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Abstract

The theory of versal normal form has been playing a role in normal form since the
introduction of the concept by V.I. Arnol’d in [I} 2]. But there has been no systematic
use of it that is in line with the semidirect character of the group of formal trans-
formations on formal vector fields, that is, the linear part should be done completely
first, before one computes the nonlinear terms. In this paper we address this issue by
giving a complete description of a first order calculation in the case of the two- and
three-dimensional irreducible nilpotent cases, which is then followed up by an explicit
almost symplectic calculation to find the transformation to versal normal form in a
particular fluid dynamics problem and in the celestial mechanics L4 problem.
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1 Introduction

In normal form theory for general differential equations or symplectic systems around equilib-
ria, not much attention is usually given to the linear part of the problem. A typical approach
in bifurcation theory is to compute the normal form of a general system with respect to a
given organizing center and add versal deformation terms (as first considered in [I} 2]). One
can then analyze all possible bifurcations in a neighborhood of the organizing center. While
there is nothing wrong with this approach, it does not answer the question where a given
system fits in the analysis. In other words, how does one compute where the given system
is in this neighborhood of the organizing center?

It is this question that we attempt to answer for a number of examples. Some of these
examples will be very concrete, with only one or two parameters to give us a possibility to
actually, see the bifurcations, others are completely general systems where one can use the
computation by just filling in the parameter values of a given system with the same type of
organizing center.

Ideally, before starting the nonlinear computation, the linear system should be brought
in versal normal form in a finite number of steps, as is attempted in [I7]. In practice what
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one does is to put the linear part in normal form in the same way as one does the nonlinear
part of the equation, but this may involve infinitely many steps. Since the linear terms
influence the computation in every step, this is not very desirable (contrary to the nonlinear
computations, which cannot influence the linear part unless there is also a constant term to
take into account).

In this paper, we address this problem for a very particular system that has been the
subject of several papers already from the versal deformation point of view, namely the L4-
problem as described in [6]. This paper contains a very clear discussion of the arguments
involved in the versal deformation computation and we will not repeat these here. The
issue we want to address here is to change the infinite series approach into a finite explicit
computation. Apart from the L,-problem, we have added several examples to illustrate the
method and to show that it is indeed a method, not a computation that happens to work
in the one example. We treat the 2- and 3-dimensional irreducible nilpotent case in section
and [, respectively.  We started this research by computing exponential maps using the
generators of the Chevalley normal form of the Lie algebra. In the specific Ls-problem this
leads to quartic equations in the flow parameters and even if one is able to explicitly solve
these equations the result is a map full of radical expressions which will be very hard to use
if one applies the result to the full nonlinear problem as is our goal. We should mention
that in the general linear case this does not occur and one can expect that for simply laced
simple Lie algebras this approach will work without problems.

In order to simplify the resulting map that puts the linear system in versal normal form,
we then decided to drop the requirement that the symplectic form be preserved. As remarked
in [I2] there is a strong belief that the symplectic form should be preserved, which is a bit
strange if one considers the fact that in order to put the symplectic form in its Darboux
normal form, one has to use (by definition) transformations that are not symplectic.

Dropping this requirement, which has anyway no consequence for the further analysis
since we work with the symplectic vector fields, not with the Hamiltonians, we then proceed
as follows. We first determine a theoretical form of the versal normal form, depending on a
finite number of versal deformation parameters. Since we want to reach the versal normal
form by conjugation, the characteristic polynomial of the original linear vector field and the
versal deformation should be equal. From this equality, we determine the versal deformation
parameters (this is in the symplectic case the only nonlinear part of the procedure, in the
general linear case this part is completely straightforward).

Once we have, given a linear vector field X5, which consists of an organizing center X{ plus
terms in a neighborhood of the organizing center, in order to compute its versal deformation
Xg, we need to solve the linear problem X§T° = T°X¢ in such a way that T° reduces to the
identity and X§ is in versal normal form. We then can obtain reasonable expressions for the
transformation, which can then be put to good use in the nonlinear normal form analysis.

2 The algorithm

We start with polynomials R[zy, -+, x,]. We then add to these commuting derivations
Oi,- -, 0, and consider these as a left R[zy,--- ,z,] module, such that [0;,z;] = 5; (One
could write 0; as 6%_). We write g—; € Rlzy, -+ ,x,] for [0;, P]. We then define a multi-

plication P;0; » P;0; = Hg—gﬁj. This defines a non-associative algebra with an associator
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a(x,y,z) = (x*y) x 2 — % (y * z) which is symmetric in its first two variables (this ensures
that the Jacobi identity holds, [9]) and from it we can define a Lie algebra, the Polynomial
Lie algebra by defining the Lie bracket as [z,y] = x *y — y x x. Apart possibly from the
notation, this is the usual way of defining polynomial vector fields. We can put a grading
on the polynomial vector field by assigning degree 1 to the z;’s and degree —1 to the 0J;’s.
We remark that the x-product is a graded product, that is, the degree of U x V' is the sum
of the degree of U and the degree of V, and this makes the Lie algebra into a graded Lie
algebra g = [[,—, gx. Among the elements in this Lie algebra, as special position is reserved
for those of degree zero. They form a Lie subalgebra gl(n,R).

We start with a given linear vector field which we consider as an element in a reductive
Lie algebra go. In our examples, go will be gl(n,R) or sp(n,R). We chose an organizing
center (in all our example this will be characterized by the fact that the real part of all its
eigenvalues is zero, since this is where bifurcations happen) and introduce for organizational
reasons a deformation parameter e, which at the end of the computation can be set back
to 1. In our first two examples we assume that the organizing center X)) is in real Jordan
normal form as is usually done in normal form theory. This is not really necessary and might
need the knowledge of the spectrum of X3, something we try to avoid in this paper, so we
stress the fact that the whole construction works well without this choice. Alternatively one
might want to put X{ in rational normal form before starting the computation, or not all,
as in Section Al All this is a matter of taste and convenience.

We then split XJ into a semisimple and nilpotent part, X = sy + ng, with sy and ng
commuting, sp,ng € go. We remark that this only needs the characteristic polynomial of
X§ [10, 16]. In kerad(sg) (where ad(X)Y = [X,Y], as usual) we construct around ny an
slo-triple (ng, hg, mg) as follows, cf. [I1]. Let z € go be a solution (with free parameter p)
of ng = ad*(ng)zy. Put my = —2z) and hy = [mg, ng]. Then solve [hy,z] = 2z} If z° is
a solution, put mg = z§° and let hg = [mg,ng]. Then [hg,ng] = —2ny. As in the sy + ng-
decomposition, this is a completely rational procedure [7]. The existence of solutions to the
equations is guaranteed by the Jacobson-Morozow theorem, see [11].

Remark 2.1. This construction determines the style of the normal form, since we will choose
ker ad(mg) as the complement to im ad(ng) and costyle of the normal form transformation,
since we will choose im ad(mg) as the complement to ker ad(ng). The costyle of normal form
transformation is the way we choose the free parameters in transformations. As suggested
by the terminology, other choices of style are also possible and may in specific problems be
preferable.

The versal normal form should be equivalent to the rational (or Frobenius) normal form
of the matrix of X, although for that normal form one usually chooses a different style. The
computation of X from X¢ has already been described. The T¢ can be computed by linear
elimination. If for some gy, 7° fails to be invertible, then we should take |Yi| < [Y5°[.

Definition 2.2. We say that X5 = X} + Y5 is in normal form (in sly-style) with respect to
X3 if Y5 € kersy Mkermg. We say that X5 = X§ + Y5 is a versal normal form with respect
to X if Y5 is in normal form with respect to X§ and there exists a T¢ € GL(n,R) such that
XsTe =T°X5 and TY = 1.

If the Lie algebra is defined by an invariant bilinear form €2y (for instance, a symplectic
form), one has to compute the induced form Qf = (7%)QyT*. In this case we write g and
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gQ. Similar remarks apply to invariant trilinear forms in the less popular (in dynamics) case
g2, the Lie algebra of Gy, cf. [3], not to be confused with an element of grade two in g.
This ensures that the versal deformation vector field behaves correctly with respect to €25,
that is, X§ € gff. Here we trade symplecticness of the maps involved against computational
convenience.

Definition 2.3. Let 7° € GL(2n,R). Then this induces a new symplectic form Q5 and a
new vector field X§ as follows

Q5 = (T9)'QT", (2.1)
XeT° = T°X;.

Lemma 2.4. The vector field X§ is Q5 -symplectic iff X§ is an Qqo-symplectic vector field.
The claim is that )_(8 is a Q5-symplectic vector field, that is, we have to prove that
(X505 + Q5 X5 = 0. (2.3)

Proof. Assume (X§)'Q + QX5 = 0. Then

(X5)!% + 05X )
(X5)(T%)' T + (T°) QT X
= (TEXE)IQTE + (T9)'Q T XE

= (XET®)'QT* + (T%)' Q0 XET*
= (T%)" ((X§)"% + QX5) T°
= 0,

proving the statement of the Lemma. O

The next order step is to compute
exp(ad(t]))(X§+X] +---) = X§+X]+ [ X+ . (2.4)
Then we solve
ad(so + mo)(X] + [t, X5]) = 0, (2.5)

in order to obtain )_(8 + X4 -+ in gQ, or, in the general linear case, in g, where Xj is the
first order nonlinear term and, with t; a general vector field of order 1 and X¢ is in normal
form with respect to XJ in the sly-style.

This procedure can then be repeated until the full system is in normal form up to the
fixed degree. The ad(sy + mg) ensures that the normal form will automatically have the
sly-style with respect to XJ.

We should remark here that if we start with a general tj, there may be free parameters in
the normal form corresponding to elements in ker ad(sy) Nker ad(ng) in t5. This is analogous
to the way unique normal forms are computed [4] [I§]. The free parameters may be used
to simplify the normal form by removing (typically) higher order e-terms. There is no style
known to us that would be preferable to this simple free-costyle). In most of our examples
the transformation turns out to be in sly-costyle.
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Remark 2.5. In some problems, when one wants to do the calculations by hand, it pays to
view the g, the polynomial vector fields as representation spaces of gy, and more specifically
of representation spaces of (sg, ng, hg, mg). For instance, in [4] the gy is shown to be a direct
sum (as vector spaces, not as Lie algebras) of two irreducible representations of sly, a; and
b, and this gives rise to a basis that is completely natural with respect to the action of the
given sly and such that [3x,3;] C 3r4 for 3 = a,b.

As formulated, the algorithm follows what might be called the rational approach: no
eigenvalues need to be computed, only characteristic polynomials, cf [5]. This makes it suit-
able not only for Computer Algebra Systems, but also for Symbolic Formula Manipulation
Systems like FORM [13] or FERMAT [14], which is nice if the problems get big.

An alternative method, which might also work when the vector fields are not finitely
generated at any given order and might be called the spectral approach, is to use the spectrum
of sy and hyg, as is done in the averaging method; we refer for this method to [16].

2.1 Nonlinear nilpotent versal normal form

Lemma 2.6. For given X;, € gi, k > 0, and parametric vector field X5 = sy + ng + V5 in
which v € ker ad(mg) N ker ad(sy) there exists a transformation t; € gx to the following
problem

ad(X§)t; = X — Xj,

where X5, € kerad(mg) N gr. The transformation t; and the normal form X5 can be found
explicitly from equations (Z1) and (Z8), respectively.

Proof. 1t should be noted that this proof follows (but with some minor corrections and
clarifications) the proof given in [I7, Section 2.3].

Our problem is that to find the admissible transformation tj and the obstruction term
X2 € kerad(mg) N gy such that the following hold

ad(X)t5 = Xp — X5.
From [16, Chapters 11-12] the procedure is given to solve the following linear problem
ad(no)tg = Xk — Xk (26)

Denote the transformation t{ in equation (2.6) by NX,. Hence from the fact that V =
ker ad(mg) @ im ad(ng) one has

ad(nO)N = Timad(ng) = 11— Tker ad(mo) -

Note that the notation NX; shows that the operator N acts on X;. Let now Q = ad(so+75) N
and ) = Nad(so+75). We will show that @ and () are nilpotent operators, so that (1 +Q)7!
and (1 + Q)~! are both well defined. Observe that NQ = QN.

Lemma 2.7. N(1+Q)~' = (1+Q)"'N.
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Proof. We compute

NI+Q)™" = Y (F)'NQ' =) (1)) Q'N=(1+Q)'V,
i=0 i=0
and the Lemma is proved. O

We claim that tj is given by
S=NA+Q) ™ X =(1+Q)'NX, = (14 Q). (2.7)

Therefore we have to first show that @ and @ are nilpotent and X;, —ad(X§)t;, € ker ad(mg) N
gr. Assume that the X, has ad(hg)-eigenvalue \; then the NX;, has ad(hg)-eigenvalue A + 2
since ad(hg)ng = —2ny.

By assumption, 0§ € ker ad(mg) Nker ad(sp); hence ad(mg)v§ = ad(sp)vg = 0. Therefore
the ad(hg)-degree of all terms in o5 is > 0. Since ad(hg)sy = ad(mg)sy = 0 then its ad(ho)-
degree is zero. This implies that the ad(hg)-degree of Q@ = ad(sy + v5)N > 2 hence Q is
nilpotent. The proof for @ is the almost the same. It follows that 1 + @Q and 1 + Q are
invertible. What remains to be done is to show X;, — ad(X5)t; € ker ad(mg) N gy

ad(so +no + 05)t;, = ad(sy + no + 75N (1 + Q)X
= (ad(ng)N + Q) (14 Q)X
= (14+Q— (1 —ad(ng)N))(1+ Q)X
= X — (1 —ad(ng)N)(1 4+ Q)~'X,
= Xk — Mherad(mo)(1 + Q) ' Xp..

We rewrite this as
Xk = Mrerad(mo) (1 + Q) ™' Xy, + ad(so + no + 5)N (1 + Q) ' X,

and we define

Xi = Wkorad(mo)<1 + Q)_lxk. (28)
This concludes the proof of Lemma 2.6l O

2.2 Nonsemisimple versal normal form

We now extend the versal normal form computation problem from the nilpotent to the
nonsemisimple case. We follow [I7, Section 2.4]. We consider the problem

ad(X5)ts = X5 — X2, XE e kerad(m), X: € ker ad(mg) N ker ad(sy).

We observe that the right hand side is by definition in ker ad(mg) Nim ad(sg) and ad(so+no)
is invertible on this subspace. We define operators K}, : ker ad(mg)|gr — ker ad(mg)|gs such
that K, # Lierad(mo)lg, for € # 0. Let

~

K, = ad(Xg)(l + Q)_lﬂkorad(no)'
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The projection on ker ad(ng) is necessary, in order not to interfere with the previous normal
form calculation in Section 21 We now show that K : ker ad(mg)|gr — ker ad(mg)|g:

K, = ad(X§)(1+ Q)_lﬂkerad(no)
= ad(X{)(1+Q)"'(1 — Nad(no))
= ad(X§)(1+ Q)" '(1+Q — Nad(X5))
= ad(X)(1 — (1+ Q) *Nad(X5))
= ad(X§)(1 — N(1+ Q) 'ad(X)))

= (1 —ad(X5)N(1+ Q) ad(X5)

= (1= (1 = Theradmo)) (1 + Q)" — Q(1 + Q)™ ")ad(X})

= (1- (14 Q)™ + Meerad(me) (1 + Q)7 = QL + Q)™ Had(X;)
= Tierad(mo) (1 + Q) " ad(X5).

The map K, = Kad ™ (sy 4 ng) is well defined on ker ad(mg) N im ad(so)|gi and reduces to
1—ad(so+ne)N(14+ Q) =1 —ad(sy + no)(1 + Q)" 'N when the perturbation is zero and
this reduces to 1 on ker ad(mg). This in turn implies that K, is invertible in a neighborhood
of € = 0, which means we can find a transformation generator to bring X into the normal
form X5. The values of € for which K}, fails to be invertible are called resonances; they play
a role in the bifurcation analysis of the L,-problem, cf. Section [@l

The method we describe here does prove that it is possible to compute the transformation
explicitly and if the dimension of g, is a bit higher, it may help to reduce the dimension of
the linear algebra problem, since one can restrict to ker ad(my).

3 2D nilpotent — invariant formulation

3.1 The versal normal form of the linear system

In this section, we intend to study the versal normal form of two-dimensional nilpotent
singularities. We use this example to illustrate the method in great detail. This leads at
times to statements that sound a bit simplistic; these are nevertheless stated explicitly so
that it is clear what the flow of the argument is in the later examples, where the complexity
of the calculation can obscure what is going on.

Consider the following two-dimensional perturbed singular system.

T 87’71171 E?’hl,g Xz ~ T
=1 _ . = X§ , (3.1)
) Ma1  €Map2 Y Y

where we regard m; ; for all 7,5 = 1,2 as elements of a commutative ring R of functions
of certain parameters taking their values in R (since we want to work with real differential
equations) and Mo € R* where R* denotes the invertible elements in the ring R. Invertible
in this context means that if we use asymptotic estimates, dividing by an invertible element
does not produce big numbers, which could ruin the asymptotic estimate. As a consequence
one is not allowed to divide by the noninvertible elements in the course of the normal form
computation.
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Since Mg is invertible, there exists an invertible linear transformation

~ 1
—-m 0
T = )
0 1

that takes (B (with XST(%) = T X5) to the following

T _ €My €My T P T | .
()= (5 ) 06 C) o

(where my 1 = 11, Mo = Mag, and My = —1y Mg ), so that —X{ is in Jordan normal
form (the minus sign is there to be consistent with the definitions of the A and B-families to
follow shortly).

We now rewrite Equation (3.2)) to the operator form

0
Xog=(emiix+em — +(—x+em —,
0= (emi1z 1,2Y) O (—x 2.2Y) By

and express X{ to the A and B families introduced by [4] (but with A and B interchanged)
as

£ _
XS = Bé + 5 (ml,l + m272) Ag +ée (m171 — m272) Bg + EmLQBO 1.

We now want (this is the choice of normal form style) X5 — B} to commute with B;'; a
general expression of linear vector fields commuting is egBy ' + eaAY, corresponding to the

differential equation
T EA  €B x _ [z
] = =X, ; (3.3)
Yy -1 ea) \y Y

(the fact that the €5 are on the diagonal and will stay there if we go to higher dimensions
prompted the interchange of A and B with respect to the definitions in [4]) and the differential
operator

Xg = B(l) + &?AAg + EBBgl. (34)

We want to find the transformation that is named 77, such that X§7) = T(EI)X'S. The neces-
sary condition under which such transformation exists is that the characteristic polynomial
of X5 and X¢ be the same. In what follows using the characteristic polynomial of X5 and
X¢ we find the e, eg. The characteristic polynomial of X§ and X; are given, respectively by

X(Xg) = A2 — 5(m1,1 + m2,2) A+ €2m2,2m1,1 +emy o,
X(Xg) = \— 2N+ 5A2 + €B-

We define the invariants of X as
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and we identify A; as the trace of Xj and A, as the determinant. Since the equivalent
matrices have the same characteristic polynomial then we find that

1
A= g Ay, (3.5)
1
eg = Ay — ZA%. (3.6)
We close this part by the following theorem (this is not much of a theorem in this particular

problem, but we formulate it as such because it is a basic step in this paper).

Theorem 3.1. There exists an invertible transformation T, defined by

T: ! ! (3.7)
1 — %(m2,2—m1,1) 1) .

which brings the matriz 1) to B3).

Proof. The transformation (3.7) is obtained using equation X§77, = TG)XS. This is a linear
equation in T, and the existence of a solution is shown here explicitly. O

3.2 Some representation theory

Following [4] we describe vector fields of arbitrary order in a bigraded infinite dimensional Lie
algebra a @ b, where a and b are bigraded Lie subalgebras and the & denotes the direct sum
of modules, not of Lie algebras, as can be seen from the Lie brackets below, and spanned
by elements A € a,,,0 < n < m,BL € by, -1 <1l <k+1(ie. dima, = m+ 1 and
dim by = k + 3 ) where A" and B{ are defined as

Al = gty <x%+y§y), (0<n<m), (3.8)
1, k—1 a a
B .— 1Y k=14 Dr— — (1 +1)y— 1<I<k+1 .
L= il (el - g ), ((1<i<ki1), (39
with brackets
AL AL = (m—k) AT (3.10)
I oang . mm+1) /n 141 n g mln
B Am] = m+k+2\m k+2 At = K Biim, (3.11)
I pn _ n+1 _ [+1 l+n
B.,B'] = (k+m+2) <m+2 T3 B, (3.12)

We can now write an arbitrary order s vector field as

s+1

X, =3 alAl+ 3 ulBl
=0 I=—1

A general element of order s in ker ad(By') can be written as

X, = a’AY + b 1B . (3.13)
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3.3 Nonlinear normal form reduction
We now have to solve the equation (in %)

ad(By 1) (ad(X5)tE — X,) = 0, (3.14)

where

s s+1
=> oA+ > BB (3.15)
=0

I=—1

Recall that

s s+1
X, = a’A+0b'B Y, X, =Y alAl+ ) BB
=0

I=—1

We have to solve

s+1

alAl+b'BT = Y BB+ dlAl
[=-1 =0

HOBIT = 2seaBBY 4 ol TAL — 2scaai;

- Z (s+2— k)BT + 2sea8t — (k + 2)egBl™) BY

- Z (s+1— kK)ot + 2sepak — (k + 1)egalt!) Al
— (QSEABS ' —epBl) B — (2senal — egal) AL
Thus we find, if we look at the B$*!-term, that
B = 2seafT =03 (3.16)

where 3571 is a free parameter, to be determined later at our convenience.
Similarly, looking at the A? terms we find

st = 2sepal —af, (3.17)
where o is the free parameter. For 0 < k < s we find, looking at the B,

(s4+2—k)BF = 2seaBF — (k +2)eppi — bF. (3.18)
For 1 <k < s —1 we find, looking at the A’;,

(s 4+1—k)a"™! = 2sep0k — (k4 1)ega™ — a”. (3.19)
Then

Xs = (b;' —2seaB' +esf)) By + (a) — 2seaal + egal) Al (3.20)



F. Mokhtari and J.A. Sanders Versal normal form 11

Let us now specialize to s = 1. We find

0o _ 1 1

ﬁ% = 26Aﬁl2 - bi
1 1
B = = (4ei —3es) Bf — §b% — eab?,

2
1 2 1
gt o= 36 (43 — Teg) B} + 5(58 —ex)bi — 3 (eab] + 1Y),
and
Xl = (bl_l — 25A61_1 + 5368) Bl_l + (a(l) — 2EAOé2 + 53@}) A(l)
_ 2 4 1 7 4 20 8 3 _
— (bl Ly §5Ab(1] — (—gai + 8B)§b} + g(EB — ?6i)€Ab% +(§6i53 — §€4A — §6§)ﬁf) B!
+ (af 4 2ena; + (—4e4 + e8)ay) AL
Choosing 37 = 0 and o] = 0 (in accordance with the sly-costyle) we find
_ 2 1, 4 7 4
X, = (bl_l + geAb? - 5(—553\ + eg)bl + 5(53 — ?si)sAb%) B! + (af + 2eaa}) AY

1 1,1 7.3
= (b;l + g(Tr X5)b) + 5(ETr °X5 + Det X5)by + 6(2—8Tr ’X5 — Det X§)(Tr Xg)bf) B!
+ (af + (Tr X§)ay) A} (3.21)

It follows from the definitions in [4] that

A = nfah) = ule) =2 (7). (3:22)

B! — %Ll(bgl)zébl(ﬁ) 2 (‘1)) (3.23)

4 3D irreducible nilpotent

4.1 The versal normal form of the linear system

In this section, we discuss versal deformation of three-dimensional nilpotent singularities.
Consider the deformed nilpotent system

T £ ml,l 8771172 £ ’ﬁ’LLg X i

. ~ ~ ~ €

Yyl =1 Mmea €Maoa EMag yl=X1vy|: (4.1)
z £ 77~’L371 7’71372 e 77~’L373 V4 ¥4

where the elements ms 1,732 € R*. By applying the following invertible transformation
M2 0 0
To = 0 —1m3 01, (4.2)

0 —& ’ﬁ’LgJﬁlgl «
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where
1 1

2 ~ S S ~ 2~ ~ -
o= —55 Mg 1 (€ MasMsy + Mo Mas) + §m2,1 (5 mg1mg3 + M2 m3,2) )

the system (A1) transforms to the following system

T €My €My E€Myg T T
* £
Yy = -1 EMa2 EMa23 Yy = XO y, (43)
z 0 —2 €MmMs3 v ¥4
in which
mip = M1,
2 ~ ~ ~ ~
My = —&€M13M31 — Ma1EMM 2,
77~’L1730é
m1,3 - ~ )
ma1
€ (emggma + My ma )
Mmoo = p )
ma 1
7’71273(1
Ma3 = ——5
ms 4
£ (—emggmsy + My ma3)
ms33 = .

ma

Remark 4.1. Note that due to the assumption 791, m32 € R* the transformation given by
([A2) when € = 0 is invertible.

Now, we writing down (43)) in terms of vector fields from o7, %, € given in [§] to find
the following

_ 1 _ 1 1 _
XS = B(1)70 + 5m173C073 + 58 (ml,g -2 mg,g) C07(1) — 56 m272C870 + ZE (m172 + 2 m273) BO’(l)
1
+ =€ (2 my + m2,2) 88,0 +¢€ (ml,l + ma.2 + m373) A870.

2

Due to sly-style normal form, in order to find the versal normal form of X{ we seek the vector
fields which belong to ker ad(B,, o). Hence the following special structure constants associated
to the By are given

[Boo: Biul = (I+ 1B

[B(;,(l]vAi,k] = lAi_klu

(1+2)(2i+3-1)
(20 —1+1)

Boo, Cinl = 0, for [ =2i+1,

B L, CL] = (2i+4)C%E!, for 1 =2i+ 2.
0,00 ~i,k ik

Ll for 1 < 2i+1,

Therefore we obtain that

X5 = By + eall + €8Bog +ecCops (4.4)
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and the correspondence differential equation of X is

T EA 283 Ec Xz T
y = -1 EA EB y = Xg Yyl - (45)
z 0 =2 ea z z

Now we are ready to find the versal parameters ea, g and ec. As before by computing the
characteristic polynomial of X and X§ we get

X(XS) = >‘3 - 35A>\2 -+ (38;2_\ —|—483) A — é‘i —4depep — 250
X(Xg5) = A —e (my1 + may + mas) N4 e (5 My 1Moo + €My 1Mss + €99M3 3

+my o + 2 m2,3))\ —€ (€2m1,1m2,2m3,3 +2emyimos +emyamss + 2 m1,3) .
These define the invariants A;,7 = 1,2,3 by
X(XS) = )\3 - Al)\2 + Ag)\ - Ag.

Hence we find

1
EA = §A1,
1 1
= Ay — —A?
°B 1727
1 1 1
EC — §A3 - 6A1A2 + 2—7A§

Theorem 4.2. There exists invertible transformation T(al) as

1 Etl €t2
Toy=10 1 ety |, (4.6)
0 O 1
i which
1
t, = 3 (ms3 +mos —2myy1),
5 1
ta = %8 may (Ma,1 — Moy — M3 3) — 36 EMaa (Mag — Tmgs) — 36 emg
—l—l 1
— Mgy — —m
5 M2 = 7 M2
y 1 1 1
3 3 837 5Ma2 = 5 M)

which brings the matriz [A3) to ([@3).

Proof. The transformation T is obtained using equation X773 = TG)Xg . O
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4.2 Quadratic nonlinear versal normal form of triple-zero

In this part we shall compute the nonlinear normal form of the following parametric vector
fields with triple zero bifurcation point

X5+ X1, (4.7)

where

Z%A10+stlo+zc—fcll+z Clo, (4.8)

J=-1 Jj=-2 J=-2
or equivalently
X E — E E 0 4.
1= azgkxl%%a + awk%xﬂ:’,a + awkxlfzxsa .(4.9)
i+j+k=2 i+j+k=2 i+j+k=2

The coefficients of (4.8]) and ([A.9) are related by these relations:

1 2
a(()}g,z = 7 ag()),o =5 by + ¢ + as, a((f%,o =bo— ;2 + 3 o,
_ 1 _
a(()?z,o = G f— 0(1) + an, a((f()),z =b_1— 1 Co 1> agg())o =30 Cé>
1 1 1
a(()‘?’g,z = —5 b0+608+a0, CLgTiO:bl—i‘Cé—i‘al, CLS())J = g +§b0+a0+a1 s
1 _ 2 1
afi,o - 73 by —4cg+a2, af()),l = _§Ctl)_clla aé?%,l = 3 08+§bo+ao,
1
af’i,o = —2b3+20cp, ag?’())l = ——bg+2c§+a2+2a?, c&i,l =2b4+ct,
a((f’i,l = —b+a + c(l], a(()% = —by — 201 + 400, Cg()),o = —bs — 503.
Theorem 4.3. The normal form of (A1) is given by
Xg - B(1)70+5AA8,0+5BB(15+5CC0_,(2)+5(1]C1_,(2)+5(11C 1 _'_blBlO_'_C_LéAlo, (410)
or equivalently
S . 0
X, = (gsggc + 2196 + T1EA + cfa:;f + c*il (931:173 — 51722) + 26%1’21’3 + d(l)llﬁ'gl’l) e
1
1.2, -1 9 19y O
+ (—:cl +eare +egrs + byxs” + a0x3x2) — + (—2 To + a3 + aoxg) —_—,
0xo Ors
where
5
_ 1 3 2 1 3 2 1 3 3
s, o= Bafl - 20— oy~ 208~ (Jalllo+ 6aly ) ec - (248 - 308, + 24l

1
+al)es - (5 W)= o)y + 40, + ag?;,l) ent (102 +38),) enen

5 @3 I @ 3 3 3 1 3 @3 2
3 lozcen— (oo = 3o+ afdo+ afo) k4 (§alo+ af3o) 2

3
+3 ag?g,ongi T a;?’()) 0EA;
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5
1 1 %)
a&;o%-ai&14—3 011 002) ( 2a 500+_§ () )EC

(6aliho + 3020 + alfho + ) e + 2 (_al Lot oo+ 0, + %ag%;,l) n
+g ag’g,osceA + (—12 a%,o + a ( i ) EAER + (—3@%70 + i aﬁ,o) 5?,; + é()) EA€B
+% ag?()),o A
a(()}i,l + 4a(()?3,2 + 118 (4 ag 3 ot ag i ot a(() % 0~ 95 af&,l) €c+ (aglg 0~ a(()?i,l) €B
b (a3 + aldy + a2l —202) en — 5 (28080 + 194, ccon — 5 afhoceec
~ (160 + o)k + 2 (20800 — ol — o — o) enes + 1 (oo — i) &
2 (1o + afty) chen — 5 afoenes” + o5 (20 — b — iy — allhy ) <k
2 ockec — 2l ochen — o (180 + o) <h - grabhock.
s+ 112 (d0+ 200~ 1002, ~ 30, ) ec+ 3 (3alds = afs) on = gahoee
5 (ahort s~ 20+ affs) o+ (- Tpaho + gaillo) zoce

1
1 2 2 3 1 1 2 3
+ (ag,i,o -2 ag,%,o -2 ag,()),l + aé,i,l) EAEB T 5 30 (a((),%,o + ag,()),l -2 a((],i,l + a((),()J,2) 5%

1
2 3 3 1 2 3
()),0 — 10 ag,i,o —13 a((),%,o + 11 ag,()m) EAEC T+ g(ag,g,o -2 ag,i,o + a((),%,o

1 7
+ af()),l) ‘4 36 as()J,ongBgc + ag’&os + 920 (aé ()] 0— 2 aﬁ,e + ag’%,o + af?],l) 52A58

1 1 2 2 3 7T (2 11
+5n (ag,i,o - 2a((),%,0 - 2a§,()),1 + aé,i,l) 5?/?\ + 180 g())o + =5 7 g i,o 5/2\5C

1 2 1 @ 1 y 1 g 11
+1—5 <— aé,()],o + 5 ag,i,o) €A€2B + § ( g())o + 5 ag % 0 838% + — = ag()]ogAgc

34 3 1 2 3 3 1 2 3

+45 ag())og/zxg + 360 (ag()) - 2a§,i,o + ag,%,o + ag,()m) €A T 55n 720 ( Qag())o + ag i,o) é75A
5 ) I ® s

+

72 a’2 ,0, OngA 720 2 ,0,0 8A'

Proof. In order to find the transformation the following linear system should be solved

ad(By ) (ad(X3)tg — Xs) = 0, (4.11)

ZO‘JAiojL Z 5yB]0+ Z%Cﬁ 1t Z véC{o,

j=—1 j=—2 j=—2
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or in the different basis it equals to

Iy W gk 9 @ i gk 0
itjt+k=2 itj+k=2
S o tafak 0
-+ Oéi7j7k.f1}'1$2$387.
it jrk=2 3

By solving Equation ({.I]) one can find the coefficients of transformation t as are given in
Appendix [Al see Equation (A.I)). On the other hand, by solving the equation below

gAY o + +b1B1 g + ACg + 2, C2F ) = ad(X))tg — X,

we find the coefficients of normal form which has four free parameters as ag?&o, ozg?()m, a(():j’%p

and a%p. In accordance to the sly-costyle we can take all of them zero and we get the
coefficients as given in the theorem. These coefficients with those free parameters are given

in Appendix [A] see equations (A.2)-([A.3). O

5 An example on sp(4,R)

In [15, Equation (48)] the versal deformation problem is studied using formal power series.
We refer to this paper for more references to the literature and a general introduction of
the importance of the versal deformation in applied mathematics. We mention that to keep
things simple, we use an almost symplectic map to obtain the versal normal form, a trade
off we have discussed in Section 21

In this section we shall find the near identity transformation 7°¢ as discussed in the
previous section to bring the symplectic matrices given by [15, Equation (48)], describing
oscillations of a simply supported elastic pipe conveying fluid, to its versal normal form. Set

1
p = Z\/(4+6p1) (3 4+ 4epo2),

where pq, po are two real parameters. Define

0 p 1 0
- 0 0 1
X: = g (5.1)
epr—p°+3 0 0 »p
0 depr—p* —p O

Set r := @ and define np = X! and apply the Jacobson-Morozov construction to find

0O » 1 0 0O —r 1 0
-r 0 0 1 ro 0 0 —3%
YTl e 0 0 A ™ T e 0 0 |

4 4
0 =3 —r 0 0 2 r 0
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one can see that my? = nf = 0. Now define

0 0 0 -2v3
0 2 —2V3 0
ho := [m07 no] = s
0 -3 0 0
—-3V3 0 0 -2

2

and we have [hg, mg] —2mg = 0, [hg, no] + 2ny = 0. The normal form of X§ consists of those
elements which are in ker ad(mg); in fact

Yioo_1 0

0 5 0 22 -3 0
-9 o0 ! 0 0 0 0
Vi= ; Va =
—2 0 @ 0 0 0 0
0 -y F 08 e g
Hence the normal form is given by
XOE = ng + 51‘/1 + 52‘/2. (52)

The characteristic polynomial of X§ given in the (5.I) and X§ are as

17
X(X5) = )\4—|—( Zp1+€p1p2+48p2) N+ dpie(ep +3),
X(XE) = M +10602 +9¢e,2 + 546y

Therefore we obtain

1 17 1
g = 2p2 — —D1 —p1p25 )

5° 8 10
1 1
2 = emoS (29p1+48pa) (131 p1 — 48 py) — ==oepr (6°pipa” — 51°pips + 48°p,” — 800).
With x(X§) = M + Ag\? + A4, we see that
17
Ay = —Iﬁpl + &? p1p2 + 4 € po,

A4 = 46 p1 -+ 125])1-
To go from pq, ps to Ay, Ay is less simple then in the earlier examples.

Theorem 5.1. There exists invertible transformation T such that brings ([B.1)) to (B2,

1 0 0 0
. 0 1+g-ch  — et 0 5
0 Boety 1+ et 0 ’ '
ssaasCt 0 0 1+ 3 et
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in which

t 320 (29 p1 + 48 p2) + (1079 py* + 11296 p1ps — 2304 po”) £ + 8 p1pa (233 py — 144 po) €°
—144%pa?py?,

t 1920 (3p1 + 16ps) + (1079 p1® + 15136 pips — 2304 po°) € + 8 pip2 (233 p1 — 144 py) €7
—144 531722]?127

ts 12800 p;y + (6519 p1® + 2336 p1ps — 2304 po°) € + 8 pip2 (T3 p1 — 144 py) £ — 144 £%py%py %,

ty 960 (17p1 — 16ps) — (65191 + 6176 pips — 2304 po”) £ — 8 pipa (731 — 144 py) €7
+144%po*py?,

ts 320 (17p1 — 16ps) — (331 py* + 12704 pips — 5376 po*) & — 168 pips (17 p1 — 16 py) €7
+336 £°py"p1 %,

te 960 (3p1 + 16 pa) + (331 p1” + 15264 p1ps — 5376 po”) £ + 168 pypo (17 p1 — 16 ps) &
—336 £3py2py 2.

Proof. The transformation (5.3)) is obtained using equation X§7° = T=X§. O

Remark 5.2. In this example, we did not put the X into the symplectic normal form.

6 Three body problem

6.1 The versal normal form at L,

In the theory of the restricted three body problem, the Langrange equilibria play a very
practical role, since they are used to park satellites in orbit, as has been the case for L; and
Ly. The Trojan points L4 and Ls are considered as positions for space colonies, since they
are stable, unlike L3 which only made it into science fiction sofar.

Consider (Cf. [6, Equation 1.8]) the four-dimensional L,-singularity

2 2
0o -X T 0
1 1
w U0
X = Xg+(@4v2-30)| ] e (6.1)
2 2
0 -r T 0
Wherevz(l—g)% and
0 —-1v2 o0 0 0 0 00
. |3v2 0 0 0 0 0 00
0 0 0 —1v2 -1 0 00
0 0 V2 0 0 -100



F. Mokhtari and J.A. Sanders Versal normal form 19

The bifurcation point of X¢ is § = &y := 47\/5. Set 6 = &g + ¢ to find

0 2-3V2 “3+3v2 0
1-3v3 0 U N,
Xg=Xg+e| | 7 o (6.2)
—+-wv2 0 0 TtEV2
3_3 3., 3
0 STwV2 SiEEV2 0
The normal form of (G.1) is given by
X: = X — V2es50 + enng,
where ey, €5 are obtained as follows. The characteristic polynomial of X is
1
)\4+>\2—E<35+6+4\/§> (32 —6+4v2). (6.3)
Comparing the characteristic polynomial of X¢ with characteristic polynomial of X§ as
Aoy (25N+2552—2\/§55+ )A2 ’ ( 2662 + 2255 + 2 —1> . (6.4)
Then equations (63) and (€4]) imply that
2es (\/5 - 55) = 2ep, (6.5)
1
(dey — 1) = —Z<35—6+4\/§> (32+6+4v2). (6.6)

Now, by solving Equation (6.0 respect to ey we find two solutions. The negative root is the
right solution, since for € = 0 we have

3V2 L B0,

NT T TR

hence,

V- (Be—6+4v3) (3 +6+4v2)
EN = — 3 +1

Now substitute ey into (6.3 and solve for eg to get

g = % \/5—%\/4+2\/—(35—6+4\/§) (35+6+4\/§>

Here also we choose the negative root, since from € = 0 we obtain

is=3e+ D20 o).

Note that to have a real normal form we should make this restriction:

—3.885618082 ~ _6%\@ <e< # ~ 0.114381918.
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6.2 Finding the transformation generator t;

Let t5 € GL(4,R)

t ta ty  —ity
1 ts te L7 ls
ty = 5 ) ) \ ) (6.7)
(al + ) —Etg E—gtlo 6_2t11 gtlg
—Stis tty s —tig
We solve the following equation
(I +et)) X5 = X5(I +etf), (6.8)

for {t;,i = 1---16}. The solutions of above equation respect to four free parameters ¢y, to, t5, tg
are given in Appendix [Bl Now we should find parameters t1,ts, t5, ts. By substituting pa-
rameters in t§ and Taylor expansion around € = 0 we find

ty to 00
ts te 00
0= 0
fo = _ V2(ta+ts) V2(4t —4te—9) 00 + O(e”).
3e 12¢
V24t —4t5—9) VB(ta+t5)
o 112& : - 325 2 00

Due to Equation (6.8]) transformation 7 should be near identity. Hence, it requires ty =
—t5, t;, = tg + % We have two free parameters ts5, tg which can be taken as t5 = 0,t5 = —%.
Hence t; =ty = 0. Thereby we find

0 0
v +0(£%)
0 0
0 0

o o o O

Theorem 6.1. The following transformation takes X¢ to its versal normal from X§ through
of equation X§(I +1t5) = (I + t5)X§.
1
0 0 0 scta
-9 1

£ = 1 0 a gt7 0
A ——
(6 + al) O ﬁtlo ﬁtn O

siztis 0 0 sz tie

where

a1:\/— (35—6+4\/§> (35+6+4\/§>, ay = VAT 20y,
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and

ty, = 8<2+\/§+0z1—\/§a2—%a1\/§)+6<ga1\/§—2—a2—5\/§—3a1>5
+27(¢§—2)52,

t. — 16 <a1—\/§+%a1\f—¢§a2)+384 (3\/§ag—a2—2\/_—4)5+27a252,

1
th = 8 (ialx/ﬁag - \/50(2 — 4\/§ + 20&2 + oy — 20&1\/5) + 12(10 + 30&1\/7 — \/50(2 + oy

+6v2 — 2as)e — 27 (ay — 10) €2,
t = 16(2 —ai)as + (48a1\/§+36a1a2 —96V2 — T2 —384)5—36 <8+4\/§+a2> £
481 arpe?,

3 3 )
t13 = 40&2 + \/50(2 — 20&1\/5 + 20&10&2 — a1a2\/§ + 12(1\/§Oé20é1 — 50&10&2 — 5\/50(2 -8 \/§

Fay — ag + 10)e + 27 <\/§ _ 2) (ge?,
e = dan(2—a1)— 12 (a1\/§+12+2\/§)5+9 (3041\/5—6041 —10@—4—0@) e
+81 (ﬂ - 2) &)

Note that ty,t7 are in order ¢ and tio, t11, t1s, t1g are in order €.

7 Concluding remarks

We have shown that the correct implementation of versal normal form in normal form com-
putations is possible. It does give, and this was to be expected, an added level of complexity.
In any practical computation, this will have to be balanced against the added level of cor-
rectness.

It will be interesting to see whether these considerations can also be applied in practice
to the theory of unique normal form. This would, after all, be the holy grail of normal form
theory: unique versal normal forms!
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Appendices

A The coefficients of normal form and transformation
of triple-zero

The coefficients of transformation tj given in the Equation (£I2]) respect to four free param-
eters are as follows:

3 2 3 3
ag,%,o = 20‘%,()),0 + ag ()),0 + aé())oan (A1)
1 2 2 P 3
Ofg()Jo = 0‘“0_ag())o_ag()JogA+0‘g,()J,ong
1 3 P 2 3 2
ag,%,o = ag,&,o - O‘;,()),OEC -2 O‘;,()),OEB + (ag % 0 ag,&,o) EA T O‘;,()),OEBgA - O‘;,()),ogia
1 1 1
3 3 3 3 2 3 3
s = o+ 3ol - oo+ 20hien+ (affo+ 3o )+ 5 afleck
2 1 P 1 @ 2 1 @ 1 @3
30‘((),%,0 = g()] + ag ()) ot ag i 075 a((] % ot 30‘1 1,0 a;,()),o + 2 ag,i,o - 50‘((),2,0 EA
3) 3) Lo o 2 @ L 3
T 006C — A0 0EB T+ 5 @2,0,05A + 3 @2,005AB + 5 ©2,0,06A)
1
3 1 2 3 3 3 3 2 2
s0fls = o+l + o+ s +affeec + (Gl — oo+ 30, ) on
1 1
+2 (ag’&o + 30&))70) eg + 5@5?3’08,0\63 + 5 ag’&oef\ + 5 ozég()) 05?,;,
2 1 2 3 3 3 3 2 3 3
6“&,3,1 = ag,&,o + ag,{ ot aé % 0 2“&,3 1 5“5 3 ofC — aé,()),ofB + ( aé ()) 0 ag,i,o + 3“((),%,0) €A

(3) (3) 2 3 .(3)
—day 0,06AEB T 30‘2 0,0 — G000 EAT T EAGS 0 0;

2 1 1 3 2 1 3 2 2
30‘((),%,1 = 5 gio"‘a(()%o"‘ag())le 5 g,()),o‘i‘aé())o €c+ —§a§i0+ Ho_za;())o €B
o 1 @ 3) 2) 3 (9 @ ;3 @ .2
+ | ag00 T 2 A110 | EA — (%,0,0 + 40‘2,0,0) EAEB — 2 Q. 006AEC + | —Qg00 T 2 110 | EA
2
—04573705?/&,

1
1 1 2 2 3 2 3 3 2
3“((),%,0 = ag,l ot 2“&,3 1 aé % ot ( aé ()) ot 2“5,3,0) Ec+ 3 (O‘((),g,o - ag,%,o - 4“&,&,0) €B

)
1
(s + gaio + o) o (a£3a + oflo) ence — dalffuence
+

33 13 2 3 13 2 13
(5 080 - 30l — o) &~ 2flochen — (Gafio + 20830) & - 5 chafl

[\)

120‘((53,2 = 9511 ot 3 o 1 1+ 2a g()n + 2“82% 0T (25‘; 00T 80‘2 0 0) €c+ 0‘533 058 + O‘g?()),ogAgc

+ (12@&?0 + 2a§’i,0 - 4“5?()),0) € + (ag,()],l + ag’%,o + 2afi,0 + 3“5,()),0) €A
+ (404%,0 + 3“%,0) EAEB + <2aﬁ,o - 3a§()),0 + 6“@,0) 5% +2 <a§3,0 - O‘%,o) 5?/3

3) 2 (3) _4
+80K2’070€B€A + 0[2’070€A,
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7 3
1 1 3 2 2 2 1 3
t5af1, = o = 20— o) - (oo + o - Jollo+ Fafl )

2 3 3 5 3 2
(~altho+ 1408 - 13— affl) ca+3 (afllo — 2o~ 348l )

@) IE) ) agsg o 47 Oéézt)) 0 @) 3)
+15 | —2a500 + 33200 eg — 15 — + —= | eacc — 2 <7a270,0 + a1,1,0) EAEB

N =~
w
IS
o~
P
N ~—
[en]
w
o~

12 30

31
4“%,0 - 3a§2% 0 agg()) 1 a(()?%,o) 5% — 14 O‘é?()),ogch - Z ;()) Cgi + 170‘;?()),05235/\

(3) 2) 2 @ L0\ s 1@ 1@\ %o
a0t 100‘2,0,0) €Be3 — | G0 T T AT (5 Q500 1 2%00) EA #527

1 1 2 3 1 3
60‘5,()),1 = ag%o 4a§31+2a8%0 <2 ggl_a((),%,ojLag,()),o)gA_(ag())o"‘lo 200>5C

1 2
+6 < Qy, % ot Ofﬂ oty 3 afi,e g g()] ) eg + 12 0‘533 off +2 Oég?g,ogAé‘c
—2 (aéz()) 0~ a%,o) EAEB T (‘304((2 oaﬁ 0 ag?()),o + 3“%,0) en’ + 70‘&?3,05%58

3 2 3
+ (a0 +afo) ek + kol

60083, = 3 (ahot asa,l #3050, ~ 40} + 00 (~ el ~ galtlo + ;ag3; 'E
—|—(8a10 _7a(()i2,0 7a§()]> +(2§% + (()%0"‘ _3%11> €A
(29 Qg0 T g’)ﬂ) EAEC — 46a§7()],0535c — 60 (aéz()]o + :1)) 5 ) ) o
- (160 + 7o) enca + (ko — 2020~ oo - o )
(2)

3) (3)

19
400{ 7 70 _'_ 7 ;0 ) 5A<€B - 100[2 OogAgB 80[%?())70625(: - 32&2,0706A82B

3 9 (2 3
(5 200+2a110) E€a — <2a§30+2a§7370) ex — 20 g()) 0EAs
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1 I/l ¢ 1 3 1 2 1
O‘((J,()),z = 515 a((],%,l - ( ) + 55 (a((] ()) o+ ag,()],l - 2a((),%,1 + ag,%,o) €A
3\2 30
1 1 3 2 3 1 3 1 2 2
+1_8 (ag,()),o -2 aé,%,o —2 ag,i,o + ag,?},l) Ec+ 12 (a((] i 1+ ag,i,o —2 ag,%,o - 2“5,3),1) €B
TG 11 1 @ 1 1 3 P P
+ 5 O‘((],;,O 90 g())o + %ag i,o) EAEC + = 60 (2ag,i,o + 2“(() i 17 ag ()) 1 a(() % 0) 5/2\
1 2 3 11 2 3 3 I @
+6 ( 29;())0 + ag,i,o) €8 T 754 10 ( gg - 2a§%0 g())l +a(()%o) EAEB T 75 13 ag())ogc
2 I @ I 17 1 @3
—18 (agg + 1—804;370) egec + (36 ;30 0 a( ) exeC + — 360 (a( ), — 2a§73,0) EBEA
1 1 3 3 2 43 17 (5
+% <aé ()) ot ag,g,l + a((),%,o - 2“&,3,0) 5% + 180“5 3 0EAEBEC T+ aé 3 oEB + 36 ag 3 05AEB
11 11 34 5 1/
180 g())ogB AT 5an 360 é())ogAgC + - 15 g%ogigé + 72045())058% + 720 (a“o 25‘5())0) é74A
1 e o83
where the coefficients of the normal form are given by
_ 1 1) 5 (3 2 2
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B The coefficients of tj in the Lj-problem

The coefficients of transformation given in Equation (6.7) with free parameters tq,ts,t5,tg
are as follows:
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