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Abstract

We prove the Fredholmness of Dirac operators of monopoles with Dirac-type singu-
larities on oriented complete Riemannian 3-folds, and we also calculate the L2-indices of
them.

1 Introduction

Let (X,g) be a complete oriented Riemannian 3-fold with the bounded scalar curvature.
Let Z C X be a finite subset. We fix a spin structure on X. Let (V,h) be a Hermitian
vector bundle on X \ Z and A a connection on (V,h). Let ® € End(V) be a skew-Hermitian
endomorphism of (V, k). The tuple (V, h, A, @) is said to be a monopole on X \ Z if the tuple
(V,h, A, ®) satisfies the Bogomolny equation F(A) = %V 4(®), where F(A) is the curvature
of A and x is the Hodge operator. Moreover, A point p € Z is a Dirac-type singularity of
(V,h, A, ®) of weight k, = (kp;) € Z"*(V) if the monopole (V,h, A, ®) satisfies a certain
asymptotlc behavior around p € Z (See Definition 2.1 . We set the Dirac operators
@(Aq, NX\Z,VeSx) = T'(X\Z,V®Sx) of (V,h, A, ®) to be @(Aq, (5) == P4(s) £ P®]Idg,,
where Sx is the spinor bundle on X and @4 is the Dirac operator of (V,h, A). We regard
@?EA@) as a closed operator L2(X\ Z,V® Sx) — L*(X \ Z,V ® Sx) by considering derivation
as a current. The main result is the following.

Theorem 1.1 (Theorem [L4)). Let (V,h, A, ®) be a monopole of rank r on X \ Z such that
each p € Z is a Dirac-type singularity of (V, h, A, ®) with weight k, = (k,;) € Z". We assume
that (V, h, A, ®) satisfies the following conditions (the Rade condition).

e Both ® and F(A) are bounded.
e We have V4(®)|; = o(1) as z — 0.

e There exists a compact religion Y O Z such that Y has a smooth boundary 9Y, and
the inequality inf,¢ X\y{\)\\ | A is an eigenvalue of ®(z)} > 0 is satisfied.

Then the Dirac operators (‘25( A,¢) are Fredholm and adjoint to each other. Moreover, their

indices Ind((?a@)) are given as follows:

md(@ae) =F Y. > k. +/ ch(VF) b =Y > ks +/ ch(V7) },

pEZ kp ;>0 pEZ kp ;<0

where V* is a subbundle of Vl]sy spanned by the eigenvectors of Fv/—1® with positive
eigenvalues.
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The celebrated index theorem proved by Atiyah and Singer have been applied in a wide
range including gauge theory, differential topology and complex geometry. However, The in-
dices of elliptic differential operators on odd-dimensional closed manifolds are always 0. There-
fore we consider the index theorems of elliptic operators on odd-dimensional open manifolds.
On one hand, Callias [3] proved the index theorem of the Dirac operators of SU(2)-bundles
on R?"*+1 that satisfies a certain asymptotic behavior at infinity. Callias’s index theorem is
generalized to the Dirac operators of vector bundles on odd-dimensional complete spin man-
ifolds by Rade [I0]. On the other hand, Kronheimer [6] defined the notion of Dirac-type
singularities of monopoles on flat Riemannian 3-folds, and Pauly [9] generalize it to any Rie-
mannian 3-folds. Moreover, Pauly proved the index theorem of the deformation complexes on
SU (2)-monopoles with Dirac-type singularities on closed oriented 3-folds. However, Pauly’s
argument essentially needs the condition ), k,; = 0 for any p € Z, and it is difficult to apply
the argument to calculate the indices of the Dirac operators of (V,h, A, ®) even if X is a
closed manifold.

The proof of the main result is divided into two parts. First we extend Pauly’s argument
and calculate the indices of aa@) when X is a closed manifold (Theorem [B.4] and Corollary
B.12), by constructing a lift of (V, h, A, ®) on a 4-dimensional closed manifold equipped with
an Sl-action. Next we combine our result and Réde’s index theorem in [I0], and obtain the
index formula on general complete Riemannian 3-folds (Theorem [A.4]).

This result was obtained in the study of the inverse transform of the Nahm transform from
L?-finite instantons on the product of R and a 3-dimensional torus 7° to Dirac-type singular
monopoles on the dual torus 7% of T in [11].
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2 Preliminary

2.1 Monopoles with Dirac-type singularities

We recall the definition of monopoles with Dirac-type singularities by following [5].

Definition 2.1. Let (X, g) be an oriented Riemannian 3-fold and %, be the Hodge operator
on X. If there is no risk of confusion, then we abbreviate *, to just *.

(i) Let (V,h) be a Hermitian vector bundle with a unitary connection A on X. Let ® be
a skew-Hermitian endomorphism of V. The tuple (V, h, A, ®) is said to be a monopole
on X if it satisfies the Bogomolny equation F/(A) = «V 4(®).

(ii) Let Z C X be a discrete subset. Let (V,h, A, ®) be a monopole of rank » € Non X \ Z.
é point p € Z is called a Dirac-type singularity of the monopole (V, h, A, ®) with weight
ky = (kp,i) € Z" if the following holds.

e There exists a small neighborhood B of p such that (V,h)|p\ () is decomposed into
a sum of Hermitian line bundles @;_, Fy,; with deg(F},;) = [55 c1(Fpi) = kp,.



e In the above decomposition, we have the following estimates,

Z kpi - Idp, , + O(1)
VA(R @) O( )
where R, is the distance from p.

For a monopole (V,h, A,®) on X \ Z, if each point p € Z is a Dirac-type singularity,
then we call (V, h, A, ®) a Dirac-type singular monopole on (X, 7).

Remark 2.2. Let X be a compact manifold and Z C X a finite subset. For a Dirac-type
singular monopole (V,h, A, ®) on (X, Z), we have ZpEZ > ; kpi = 0 by the Stokes theorem,

where k = (kp.i) € Z'*%(V) is the weight of (V,h, A,®) at p € Z.
We also recall the notion of instantons.

Definition 2.3. Let (Y, g) be an oriented Riemannian 4-fold. For a Hermitian vector bundle
(V,h) on Y and a connection A on (V,h), the tuple (V,h, A) is an instanton if the ASD
equation F(A) = — x F(A) is satisfied.

Remark 2.4. If (Y,g) is a Kéhler surface with the K&hler form w, the condition that a
tuple (V, h, A) is an instanton on Y is equivalent to the one that (V,94,h) is a holomorphic
Hermitian vector bundle satisfying the Hermite-Einstein condition F(A) A w = 0, where 94
is the (0, 1)-part of V 4.

For example, we recall the flat Dirac monopole of weight £ € Z. Let g; uc denote the
canonical metric on R’. For i € N, we denote by 7; : R* — R the distance from 0 € R’. Let
p: R3\ {0} — S?(~ P!) be the projection. Let O(k) be a holomorphic line bundle on P!
of degree k. Let ho) be a Hermitian metric of O(k) that the Chern connection Aoy of
(Ok, hory) has a constant mean curvature. Then (p*O(k), p*hog), p* Aow), V—1k/2r) is a
Dirac-type singular monopole on (R?,{0}), where  is the distance from the origin. We call
this monopole the flat Dirac monopole of weight k, and denote by (Lg, hi, Ag, Pk).

We will recall the equivalent condition proved by Pauly [9]. Let U C R? be a neighborhood
of 0 € R?. Let g be a Riemannian metric on U. We assume that the canonical coordinate
of R3 is a normal coordinate of g at 0. Set the Hopf map 7 : R* = C> - R?> = R x C
to be m(z1,22) = (|21]® — |22|? 22122), where we set z; = x; + v/—1y;. We also set the
S1(= R/2xZ)-action on C2 to be 6 - (21,22) = (eV 12,6 V"12,). Then the restriction
7 : R\ {0} — R3\ {0} forms a principal S'-bundle. Then we have 7*r3 = r3.

Lemma 2.5. There exist a harmonic function f : U \ {0} — R with respect to the metric g
and a 1-form ¢ on m~1(U) such that the following hold.

e The 1-form w := /7% f is a connection of 7 : R*\ {0} — R3\ {0}, i.e. w is S'-invariant,
and we have w(dy) = 1. Here 9y is the generating vector field of the S!-action on

R*\ {0}.
e We have dw = 7*(x — df).

e We have the following estimates:

{ f=1/2r3+o0(1)
£ = 2(—yr1dzy + x1dyr + yodas — xadys) + O(rF).
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e The symmetric tensor g4 = 7 f(7*g + €2) is a Riemannian metric of Lg’loc—class on
71 (U), and we have an estimate |g4 — 294 Buclgyg.. = O(rs). Here a function on
7 1(U) is of Liloc—class if every derivative of f up to order k has a finite L?>-norm on
any compact subset of 771(U).

Proposition 2.6 (Proposition 5 in [9]). Let (V, h, A) be a Hermitian vector bundle on U \ {0}
of rank r, and ® € End(V) be a skew-Hermitian endomorphism. The tuple (V,h, A, ®) is a
monopole on U \ {0} if and only if the tuple (7*V,7*h,7*A + £ ® 7*®) is an instanton on
7~ 1(U) \ {0} with respect to the metric g4 = 7" f(7*g + £2). Moreover, 0 is a Dirac-type
singularity of (V,h, A, ®) of weight k= (k;) € Z" if and only if the following hold.

e The instanton (7*V, 7*h, 7* A—m*®®¢) can be prolonged over 7~ 1(U), and the prolonged
connection is represented by an L%’IOC—Valued connection matrix. We will denote by
(Vi, hg, Ay) the prolonged instanton.

e The weight of the S'-action on the fiber Vj|y agrees with k up to a suitable permutation.

Remark 2.7.

e If g = g3 Fuc, we can choose f = 1/2r3 and & = 2(—yidz1 + z1dy1 + yadza — x2dys).
Then we have g4 = 294 Euc-

e By the Sobolev embedding theorem, the connection matrix of A4 is of C? class.

Let hc be the canonical Hermitian metric on C. We set the Hermitian line bundle (L, l~z) =
(w1 (U) \ {0}) xpqy (C,hc) on U \ {0} and take the connection A induced by w. Then
(E, h, A, /=1 f) is a monopole on U with respect to g, and 0 is the Dirac-type singularity
of weight 1. We call the monopole (Ly, by, Ag, vV—1kf) := (L®*, h®* A®k \/1kf) a Dirac
monopole of weight k£ with respect to g. The following proposition is a partial generalization
of [7, Proposition 5.2].

Proposition 2.8. Let (V, h, A, ®) be a monopole on U \ {0}, and assume that the point 0 is
a Dirac-type singularity of weight k = (k;) € Z". Then there exist a neighborhood U "cU
and a unitary isomorphism ¢ : V|yn roy = (Bj_; Lk, )|un foy such that the following estimates
hold.

A — " (D Ar)| = 0(1).
@ — " (Y V=Tkif1dg, )| = O(1).

Proof. Let (V' i/, A', ®') be the monopole @/_,(Ly,, hr,, Ax,, v/—1kif). By Proposition 28]
the instantons (7*V,7*h, 7*A — 7*® ® &) and(7*V’, 7*h/, 7* A" — 7*®’ ® £) can be prolonged
over 7~ 1(U), and denote by (Vy, hy, Ay) and (V, k), A}) respectively. Then the weights of
S'actions on the fiber of V4 and V] at the origin coincide with each other, and the connections
Ay and A} are S'-invariant. Hence there exist an S!-invariant neighborhood U} C 7= (U)
of 0 and an S'-equivariant unitary isomorphism ¢y : Vily; — A v; such that Ay — oi(A))
vanishes at the origin. Hence we have |A; — ¢}(A})| = O(r4). Since f = 1/2r35 4+ o(1) and
¢ is orthogonal to 7*(T*R?) with the metric g4 = 7*f(7*g + £?), the unitary isomorphism
¢ : Vlgngoy — Vv’ lungoy induced by ¢4 satisfies the desired estimates, where we put U h=
7 (Uy). O



By the estimates in Lemma 2.5 we also obtain the following approximation.

Corollary 2.9. Let (V,h, A, ®) be a monopole on U \ {0}, and assume that the point 0 is a
Dirac-type singularity of weight k = (k;) € Z". Then there exist a neighborhood U’ C U and
a unitary isomorphism ¢ : V| =~ (@._; Lk,)|vs such that the following estimates hold.

A— (@A)l - 00).
@t (G LY ks, ) = 00).

2.2 Local properties of harmonic spinors of the flat Dirac monopoles

Let (X, g) be an n-dimensional oriented spin manifold with a fixed spin structure. We denote
by Sx the spinor bundle on X, and by clif : 7*X — End(Sx) the Clifford product. If n
is an odd number, then we assume (\/—_1)("+1)/2clif(vol(x,g)) = —Idgs,, where we use the
canonical linear isomorphism between the exterior algebra and the Clifford algebra. The
spinor bundle Sx has the induced connection Ag, by the Levi-Civita connection on X, and
we set the Dirac operator @y : I'(X,Sx) — I'(X,Sx) to be dx(f) := clif o Vg, (f). For
a vector bundle (V,h) on X and a connection A on (V,h), we also set the Dirac operator
Py :T(X,Sx ®@V) = T(X,Sx ® V) to be @4(s) := clif o Vg, @a(s). If n is even, then we
have the decomposition Sx = S;E ® Sy, and the Dirac operator @, is also decomposed into
sum of the positive and negative Dirac operators ai - (X, S)i( V)= TI(X,STeV). If
dim(X) = 3, then for a monopole (V,h, A,®) on X we also set the Dirac operators aa@) :
I'(X,V®Sx)—T(X,V®Sx) to be @?A,@(f) = da(f) £ (@ ©Idsy ) (f).

For a differential operator P : T'(X, V) — I'(X,V2) between Hermitian vector bundles
(Vi,h1) and (Va, hy) on X, we regard P as the closed operator P : L?(X, Vi) — L?*(X,Vs)
with the domain Dom(P) := {s € L*(X,V;) | P(s) € L*}, where P(s) is the derivative as
a current. We regard Dom(P) as a Banach space equipped with the graph norm ||s||p :=
[Isllz2 + [[P(s)l| L2

Remark 2.10. Any 3-dimensional oriented manifolds are parallelizable, and hence they have
spin structures.

Let Sgs be the spinor bundle on R? with respect to the trivial spin structure, and d be
the trivial connection on Sgs. By using the projection p : R\ {0} — S?, We combine the
Dirac operators of the Dirac monopole (Ly, hy, Ag, ®x) = (p*O(k), p*howy, 1" Ao vV—1k/2r)
with the Dirac operators of O(k) on P! = S2. Let Sq2 = S;’z ©® Sg, be the spinor bundle
on (52, gg2), and ﬁigz : (52, S;EQ) — I'(S?, S;) the Dirac operators on S2. By the isometry
R ~ (R4 x 52, (dr3)® +rigg2) we obtain the unitary isomorphisms Sgs|gs\(o} ~ p*Ss2.
According to Nakajima [8], under the identification Sgs|gs\ (0} =~ p*Sg> the Dirac operator
Prs on R3\ {0} is written as follows:

0 _
v —1(7“38— +1) P
1 T3
s =
r3 i 8
Do —V/—=1(r3=— +1)
87’3



Therefore we obtain the following equality.

0 2%k

. V_l(r38—7*3+?) dow)
Do) = - A
_l’_
aO(k) Y —1(7‘38—7‘3 + T)
By the isomorphisms S;I ~ Q%9(0(-1)), Sz ~ Q"1 (O(-1)) and Jg2 = @;:2 + g =

V2(@o(_1)+05(_1)), we obtain Ker (@5 )) ~ HO(PL, O(k—1)) and Ker(dg ) ~ H' (P!, O(k—

1)), where 55( 1) is the formal adjoint of 50( . Let ff € L?(S?, S ® O(k)) (v € N) be
the all eigenvectors of the operators @O(k o @O(k and (?O o @O (k) With non-zero eigenvalues
respectively. We set n, > 0 to be the eigenvalue of fF. Then, According to [1], we have
{n,} = {¢® + |klg ; ¢ € N}. We set g, > 0 to satisfy n, = ¢ + ’k‘QV We may assume
that {ff} forms an orthonormal system and satisfies the relations @O(k (fF) = /n f for
any v € N. By the elliptic inequality and the Sobolev inequality, there exist C',C"” > 0
such that [|fE||pe < C"|[fE|l2 < C'(1FELe + Fou (F)ll2) = C'(1 + /). Then by
the interpolation inequality we obtain ||fF||zs < (||f3:||L2)1/2 (IfF)pe)? = = C\/1+ /n,,
where we put C := V/C'. Hence we obtain the following lemma.
Lemma 2.11. We have the estimate ||f||73 = O(\/q)-

Through the above arguments, we obtain the following proposition.

Proposition 2.12. Let s be a section of Ly ® Sgs on a punctured ball B(r)* := {z € R? |
0 < |z| < r} for some r > 0.

(i) If we have s € L%(B(r)*, Lk®SR3)ﬁKer($erk@k)), then there exists a sequence {c,} C C
such that we have

5= e (@l (0 +ay(0f)).

veN

+

Here the functions a;, are given as follows:

() = pitatlkl/2,

gy + max(0,k) 1 g4/

w0 = T e

(ii) If we have s € L?(B(r)*, Lk®SR3)ﬁKer($(_Ak7¢k)), then there exist a sequence {c, } C C,
at € Ker((}?g(k)) = H'(PL,O(k — 1)) and o~ € Ker((}?(_g(k)) = HYP',O(k — 1)) such
that we have

s:Zai —I—ch S fF b, () ) -
ol

veN

Here the functions p* and b} are given as follows:

p—1Ek/2

bl (r) = p—1tav+kl/2.

b_ (T) _ qy + maX(O, —k) 'r'_1+ql’+|k‘/2,

V—=1/¢% + |klq



By the above proposition, we obtain the following corollary.

Corollary 2.13. For arbitrary positive numbers 7 > 7/ > 0, the restriction map L?(B(r)*, Ly®
Sg3) N Ker((}?ak@k)) — L*(B(r')*, Ly ® Sgs) is a compact map.

As a preparation of Proposition .15 we prove the following lemma.

Lemma 2.14. Let ty > 0 be a positive number and « a real number. Set the constant C,, is
given by

o [ Ra-172 (a1
“=11 (a=1/2).
There exists a compact operator K, : L?(0,t9) — C°([0,%0]) such that for any f € L?(0,t),
the function g := K,(f) satisfies the estimate |g(t)| < Cql|f|lr2 - tY/2(1 + log(to/t)}/?) <
t

Collfllz2 - VEo(141/4/e) and the differential equation t0;(g/t) + a(g/t) = f, where C°([0,to])
is the Banach space consisting of bounded continuous functions on [0, tg].

Proof. We set g = K4(f) to be

t_aH/O f(x)z* tdx (>1/2)
9(t) = .
—t_o‘+1/ fx)z® e (a <1/2).

Then, by a direct calculation we have t0(g/t) + a(g/t) = f. If o # 1/2, then we obtain
lg®)| <t~ fl| 2 /1222 — 1] = |20 — 1|7Y?||g]|f2 - t/2. If @ = 1/2, then we have

lg@®)| < ||f|lp2 - tY/%1log(te/t)/2. As a consequence of the above inequalities, we obtain the
desired estimate. By this estimate, the compactness of K, follows from the Ascoli-Arzela
theorem and the differential equation. O

Proposition 2.15. Let 7 > 0 be a positive number. There exists a compact map GT :
L*(B(r)*, Ly, ® Sgs) — L*(B(r)*, Ly ® Sgs) such that we have R(G¥) C Dom((}?ak@k)) and
@?Ak@k)oGi = Id. Moreover, we have R(GT) C L3(B(r)*, Ly ®Sgs), and hence G* : L? — L?
is bounded.

Proof. The proof for aak@k) remains valid for a(_Ak@k)' Hence we prove only for ﬁak@k).
The subspace that is spanned by Ker(ag(k)) and {fF} is dense in L%(S?%, Sg2 ® O(k)). Hence

for any s € L?(B(r)*, L ® Sgs) there exist measurable maps o™ : (0,r) — Ker(a(ig(k)) and
sE:(0,7) — C such that we have

s=at+a +> (sifiF+s,f)
1%
and

15172 = llrsa™ 172 + llrsa™ |72+ Y (lrasi[[72 + llras, |[72)
1%



By some linear-algebraic operations and Lemma [2.14] we can take an element t = 3% + 8~ +
o « +
S, tE .+t f7) € L2(B(r)*, L ® Sgs) such that we have a(Ak,%)(t) = s and

181172 = NlrsBT 1172 + NlrsB 71172 + Y (Irst 72 + [Irty 1172)
1%

< [lrsat|[72 + [Irse” |7,

+ > {max(Cri g, +4)/2: C1—2q,+1/2)” (I35 172 + [Irss 172) )

where C,, is the constant in Lemma 214l Then We set G1(s) := ¢, and G™ is linear because
all constructions of G are linear. Since Cia(2q,+k)/2 = 0(1) (v — 00), the compactness of
GT is deduced from the compactness of K, in Lemma 2.14]

By the definition we have 2,/q,-C1+(2¢,+k)2 = 1 (v — o0). Hence Hf,j—LHLs-Cli(quJrk)/g =
O(1) by Lemma 2Tl Therefore we obtain ||¢||;3 < co and the proof is complete. O

Corollary 2.16. For any positive numbers r > 7/ > 0, the restriction map L?(B(r)*, L, ®
Sgr3) N Dom(aak@k)) — L?(B(r")*, L, ® Sgs) is a compact operator.

Proof. Let {f,} be a bounded sequence in L?(B(r)*, L ® Sgs) N Dom(aak@k)). By using
G* in Proposition 215, we set fn~:: Gi(@ak,%)(f"))' Since G is compact, there ?XiStS
a subsequence {f,, } such that {f,, } is convergent. Hence we may assume that {f,} is

convergent. Then we have @?Ak,%)(f" — fa) = 0. By Corollary 213, {(fn — fu)|p()} has a
convergent subsequence. Therefore {f,|p()} also has a convergent subsequence. O

2.3 A local lift of the Dirac operators of the flat Dirac monopoles

Let k € Z be an integer. For the flat Dirac monopole (V, h, A, ®) := (L, hg, Ag, v/ —1k/273) on
(R3,{0}), we denote by (V4, hy, A4) the prolongation of the instanton (7*V, 7*h, 7* A—£@7*®)
over R where ¢ = 2{(x1dy; — y1dx1) — (xadys — yadw2)}. We compare the Dirac operators
@?EA@) and @i.

We denote by X and P the punctured spaces R\ {0} and R*\ {0} respectively. Set
the function f : R?\ {0} — Ry to be f(t,z,y) := 1/2r5. We also set gp := 294 puc. Since
gp = 2g4Fuc = 7 f(7*g + £2), we have the orthogonal decomposition TP ~ Rdp @ m*TX.
Let .7 be the spin structure of R3 i.e..# is a principal Spin(3)-bundle on R? that satisfies
7 X spin) (R?, 93,Buc) ~ TR?. Let p : Spin(3) — Spin(4) be the lift of the homomorphism
SO(3) — SO(4) which is induced by R3 3 p — (0,p) € R We set .7 := n*(.%) x, Spin(4).
Then we have .7} X gpina) (R*\ {0}) ~ (P x R) & #*T'X, and hence . is a spin structure
on P. Under the isomorphisms Spin(3) ~ SU(2) and Spin(4) ~ SU(2); x SU(2)_, the
homomorphism p is written as p(g) = (g,9). Therefore we have the following proposition.

Proposition 2.17. The following claims are satisfied.

e We have the unitary isomorphisms 7*Sx ~ S]f.
e Under the above isomorphisms, the Clifford product on P can be represented as follows:
. ¥ 0 Id
clifp(§)  =(x" )72 ( R > .



Since the isomorphisms 7*Sx ~ S3 are unitary, we have ||7T*S||%2(P) = [p |7 sP(—7* f?
& A mhdvoly) = 27T||f1/28||L2(X for any s € I'(X,V ® Sx). Hence the operator nf(s) :=
(27 f)~/2 5) are isometric isomorphisms between L?(X,V ® Sx) and L?*(P,V, ® S]f)sl.
On one hand, we take a global flat unitary frame e® = (e},e3) of Sx that satisfies the

following.

clif x (dt)e? :e3< \/? _\9__1 )
clif x (dz)e’=e> (? 01 >
clif x (dt)e? —e3< \/0_1 V;)

On the other hand, we have the isomorphisms S}, ~ QO 9%22 and S, ~ Q?C’Ql . Moreover,

under the isomorphisms we also have @4, = v2(0a, + 8:4) and clifp(a) = v2(a® A
—2(a(19)%) for a 1-form a on P, where J means the interior product and («)” is the image of
« under the isomorphism Qéo ~ TONC2? induced by the metric gp. Here we set S'-invariant
global unitary frames et = (ef, eéc) of Slf to be the following.

e3 = — (" (=™ /|7 (=)™) A (7" (d2)/|* (d2)])
(=Ml (=)™,
“(dz)/|7" (d2)].

Then, with respect to the frames e® and e3, the representations of Clifford products of X and

P coincide as in the sense of Proposition 217l Therefore we may assume 7*e3 = e*. Hence

by a direct calculation we obtain the following proposition.

Q Q
|-
S

Proposition 2.18. For the flat Dirac monopole (V, h, A, ®), the equalities

wto (Flaay712) (5) = 04, 0 7' (s)
and
o (F 720 aa) (s) = 93, 0 7' (s)

are satisfied for any s € T'(X,V ® Sx).

3 An index formula of Dirac operators on compact 3-folds

Let (X, g) be a closed oriented spin 3-fold and Z a finite subset. Let . be a spin structure on
(X,g) i.e. . is a principal Spin(3)-bundle on X such that .7’ X gpin(3) (R?, 93 5uc) ~ (T'X, g).
Let (V,h, A, ®) be a Dirac-type singular monopole on (X, Z) of rank r, and we denote by
Ep = (kp;) € Z" the weight of (V,h, A, ®) at each p € Z.



3.1 Fredholmness of Dirac operators

For a sufficiently small ¢ > 0, we set B(Z,¢) := [, B(p,e) = ]_[pez{m € X |dy(z,p) < e},
where d, : X x X — R is the distance function with respect to g. Let (m xl%, x ) be a normal
coordlnate at p on B(p,¢), and set the flat metric ¢’ on B(Z,¢) to be ¢'|pp.e) = Ei(dx;)2.
We take a smooth bump function p : X — [0, 1] satisfying p(B(Z,e/2)) = 1 and p(X \
B(Z,3¢/4)) = 0, and set a metric § := (1 —p)g +p-¢’. Then we have g|x\p(z.:) = 9Ix\B(Z,)
and |g — glg = O(R3) on B(p,¢) for any p € Z, where R, is the distance from p. Hence
there exists an isometric isomorphism p : (T'X,g) ~ (T'M, g) such that u|x\p(ze = ldry

and | —Idra |y = O(R2) on B(p,¢) for any p € Z. Therefore we obtain the following lemma.

Lemma 3.1. For a 1-form «, we have an equality clif x oy ()| x\pB(z.) = clif x,5) ()| x\B(z,)
and an estimate [clif y gy(a) — clif x 5)(a)] = |a| - O(R3) on B(p,¢) for any p € Z, where
clif x 4) and clif x5y denote the Clifford product with respect to g and g respectively.

We also take a direct sum of the flat Dirac monopoles (V' b/, A", ®") on (B(Z,e) \ Z,q’)
to be (V', 0/, A", ®")|ppe) = @ii (L, iy Ak, s> Pry ;) for any p € Z. By Corollary 2.9,
there exists a unitary isomorphism ¢ : V|p(ze)\z =~ V' such that the estimates in Corollary

are satisfied. We set a connection A := (1 — p)A + p - ¢* A" and an endomorphism
P := (1—p)P+p-¢*®'. Then for each p € Z the restriction (V, h, A <I>)|B (pe/2)\{p} 18 a direct

sum of the flat Dirac monopoles, and |[A — A| and |® — ®| are bounded on X \ Z.
~+ ~+ ~ ~
We denote by (?(A@) and 5(147@) the Dirac operators of the tuples (V, h, A, ®) and (V, h, A, D)
with respect to the metrics § respectively. In Proposition B3] we show the Fredholmness of

3( 4,3)- Consequently, we will prove the Fredholmness of ﬂ(iA@) in Theorem [3:41

~+
Proposition 3.2. The injection maps Dom(a(l&é)) — L*(X,V ® Sx) are compact.

Proof. The norm |[s||1 == ||s|x\p(z./8)|I12 + Is|B(z,e/a)+|I12 on L*(X,V ® Sx) is equivalent
to the ordlnary L?norm on X. By the Rellich-Kondrachov theorem, the restriction maps

Dom(é?uhb ) 3 s = s|x\Bzess) € L*(X \ B(Z,¢/8),5x ® V) are compact. By Corollary
~+
216, the restriction maps Dom(d 4 5)) 3 s = 8|p(z,c/a)- € L*(B(Z,¢/4),Sx @ V) are also
~+
compact. Hence the injection maps Dom(@(g’é)) — L*(X,V ® Sx) are compact. O

~+
Proposition 3.3. The Dirac operators a(g,é) CLA(X\Z,V®Sx) = L*(X\ Z,V®Sx) are
closed Fredholm operators and adjoint to each other.

~+
Proof. We show that ﬁ( A,¢) are adjoint to each other. For a densely defined closed oper-
~ 4
ator F, we denote by F* the adjoint of F. Take o € Dom ((J(A’é))*) Then we have

~+ ~+
1 < (@(A@))*(a),gp Sre=1 < a,@(f;’é)(cp) >z for any ¢ € C°(X \ Z,V ® Sx), where
Ce(X \ Z,V ® Sx) denotes the set of compact-supported smooth sections. Therefore o €
:l: ~ ~
Dom(ﬂ(Aq, ) and ((}9( ) (@) = @?Eg’i))(a). We show the converse. Take a € Dom(@?}g,))
~+
and b € Dom((}?( 4,3)). Because of the elliptic regularity, Proposition and Proposition
215, we obtain |a|,|b] € L3(X \ Z). Let & : R — [0,1] be a smooth function that satisfies
the conditions k((—oo, —1]) = {0}, k([—1/2,00)) = {1}. Set ¥y (x) = k(n -log(dz(x, Z))) for
n € N, where we set dj(x, Z) = min{ds(x,p) | p € Z}. Since ¥,a has a compact support on

X\ Z, we have 1 < ¢pa J(Aq, (b) >r2=1< (59?[147@)(1/1na),b Sre=1< wné&,é)(a),b >r2 41 <

10



clif x (dipn)a,b >2. Since we have |(k(nz))| < (x|log(z)])~! - ||&/||p= for 0 < z < 1, |dipy| is
~+
dominated by an L3-function that is independent of n. Hence we obtain 1 < a, 3( i q,)(b) >r2=
~ +
1< @&@ (a),b >2 by the dominated convergence theorem. Therefore a € Dom ((a( ))*)
~4 ~F
and (9 1.4))*(a) = d(1.8)(a). N
We show that the kernel of @ (4,d) 1s finite-dimensional. By Proposition [3.2] the identity
map of Ker(ﬂ(Aq) ) is a compact operator. Hence we obtain dlm(Ker(ﬁ(Aq, )) < oo. Since
the Dirac operators a( i) are adjoint to each other, the claim dim(R (a( Ad) )1) < oo can

~+
be deduced from dlm(Ker(a( A,#))) < o0, where R(-) means the range of the operator and L
means the orthogonal complement in L?.

~+
To prove that R(a( A,&)) is closed, it suffices to show that there exists a constant C' > 0 such
~+ ~+ ~+ 1
that the condition ||s||z2 < CH@(A’&))(S)HLZ holds for any s € Dom((}?(f;’é)) N (Ker((}?(f;’é)))
Suppose that there is no such a constant C' > 0, then we can take a sequence {s,} C
~4 1 ~4+
Dom(a(;@) )N (Ker(a(A ¢))) such that the conditions ||s,|| = 1 and ||$(A7§>)(Sn)||[/2 <1/n
are satisfied. By Proposition B.2] we may assume that {s,} converges to some s,, € LZ.
~4 1
Since [|sp||z2 = 1 for any n € N, we have s € <Ker($(f{7§,))) \ {0}. However, we also have
~+ ~+
(}9( A@)(Sn) — 0, and hence (}9( 4,3)(800) = 0, which is impossible. Therefore the condition holds
~+
for some C' > 0 and R(a(lg,@)) is closed. O

Theorem 3.4. The Dirac operators @a@) are closed Fredholm operators and adjoint to each

~+
other, and they have the same indices of (}9( A,8)-

~ ~ ~+
Proof. Since |A— A| and |® — ®| are bounded on X \ Z, by Proposition 3.2 the operators @ (A4,0)
are closed Fredholm operators and adjoint to each other, and they have the same mdlces of

ey .
We will prove that a( A,9) and ﬂaé) have the same domains and indices. First we show

~+
Dom(aa7¢)) C Dom(@(A@)). By Lemma B.], there exists Cy > 0 such that the estimate

1B n0)(5) — FEray(5)] < Co B2 [Vaywals)] (1)

holds on a neighborhood of p € Z for any s € I'(X \ Z,Sx ® V). Let x : [0,00] :— [0,1] be a
smooth bump function satisfying

0 1<)
klx)=< 1 (3/8<x<3/4)
0 (z<1/3).

For § > 0, we set a function s : X — [0,1] to be p5(x) = k(67 dy(x, Z)). By the Weitzenbick

* —
formula V1 o, Vayea = #a,0)#(1.0)—®2+Sc(g), we have ||VASX®A(906S)||22 = 1010 (55)[[32+
|@(ps5)|[22 + [ Sc(g)|@ss|?dvoly for any s € T(X \ Z,V ® Sx), where VA w4 is the formal

adjoint of V4, ¢4 W1th respect to g and Sc(g) is the scalar curvature of g. Therefore there ex-
ists C1 > 0 such that for any sufficiently small § > 0 we have ||V, o a(s)||22wv, 35/8,35/4)) <
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+ _
Crl1@a,2) ()| L2 (v, (5/3.8)) + 0 lIsllL2(u, (5/3,6))) holds for any s € (X \ Z,V ® Sx), where
we put Up(01,02) := {x € X | 1 < dy(p,x) < d2}. We set 0; :=4e/(3-2") for i € Z>p. Then
we have

~:|: :l:
1D a.0)(8) = Faa) ()| L2(Bpie))
< Col|Ry - Vaxoa(s)|lr2(sp.e)

<Co Y |IR2 - Varoa(s)|lr2w, 35 /8364

=0
9] _—
<CoCry {5i 13 a.2) (2w, 5:/3.60) + il |8||L2<Up(5i/3,ai)>}
=0

+
< CoCh <5§| @ a.0) ()| L2(B(p.s0)) + Golls] |L2(B(p,60)))

~+
Hence there exists Co = Ca(e) > 0 such that ||$(A7¢)(s) - EtA7<I))(S)||L2 < Colls||r2 +

~+
||$?EA7<I,)(3)||L2), and we have Cy = O(¢g) (¢ — 0). Hence we obtain Dom(aaé)) C Dom(a(A@)).
We show the converse. Let A x denote the connection on Sx induced by the Levi-Civita con-
nection of (X, g). By the definition of Dirac-type singularity, we have |V4(®)| = |F(A)| =
O(R,?) around p € Z. Therefore from the Weitzenbock formula V;}’Z % AVigea = a(_A@)@er@)—
2 + clif(Va(®) — #3F(A)) and a similar argument as above, it follows that there exists

-+ N -+
C3 = C3(e) > 0 such that [|@4e)(s) = T ae)(8)ll2 < Ca(llsllr2 + 1P (a,9)(5)]L2), and

+
C3 = O(e) (¢ — 0). Therefore Dom(ﬁaﬂ,)) = Dom(a(A@)). Moreover, Their graph norms
are also equivalent. It is a well-known fact that sufficiently small deformations of Fredholm
operators remain Fredholm. Hence the operators aa@) are closed Fredholm operators, and

they have the same indices as ones of (59( A,8)- O

3.2 An index calculation on a compact 3-folds
3.2.1 A lift of singular monopoles to closed 4-folds

For an arbitrary 3-fold N and a principal S'-bundle P defined on outside of a point z € N,
we set deg, (P) := [, c1(P), where B is a small neighborhood of x.

We take a finite subset Z' C X satisfying the conditions |Z'| = |Z| and Z N Z" = 0,
and set Z = Z U Z'. By the Mayer-Vietoris exact sequence induced by the open covering
X = B.(Z)U (X \ Z), we can prove that there exists a principal S'-bundle 7 : P — X \ Z
such that we have deg,(P) = —1 for p € Z and deg,(P) = 1 for p’ € Z'. We take a
metric § on X that is flat on B(Z,e/2). Let f : X \ Z — R, be a smooth function.
Let w € QY(P,R) be a connection of P. We assume that for any p € Z (resp. Z') the tuple
((Pv w) Xs51 ((C7 h(C)7 _\/__1f)|B(p,e/2) (resp. ((Pv w) X g1 ((C7 h(C)7 \/__1f)|B(p,e/2)) is the flat Dirac
monopole of weight —1 (resp. 1) with respect to §. Set a one-form & := w/7*f and a metric
gp = %G + &2 on P. We choose the global 4-form —¢& A m*vol(x 4y as the orientation of P.

Proposition 3.5. The following claims are satisfied.
e The 4-fold P has the spin structure induced by the one of X.
e Let v be a vector field on X. By the isomorphism TP = R0y ® 7*T X induced by w, we
regard 7*v as a vector field on P. Then for F' € C*°(X) we have 7*(v - F) = n*v - 1*F.

12



e For the spinor bundles S*, we have the unitary isomorphism S35 ~ 7*(Sx).

e Under the above isomorphisms, the Clifford product on P can be represented as follows:

clif p(€) =< R )

Clifp(ﬂ'*a) :< Clifg(a) Clif)é(()é) > (a e P(X, Ql(X)))

Proof. Let i : SO(3) — SO(4) be the injection induced by R? > z — (0,2) € R*, and take
the homomorphism p : Spin(3) — Spin(4) to be the lift of i. Set .7p := 1*.% x, Spin(4).
Then we have .7p X gpin(4) (R, gapuc) =~ (P x (R, g1.Fuc)) @ (7*T X, 7*g) ~ TP. Hence /p is
a spin structure on P. The second claim is trivial from some direct calculations.

We have the isomorphisms Spin(3) ~ SU(2) and Spin(4) ~ SU(2)+ x SU(2)—. Under this
isomorphism, we have p(g) = (g,g). Hence we obtain the unitary isomorphism S% ~ 7*(Sx).
The last claim easily follows from the third one. O

We take another metric gp := 7* f-gp. For p € Z, the restriction 7 : 7*(B(p,e/2)\{p}) —
B(p,/2) \ {p} can be identified with the Hopf fibration (R*\ {0}) — (R3\ {0}). For p’ € 7,
we can also identify 7 : 7*(B(p’,e/2)\{p'}) — B(p',e/2)\{p’} with the inverse-oriented Hopf
fibration (—R*\ {0}) — (R?®\ {0}), where —R* is the differentiable manifold R* with the
inverse orientation of the standard one of R*. Hence by taking the one-point compactification
on the closure of each 7*(B(p,e/2) \ {p}), we obtain a closed 4-fold P equipped with an

Sl-action. Then §p can be prolonged to a metric on P as in Lemma We extend the
projection 7 : P — X \ Z to the smooth map P — X, and we denote this map by the same
letter m by abuse of notation. Set Zy := n~'(Z), Z} := n~'(Z') and Zy = mY(Z). Then
7T|Z Z4 — Z4 is a bijection. We have P = P U Z, and codlm(P Z) = 4. Hence we obtain

isomorphisms m(P) ~ m(P) and H*(P,Z/2Z) ~ H 2(P,~Z/ 2Z). Therefore the orientation
and the spin structure of P induce the unique ones of P. Hence we obtain the following
lemma.

Lemma 3.6. We have the unitary isomorphisms Sg] p =~ (m*Sx)|p. Under these isomor-
phisms, we have clif 5(v)|p = 7* f /2 . clif p(v) for v € QY(P).

For the Dirac-type singular monopole (V, h, A, ®) on (X, Z), we take a connection A and
a skew-Hermitian endomorphism & that satisfy the following conditions.

e For any p € Z, (V, h, A, @)]B(p,a/z)\{p} is a direct sum of the flat Dirac monopoles with
respect to the metric g.

e For any p' € 7/, (V, h,A)‘B(p/7E/2) is a flat unitary bundle and @\B(p/,a/z) =0.
e The differences |A — A, |® — ®| are bounded on X \ Z.

At A

We denote by a( A,&) the Dirac operators of (V,h, A, ®) with respect to the metric g. By the
~t

same argument as Proposition 3.3 and Theorem [B.4], a( A,¢) are Fredholm and adjoint to each

~t
other, and the indices of a( A,$) are the same as the ones of aZ_LASP)‘
We set (Vy, hy, Ag) := (7*V, 7T*h,7r*fl—£®7r*<i>) on PUZj. By Proposition [2.6] (Vy, hy, As)
can be prolonged over P, and we denote it by the same symbols. Let (‘/ﬁ L I'(P, S; ® Vi) —
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I(P, S;F ® Vy) be the Dirac operators of (Vy, hy, A4). For a section s € T'(X \ Z,V ® Sx), we

have \]77*3\@2(157913) = 271\]\/73\]%2()(’@). Hence the operator 7f(s) := m*(\/2mf~1 s) preserves
the L?-norms. Since P is a principal S'-bundle on X, 7' is an isometric isomorphism from
LX(X \ Z,V ® Sx) to L*(P,V; ® S;)Sl, where L?(P,V, ® SP)S1 is the closed subspace
of L2(I:’, V4 ® Sp) consisting of S Linvariant sections. For i = 1,2, take smooth functions
)\gt X\ Z — R satisfying the following conditions.

e The equality )\f)\éc = f~1/2 holds.
e The equality A = A\J holds.

e For any p € Z, )\ﬁB(p7E)\{p} =1

e For any p’ € Z/, )‘3_|B(p’,a)\{p’} =1.

By Lemma and Proposition [2.18] there exist compact-supported smooth endoinorphisms
e € T(X\ Z,End(Sx ®V)) such that we have 71 (e*)(s) = (}91 orf(s)—nlo (Af(}?(A@))\;E)(s)

~

for any s € I'(X \ Z,Sx ® V). Let D* be the differential operator )\fa(lﬁi,é))\f + ¢ on
X \ Z. We denote by Ind((}?i)sl the Sl-equivariant index of the closed operator @i e
L2(P,Vi® SE)%" — LX(P,Vi® ST)¥.

Proposition 3.7. Under the isometric isomorphism «f, the operators D* and @i , determine
the same closed operators respectively. In particular, the operators DT are closed Fredholm
operator adjoint to each other, and satisfy Ind(D¥) = Ind(@j D "

Proof. We take an arbitrary a € Dom(@i)sl, and set b := @i(a). We will show (71)~1(a) €
Dom(D%) and D*((7")~'(a)) = (xf)~1(b). Let ¢ be a compact-supported smooth sec-
tion of V ® Sx on X \ Z. Then nf(¢) also has a compact support. Hence we have 1 <
a, (ﬁi)*(ﬁ(gﬁ)) >2=1< b, 7l (@) > 2. Since (71)~! is isometric, we obtain1 < (77)~!(a), (D) *(p) >=
1< (71)71(b), ¢ >. Therefore we have (77)~1(a) € Dom(D*) and D*((x1)"1(a)) = (71)~1(b).
We prove the converse. We take an arbitrary ¢ € Dom(D¥), and set d := D¥(c). Let x be a
compact-supported smooth section of V4 ® S on P \ Z4. We take the orthogonal decompo-
sition y = XSI +xt e L3P,V ® Sljg)s1 @ (LA(P,V, ® S;f;)sl)L. Then Xsl and T are also
compact-supported smooth sections on P\ Z4, and we have (@i)*(xsl) e L2(P,V;® S};)Sl
and (@i)*(xl) € (L*(P,V; ® S;F)Sl)l. Hence we obtain 1 < FT(C),(@j4)*(X) Sre=1<
(), @a)* (%) >p=1 < o (W) @A) >p=1 < o (DHX () 7 () >12=
1< d, (7)1 (5 >pe=1< 71(d), x5 >2=1<7(d),x >12. Therefore ai(ﬂ(c)) = mf(d)
holds on P = P \ Z,. Here we prepare the following lemma.

Lemma 3.8. Take arbitrary u € L2(P,V; ® Sjj;) and v e L2(P,V; ® Sg). If u and v satisfy

@i (u) = v on P, then we have @i(u) = v on whole P.

If we admit this lemma, then we obtain @i (7'(c)) = 7'(d) on P. Hence the proof is
complete. 0

proof of Lemma [3.8l Take ¢ € T'(P,V; ® S}E). Let x : R — [0,1] be a smooth function
that satisfies r((—o00,—1)) = {0} and s((—1/2,00)) = {1}. Set ¢, : P — [0,1] to be
Yn(x) = k(nlog(ds, (z, Z4))) for n € N. Then v, - ¢ has a compact support on P\ Z;. Hence
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we obtain 1 < u, (ﬁi)*(wn cp) Sre=1< u, Py, - (ﬁi)*(@) >r2 41 < u,clif 5(dipn )@ >0
1< v,y - >r2. Since we have an estimate |’ (nz)| < (z]log(x)|) =Y |K||L~ for 0 < z <
|dip,| is dominated by an L2-function that is independent of n. Therefore we obtain 1

=

A

u, (@i )*(¢) >12=1< v, > by the dominated convergence theorem.
~t
We will associate the S!-invariant indices of (‘/ﬁ , and the indices of a( A,8)-
~t
Proposition 3.9. We have Ind(@i)s1 = Ind(a(l&é)).

~t _
Proof. 1If we prove Ind((}ﬂ:ﬂ)s1 = Ind((}?(A@)), then we obtain Ind(ﬁm)s1 = —Ind((}?L)sl =
/\J’_ N ~
—Ind(a(gé)) = Ind((}?(A@))) because (}9(14@,) are adjoint to each other. Hence we only need
-t -t
to prove Ind(ﬁl)sl = Ind(a(A@))- By Proposition B.7 it suffices to show Ind(a(g@) =

~t
Ind(D%). Since the support of €' is compact in X \ Z, \{ @ (4,8) Ay is a closed Fredholm
operator and it has the same index as D*. By the same asymptotlc analysis in Proposition

212, for any solutions s € I'(X \ Z,Sx ® V) of the equation @ (4,6)(s) = 0, we have s € L?
if and only if (\y)!s € L?. Hence we have the natural equality Ker()\fé&,@)\;) NnL? =
(A7t (Ker(é&@)) N L%), where (A\y)~!- (Ker(é&’@))) N L?) means the set {(A\J)™! s |s¢€
Ker(éa q) )N L?}. By a similar way, we also have Cok(é&@)) NL? = Ker(é(}x@)) N L? and
Cok(AF 94 iy A NL2 = Ker()\ Daary) N L2 = (A3)" - (Ker(d4.4)) N L?). Therefore we
obtain Ind(ﬁ(A@)) = Ind(Afﬂ(A@))\Q ) = Ind(D™), which completes the proof. O

By following [2], we calculate the S'-equivariant index Ind(ai D "

Lemma 3.10. For p € Z, (resp. Z'), the weights of the fiber S;g | and S5 | are (0,0) and
(—=1,1) (resp. (—1,1) and (0,0)) respectively.

Proof. For p € Zy, the projection 7|p(,.) : B(p,e) — 7(B(p,¢)) can be identified with the
Hopf fibration R* = C? — R? in Section 1. By the natural isomorphisms S"' o~ QO e Q

and Sg, ~ Q(C’Q,
way, for p' € Zj, the projection 7|pqy - : B(p';e) — m(B(p',¢)) can be identified with the
inverse-oriented Hopf fibration —R* — R3. Therefore the weights of S}; | and S5 | are
(—1,1) and (0,0) respectively. O

the weights of S;g|p and S5 |p are (0,0) and (-1,1) respectlvely. As a sumlar

Proposition 3.11. The S'-invariant index Ind(@i D " is given as

md(@5,)% =73 Y ks,

pPEZ ky i>0
where Ep = (kp,;) € Z" is the weight of the monopole (V,h, A, ®) at p € Z.

Proof. According to [2], The S'-invariant index Ind(ai D " is given as

* — ir T
Ind(#)5" = (%)_1/ > tra((S5 ® Va)lp) — tr((SF ®V4)\p)d

St veZs tre(/\_l Tp]s)
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where trg is trace of the action of 6 € S and /\_1 Tpl5 means the virtual vector space
D;2,(—1)" A'T,P. Then by Lemma 310 we have

trg((Slf Q@ Vi)lp) — trg((Sg ® Vi)lp) = £2(1 + cos §) Z exp(2mv/—1k,.0) (p € 2)

trg((ng ® Va)lp) — ‘61‘9((51;5E ® Vi)|p) = F2r(1 — cos ) (p ez
tl"g(/\ “1T5P) = 4(1 — cos 0)? (pe ).
Hence by straightforward computation we obtain the conclusion. O

Hence we obtain the following corollary.

Corollary 3.12. The indices of the Dirac operators afm) are given as follows:

md(@ae) =FY. O kpi=%> . kpi,

pEZ kp ;>0 pEZ kp ;<0

where Ep = (kp,;) € Z" is the weight of the monopole (V,h, A, ®) at p € Z.

4 An index formula of Dirac operators on complete 3-folds

Let (X, g) be a complete oriented Riemannian 3-fold such that the scalar curvature Sc(g) is
bounded. We fix a spin structure on X. Let ¢ : Y < X be a relative compact region with a
smooth boundary Y. We take the orientation of 9Y to satisfy that v A volgy is positive for
the inward normal unit 1-form v € i*Q(X).

4.1 The non-singular case

Following [10], we recall the non-singular case. Let (V,h, A) be a Hermitian bundle with a
connection on X and ® be a skew-Hermitian endomorphism on V. We assume the following
conditions.

e Both ® and F(A) are bounded.
e We have V4 (®)|, = o(1) as z — oo.
e The inequality inf,¢ X\y{\)\\ | A is an eigenvalue of ®(z)} > 0 is satisfied.
We call this conditions the Rade condition. In [10], Rade proved the following theorem.

Theorem 4.1. The differential operators ﬂa@) =P +®: L3(X,V®Sx) = L*(X,V®Sx)
are closed Fredholm, and their indices are given as follows:

+ —
nd(9(4,)) :jF/ay ch(V") = i/@y ch(V7),

where VT is a subbundle of V|sy spanned by the eigenvectors of Fv/—1® with positive
eigenvalues.
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4.2 The indices of twisted flat Dirac monopoles

Let (Lg, hy, A, ®x) be the flat Dirac monopole of weight &k € Z. For a € R\ {0}, we
set @4 = v—1(a+ (k/2r3)). Then (Lg,hy, Ak, Pq ) is also a Dirac-type monopole on
(R?,{0}).

Proposition 4.2. The operators aak,% .) are Fredholm. Moreover, we have Ind(aak@a W) =
0 if ak > 0. ’ ’

Proof. The Fredholmness of @?Ak@a,k) follows from Corollary and some standard argu-
ments. The proof for the case a > 0 and k > 0 works for the case ¢ < 0 and k < 0 mutatis
mutandis. Hence we may assume a > 0 and k > 0. We take fF € L?(S?, 5%, ® O(k)) (v € N)
and n, > 0 as in subsection We set vector subspaces Wy = H 0(]P’§ O(k — 1)) x {0}
and W, := (f;5,0)0C @ (0, f,)C of L?(S%,0(k) ® Sg2) = L2(Si,\(9(k') ® S5%) x L/i(SQ,O(k:) ®
Sg2). Then we have a decomposition L?(8%,0(k) ® Sq2) = D.,>oWv, where (P means L2-
completion of the direct sum. Hence we obtain the decomposition L3(R3\ {0}, Lj, ® Sgs) =
D,~oWy ® L*(Rsq,7%dr), where L*(Rsg,72dr) is the weighted L2-space on Rsq with the

norm ||f||> = fR>0 r2|f(r)|?dr. We denote by E, the space W, ® L?(Rsq,r%dr). The Dirac
operators @ak@a ,) breserves this decomposition, and hence we obtain Ind((}?( A

w@ar) =
>, Ind <$(iAk,<I>a OB, By — E,,). Here we prepare the following lemma.

Lemma 4.3. We take Hermitian matrices

O G S B G ]

We set the closed operator P, : C? ® L?(Rsg,7%dr) — C? @ L*(Rq,72%dr) to be P,(v) :=
Orv — (Ayv/r + Bv). Then P, is closed Fredholm and Ind(P,) = 0.

By this lemma we have Ind (ﬂak@a’k)\};y) = 0 unless ¢ = 0. Hence Ind(ﬂak@a’k)) =
Ind (@&k@a k)‘E())' Moreover, we obtain Ind (@&k@a 2 ]E()) = 0 by a straight calculation. [

(proof of Lemma [4.3]). The Fredholmness can be easily seen. We take a function C,
R-o — Mat(2,C) as

A/ (<]
Culr) = { B (r>1)

and set a differential operator P, to be P(v) := d,v — C,,(r)v. Since a compact perturbation
does not change the index, P, and P, have the same indices. We can write any elements of the
kernels of P, and the adjoint operator BX explicitly, and there are no non-zero L?-solutions
of B,(v) = 0 and BX(v) = 0. Hence we obtain Ind(P,) = 0, which is the desired equality. [

4.3 The general case

Let Z C Y \ 9Y be a finite subset. Let (V,h, A, ®) be a Dirac-type singular monopole on
(X, Z) of rank r which satisfies the Rade condition. We denote by k, = (kp;) € Z" the weight
of (V,h,A,®) at p € Z.
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Theorem 4.4. The Dirac operators aa@) are Fredholm and adjoint each other. The indices

of at‘l@) are given as follows:

Ind(@(Aq, FA D kit / (V) p =Y > kit / ch(V™)

PEZ kpi>0 pEZ kyp <0

Proof. We may assume that X is connected. The former clalms are easy consequences of
Corollary 210 and results in [10]. We calculate the indices of Jc (4,6) by using the excision
formula in [4, Appendix B]. We set k=3 /> Ky

First we consider the case k = 0. Let (Vj, ho, Ao) be a trivial Hermitian bundle of rank r
with the trivial connection on S® and ®g the zero endomorphism on V. Let Uy be the north-
ern closed hall ball of S2. We take a compact neighborhood U of Z that is diffeomorphic to a
closed ball. We replace (V, h, A, ®)|y and (Vo, ho, Ao, ®o) vy, and obtain (V°, k0, A° i)O) on X
and (Vp, ho, Ag, ®o) on S3. Then by the excision formula we have 1nd((?9(A ) +1nd(é9(AO ®0)) =

md(@(;&o@o)) + 1nd($(A07i)O)). Hence we obtain 1nd((}9(A7¢)) =F (ka_w kpi + [oy ch(V ))
by Corollary and Theorem Z.11

Next we consider the case k # 0. The proof for the case £ > 0 remain valid for £k < 0
mutatis mutandis. Hence we may assume k > 0. Let (V3,h;, A1) be a Hermitian bundle
of rank r with a connection on S® outside the north pole py and the south pole pg, and
®; be a skew-Hermitian endomorphism of V;. We assume that (Vi,hy, A1, 1) is a Dirac-
type singular monopole of weight (k,0,...,0) (resp. (—k,0,...,0)) on a neighborhood of
pN (resp. ps). We replace (V,h, A, ®)|yy and (V1, hi, A1, ®1)|uy, and obtain (V! h!, AL, &)
on X and (Vi,hy, A1, ®) on S®. Then the excision formula shows md(@a & )+1nd((}9a1 ®,)) =
md(@(Al@l)) + 1nd((}9(A17¢1)). Hence 1nd($(Aq> ) :F k= 1nd($(A1 1) ) F Zk >0 pl We set
(Va, hy, Ag, ®2) = (L_j, hjp, A_y, ®_ 1) & (C"—%, her-1,d,0) on R3 where (C=L, her-1,d)
be a trivial Hermitian bundle with the trivial connection on R3. We denote by p € X the sin-
gular point of (V1 a!, A', ®1). We glue (Vl,fll,fll,ci)l)]X\B(p,a) and (Va, ha, A2, ®2)[rs\ B(0,¢)»
and obtain (V?2,h%, A%, ®2) on X = (X \ B(p,e)) UR*\ B(0,¢)) / ~, where ~ is an iden-
tification of their boundaries. We also glue (Vl,ﬁl,fll,@l)\m and (VQ,hQ,AQ,@Q)’m
and obtain (Va, hy, Ay, ®3) on 82 := (B(p,e) U B(0,¢))/ ~, where over-line means the clo-
sure. Then by the excision formula we have ind(@?}l’él)) = ind(@?}l’él)) + ind(aaZ%)) =
ind(ﬁipég)) + ind(@?}wi)2 )= 1nd((}9(A2 @2)) T k. Since the tuple (V2 h2, A%, ®?) satisfies the

Rade condition, we obtain ind(ﬁ( 2 <I>2)) = F [5y ch(VT). As a consequence of the above

arguments, we obtain md(@( 4,)) = F( [y ch(VT) + Zk >0 kp,i); which is the desired equa-
tion. O
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