) converges absolutely. In addition, if o >
d+2, the functions FCEI)(D; s), Fd(2)(D; s), and Fd(?’)(D; s) converge absolutely. Moreover,
we have

d+1

(logt)
®) ] « G

fori=1,2,3, where the implicit constant does not depend on D and s.

Proof. The convergence of Fy(D;s) is immediate. The convergence of F, éi)(D; s) follows
from (3)). Since

F(D;s)| < FP (D3 o),
it is enough to prove (@) for = 1 and s € R.440. Write Fd(l)(D; s) as A+ B where

1
A= ), ﬁ 2. wa

T
D<t<m/2

m—it<z1<--<zg<m
b= Y rrey. L am
T ts=d=1(m —t) Ty xg

D<t m—t<z1 < <zxg<m
m/2<t<m
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Since
> <t
. _ N’
m—t<zi<-<zg<m ©1T T (m—1)
we have
A 1 1
< Z t5=2d-1(pyy — ¢)d+1 < f5—2d—1,pd+1
D<t<m/2 D<t<m/2
1
< Z tsfdfl :
D<t

We also have
d

(log m)? (logm)
B _— _—
< Z 15— < Z ts—d—l(m _ t)
D<t<m<2t
m/2<t<m

Thus, putting n = m — t, we get

pe 3 (OB s (og(0)logt

ts—d—l

This finishes the proof. O
We need Lemmas 3.3 and [3.4] to prove Theorem [I.7
Lemma 3.3. If o > d + 2, we have
Fyur(D;s) = FS(D; s) — FP(D; s) — FS(D; s).

Proof. By the previous lemma, Fél) (D; s), Ff) (D;s),and F, d(?’)(D; s) converge absolutely.

Since
1 1 1
PUCT IS P e

xoxl PR 'rd
D<t 0<zo<z1 < <xg<TO+1
> ) 1
ps—d—1 ToT1 " Tg
D<t 0<zo<z1< <9
zqg<wo+t
9 1 1
FP(Dis) =Y — > S
t Ty TaTgq
D<t 0<zg41—t<T1 < <2g<T341
> ) 1
ps—d—1 ToT1 " Tg
D<t O<zo<z1<--<Zzyg
Tg>t
zg<z0+1

3. 1 1
ch)u)’s)_ Z Ns—d=1(N — t) Z P

.’1;‘1 DR 'Td
D<t<N N—t<z1<--<zy<N

1 1
=D Wi D g

XTox1 -+ Xq
D<N 0<zo<Lzr1<--<zq<N
ro<N—D
Yo Y
tS—d—l ajo...l‘d’
D<t 0<zp<--<zyg
ZBdSt

ro<t—D
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we have
F{)(D;s) = Fi?(Dis) = Fy¥ (D; s)
1 1
st t—DSxogmzls---Sxdﬁt Tolr st
= Fu1(Ds s).
Hence we find the result. O

Lemma 3.4. Let a be a non-negative integer and b an integer with b > 2. If o >

byo+0,>1+0b,....,0+0,+--+01 >a+Db, then Gop(s1,...,54$) is well-defined
and equal to

@) PO O

1 s s—b+1
.« . m am :L‘ .« . :L‘ _
0<my<--<ma<m 1 a 1 b1

m—ma<z1<-<zp_1<m

Here we understand that m — m, = m if a = 0.

Proof. Note that (] converges absolutely. The proof is by induction on b. We can prove
the case b = 2 in the similar manner as in the proof of Theorem for o > 2. For b > 3,
by the induction hypothesis, we have

Gap(S1s--.554;8)

o o0
= E Gar1p-1(81,-- 180,85 —=n —byn +b) — E Gat16-1(51, -+, 8q, =155+ 1)
n=0 n=0

_ i > = 1 3 _

. e Sa s—n—b n+2 XTi+T
n=0 0<m1<--<mapi<m 1 mg*Mei 1 M 1 b—2

Mm—1mg+1<21<-<xp_2<m

B DD DE— > !

1 Saqn "™ mstn—b+2 P
m ... m (lm m :E :L‘ _
n=0 0<m1 <---<mgp1<m 1 a a+1 1 b—2

m—mg41<21 < <xp_2<m

Then we have

> oy > !

e Sa s—n—b n+2 X1+
n=0 0<my<--<mgp1<m 1 mgeMe M 1 b—2

m—mg+1<21<<xp_o<m

1 1 1 1
= Z mst ... miams—b-{-l (m — Mgp B E) Z

l‘ DR l‘ _
0<my <---<mgp1<m 1 a+1 m—mg41<21<-<zp_o<m 1 b2

1 M @)
= ) m(Fb—2<ma35)_ b—z(ma;s))

0<mi<---<mg

and

)DRED DE— D—

1 s -n s+n—b+2 T
m+ ---MmMm>*m m T Tr
n=0 0<mi <--<mgyi1<m 1 a a+1 1 b—2

m—mg+1<21<<xp_o<m

- ¥ : > :

51 s s—b+1
mq= ---1n’em m m Tl Tp—
0<m1<---<Mmg41<m 1 a ( a+1) 1 b2

1 3
= > FF&(%; s).-

. .msa
0<my <--<mgq 1 a

m—mg4+1<21 < <zp_2<m
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Since the series

1 .
> ———F(mas)  (i=1,2,3)

m‘il . mga
0<mi<---<mg

are absolutely convergent by Lemma[3.2] we see that G, (51, ..., 5,;s) is also absolutely
convergent, and furthermore, we have

Gap(S15---,84;8)

1 1 2 3
= > —?ifjgg<FﬁéOnmSW—Fﬁé@nmSW—FﬁLOnmSn

m
0<mi<--<mg 1

= Z %belOna; s)

ml e mia
0<my<---<ma

Z 1 Z 1
— 51 —
mit .- - mBamsTbtl C Ty

T
0<my1<--<mg<m

m—mg<z1<-<zp_1<Mm

from Lemma [3.3. Hence the lemma is proved. O

Proof of Theorem [1.7. From Lemma [3.4] we have

1 1
Gosls) = > ot 2. s

-1

0<m m<z1<-<zp_1<Mm
= ((s). O
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