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INRADIUS ESTIMATES FOR CONVEX DOMAINS IN
2-DIMENSIONAL ALEXANDROV SPACES

KOSTIANTYN DRACH

ABSTRACT. We obtain sharp lower bounds on the radii of inscribed balls for strictly
convex isoperimetric domains lying in a 2-dimensional Alexandrov metric space of
curvature bounded below. We also characterize the case when such bounds are
attained.
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INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper we address a reverse isoperimetric-type question, namely how small
the radius of the inscribed ball (inradius) of a given domain can be. A direct question
about the largest inradius is rather trivial (for example, among all domains D C R"
of given volume only a ball has the largest inscribed ball, being the domain itself).
Therefore, to make a reverse question meaningful and avoid trivial answers we have
to impose some restrictions on the geometry of the domain.

One of the natural ways to do this is to assume some curvature conditions. Chak-
erian, Johnson and Vogt | | obtained a sharp upper bound on the radius of the
circumscribed ball for closed plane curves with curvature |k| < 1 (in a weak sense).
Milka [Mi2] substantially extended their result to curves with the same curvature
restriction lying in R", n > 2. Later on Alexander and Bishop [AB], by using
comparison techniques, transferred the results of Chakerian et al. and of Milka to
CAT (k) spaces. The goal of this note is to obtain lower bounds for radii of inscribed
balls in Alexandrov spaces with lower curvature bounds, that is to prove a result
dual to that of Alexander—Bishop.

Let us also mention that the present work was motivated by the results concerning
so-called reverse isoperimetric inequalities. Particularly, Howard and Treibergs | ]
proved a sharp reverse isoperimetric inequality on the Euclidean plane for closed
embedded curves whose curvature k, in a weak sense, satisfies |k| < 1, and whose
length is in [27,147/3) (see [HTr, Theorem 4.1]). A dual result was obtained in
all constant curvature spaces by Borisenko and the author in the series of papers
[ , , |, where a two-dimensional reverse isoperimetric inequality was

proved for so-called \-convex curves, i.e. curves whose curvature k, in a weak sense,
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satisfies kK > A > 0 (see Definition 1 below) in constant curvature spaces. Recently,
these results were generalized in | ] for A-convex curves in Alexandrov metric
spaces of curvature bounded below. We will use some of the results from | | in
the present paper.

Before stating the main result, let us set up some background and fix notation. For
an extensive treatment of the theory of metric spaces, in particular, metric spaces of
bounded curvature (Alexandrov spaces) we refer the reader to [Al] and [BBI].

Let M be a geodesic metric space. Denote by [pg|ys the distance between any two
points p,q € M. For a closed compact domain D C M an inscribed ball (or inball,
for short) is a largest ball contained in D. Hence the radius r of an inball (inradius)
is given by

I e el

Denote by M"(k) the n-dimensional model space of curvature r, that is the n-
sphere S"(k?) of radius 1/k for k = k* > 0, the Euclidean space R" for x = 0, and
the hyperbolic space H"(—k?) for k = —k* < 0.

For a triple of points p,q,r € M and the corresponding geodesic segments pq, qr,
rp (forming the triangle Apqr in M) we associate a triangle Apgr in M?(k) such that
g\ v = 5G| a2y, 197100 = 107 a2y, [Pl = |7P|az()- The latter triangle is called
a comparison triangle. A complete geodesic metric space M is called an Alexandrov
space with curvature > k (and abbreviated as CBB(k)) if for the angles of every
triangle Apqr in M the corresponding angles of a comparison triangle Apgr satisfy

Lpqr = Zpgr, Zqrp = Lqrp, ZLrpq = Z7TDq,

and the sum of adjacent angles in M equals 7 (see [Al, , | for details).

Further below we will say that a set D in a metric space M is a closed topological
disk if D is closed, the boundary 0D of D is a Jordan curve, and the interior of D
is homeomorphic to a disk. Most of the time we will be working in the setting when
0D is a ‘nice’ curve (e.g. piecewise smooth).

Let M be a two-dimensional CBB(k) space, and D C M be a closed topological
disk with the rectifiable boundary curve v. For every subarc 4 of v we can define
the integral geodesic curvature (or the swerve) of this arc as follows (see [Al, p.309]
for details). Suppose o := pop:...pNPN11 18 @ broken geodesic line with vertices
p; € 7 and such that py and py,; are the endpoints of 4. For each i € {1,..., N}
let o; be the angle between geodesics p;_1p; and p;p;+1 measured from the side of D,
and let ag (respectively, ayi1) be the angle between 7 and pop; (resp. pypn+1) at po
(resp. py1) measured from the side of D. Then the integral geodesic curvature (7)
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of 4 (with respect to D) is defined as
N+1

p(7) = lim ) (r — @),

o=y <
=0
It can be shown that the swerve of any subarc in our setting is well defined.

Definition 1 (A-convex domain). Let M be a two-dimensional CBB(k) space. A
closed topological disk D C M with the rectifiable boundary curve v is called a
A-convexr domain (with A > 0) if for every subarc 7 of v

p(A) = A-s(7), (1)
where s(7) is the length of the arc 7.

For domains with smooth boundary in two-dimensional Riemannian manifolds
condition (1) is equivalent to the assumption that the geodesic curvature of the
boundary at each point is at least A\. In general, A-convex domains may have non-
smooth points (such as corners) on the boundary.

Recall that for a pair of convex curves v, and v, in M?(k) intersecting at some
point s € v Ny, we say that v, is locally supporting to v at s if there is an open
neighborhood U of s such that Dy N U C Dy NU, where Dy (respectively, Ds) is a
convex set with 7, C dD; (resp.ye C 0Ds). Observe that if v, has a well-defined
tangent geodesic at s, then 7, is locally supporting to v, at s if and only if v, and
v, are tangent at s. The notion of local support provides yet another equivalent way
of looking at A-convexity in model spaces: a closed topological disk D C M?(k) is
A-convex if it has a locally supporting curve of curvature A at every boundary point.
This allows a generalization of A\-convexity to higher dimensions, see | , ].

Definition 2 (A-convex lune). A A-conver lune in the model space M?(k) is a
compact convex region enclosed by two arcs of equal length and of constant geodesic
curvature .

Observe that a lune is a centrally symmetric set, and hence there is a well-defined
center of a A-convex lune.

From the well-known classification of curves of constant non-zero geodesic curva-
ture it follows that for k > 0 a A-convex lune is enclosed by two circular arcs. The
same is true for k < 0 and A > y/—~x. However, if K < 0 and A\ = \/—x, then the
lune is enclosed by two arcs of horocycles. Finally, if x < 0 and 0 < A\ < \/—k, then
the boundary of the lune is composed of two arcs of equidistant curves (hypercycles)
of curvature \.

Let us mention that A-convex lunes can be constructed in a different way as follows.
Suppose F) C M?(k) is a closed convex set enclosed by a complete curve of constant
geodesic curvature X. For k > 0, or for k < 0 and A\ > /—k the set F) is just a
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closed geodesic disk, and hence F) is compact. At the same time, in the hyperbolic
case (k < 0) for A € (0, /K] the set F) is unbounded: in the Poincaré model of the
hyperbolic plane in the unit disk F} is a closed Euclidean disk touching or intersecting
the unit circle depending on whether, respectively, A = /—rk or A € (0, \/—_Ii) With
this, every A-convex lune can be constructed as an intersection of two regions of the
form F), and conversely, every pair of intersecting regions of the form F) produces
the A-convex lune as their intersection. This is an equivalent way, compared to
Definition 2, of defining a A-convex lune. (In the simplest case, a lune is just the
intersection of two geodesic disks.)

Observe that for given x and A > 0, a A-convex lune in M?(k) is completely
determined (up to isometry) by the length of its boundary. Hence, we have a well-
defined function

Pr: ],\—>R+, LP—>p>\(L),
such that py(L) is the inradius of the A-convex lune with the boundary of length L
in M?(k). Here I is the natural domain of definition of this function: for x > 0, or
k < 0and A > /—k we have I, = [0, L], where L, is the length of a circle dF); at
the same time, I = [0,+00) for £ < 0 and 0 < A < /—k.

We are now ready to state the main result of the paper — a sharp comparison
theorem for inradii of two-dimensional A-convex domains.

Theorem 1 (Inradius comparison for isoperimetric A-convex domains). Let M be a
two-dimensional CBB(k) space, and D C M be a closed topological disk of inradius
r and with the rectifiable boundary of length L. If D is A-convezx, then

r = pa(L). (2)
Moreover, equality holds if and only if D is isometric to a \-convex lune in M?(k).
Computing explicitly the value of py(L) in each of the model ambient spaces, as

a consequence of Theorem 1 we obtain the following sharp estimates for indradii of
A-convex domains in CBB(k) spaces.

Theorem 2 (Inradius lower bounds for A-convex domains). Let M be a two-dimen-
sional CBB(k) space, and D C M be a \-convex closed topological disk of inradius r
and of boundary length L. Then

(1) for k =k* (k>0),

1 k k L/ 22 + k2
Tz T (arctan Y arctan (X cos T—i_)) ; (3)

rz

(1 22); o

> =
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(3) for k = —k* (k> 0), depending on the value of \:

(a) if A >k,
1 k k LV —k
L1 ko Ko EVAT TR

r> ? (arctanh ) arctanh ()\ cos 1 )) ; (5)

(b) if A=k,
1 L2k?
S 4 )
1> gpton (1455 ); )

(c) and finally, if k > X > 0,

1, (k+\) <COSh2 LYFP=X2 _ 2 /k:2>
"2 8 INESTY 2
(k—M\) <cosh ST+ 1)

Moreover, equality holds if and only if D is isometric to a A-convex lune in M?(k).

(7)

Remark 1. It is straightforward to check that in the hyperbolic case (k < 0) the
right-hand sides of inequalities (5)—(7) have the ‘phase transition’ behavior: for a
fixed k, as A — k + 0 the right side of (5) tends to the right side of (6), and as
A — k — 0 the right side of (7) tends to the expression on the right side of (6).
Similarly, for a fixed A, the right-hand side expression in (3) tends to the right side
in (4) as k — 0+ 0; the right side of (5) tends to the right side expression in (4) as
kE—0-0.

PROOF OF THE MAIN RESULTS

Let us start with stating some known results and proving some auxiliary lemmas
all of which will be later used in the proof of the main result (Theorem 1).

In | ], Borisenko, combining celebrated results of Alexandrov [Al, p. 269, p. 318§]
on gluing and isometric embedding of CBB(k) spaces with Pogorelov’s [Pog, pp. 119-
167, p. 267, pp.320-321] and Milka’s [Mi3] uniqueness results for such embeddings,
proved the following theorem (which was not stated as such, but can be easily ex-
tracted from the proof of the main result of the paper):

Theorem 3 ([Bor2]). Let M? be a two-dimensional CBB(k) space, and D C M? be
a A-convex closed topological disk. Then there exists a non-closed convex surface D,
embedded into M3(k) such that:

1) D, is isometric to D;

2) the boundary 0D, is a closed curve lying in a two-dimensional totally geodesic

subspace ™ ~ M?(k);
3) 0D, is a A\-convex curve as a curve in m;
4) D, is a graph over . O
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This theorem can be viewed as an extrinsic analog to celebrated Reshetnyak’s
Majorization Theorem in CAT (k) spaces (see [Res] and [BBI, Chapter 9]).

One of the classical results on the geometry of A-convex domains is the follow-
ing theorem, originally due to Blaschke [3la] who proved it for smooth curves and
surfaces in the Euclidean space.

Theorem 4 (Blaschke’s Rolling Theorem, [Bla, . If D C M*(k) is a A-convex
domain, then

D Q F)\(S)

for every boundary point s € D; here F\(s) is a closed convex set in M?(k) such
that its boundary curve is smooth, has constant curvature A and is locally supporting
to 0D at s. O

Remark 2. As it follows from Theorem 4 and the properties of F\(s) (see the
discussion after Definition 2), for x > 0, or for K < 0 and X\ > \/—x the domain D is
necessarily compact, while in the hyperbolic case (k < 0) for A € (O, \/—_/ﬂ it may
be unbounded.

For the proof of Theorem 1 we will need two technical lemmas. The first one will
help us to reduce some of the later constructions to a more symmetric setup. In
order to state the lemma, we need the following notation.

Suppose D C M?(k) is a closed strictly convex set, and + is its boundary curve.
Fix a point o in the interior of D. For a unit direction u in the tangent space T, M? (k)
let o be the geodesic ray emanating from o in the direction of u, and let o, be the
complete geodesic containing 0. Since D is strictly convex, for every u there exists
a pair of geodesics supporting to 7 and perpendicular to ¢,. Among those there
exists a unique geodesic [(u) such that o) points in the halfspace (with respect to
[(u)) that does not intersect the interior of D. Conversely, every supporting geodesic
to 7 defines a unique direction w in the tangent space T,M?(k). Again by convexity
of D, the mapping S! > u + [(u) is continuous (here we identify S* and the set
T!M?(k) of all unit directions in T,M?(k)).

For a given point = € v, let u, be a unit direction in T,M?(x) such that [(u,) is
supporting to v at z. Note that if v has a unique tangent at x, then u, is uniquely
defined by x; otherwise, there is a cone of directions. If there is a unique tangent, to
simplify notation we will write [, := I(uy).

Let us pick a pair of points z,y € v and a pair of directions u,, u, € S' = T} M?(k).
The geodesic segment xy cuts D into two convex subregions, say D; and Ds. Denote
a(uy) (respectively, a(uy)) the angle between the geodesics xy and I(u,) (resp. zy and
l(u,)) measured from the side of D (resp. Ds). Similarly, denote 3(u,), respectively
B(uy), the angle between xy and [(u,), resp. zy and [(u,), measured from the side of
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Dy, resp. Dy. By construction,

a(ug) + Bug) = aluy) + Bluy) = 7. (8)
In the introduced notation the following lemma holds true.

Lemma 1. For every closed strictly conver set D C M?*(k) and every point o in
the interior of D there exist a pair of points p*,q* € 0D and a pair of directions
Uy, Ug- € St = TIM?(k) such that p* and ¢* subdivide OD into two arcs of equal
length and

aup) + Blug) = alug) + B(uy) = . (9)

Proof. The claim of the lemma seems to be folklore and follows from the intermediate
value theorem by a standard trick. Since we were unable to locate a precise reference,
we outline the proof here.

First observe that because of (8), if we satisfy a(uy )+ (uy) = 7, we automatically
satisfy a(ug) 4+ B(uy) = m, and hence (9).

As usual, write v = 9D. We will prove Lemma 1 for the case when ~ has a unique
tangent geodesic at every point. The general case will then follow by approximation
of convex sets by convex sets with smooth boundary.

If v has the tangent geodesic at every point, then the map z +— u, is well-defined
and bijective. Therefore, the continuous mapping S* > u + I(u) descends to the
continuous mapping v 3 = — (u,) =: l,.

Now let € v be a point. Define f(z) € v to be the point such that x and
f(z) subdivide ~ into two arcs of equal length. Clearly, the map v > x — f(z) is
continuous. Let o, = a(ug), o) = a(uyy)) (similarly define 3, and By)) be
the angles defined for the geodesic segment x f(z) and the tangent geodesics [, and
L) (see the paragraph before Lemma 1). Because the assignments v 3 x +— [, and
v 2 z + f(z) are both continuous, the map v 3 « — a,+ () —7 is also continuous.
Call this map g. Observe that f is an involution, i.e. f(f(z)) = z; together with (8)
this implies

g(f(x)) = —g(x) for all x € ~. (10)

Pick a point zy € v. If g(x¢) = 0, then p* = zo and ¢* = f(zy) and we are done.
If not, then without loss of generality assume g(zo) > 0. But then g(f(zo)) < 0 by
(10). Hence, since g is continuous on an arc of v between the points z and f(x),
by the intermediate value theorem there exists a point p* such that g(p*) = 0. Then
p* and ¢* = f(p*) are the required points. O

Recall that py(L) is the inradius of a A-convex lune of length L (see the discussion
before the statement of Theorem 1). The following lemma describes some analytic
properties of the function p,.
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Lemma 2. The function Iy o L — px(L) is smooth in the interior of I, strictly
increasing on I, and for a given L the value py(L) is equal to the corresponding
right-hand sides in inequalities (3)—(7).

Proof. The explicit formula for p)(L) can be obtained by a direct and straightforward
computation, and thus omitted (see [Dr2, Lemma 4.1] for a similar computation).
The monotonicity property is easy to establish by checking dpy/dL(L) > 0 for all
values of L in the interior of I,; this simple computation is also omitted. O

Proof of Theorem 1. A) We start by proving the result assuming D lies in the con-
stant curvature space M?(k).
For simplicity, write v := 0D. Let p*,¢* € v be a pair of points given by Lemma
1. In particular, p* and ¢* subdivide v into two arcs, say 7, and s, of length L/2.
Suppose m is the midpoint of the geodesic segment p*q¢*. Let us show that

Ims| = pA(L) for every s €. (11)

(Here |ms| = |ms|y, and we will drop the index when it is clear in which space we
measure the distance.) Since the inradius is the radius of a largest ball contained in
D, inequality (11) will yield (2).

Without loss of generality assume s € ;. Let R,,: M?(x) — M?(x) be the point
reflection in the point m. In other words, R, is an isometry of M?(k) such that for
every point z € M?(k) the point m is the midpoint of the geodesic segment TR, ().
Let v := R,,(71) be the image of 7y under R,,, and s’ := R,,(s) be the image of s.
By the choice of the segment p*¢* (see (9) in Lemma 1), the curve I'y := 7 U~y is
convex and encloses a A-convex domain (see Figure 1). By construction, the length
of I'y equals twice the length of +1, and hence is equal to L.

By Blaschke’s Rolling Theorem (Theorem 4), the region bounded by T’y is si-
multaneously contained in both F\(s) and F\(s') (see Theorem 4 for the defini-
tion of sets Fy(s) and Fy(s')). Therefore, I'y is contained in the A-convex lune
F\(s) N F\(s"). Moreover, since I'y is centrally symmetric with respect to m, we
conclude R,, (F)\(s)) = F\(s'), and hence m is the center of the lune F)\(s) N F)\(s).

Write I'f for the boundary of F)(s) N F\(s’). Suppose the length of I'] is equal to
L*, then from the inclusion I'y C Fy(s) N F)\(s") we obtain

L*> L.

Among the two curves of constant geodesic curvature composing I'7 consider the
one, say 7;, containing s, and let s* be the midpoint of +; with respect to the arc
length parameter on it. Observe that the geodesic s*m is the symmetry axis of I']
(see Figure 1).

We claim that

|mx| > |ms*| for every x € 77, (12)
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F1GURE 1. The construction in the proof of Theorem 1 for the case
when the ambient metric space is one of the constant curvature
spaces. The subarc ~; of the curve v cut by the geodesic p*q¢* given
by Lemma 1. The curve 7/ is the image under the point reflection of
~1 in m, where m is the midpoint of the geodesic segment p*q*. The
convex region bounded by the curve I'y = ; U~ is contained in the
A-convex lune F)(s) N Fy(s'); here I'f is the boundary curve of this
lune.

and inequality (12) is sharp, unless x = s*, or m coincides with the center of ~;
(which is only possible for either x > 0, or k < 0 and A > \/—r, that is when
v is a circular arc). The claim and the reflection symmetry of I'; would imply, in
particular, that p)(L*) = |ms*|.

In order to conclude (12) we will use the following geometric argument. First
assume that we are in the hyperbolic case (k < 0) and suppose A < v/—+. Since the
geodesic s*m is a symmetry axis of F)(s), the distance function dist(m, -) restricted
on OF\(s) is strictly increasing as we move along the curve 0F)(s) by increasing
the arc length distance to s*. For example, it can be verified in the Poincaré disk
model: a hyperbolic circle centered at m is disjoint from OF)(s) if its radius is less
than |ms*|, touches OF)\(s) at s* if its radius is exactly |ms*|, and intersects OF)(s)
in a pair of points symmetric with respect to s*m if the radius is greater than ms*.
Since hyperbolic circles and the curve 9F)(s) are Euclidean circles in this model, the
monotonicity is easily observed from this intersection property. Therefore, (12) holds
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true in the case k < 0 and A < /—k. A similar argument applies in the case x > 0,
or kK < 0 and A\ > \/—k, that is when F\(s) is a geodesic disk. For this we need to
observe that any two circles in M?(x) intersect in at most two points, and that m
necessarily lies on the geodesic segment connecting s* and the center of F)\(s).

In particular, (12) holds for z = s. Therefore,

Ims| = |ms™| = pa(L7) = pa(L), (13)

where we used monotonicity of py(-) (Lemma 2). This finishes the proof of inequality
in Theorem 1.

Let us analyze the equality case. If equality is attained in (2), then there must
be at least a pair of points s; € 71 and sy € ¥ for which in (11) we have equality.
Indeed, existence of at least one such point, say s; on 7, follows directly from the
equality assumption in (2). Note that if s; is one of the endpoints of v;, we are done;
so we can assume that at the endpoints of ;, and thus of ~,, inequality (11) is strict.
If |ms| > pA(L) for all s € ~,, then dist(m,y2) > px(L) while dist(m, ;) = pa(L).
Hence the disk of radius py (L) centered at m can be moved in the direction orthogonal
to p*q¢* so that it will be entirely in the interior of D. That would mean that the
inradius of D is strictly larger than p,(L), which is in contradiction to the equality
assumption in (2).

Consider the point s; € ;. Then (13) for s = s; implies px(L*) = pr(L), and since
pa(+) is strictly increasing (see Lemma 2), this is only possible when L = L*. But,
unless I'y = I'], the inclusion of the convex regions enclosed by these curves implies
strict inequality between their lengths. Hence, necessarily I'y = I' and y; = v7. The
same flow of arguments applied to sy € 75 leads to the conclusion v, = 75 (the curves
72 and ~y; are defined analogously to v, and ~f). Therefore, equality in (2) is only
possible when D is a A-convex lune. Theorem 1 for M = M?*(k) is proven.

B) Let us move to the general case. By Theorem 3, consider a convex cap D, C
M3 (k) isometric to D with the planar boundary 0D, C M?*(k) ~ m C M?3(k).
Suppose D is the domain enclosed by 0D, in the two-dimensional totally geodesic
plane m ~ M?*(k) (planarity is guaranteed by property 2) in Theorem 3). If r* is the
inradius of D?, then by the graph property of D,; (see property 4) in Theorem 3) we
have

r >t (14)

Indeed, let w* be an inscribed circle for DY, and p* be the center of w*. Consider a
curve w C D, and a point p € D, that are projected orthogonally onto w* and p*,
respectively. Then for every ¢ € w and the corresponding ¢* € w* we have

lpalp,. = P ¢ M3y = [P°q" | =7
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(where | -|p,, is the distance between points measured intrinsically in D, ). Therefore,
the cap D, contains an intrinsic ball of radius * and with the center at p, and hence
the inradius of D, cannot be smaller than r*. This proves (14).

By properties 1) and 3) of Theorem 3, D7 is a A-convex domain with the boundary
curve of length L. Thus we are in position of applying the result of part A) to this
domain; we obtain

r* = pa(L). (15)
Inequalities (14) and (15) together imply estimate (2) in Theorem 1 for CBB(k)
spaces. Moreover, in order to have equality in (2), one should have equalities in
both (14) and (15). Equality in (14) is attained if D, coincides with D%. Equality
in (15) implies, by the consideration in A), that D is a A-convex lune. Hence, if
equality in (2) is attained, D is necessarily isometric to a A-convex lune in M?(k).
Converse is obvious. Theorem 1 is proven. Il

Proof of equivalence of Theorem 2 and Theorem 1. Theorem 2 follows immediately

from Theorem 1 and Lemma 2. Conversely, Theorem 2 and Lemma 2 imply Theo-
rem 1. U

CONCLUDING REMARKS AND OPEN QUESTIONS

We proved that among all A\-convex domains of the same perimeter A-convex lunes
have the smallest inradius. A similar question can be asked: find among all A\-convex
domains of a given area those having the smallest inradius. Such domains necessarily
exist, and we pose the following conjecture.

Conjecture. In two-dimensional CBB(k) spaces, among all A\-convex domains (home-
omorphic to a disk) of a given area A-convez lunes are the only ones with the smallest
inradius.

It is not hard to prove this conjecture for constant curvature spaces M?(k) (es-
sentially, by using the same techniques as were used in this paper). However, the
problem of extending this to general metric spaces (in particular, what is an analog
of Theorem 3 that reduces questions about equal-area domains to model spaces?)
remains unsolved.

Parallel to an inradius we can define a circumscribed radius

R := mi
min max |pq|ar

for a closed topological disk D in a metric space M. We conjecture that A-convex
lunes are the only mazimizers of the circumscribed radius among all isoperimetric
A-convex domains. This is certainly true in M?(k); an extension to metric spaces of
bounded curvature is an open question.
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Finally, all questions mentioned in this paper in a two-dimensional setting make
sense, and hence give rise to unsolved problems, for multidimensional \-convex do-
mains (see | : | for the n-dimensional setup).
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