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Abstract

In this paper, we suggest an effective technique based on time-change for dealing with a large
class of backward stochastic differential equations (BSDEs for short) defined in general space
whose drivers have stochastic Lipschtz coefficients. By studying the deep properties of random
time change combined with stochastic integral and measure theory, we show the relation between
the BSDEs with stochastic Lipschtz coefficients and the ones with deterministic Lipschtz coeffi-
cients and stopping terminal time, so they are possible to be exchanged with each other from one
type to another. In other words, the stochastic Lipschtz condition is not essential in the context
of BSDEs with random terminal time. Next, we derive various results by applying our technique
to some types of BSDESs such as Brownian motion BSDE or Markov chain BSDE.
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1. Introduction

Since their first introduction by Bismut [6] in the linear case and the nonlinear extension by
Pardoux and Peng [36], Backward stochastic differential equations (BSDEs for short) have been
developed rapidly with various types of generalizations in the last decades.

BSDEs are closely connected to finance, optimal control and partial differential equation
etc.([24, 41, 37, 48]).

Most of BSDEs are concerned with the case of constant time horizon and the uniformly
Lipschtz conditions on driver. In many environments, the Lipschtz condition is too restrictive to
be assumed, so much effort have been devoted to relax it ([10, 12, 26, 29]).

In this context, El Karoui and Huang [23] studied the BSDEs with stochastic Lipschtz coefhi-
cients driven by a general cadlag martingale and those were developed under weaker conditions
in [13]. For the Brownian motion BSDEs, there are some papers going in this direction([2, 8,
5, 46, 40]). Particularly, in [2], Section 3, the existence of the measure solution was stated by
the way of examining the weak convergence of a sequence of measures which were constructed
using the martingale representation and the Girsanov change of measure. Also, the reflected
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backward stochastic differential equations or backward doubly stochastic differential equations
(BDSDESs) with stochastic Lipschtz coefficients were studied in [25, 28, 31, 33, 34, 47].

Recently, the inclusive and generalized BSDEs with jumps were studied in the context of
stochastic Lipschtz condition in [35].

Although the details are slightly different, the most techniques for the BSDEs with stochastic
Lipschtz conditions are similar to the procedure of BSDEs with Lipschtz conditions.

That is, the techniques consist of using martingale representation theorem, obtaining a priori
estimates and finally using the fixed-point arguments.

Other technique was also used in [18], where the Lipschtz approximation to the driver was
introduced, some estimates were obtained for the convergence of approximation sequence and
finally it was shown that the limit of this sequence is a unique solution.

In this paper, we approach the problem differently by indirect method. The technique is
based on time change represented by stochastic Lipschtz coefficients. This time change converts
the BSDEs with stochastic Lipschtz condition to the ones with uniformly Lipschtz condition and
stopping terminal time on another stochastic basis and these two BSDEs are equivalent in some
sense. So, if we know the results of BSDEs with random terminal time and uniformly Lipschtz
coefficients, then the results are easily extended to the ones with stochastic Lipschtz coefficients
through our framework. In other words, the stochastic Lipschtz condition is not a problem in a
setting of BSDEs with random terminal time.

We briefly mention that the opposite argument also holds, that is, the randomness of terminal
time do not play an essential role under the stochastic Lipschtz condition. During our discussion,
if the integrator of the driver is a general continuous increasing process, it is converted to the
typically well-known one, that is, the Lebesgue measure by time change.

Consequently, if we study only the BSDEs to stopping time with standard conditions - the
driver satisfies the uniformly Lipschtz continuity, the integrator of the driver is Lebesgue mea-
sure, then the research on BSDEs with general conditions - the driver satisfies the stochastic
Lipschtz condition, the integrator of the driver is a continuous increasing process is just a corol-
lary of that.

And we apply our technique to the detailed BSDEs and get some improved and new results.

The prototype of BSDEs is of course Wiener-type BSDE, so we first apply our framework to
the BSDE driven by Brownian motion. Here, we deal with the stochastic monotonicity condition
more generally. It is clear that the better results in the setting of random terminal time we make
use of, the better results in the stochastic Lipschtz setting are obtained. On the other hands, the
BSDEs with random terminal time were well-studied sufficiently in many papers.

We note that our results include the comparison theorem. In fact, it is a natural question what
the behavior of comparison theorem will be like by time change.

Here, we emphasize that the comparison theorem as well as wellposedness for BSDEs are
easily extended to the stochastic one by our technique. With respect to the previous results in the
setting of stochastic Lipschtz, we guarantee the results under weaker conditions on parameters.
Moreover we show some new results in the various settings for BSDEs.

In this paper, we also apply our framework effectively to the Markov chain BSDE. The smart
feature is that the discussion on the case of uniformly Lipschtz condition is just inherited to the
case of stochastic Lipschtz condition under the same conditions on volumes.

In general, for the wellposedness of BSDEs with stochastic Lipschtz condition, the stronger
integrability conditions are required than ones with uniformly Lipschtz condition. The main rea-
son is on the discounting property of the terminal time. This discounting property is contributed
to the exponential integrability conditions of volumes and these conditions are influenced by the
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Lipschtz coefficients. In fact, discounting property is inherited from the monotonicity of the
driver. In our framework, the original BSDE with stochastic Lipschtz condition can be shown
as the BSDE to stopping time which is time-changed in reverse and the time-independent dis-
counting rate of this BSDE with constant Lipschtz coeflicients is preserved while time change is
processed. This means that the stronger integrability conditions are still required if we use the
results of BSDEs with random terminal time obtained by using the monotonicity condition as
the key tool. But for the Markov chain BSDEs, the results of undiscounted BSDEs to stopping
time without assuming the monotonicity which was researched by Samuel N. Cohen[14] make
our technique more effective. By passing through the proposed framework, we get a new version
of Markov chain BSDEs in the case where the driver has stochastic Lipschtz coefficients for the
first time. We also give an example of the real model described as the Markov chain BSDEs with
stochastic Lipschtz condition. At the end of the paper, we also show some further uses of time
change for the BSDE:s.

The rest of this paper is organized as follows. In Section 2, we suggest a general map from
the BSDEs with stochastic Lipschtz coefficients to the ones with uniformly Lipschtz coefficients
by the technique of time change. We discuss this for BSDEs in general space as in [17]. The
applications to the Wiener-type BSDEs are shown in Section 3. We give new results on Markov
chain BSDEs in Section 4. In Section 5, we give some concluding remarks.

Let us introduce some useful notations which are used in this paper. Let (Q,7,P) be a
probability space with a filtration ' := {F},5¢ satisfying the usual conditions. We shall assume
that ¥ = Fo and Fy is trivial.

e ||-|| denotes the standard Euclidean norm. If z is a matrix, ||z||=Trace[zz' ], where [-]"
the vector transpose.

means

e B(0, 00) denotes the Borel-o— field given on (0, c0).
° (ﬁ, ?) means the product measurable space. That is Q= Qx(0, c0) and F = FxB(0, c0).

e dQ/du denotes the Radon-Nikodym derivative of Q with respect to y, where Q is ab-
solutely continuous with respect to u. If y is Lebesgue meausre and Q is the meausre
generated by an absolutely continuous function f, then we use f” rather than dQ/dpu.

e E2[-] means the expectation under measure Q.

o [*(Q,F,P)is the space of square-integrable random variables.

e I and L° are the spaces of local martingales and continuous local martingales, respectively.
e H? is the space of square-integrable martingales.

° (H% is the space of square-integrable martingales on [0, T'].

o JH?

ioc 18 the space of locally square integrable martingales.

o (M) :={Z| Zis predictable, E[ [~ [Z|PPd < M >,] < +oo} where M € H>.

o L2(M) :={Z|Z- Lo1) € L*(M)}, where M € H:3.



LIZOC(M ) is the space of predictable processes Z for which there exists a localizing sequence

(1) such that
& f 12Pa < b >) = B f it < M >) < v,
0 0

where M € 'HI%)C.
L2

t,loc

M):={X|Xe€ L%(M) for any T < oo}, where M € H?>

loc®

Uz = {Y l Y is cadlag, adapted and IE

SUD ef0.7] ||Y,||2] < +oo}.

YV is the space of cadlag, adapted processes which have finite variation on every finite
interval.

V* :={v e V|visincreasing}.
A= {A € V| E[Var(A(0))] < o0)}.

Aloe 1s the space of processes locally belonging to (A, that is the space of processes X for
which there exists a localizing sequence (7,,) such that X™ e A for all n.

ﬂ+

re =X € Ay | X is increasing}.

LZ(O, T, ) = {X | X is progressive, E[fOT exp(9¢(s))||X(s)|I2ds] < oo},
where 6 € R, 7 is stopping time and ¢ is an increasing process.

If ¢(1) = 1, we write in L;(0, 7).

L} (t; ¢) is the space of random variables & such that E[exp(64(7))&2] < oo.
L;7(0,7;:¢) := (Y | BY € L3(0,75 9)}.

U2(0,7;¢) := {Y | Y is progressive, E[sup{exp(@p(s )Y (s[> : 0 < s < 7}] < o0}
If (1) = 1, we write in U2(0, 7).

If we need to show the Eclidean image space V, we use Lg(O, 7,0,V), LZ’B 0,150, V)etc.

M;’ﬁ(O, 7,0, Vi3 Vo) = Lz(‘r; @; Vi) X LZ’ﬁ(O, 7; ¢; Va), where Vi, V, are Euclidean spaces.

1.1. Intdroducing BSDEs in general space

As in [17], we seem to construct the BSDEs assuming only the usual properties of the fil-
tration and that L*(Q, 7, P) is a separable Hilbert space. Unless otherwise indicated, we should
read all equalities(and inequalities) as up to a measure-zero set” throughout this paper.

Definition 1.1. Forv € V*, let us define the measure p,on «Q, ?) as follows.

1y(A) = EU: L(w. t)dv], AeF (1.1)

where the integral is taken pathwise in a Stieltjes sense.
This measure p, is called the measure induced (or generated) by v.
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Note that if v € A  then y, gives a o— finite measure on «Q, ?).
We give a simple version of the well-known Martingale representation theorem below (see
[20] or [21]).

Theorem 1.1 (Martingale representation theorem). Suppose that L*(Q,F,P) is a separable
Hilbert space with an inner product X - Y = E[XY].

Then there exists a sequence of H*>—martingales, M = (M, M?, ...) such that < M', M7 >= 0 for
i # j and every N € H? can be represented as

! © !
N, = N +f Z.dM, = Ny + Zf ZidM! (1.2)
0 ' Jo

for some sequence of predictable processes, Z = (Z', 77, ...) satisfying Z € L*(M).

And the predictable quadratic variation processes of these martingales < M' > satisfy
<M' > > < M? > > ..., (> denotes absolute continuity of induced measures). If (N') is another
such sequence then < N' >=< M' >, where = denotes equivalence of induced measures.

Remark 1.1. If the space is generated by Brownian motion, the martingale representation theo-
rem holds on infinite interval (see e.g. [21], Theorem 6 or references therein). This also implies
the martingale representation theorem on every finite interval.

For a given k € N, the general type of BSDE is as follows.
Y, =€+ f 8w, s, Yo, Z)dvs = f ZdM:, (1.3)
1 =1 Yt

where 7 is an F—stopping time, the terminal value £ is an F;—measurable random variable with
values in R¥, the driver g : Q x (0, o) x RF x R — R is predictable, v € V and the integral of
driver is the Lebesgue-Stieltjes integral with respect to the measures generated by the trajectories
of v.

A solution of the BSDE (1.3) is a pair of processes (Y, Z) taking values in R¥ x R¥** where
Y is progressive and Z is predictable.

In this paper, we shall make the follwing assumption on v.

(A0) v is a continuous and increasing process.

It follows from (A0) that v is locally bounded and v € ﬂ;}c.

Noting that the predictable quadratic variation process < M > identifies an induced measure
on F defined by (1.1), suppose that the induced measure p_,;i~ has the following Lebesgue
decomposition.

pepis = m + @2, i €N, (1.4)

where m"! is absolutely continuous with respect to y, and /m"? is orthogonal to y, .

From the generalized Radon-Nikodym Theorem (e.g. see [32], Chapter 3, Proposition 3.49),
there exist two processes m"', m"* such that g1 = ' and g, = in*2.

More precisely m™ = dn!/dP, j = 1,2, where 7/(B) := im"/((0,1] X B), B € ¥. Thus

<M >=mit +mi (1.5)
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We can consider (1.5) as the Lebesgue decomposition of < M! >.
Let us introduce the stochastic semi-norm || - ||3;, which is defined as

ey, = | I - i )| = i - s i) )| (16)

i i

for every z; = (7}, 22, ...) € R¥*>,
Now let us consider the finite time BSDE for 7 > 0. We give the following result which is a
special case of Theorem 6.1 in [17].

Lemma 1.2. Let T >0, ¢ € LX(Q, Fr,P;R%) and suppose that v is a deterministic continuous,
increasing function which assigns the positive measure to every non-empty interval in R*. Let
g1 Qx[0,T] x R x RF** — R¥ pe a predictable process such that

| [ g, 1.0,0)1Pdy, | < oo

2. Foranyy,y € RFandz 7 € R®, there exists ¢ > 0 such that
lg(w. 1.y,2) = g(w. .Y . P < cllly = YIP +llz =2l ). dvxdP-as.

Then the following BSDE has a unique solution in U% X L%(M).

T s T
Y,=é+ f s(w, s, Ys_,ZS)de—Z f Z.dM. (1.7)
t =1 V!

In the above lemma, the terminal time is constant. We can also consider the BSDE (1.3) with
stopping terminal time. Perhaps the Lipschtz condition on driver will be still essential and there
will be some further conditions related to stopping terminal time for the existence and uniqueness
of (1.3). We will not do research of the existence and uniqueness of such BSDEs with random
terminal time in this paper. Our main objective is to show a technique by which the results with
respect to stochastic Lipschtz condition are derived from the results with respect to the random
terminal time which is considered to be already given.

2. Time change and BSDEs
We begin with the definition of time change ([42], Chapter V).

Definition 2.1. A time change C is a family {C(s) | s > 0} of stopping times such that the maps
s — C(s) are almost surely increasing and right continuous.

Definition 2.2. If C is a time change, a process X is said to be C—continuous if X is constant on
each interval [Cs_, C;].

We can define the stopped o—field 9;, = Fcwr and get the new stochastic basis (, 7, IP’,]IF =

{%},Zo). It can be easily seen that F also satisfies the usual conditions from the property of
stopped o—fields. If X is ¥ —progressive then X, := X, is F—adapted and the process X; is called
the time changed process of X. We show a typical example of time change below.
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Let us consider an increasing and right-continuous adapted process A (so, progressive) with
which we associate
C(s) :=inf{t | A(t) > s}, 2.1

where inf() = +o0. This process C(s) is called the inverse of A(s) and we write in A~ (s).

As the stohcastic basis satisfies the usual conditions and A is progressive, A~!(s) which is the
hitting time of (s, o0) is a stopping time for every s > 0. And obviously it is increasing and right
continuous. Thus C = A~' = {A7!(s)|s > 0} is a time change.

Throughout this section, we suppose that C is almost surly finite and Cy = 0 and for any
progressive measurable process X;, X, means the time changed process of it, unless otherwise
indicated. And for the space of processes V with respect to I, V means the corresponding space
with respect to F. For example, E means the space of F—local martingales. We give some main
results concerning the property of time change under C—continuity below.

Lemma 2.1. ([42], Chapter V, Proposition 1.4). o
Let C be a time change on (Q,F,P,F). If h is F—progrssive, then h is F—progressive. And if X
is a C—continuous process of finite variation, then

C, o
f huquthuqu.
0 0

Lemma 2.2. ([42], Chapter V, Proposition 1.5)
If C is a time change on (Q, F,P, ) and M € L° satisfies C—continuity, then the following hold.

I Metand<M>=<M >

1L Ifhel?, (M), thenhe L2, (M)andforeacht>0

‘o C,
fh,,dM,,:f h,dM,.
0 0

Moreover; if ¢ is a non-negative random variable, then

- Ce
fhudMu = f h,dM, P-a.s..
0 0

Now we show the property of time change for general locally square-integrable martingales.

Lemma 2.3. If C is a time change on (Q,7,P,F) and M € H?

ioc 18 C—continuous, then the
followings hold.

L Meﬁfwand<1\7>=<M>

(A?) and for eacht > 0

. C,
f hydM, = f h.dM,
0 0

Moreover if € is a non-negative random variable then

- Ce
fhudMu = f h,dM, P —a.s.
0 0 7

I Ifhel? (M), hel?

t,loc t,loc



Proof. 1. For any L € L, it is easy to see that L € L from the optional stopping theorem and
C—continuity of M.
As M € H? , the predictable quadratic variation < M > is in A . and M?— < M > is alocal

loc’
martingale from the characterization of 'Hl%w martingale (see e.g. [32], Chapter 3, Proposition

3.64). Therefore M2— < M > = M* — < M > is an F-local martingale.

Let (7,) denote the localizing sequence such that < M >™¢€ A" for every n.

Then 7, := CT‘”' = inf{t : C; > 1,} is an F—stopping time for every n and (7,) is a localizing
sequence.

Noting that M is C—continuous if and only if < M > is C—continuous (see [42], Chapter 1V,
Proposition 1.13), < M > is constant on [7,, C5,].

So E[< M >@)] = E[< M > (C5)] = E[< M > (1,)] < 0. Hence < M > € A"

loc®

And < M > is also F—predictable from the C—continuity. Accordingly, using again the charac-
terization of 'Hl%w martingale, Me 'ﬁfw and < M > =< M >.

II. This is a simple consequence of I and Lemma 2.1 together with the relation between
stochastic integral and quadratic variation. O

Remark 2.1. Lemma 2.3 still holds for Wz—martiILgaZeS under C—continuity. That is, if M is
H?—martingale satisfying C—continuity, then M € H>. In this case we use the characterization
of H*>—martingales (e.g. see [32], Chapter II, Proposition 2.84) and the same procedure is used
for the proof.

Now we return to the discussion on BSDE. For the BSDE on which we discuss, the sequence of
H 2—martimgades M (i=1,2,...)has the martingale represgptation property on (Q, 7, P, IF).
At this point, the martingale representation on (Q2, 7, P, F) is naturally expected whereas the

time changed processes of MiG=1,2,..)are ﬂz—martingales under C—continuity by Lemma
2.3.

Lemma 2.4. Let C be a time change and H?—martingales M' (i = 1,2, ...) be C—continuous.
Then the sequence of H>—martingales (M) has the martingale representation property for any
H?—martingale satisfying C~'—continuity such as in Theorem 1.1.

Proof. Let N be an H 2 _martingale satisfying C~!—continuity. Then N, = chl(cl) = Nc,, where
N; := Nc-1. Obviously, N € 9H? by Lemma 2.3. Therefore using Theorem 1.1 and Lemma 2.3,

had C[ . . —_— had —_— —_—
N, =Ne, =No+ . f ZidM;, = No+ ) ZdM,,
i=1 Y0 i=1

for some sequence of F—predictable processes, (Z) satisfying

© i i
E[Zjo‘ Z)d<M >u]<+<>o.

Using Lemma 2.1 and Lemma 2.3 again,

. iN\2 i _ N DOA'[2 T ri
]E[Z‘fo (Ziyd <M >“]_E[Z;fo ZiYd < M >,|.
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This leads to -
IE[ f 7 Yd < b >u] < +oo. 2.2)

Hence for any N € H?, there exists a sequence of ﬁ—predictable processes, Zi(i = 1,2,..)

satisfying (2.2) such that
© !
N, = No+ f Zi il

Then by using Lemma 2.3, we can easily deduce that the martingales M, i =1,2,... are mu-
tually orthogonal. The absolute continuity of the induced measures and the uniqueness of the
representation are similarly proved. O

If we know the results for the BSDE (1.4) with uniformly Lipschtz condition, it is possible to
extend to the case where the driver has the stochastic Lipschtz coefficients. This is the main
argument in this section.

Conveniently, we rewrite the BSDE (1.4) omitting the index i as follows.

Yt = é‘: + f g(a)7 S, YS,,ZS)dVS - f stMs, 0 <t< T, (23)
t t

where Z = (Z',Z%,..)and M = (M", M2, ...).
Assume that the driver of (2.3) satisfies the following stochastic Lipschtz condition.

(A1) There exist predictable processes r; and u, such that

llg(w, 1, ye.z) = 8(w, t, yp, 2N < rillye = yill + willze = zfllng,,  dpw — a.s.
for any y,,y; € R¥ and 2,7, € R where a,z = max{r,,utz} > € for some € > 0 and a,z is
pathwise Stieltjes-integrable with respect to v for every finite interval in R*.

Now we define the following process.

@) :=fa/§dvs. (2.4
0

The remarkable point is that ¢~ i.e. the inverse of ¢, defined by (2.1) is a time change. We shall
make a good use of this process in the view of time change. It is clear that ¢~ is a.s. finite and
#~'(0) = ¢(0) = 0. From now, the symbol C which has meant time change will be replaced by
¢~'. The focus of this section is on the technique, so we do not have detailed discussion on the
space of solutions. The main result in this section is as follows.

Theorem 2.5. Let ¢(f) be a process defined by (2.4) and M be ¢~'—continuous. If (Y, Z,) is a
solution of BSDE (2.3) satisfying (A0) and (A1) on (Q, 7, P, ), then (y;,z;) := Y109, Zgr) i
a solution of the following BSDE on (Q, 7, P, F).

Y = §+f g(w’ S,ysf,Zs)dS _f stMs, 0<t S~, (25)
t t
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where

3, 5,7,2) = g, ¢ (), 3, D/@’@ (), T:=¢@), M= My (2.6)
The converse is also true, that is if (y;,2;) is a solution of the BSDE (2.5), then (Yy,Z;) =
Vo) 2o(p) 1 a solution of the BSDE (2.3). Mainly the new driver g of (2.5) satisfies uniform
Lipschtz continuity such that for any y,,y, € R* and z,, 7z, € R,
lg(w. t,ys,20) — glw, t,y;, 2N < Mlye = Vill + M1zt = Zfllm,,  dt X dP —a.s. .
Proof. We split the proof into four steps.
Step 1 We first show that (-, w) := v(¢~' (-, w), w) is absolutely continuous for each w € Q.

As v is increasing and continuous, v=! defined by (2.1) is a time change and v is v~'—continuous.
Therefore by Lemma 2.1, we can see that

t v (vy) v ()
o1 = f @(s)dvy = f ?(s)dvy — f @(s)dvy
0 0 t

V_I(Vz) Vi g
= f 2 (s)dvy = f az(véfl)ds = [f az(vb’,l)ds o v](t).
0 0 0

-1 -1
Thus, T = [vo 711 = [vo v~ o ([ o205ds) | = (| a0 0ds) .
Noting that a*(s) > e, vI() = fd az(véfl)ds is strictly increasing and absolutely continuous for
each w € Q and so is the reversed process. Hence v; (resp. uy) is absolutely continuous with
respesct to Lebesgue measure (resp df X dPP) and

dts/(dt x dP) = dv,/dt = 1/[a® ov ' ovo ¢ ' 1(1) = a (¢, ).

In fact, we can see that v, (resp. y) is equivalent to Lebesgue measure (resp. dt X dIP). We also
mention that v is ¢~' —continuous.

Step 2 We derive the Lebesgue decomposition of the measure induced by < M >. First, we
show that m' is a.s. ¢~'—continuous. Suppose that v is a constant on [a,b] (0 < a < b). Then
for any ¢ € [a,b] and B € ¥, m([c,b] X B) = E[fcb Ig(w) - (din' [du,)(w, Hdv,] = 0. Noting that
m([0,1]X B) = [, m}dP,

0 = im([c, b] x B) = m([0, b] x B) — m([0, ] X B) = f(m}, —m})dP.
B

1

Hence m' is a.s. constant on [a, b]. Because v is qﬁ’l—continuous from Step 1, we can see that
1

m' is a.s. ¢~ '—continuous. Recalling (1.5) and using Lemma 2.3, we obtain(omitting the index

i)

<M >=<M> =m+m 2.7
And the continuity of ¢ which comes from the continuity of v implies ¢(¢; ') = . Now we can
use Lemma 2.1 to show

Wi (A) = o f " Ii(w, t)d%}] = E[ f " Iy(w, d(w, t))dm}]
LJO 0

= f " L, ¢, D)@ )@, 1) - dv,]
LJo

- B f ", DL [, (67|
LJO
10



forany A € ?, where [dﬁl /dpv](qﬁ,‘]) = [dn_1] Jdu,)(w, ¢~ (w, D).
Thus iz < pt and dyg [dyy = [dm' [, )(@]).
Noting that 17 < dt X dPP by Step 1, we can deduce 1 < dt X dPP and

dyg [(dt x dP) = [din’ [dp,)(g;") - dvi/dt. (2.8)
Similarly, y,. is orthogonal to dr X dP. This shows that (2.7) is the Lebesgue decomposition of
< M > with respect to dt X dP.
Step 3. As (Y}, Z,) is the solution of (2.3),

T

.
Vii=Yep =€+ f g(w, s, Y, Z)dvy — f ZidM,, 0<t<T.
G} 0]

By Lemma 2.1 and Step 1,

f g(w,s, Yy, Z)dv, = f g(w,¢7'(s), Y1 (9)=» Zp1(5))dVs/ds - ds
¢ (1) t

= f 8w, 85", Yy (5)-s Zy1 o) (¢! (5))ds

-
= f e(w, s,vs-,z5)ds.
t

By Lemma 2.3 and ¢~ —continuity of M,

T b(T) T .
f stMS = f Z¢—I(S)dM¢—I(S) = f stMs'
6710 t t

T T
yt=§+f g(W,SvySﬂZs)—f stMS, OStS?
t t

So we have

As Y, is F—progressive, y; is ﬁ—progressive. Due to the fact that all stochastic integrals are
indistinguishable from the stochastic integrals of predictable processes, we can consider z; is
predictable. Accordingly, (y;,z,) is a solution of BSDE (2.5) on (Q,7,P,F). Passing back
through the above procedure, the converse argument is trivial.

Step 4. Finally, we show that g satisfies uniform Lipschtz continuity. It follows from the
results in Step 2 that

lzelly; = Nzl - [dpazn /(e x dB)] = Nl - [dm' g, by vt

-2, ,—1 2
a (¢, )”Zl”Mulung’](f)'

11



From the stochastic Lipschtz condition on g,

18w, £, 31, 20) = 8w, 1, y7, )Nl = 18w, ¢~ (1), 1, 20) = Zlw, 67" @), y7, Dl (¢, )
< a2 (@™ g ollye = il + g (llzr = 21llag | 1 )]
= a2 (¢~ O)rgllys = yill + g1 a(@™ @)l =zl ]
0] Up-1(p)

S S UST
max{r¢_| (1) u¢—l(t)} max{r¢-| (>

’
- }”Zt — 2zl
Ug100

<y = yill + llz = Z;||A7;,, dus — a.s.

for any y,,y, € R¥ and 7,7, € R**. From Step 1, we know that 4 is equivalent to dt X dP. So
Lipschtz property on g holds dr x dP—a.s. O

Remark 2.2. If the trajectories of v are strictly increasing, then ¢~ is strictly increasing and
continuous (that is ¢’1 (p(1) = ¢(¢’1(Z)) = t), so we do not have to assume that M is ¢’1 —continuous.
Remark that ¢~'— continuity of M is equivalent to ¢~'— continuity of m>.

Remark 2.3. In our discussion, the continuity of v which leads to the continuity of ¢, plays
an important role. This guarantees vl (1) = ¢(p7' (D) =t If v is a finite variation process
possibly with jumps, it may be needed to decompose the Stieltjes measures generated by the
trajectories of v as the continuous part and the discontinuous one. Perhaps it may be non-trivial.

Remark 2.4. Ifwe only want to simplify the continuous integrator of driver, it is sufficient to use
v~! as the time change.

It is natural to try the comparison theorem under the stochastic Lipschtz condition by means
of time change. Suppose that we have two BSDEs satisfying (A0), (A1) and let (g, £),(g, &) be
the corresponding generators. And let (¥, Z),(Y,Z) be the associated solutions. The following

assumption plays an important role to ensure that the comparison theorem holds ([17]).

(A2)

1. For every j, there exists P j equivalent to IP such that j™ component of X as defined by

T a
el = - f ellg(w, u. ¥, Z,) = g(w, u. ¥, Z,)ldv, + f ez, — Z,)aM,
' 0 0

is P j—supermartingale.
2. Ifforall r >0,

EIYr—EP[ f elg(w, u, Yu,,zndvulﬁ]ZeI?r—E@f[ f elg(w,u, ?u,,zu)dvulﬂ]

for all i, then Y, > ¥, for all r > 0 componentwise.

The driver satisfying (A2) is often called balanced. This notation originated from finance, as in
some sense, the driver balances the outcomes to hedge. This driver is closely connected to no-
arbitrage opportunity and furthermore the condition under which the comparison theorem holds
for martingale-type BSDEs possibly with jumps (see [16, 17] or [18], Part IV).

12



It is obvious that the comparison theorem holds for BSDE (2.3) if and only if the comparison
theorem holds for the corresponding BSDE (2.5). Now we shall show that the essential condi-
tions which ensure that the comparison theorem holds are preserved while the time change is
processed. We still assume that the BSDE satisfies (A0),(A1) and M is ¢~'—continuous.

Theorem 2.6. If BSDE (2.3) satisfies (A2), the time changed BSDE (2.5) also satisfies (A2) with
respect to filtration IF.
Proof. First by the optional stopping theorem, e})~( is F—supermartingale under P ; for every j

using that e" is F—supermartingale under P ;. Having the similar procedure to Step 3 in the proof
of Theorem 2.5, we obtain

e-jl'-j)‘{r == f e}?[:gd((’% u, yu—7 Zu) _g(w7 u, yu—» Zu)]du + f e’}‘[zu - Zu]dﬁu
0 0

So the first part of (A2) is satisfied with respect to F for BSDE (2.5). Similarly we can prove that
the second part is also satisfied. O

We conclude this section with the following statement.

Interesting remark on terminal time
When we study the BSDEs with stochastic Lipschtz coefficients, the randomness of terminal
time does not play an important role. This is illustrated as follows. Due to the Remark 2.4, we
can suppose that the BSDE is given in the following type without loss of generality.

Y,=¢&6+ f g(w, s, Y, Z)ds — f ZydM. 2.9)
1 t
We use the following process introduced for the quadratic BSDEs in [2].
t
d(w,t):=—, =0
(@) 1+7At

After the simple calculation, we get
O 'O=t/0-0, [O'D) =-(t-12 0<ir<7T=0(1)< 1.

Obviously @~ is time change and we can deduce the following BSDE on (Q, 7, P, F) equivalent
to (2.9) in some sense.

1 1
yi=E+ f G(w, 8, ss 23)ds f 2,di,, (2.10)
t t

where G(w, $,5,2) = [<rg(w, D1(s), y, 2)[®~ ()] and MS = Mg1(5. We mention that the
new driver G is stochastic Lipschtz even though the original driver g is uniform Lipschtz. In
fact, if we suppose that g has constants 7, u as the Lipschtz coefficients, for any y,y’ € RF and
e Z’ c kaw,

IG(w, 5,y.2) = G(w, 5,y )| = L@ (5)] - llg(w, D7, y,2) — g(w, 7',y )
< L@ @)y = Il + ullz = 115 1@ ()72
= Lislr(1 = )2l = ¥l + u(l = )Mz = Z/llz.]
<r(1 =DMy = yll +u(l =DMz = 2l
= r(1+0lly =Yl + u(l + D)llz = Z'll7..

13



This means that the stopping terminal time of BSDEs can be converted to constant and this
operation is adapted to the class of BSDEs with stochastic Lipschtz condition.

3. Wiener-type BSDEs with stochastic monotone coefficients

The well-known and mostly studied type of BSDEs are of course Wiener-type BSDEs. Let W
be d-dimensional Brownian motion on (Q2, 7, P) and F := {¥,},5¢ be the natural complete, right
continuous filtration generated by W. It is worthy to study Wiener-type BSDEs with stochastic
Lipschtz conditions. For example, let us consider the pricing problem of a European contingent
claim. This problem is equivalent to solving the following linear BSDE:

T T
Y, =&+ f (reYs + usZs)ds + f Z,dWs,
t t

where ¢ is the contingent claim to hedge, r; is the interest rate, u; is the risk premium vector and T
is the maturity date. In general, r, and u, both will not be bounded and moreover the maturity date
will be non-deterministic. In this case the Lipschtz condition does not hold uniformly any more.
For the forward-backward BSDEs, when the uncertainty of driver only comes from a solution
of forward component, we can give the probabilistic interpretation of a system of semi-linear
elliptic PDEs (see [3], Remark 4.6).

We shall have slightly different procedure from Section 2, but this is essentially the same.
For the discussion of Martingale-type BSDE, the martingale term is changed into a martingale
on another stochastic basis. As the quadratic variations of them are different, these martingales
are not equal in general. In view of general Martingale-type BSDE, this is non-sense. But the
theory of Wiener-type BSDE is well studied than others so it will be convenient for the research
if the Wiener-type BSDE is converted to the Wiener-type BSDE on a new basis. We consider the
following BSDE driven by Brownian motion on stochastic basis (Q, 7, P, ).

Yt = é': + f f(a)7 S, YY?ZS)dS + f ZSdWsy 0 <t< T, (3.1)
t t

where 7 is an a.s. finite F—stopping time, ¢ is an ;—measurable random variable with values
in R and f : Q x R* x R* x R¥4 — Rk js F—progressive. Due to < W, >= t, the stochastic
semi-norm defined by (1.6) is obtained as ||zllw, = ||z|| for z € R4 Let the driver f satisfy the
stochastic Lipschtz condition. That is there exist non-negative progressive processes r; and u,
such that

If(w,t,y,2) = flw, 6,y DN < rlly =Y +wllz = 2ll, - di xdP —a.s. (3.2

for any y,y’ € R¥, 7,77 € R™4_ As in Section 2, we assume that there exists € > 0 such that

@*(¢) := max{r,, u,z} > € and that @%(f) is Lebesgue-integrable on every finite interval in R*. And

we introduce the following strictly increasing, absolutely continuous process:
!
(1) := f @?(s)ds. (3.3)
0
We set F := Fs1)- Now we define stochastic process W, as follows.

W, = f (™Y (D 2dWs . (3.4)
0
14



Then W is a continuous F—local martingale and for each i, < wi >,= fot [(¢‘1)'(s)]_]d <
Wi > ge1(5)= fot [(¢’1)’(s)]_]d¢’1(s) =1, S0 it is F-Brownian motion by Levy’s characterization
theorem. If (Y}, Z,) is a solution of (3.1), then

T T

V=Yg =+ [ flws Y Z)ds— f Z.dw,
¢~ () ¢=1(s)

=&+ f F(@,¢71(8), Yi(5), Zs1()) (@7 (5)ds — f Zs1(5dWgo1 )

=&+ f F(@,671(8), Y00 Zg1 ()@Y (5)ds — f Zyro (@Y ()] 2 aw,

=&+ f F@,87(9) 02l O] )7 (s)ds — f 2dW,, 0<1 <7,

1

12

where z, := Zy19[(¢71) ()] " and T := ¢(7). So, if we set fas

flw,5,9.2) = f@ )y, z- [ (67 (s) (3.5)
then (v, 21) = (Vg1 Zs 1 - (¢71)()'/?) is the solution of the following BSDE on (Q, 7, P, F):

Yr=§+f f(w,s,ys,zs)dS—f zdW,, 0<1<T. (3.6)
t 1

Conversely, if (y;, z;) is a solution of (3.6), (Y}, Z;) := (Ve)> Z6(r) * (¢’ (9)"/?) is a solution of (3.1)
using that (¢’1)’(¢(t)) = (¢’)’1(t). As in Section 2, f satisfies the uniform Lipschtz continuity.
In fact, noting that (¢~ (¢) = @ 2(¢~ (1)),

= 77 2041 -1
If(w, t,y, )= f(w, .y, D < a (¢, rgrplly = Yl + gy - (e, Hllz = 2|11
To~1(0) Ug-1 (1)
=0 -+
max{r¢71(,), ”¢—I(;)} max{r¢71(,),

— e - zll

i)
<lly=Yll+llz=21ll, dtxdP-a.s. (3.7)

Now we are prepared to state some results on Wiener type BSDEs.

Lemma 3.1. Let the following conditions hold for BSDE (3.1).

1. The stochastic Lipschtz condition (3.2) holds.
2. &€ le,(‘r; ¢) and f(w, 5,0,0)/a(s) € L,%(O, T, ¢) for some p > 3.

Then BSDE (3.1) has a unique solution (Y;,Z;) in M§’“(0,T; ?; RK; R¥4). This solution actually
belongs to Mg"’(O, 7,0, RE RO and Y e Ug(O, T;0).

Proof. We can notice that & € Zﬁ(f) and f(w, s,0,0) € Zﬁ(o,?) from

flw,s,0,0) %7 fw,¢7'(5),0,0)
—a(s) ds —j(; exp(ps)‘ —a:(qb"(s))

(7) T .
= fo exp(ps)llf(w, 37 (5), 0, 0IF[(¢7Y ()]’ ds = fo exp(ps)llf (w, 5,0, 0)][*ds.
15
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Recalling (3.7), the ~simple application of [19], Theorem 3 il admits that BSDE (3.6) has a unique
solution (y;,z,) in L3(0,7: R* x R®“) which belongs to L(0,7;R* x R®“) and y € U}(0,7).
Noting that (Y, Z) = (Vs 2o - [(¢'(£)]1/?), we get the following expressions:

E[ fo exp(ps)uyxuzds]:E fo exp<p¢<s))||y¢<s>||2¢’<s)ds]

- E: fo exp(pd(s)ll(a Y)xuzds],

E| fo exp(os)llPds| = E| fo exp(od() oo [ (901" |

- E| fo exp<p¢<s)>||zs||2ds],

E[ supfexp (ps)|lys|* : 0 < s <7}] = E[ supfexp pd(s)||Ys|]* : 0 < s < 7}].
These are sufficient to complete the proof. O
In the above lemma, the stochastic Lipschtz condition in y can be relaxed whereas BSDEs

with random terminal time are well adopted under the monotonicity condition. This naturally
admits us to give the following main result.

Theorem 3.2. Suppose that the following conditions hold for BSDE (3.1).

1. There exist non-negative progressive processes u,, l, and progressive process r, satisfying
() = max{r;, [, u,z} > € (r~ := max{-r, 0}) for some € > 0 such that for any y,y" € R
and z, Z/ c kad;

L1 |If(w, t,y, DN < I f(w, .0, DI + LIyl + ') (where I € {0, 1})
1.2. (v = Y)(f(w, 1,,2) = flw,1,y',2)) < =rlly = Y|P
1.3 |f(w, t,y,2) = f(w, 1,y , I < ullz = 2’|l

2. f(w,t,-,z) is continuous.

3.(+10) € le,(‘r; ¢) and f(w, s,0,0)/a(s) € le,(O,T; @) for some p > 3, where ¢(t) :=
fot @*(s)ds.
Then the conclusion of Lemma 3.1 holds.

Proof. 1t can be easily seen that fis Lipschtz continuous in z. The monotonicity and linear
growth in y are shown as follows.

G =Y fw, 1,3, )~F(w, 1,y ,2) < @ 2@ ) - (=rg 1)l = VI

-
510 , ,
Iy = y'I* < lly = y'II*.

I 2
<a (g )y lly =Y = — 5
MK g Lyt U )

I1f (@, 1,5, DI < If(w, 1,0, )l + @ 2(B) - Ly Iyll + 1)

lg1) " o T ,
= - ¢lt sl + 1) < [If(w, 2,0, 2l + Iyl + 1)
max{rwm, 511 uaﬁ"(t)}
Now, the result easily follows from [19], Theorem 3.4. [l
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Remark 3.1. Existence and uniqueness results for BSDEs driven by Brownian motion with
stochastic Lipschtz coefficients or stochastic monotone coefficients were already given in [3, 5]
under stronger assumptions than ours on linear growth coefficient and p need to be enough large.
For example, p is assumed to be larger than 90 in [23](see the proof of Theorem 6.1 therein).

For the Wiener-type BSDE with random terminal time, the comparison theorem also holds
under the conditions for the existence and uniqueness (see [19], Corollary 4.4.2). Thus it is trivial
that the comparison theorem holds for the BSDE (3.1). Here we give the stability with respect to
perturbations. Comparing to Theorem 3 in [5] we study under weaker assumptions.

Theorem 3.3. Suppose (t,&, f), (T, &, f') are the triples verifying the assumptions of Theorem
3.2 with the same p > 3. Let AY := Y - Y ,AZ = Z -7 for (Y,Z) € L/%’Q(O,T;(ﬁ;Rk X
Ry and (Y',Z) € L%”(O, 75 ¢; RF x R which are solutions of (3.1) corresponding to
(W& ), (1, &, f), respectively. Then there exist positive numbers 3,0 for 3 < 0 < p such
that

IAY(0)|* + BE fo exp(8g(s))a*(s)(IAY ()II* + ||AZ<s)||2)ds]

< Ellexp(6(1)/2)¢ — exp(6p(7')/2)¢'I

T Y(s), Z(s)) - Y(s), Z(s))||?
ro] f explog(o L3V DL — M@ VO ZO) |
0 a(s)
Proof. We can adopt the same strategy as the proof of Theorem 3.1 thanks to [19], Theorem 4.4
and omit the proof. O

We can consider the case where the driver satisfies stochastic polynomial condition, that is,
conditon 1.1 in Theorem 3.2 can be replaced by

If(w, 2,3, Il < If(w, 2,0, Dl + LAWIP + 1), p>1

or more generally

If(w, 2.y, DIl < If(w, 2,0, + La(lyID + 1) (3-8)

for some continuous, increasing function . In this case, we can refer to [10] (or [39]) and there
will not be any difficulty. On the other hand, if the stochastic monotone coefficient is always
non-negative (that is strictly monotone), we can set 7, = 0, so it is sufficient to suppose that p > 1
in preceding results. If the driver is monotone decreasing, we can get a more useful result by
referring to [43].

Theorem 3.4. For BSDE (3.1), we suppose that the conditions 1.2, 1.3 and 2 in Theorem 3.2
and (3.8) hold with I, = I,r, = 0,k = 1,I' = 0 for some I,r € R.
We further assume that ¥t > 0, f(w,t,0,0) = 0 and |£|] < M for some M > 0. Then there

exists a solution (Y;, Z;) of (3.1) such that |Y| < M and ¥Vt > 0, IE[ OMT ||Zs||2] < 0.

Proof. We only sketch the proof. We define a process ¢(¢f) := fot(uz(s) + 1)ds with which we

associate time change. Obviously ¢ '(f) <t Let fdenote the driver of time changed BSDE.
Then it is easy to see that f is uniformly Lipschtz in z with Lipsctz coefficient 1 and monotone
decreasing in y. It also satisfies controlled growth condition with coefficient 1. We can easily
check that f(w,1,0,0,) = 0.
17



So there exists a solution (y,z,) to the time changed BSDE such that |[y] < M and for
any t, fomllzsllzds < oo from [43], Theorem 3.1. Noting that ¥, = yuq and fOMTIIZSIIst <

¢~ (AT ¢~ (OAT AT
I I1Z,|IPds = 1 Zy(s) P9 (s)ds =

A A b llzsl?ds < co, we can complete the proof.  [J

Remark 3.2. We note that the uniqueness and comparison can be also stated under the further
conditions using Theorems 3.6 and 3.7 in [43]. In Theorem 3.4, the exponential integrability
condition on terminal value and the driver are not made and the same conditions as the case of
uniformly Lipschtz were used for the study of the BSDE with stochastic one. This is because the
monotone coefficient which makes discounting rate is equal to zero.

3.1. Some aspects of further applications

Concluding this section, we shall briefly mention that it is possible to have some further ap-
plications to get better or new results. For example, it is not difficult to study L”—solution [11],
the stability [9, 45] and reflected BSDE [1] in the context of stochastic monotonicity condition
through our framework. Although L”—solution of BSDE with stochastic Lipschtz condition was
already studied in [46], we can make the improved version, due to the preceding results. We can
use the results in [38] to study the BSDEs with jumps whose drivers are stochastic Lipschtz. For
the martingale-type BSDE with stochastic Lipschtz condition, results of [44] are available. The
stochastic partial differential equations(SPDEs) with stochastic Lipschtz terms are connected to
the backward doubly SDEs(BDSDEs) with stochastic Lipschtz coefficients and we can refer to
[31] concerning the BDSDEs with random terminal time. Perhaps the derived results will be
better than the ones in [33, 34] where the constant parameter appeared in integrability condition
need to be sufficiently large. The proposed technique can be also applied to the BSDEs on mani-
folds with geometrical Lipschtz condition studied in [7], which includes the results with respect
to the random terminal time (see Section 5 therein), so the geometrical Lipschtz condition can be
relaxed from the uniform one to the stochastic one. The wellposedness of Mean-field backward
stochastic delay equation with stopping terminal time and Lipschtz driver was stated in [28],
Theorem 3.1, so we can state the counterpart when the Lipschtz continuity is stochastic one. By
referring to [27] where the results of second-order BSDEs (2BSDESs) with random terminal time
are established, we can study 2BSDEs with stochastic Lipschtz condition. The details are left to
the readers and some of them may be non-trivial.

In this section, we used the results obtained under the monotonicity assumption. So, the stronger
integrability conditions on the driver and the solutions were still required as in the previous
works. We shall apply the proposed technique to the undiscounted BSDEs driven by Markov
chains without the monotonicity assumption on driver in the next section.

4. Markov chain BSDEs with stochastic Lipschtz coefficients

The BSDEs on Markov chains were first introduced in [15] and have developed in several
papers, for example, the comparison theorem in [16] or the case of random terminal time in [14].
We present some preliminaries of the Markov chain BSDEs below.

Consider a continuous time, countable state Markov chain X on (Q, F, P, ), where F is the
natural filtration generated by X. Without loss of generality, we assume that X takes values from
the unit vector e; in R, (N € N U {oo}), where N is the number of states of the chain. We denote
by I the state space. If A; denotes the rate matrix of the chain at time #, then (4,);; > 0, i # jand
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Vj,Zi(A,)ij = 0. For the simplicity, we shall assume that A is uniformly bounded. The Markov
chain X has the following Doob-Meyer decomposition (see [22], Appendix B).

t
X, = X + f AuXu-du + M,, 4.1)
0

where M is a pure discontinuous martingale with finite variation. In this section, we further
assume the Markov chain has the strong Markov property. Let us consider the following BSDE
to stopping time on Markov chain.

Y,= &+ f Flew, u, Yo, Za)du — f ZdM,, 0<t<rt, 4.2)
t t

where f: QX R* X Rx RY — R and fot Z.dM, = YN, ﬂ ZidM!. Note that (4.2) is contained
in the class of BSDEs defined by (1.4) due to [15], Lemma 3.1 where it was shown that the
sequence (M?),i = 1,2, ... has the martingale representation.

Definition 4.1. We define , := diag(A,X,-) — A,diag(X,-) — diag(X,,)A,T. Then the matrix , is
symmetric and positive (semi-)definite and d < M >,= y,dt (see [15]).
Due to (1.6), we can set the stochastic semi-norm || - ||y, as follows.

IZIy, = ZivnZes  Z € RV, 43)
We give further definitions from [14].

Definition 4.2. We say that the driver f is y—balanced if there exists a random field n : QX R* X
RY x RN — RN, with n(-, -, z,7’) predictable and n(w, t, 0, 0) Borel-measurable, such that

o flw,1,y,2) = flw,1,y,7) = 2 =) (N, 1,2,7') — AX;-)

e foreache' €], (eiTn(w, 1,2, Z'))/(e;rAX,_) € [y,y "1 for somey > 0, where 0/0 := 1
° 1T77(a), t,2,7) =0 for 1 € RY the vector with all entries 1

e n(w,t,z+al,7) =n(w,t,z,7) foralla € R

Remark 4.1. Note that the above definition of y—balanced driver is closely connected to the
notion of balanced driver in Section 2 (see [14], Lemma 3).

Definition 4.3. Let Q, denote the family of all measures Q where X has the compensator n(t, w),

.
Z"Tr;(;ai) € [y,y '1foralle; € T1, where 0/0 := 1.

That is, X; = Xo + fot ndt + Q-martingale, Q € Q.

forn a predictable process with 1'5(t, w) = 0 and

We give the key result of [14] (see Theorem 3, Remark 4 therein).
Lemma 4.1. Suppose that the following conditions are verified for Markov chain BSDE (4.2).

1. &is Fr—measurable.
2. There exist non-decreasing functions K, K, : R* — [1, o) and some constants 3,3 > 0
such that

EC[4F,) < K\ (0. E2[(1 + D" FIF] < K1 (1), E2[K, (1) P F7] < Ka (1),

foralllP—a.s.all Q € Q, and all t.
19



3. f:OXR* xRXxRN - R is y—balanced.

4. The discounting terms are uniformly bounded above, that is, there exists a constant C1 € R
such that for any y,y’,z and s < t,

flw,t,y,2) - f(w,1,Y,2)
y=y

!
fr(w,u,y,y',z)du<C1, rw,u,y,y',z) =
s

5. There exists C>» € R, B € [0, 8] such that |f(w, ,0,0)| < Co(1 + l’é).
6. f: QxR* xR xRN — R is uniformly Lipschtz in y. That is, there exists a constant C
such that |f(w,t,y,2) = f(w, .y, 2| < Cly = Y| forall y,y’, z.

Then the BSDE (4.2) has a unique solution such that |Y;| < (1 + C) exp(C)|K;(?)|.
Remark 4.2. Note that the fourth condition is verified if the driver is monotone decreasing.

In Lemma 4.1, the Lipschtz condition in y is restrictive. We give a simple illustration below
with the motion of a particle on graph. Consider a model for transmission of messages from a
node to another node over a network. Let the chain X describe the motion of a message. Then
the probability that the message reaches its target is given as the solution of the following BSDE
(see [14], Section 4).

T T
lesz]) = Yt - f —-rx,_ Yu_dl/t + f ZudMu» 0<r< T, (44)
1 1

where 7, is the rate by which the node x loses a message. To suppose that the losing rate at each
node is bounded is an assumption rarely satisfied in real world. It depends on the time variable
in general and it should be written as r(z, X;,—) which may be unbounded.

The main result of this section is as follows (we shall give the proof later).

Theorem 4.2. Suppose that the conditions 1)—-5) in Lemma 4.1 are satisfied for BSDE (4.2). Let
the driver f be stochastic Lipschtz in y, that is, there exists a non-negative predictable process
C(t) such that for any t,y, z,7,

If(w,t,,2) = flw, 1,y", 2| < C(O)ly = y'I. 4.5)
Then BSDE (4.2) has a unique solution such that |Y;| < 2 exp(C1)|K; (1))

Remark 4.3. Theorem 4.2 admits that the bound of a solution does not depend on C,. From this
fact, the bound estimate on a solution can be replaced by |Y;| < (1 + Ca A 1)exp(C1)IK;(?)| in
Lemma 4.1.

Usually, if one wants to relax the Lipschtz continuity as the stochastic one, it has to be con-
sidered that the stronger integrability conditions on terminal value, driver and the solution are
required, instead. However, this is not true for undiscounted BSDE. It is because the terminal
value and driver of this BSDEs are not needed to be discounted at some rate and one can consider
the direct conditions on them respectively.

In Theorem 4.2, the conditions on stopping time seem to be unfamiliar and it is required to
afford an example when they are satisfied. In this context, S. N. Cohen [14] showed that the direct
conditions on stopping time are satisfied when the stopping time is a hitting time of a subset of I1
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under the uniform ergodicity of the chain by the way of examining the exponential ergodicity of
the chain under the perturbations of rate matrix. One can observe that the above hitting time only
depends on the character of the chain. In Theorem 4.2, the driver is stochastic Lipschtz only in
y and the y—balanced condition related to z is still required. On the other hand, it was shown in
two uniform and stochastic Lipschtz settings that the conditions on stopping time and terminal
value for the wellposedness of BSDE (4.2) coincide. These lead to the following result (see [14],
Lemma 6).

Lemma 4.3. Suppose that rate matrix is time-homogeneous under the measure P and the chain
is uniformly ergodic. Let T be the first hitting time of a set 2 C Il and ¢ be a random variable
of the form & = g(t, X;) for some function g(t, x) < k(1 + #°) for some k, B > 0. Then there exist
functions Ky, K, satisfying the requirements of Theorem 4.2.

When the terminal time and terminal value have the forms like in Lemma 4.3 and the driver
is Markovian, that is, f(w,t,v,z) = f(X,_,t,v,z) for some f, we can give the ODE system with
boundary condition which describes the solution of BSDE in the context of stochastic Lipschtz
assumption (see [14], Theorems 6 or 7). Now we seem to prove Theorem 4.2 by means of time
change described in Section 2.

Proof of Thoerem 4.2 We define the process ¢ as follows (this is based on the same idea as in
Section 2).

() = f ?(s)ds, a*(s) := max{C(s), Ca, 1}. (4.6)
0

Then it follows that t > ¢~!(¢) from ¢(f) > fot lds = t. We set 7?[ = ?¢—|@,F = {ft},zo as in

Section 2. As X is a strong Markov chain, X := Xj-1(;) is also a strong Markov chain with respect

toF (e.g. see [4], Chapter 22, Section 3).
Using the expression (4.1),

_ 0] _ ‘r _
X, = Xo + f AuXydu + My = Xo + f A X, du + M,, “4.7)
0 0

where Z,, = Agiq (¢~ "Y' (u) and 1\7[, = Mgy (1). We recall that M = (A?i),i =12,..,Nis
a sequence of orthogonal martingales which has martingale representation on Q,7,P, iﬁ) (see
Lemma 2.4). Therefore, (4.7) is the (unique) Doob-Meyer decomposition of X. If we denote by
R, the rate matrix of X , then

RuYu = ;IuYu, dt x dP —a.s. . (4.8)

It follows that R, is uniformly bounded from (¢~') () = = a%(¢7' (1)) < 1, so the

1
— -~ ¢ @ .
¥ —chain X is also regular. We can consider that the random rate matrix A, plays the role of
transiation rate matrix of X. Next, we shall show that f(w, s,y,2) = f(w, ¢ (5),¥,2) - (¢~ (s)

is y—balanced with respect to F. We define f(w, #,2,7) := n(w, ¢~ (),2.7) - (¢~') (). Then by
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the definition and (4.8), we have

f,,y,2) = flw,t,9,2) = (F@, ¢ 0,7,2) = flw, ¢~ @).3.2)@Y (0
= (2= )W, 7' (1), 2.7) = AgrnXgm1 )@ (1)
= -7)w1,2,7) - AX) = - 2) (w 1,2,7) = RX)),
(], 1,2,2)/(e] R X)) = (e] w, 1,2,2))/(e] A, X))
= (e/n(w. 67" (), 2.2 /(€] A1 X5 10) € [1. 7',
1w, t,2,2) = 1'n(w, ¢ (1),2,2)(¢™") (1) = 0,
Tw.t,z+al,7) =nw,¢”' O,z +al,Z)- (7))
= n(w, ¢~ (1),2,2) - (¢7') (1) = (w, 1,2, 2),

dt X dP —a.s. _

So f is y—balanced. We note that f is uniformly Lipschtz in z under norm || - |7 because it is
y—balanced (see [14], Lemma 12; From the expressions (4.7) and (4.8), it is trivial that the family
of probability measures where X has the F—predictable compensator 7(#, w) such that 17=0
and V1 < i < N;(e]7(t, w))/(e] RX,-) € [y,y '] is also Q,. Finally we show that the following
time changed BSDE has a unique solution(7 := ¢(1)).

yr=§+f f(w,s,ys,zs)ds—f z,dM,. (4.9)
t t

We have already seen that f~is y—balanced. _ _

Let us define the r}f)n-decreasing functions K;(t) := K; (qﬁ‘l({)) and K>(t) := Zfz(flﬁ_](t)).
Then VQ € %;EQ[SITI] < Ki(¢7'(0) = Ki(1) and EC[K\(D)'P|F,] = E2[K (1) F|Fy1)] <
K (¢7'(1) = K> (1). —

Using the assumptions on f, we can get the following expressions on f.

|f(@,1,0,0) = @ (¢ @O)If (, ' (1), 0,0)
<(L+¢7' W) - CICH )+ Cr+ 1< 1+ 0 <1+,

f (Flwrt7,2) = Flwnu,y's )/ — ¥ e = f Her ¢ ),y de™ ()

s

¢~ (1)
=f r(a%“,y,y/,Z)dMSC],
¢7'(s)

f(@,1,5,2) = fw, 1, 2] = |f(w, 87 (1),y,2) = flw, 67 @), 2] - @ 2(¢7 (1)
< C(¢™ ' (O)ly — ¥'I/(max{C(¢™" (), C2, 1)) < |y = ¥'I.

So BSDE (4.9) has a unique solution satisfying |y, < 2exp(C])|f1(t)| by Lemma 4.1. If we
set (Y1, Z;) := (Vo)> 2o1))» Theorem 2.5 shows that it is a solution of BSDE (4.2). Because the
solution y, of (4.9) is unique up to indistinguishability, Y; is also unique up to indistinguishability.
And Y| = |ygn| < 2exp(C)IK1(¢(1)] = 2exp(CDIK (D). T

Remark 4.4. We note that the comparison theorem for BSDE (4.2) holds under the stochas-
tic Lipschtz condition from the corresponding comparison theorem for BSDE (4.9) (see [14],
Theorem 5).
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4.1. Additional use of time change

In Theorem 4.2, the 5 condition is not strictly necessary. In fact, it is sufficient to suppose
that f(w, s,0,0)/(1 + ) is integrable on every finite interval in R*. For any m > 1, consider the
process ¢(t) :=m fot(lf(w, 5,0,0)|/(1 + ##) + 1)ds with which we associate time change. Then

|f(w,¢7'(©),0,0) 1 1+ (0f 3 148
1+1f(w, ¢ ' 0,0,00/(A1+¢7'@f)y m~— m = m

Also we have the bound on solution such that |Y;| < (1 + 1/m)exp(C1)|K;(?)|, for all m > 1.
Taking m — co, we get |Y;| < exp(C1)|K;(#)]. So we can show the improvement of Theorem 4.2.

If(w,1,0,0)] =

Theorem 4.4. Suppose that conditions 1-4, 6 in Lemma 4.1 and the stochastic Lipschtz condi-
tion (4.5) hold. We further assume that f(w, s,0,0)/(1 + ¥) is integrable on every finite interval
in R*. Then there exists a unique solution to BSDE (4.2) such that |Y;| < exp(C)|K,(?)|. If the
driver is monotone decreasing, then |Y;| < |K;(?)|.

In this subsection, we made the use of time change away from the discussion on Lipschtz
continuity. Perhaps, there will be other problems to which we can apply time change effectively
in the range of stochastic calculus.

5. Conclusion

In this paper, we showed that the technique for dealing with the BSDEs with stochastic
Lipschtz coefficients by time change. The technique says that when we study the BSDE to
stopping time, the Lipschtz condition can be given as the stochastic one. Also roughly speaking,
most of the results of BSDEs obtained under the Lipschtz continuity may be extended to the
case of stochastic Lipschtz continuity. Of course, this is only possible when we are aware of the
results with respect to random terminal time and this admits the importance on the study of them.
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