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AN EFFICIENT ABSTRACT METHOD FOR THE STUDY OF
AN INITIAL BOUNDARY VALUE PROBLEM ON SINGULAR
DOMAIN

BELKACEM CHAOUCHI AND MARKO KOSTIC

ABSTRACT. The present work is devoted to the study of a boundary value
problem for second order linear differential equation set on singular cylindri-
cal domain. This problem can be regarded via a natural change of variables
as an elliptic abstract differential equation with variable operators coefficients
subject to some anti-periodic conditions. The complete study of this abstract
version allows us to establish some interesting regularity results for our prob-
lem. The study is performed in the framework of Holder spaces.

1. INTRODUCTION AND PRELIMINARIES

In [2] and [3], the solvability of some BVP’s set on cusp domain was discussed.
The authors opted for the use of the abstract differential equations theory and some
regularity results for these problems were successfully established in the framework
of Little Holder spaces. In the same direction, we will show that this approach can
be exploited in order to give a complete study of an initial boundary value problem
involving the Laplace operator and which is also posed on nonsmooth domain. More
precisely, we consider a particular conical domain 2 given by

II=10,T] x Q,

where
Q= {(:E,y) ER?: Va2 442 < w(t)}-
Here, ¢ is a positive real-valued function of parametrization defined on [0, 1] such
that
¢ (0) = ¢ (0) = 0.

In II, we consider the following problem
(1.1) O2u+ Au—Au=h, >0,
corresponding to the following initial conditions
(12) u|t:0 + u|D(T,QD(T)) - O7 8tu|t:0 + 8tu|D(T7SD(T)) - O7

where D (T, ¢ (T')) denotes the disc of radius ¢ (T') centred at (7,0, 0).
We accompany ([LT)-([2)) with following additional conditions

(1.3) Uompremr) =0 ulom oy = 0-
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We assume that the right hand term of (II]) is taken in the anistropic Hélder space
C%([0,7];C (2)),0 < 20 < 1, defined by

{¢ € C([0,7];C(2)) : lim

=0T o< |t—t/|<e [t —¢

16(t) = ¢(t)ll o0 - OO}

Now, we consider the following change of variables

T: II—Q,
(1.4) B T Yy
(t,x,y) = (tvgun) - (tv mv (p—(t)) )
where
Q=10,T] x D,
with

D:=D(0,1)={(&n) e R?: & +9? <1}.

Define the following change of functions
(1.5) u(t,z,y) =v(t&n) and h(t,z,y) = f (&)
It follows from the change of functions (L) that the new version of problem (L)
is given by

BZv+L({t)v—Iv=Ff, in @
(1.6) Voyxp + Vlgryxn =0,

Ovlioyxp + 0l irynp =0,

U|[0,T]an =
where L is the linear operator with singular coeflicients given by

1 v’ (t)
L(t)= A+
() e ()
The following lemma is needed in order to clarify the impact of the change of
variables (I4) on the functional framework of Holder Spaces.
Lemma 1.1. Let 0 < 20 < 1. Then

(1) h e C?([0,T];C(Q) = f € C*([0,T];C(D)).
(2) feC®([0,T);C(D)) = h e Ci([0,T];C(Q)) with

C2([0,7);C(Q)) = {h € C¥(10,T]; () : ( ()™ h € C¥([0,T];C(9)}

{60 +m0,}, 0<t<T.

Proof. See Proposition 3.1 in [2]. O

Due to the presence of a singular coefficients, we must approximate the cylinder
IT by a sequence of regular subdomains. As in [7], we perform the following regular
change of variables given by

M, 1= [t T] % © = Q= [tn, T] x D (0,1),
(tz,y) = (t,&n) = (t % %)
t, <1land lim ¢, =0.

(t
0<
Here, (tn),,cy is a decreasing sequence such that 0 < LHm

Set
Un = vlg,

fn: len'



AN EFFICIENT ABSTRACT METHOD FOR THE STUDY... 3

Summing up, we are confronted to the study of following problems

0?0y + L (t) vn, — Ay = fn, in Qn,
(1.7) Unl(t,yxp + Onlryxp =0,
' 6tvn|{tn}><D + atUn|{T}xD =0,

v"|[tn,T]><6D =0.
Here, we just briefly note that

lim v, =] , o, =g =2

n—+00 n—+4oo

In the next section, we will show that our transformed problems (L) can be formu-
lated as a second order abstract differential equation of elliptic type with variable
operators coefficients.

2. THE ABSTRACT FORMULATION OF THE PROBLEMS ([L.7])
Let us introduce the following vector-valued functions:
vn i [t T] = By t—on(t); on()(€n) = va (,€,7)
fooo [, TN = By t— fu(t); f(0)(&0) = fu (,€,m),
with E = C(D). So, the transformed problem (7)) can be formulated as follows
o)+ A)va(t) — Aop(t) = fu(t), tn <t<T,

(2.1) Un(tn) + va(T) =0,
vy, (tn) + v, (T) = 0.

Here, (A(t)), <;<p is a family of closed linear operators with domains D(A(t))
(which are not dense) defined by
(2.2)
{ D (A(t) :=={p e W*P(D)NCo(D), p>2:L(t)¢p € Co(D)}, tn <t <T,
(A1) 6 (&) = (L) 6 (€,).

Consider the natural change of function
Wy (t) = vp(t 4+ tn) and g, (t) = fr(t +tn);
then
(2.3) gn € C*°([0,T];C(D));
and w,, is the eventual solution of

wi(t) + At + tn)wn(t) — Aw, (t) = gn(t), 0<t < T,
(2.4) wy, (0) + wy,(T) = 0,
wy(0) + wy (T) = 0,

From [I] p. 60, we know that the family (A(t +tn))g< ;< enjoys the following
three properties:

(1)

(2.5) IM >0, V2= 0,Vt € [0,T] ||(An(t +tn) — z)_lﬂL(E) < M

z—l—l;
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(2) For all z > 0, the application t — (A, (t +t,) — X — 2)~! defined on [0, T
is in C?([0,T); L(E)) and there exist C > 0 such that :

(2.6) V2 >0,V € [0,T] ' O A +1n) = A= 2)! <2
ot e 2+l
and
2
(2.7) Vz > 0,Vt € [0,T] H%(A(t—l—tn)—/\—zf)l < Z—CI:I;
L(E)
(3) Moreover, one has : ¥z > 0,Vt,s € [0,T]
(2.8)
0° 2 Ot —s*
— (At +t,) —A—2)"t - —(A n)—A—2)7 ! <— )
e R R e e
92 . 02 ) Clt—s*
- — p— -4+ _ — — - < .
Hatz (At +t,) = A —2) 052 (A(s+s5) — A —2) LB ST

Remark 2.1. In the sequel the symbol C stands for a generic positive constant except
when other dependence is stated explicitly. On the other hand, it is important to
note that all the constants given above are independent of ¢ and and consequently
of n.

3. SOME REGULARITY RESULTS

We are concerned with a study of the problem

wil(t) + Ap(Dwy () — Aw, (t) = gn(t), 0 <t < T,
(3.1) wp(0) + w,(T) =0,
wy,(0) +wy, (T) = 0,
where :
e g, € C*([0,T],E), 20 €)0,1],
o A,(t) = At +tn).

Our purpose is to establish some results about the existence, uniqueness and
maximal regularity of a strict solution w,, for Problem (1] by building explicitly
a representation of the solution w,(¢) and studying its optimal regularity. Recall
here that a strict solution is a function w,, such that

w, € C?([0,T],E),
wy, (t) € D (A(t)) for every t € [0,T],
t— (An(t) = N wy(t) € C([0,T],E),

and satisfying the anti-periodic boundary conditions

wp(0) + w,(T) =0,

wh (0) +w! (T) = 0.
The techniques used here are essentially based on the Dunford functional calculus
and the methods applied in [1, [5]-[6] and [9]. We know that if A, (¢) is a constant
operator satisfying (2.5]), the representation of the solution w, is given by the
formula

1

T
(3.2) wp (t) = / /0 K /= (ts)(Ay — A= 2) g, (s)dsdz

C 2um
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where
—\/—_z(t s) _ e —V=2(T—t+s)
. 0<s<t,
_ 2y/=z (14 e TV=2) ==
(3:3) K=t s)= o~ V=E(5—t) _ o= V=E(T-+t—s)
t<s<T,

2=z (1+ e‘T\/__Z) ’
and the curve v is the retrograde oriented boundary of the sector Iy, ,, of the form
(84) Ty ={z € C— {0} : Jarg(2)| <8} U{z € C: |2 < o},

with some small dy > 0, and 79 > 0. (Here, p(A,,) is the resolvent set of A,,).
First, it is necessary to note here that

Lemma 3.1. There ezists C (dg) > 0 such that for all z € s, r,, one has :

‘1+e—TV-_Z > C(6).

Proof. See Lemma 3 in []. O

Remark 3.2. By using a classical argument of analytic continuation on the re-
solvent, the previous assumptions hold true in the sector Ils, ,,, and then, on 7.
Furthermore, we can replace z by z + A.

Keeping in mind the constant case (see formula ([B.2])), we look for a solution of
Problem (B.1) in the following form :

(3.5) Wn, 2z7r// K /= (t,s) (An (t) = XA — 2) "' g5(s)dsdz,

where g is an unknown function to be determined in some adequate space in order
to obtain a strict solution w, of Problem (B.I)), when g,, € C? ([0,T], E).
Our first result concerning the vector valued function wy, (t) given by [B.3) is

Proposition 3.3. Suppose that g € C?°([0,T],E), 0 < 20 < 1. Then, for all
tel0,71]:

w, € C*([0,T], E),
and

wy(t) € D (A, (1)) .

Proof. First, observe that the vector valued function w,, is well defined. In fact,
using a direct computation on the kernel (3], one has

T
/0 K = (t,8)(An(t) — A — 2) gl (s)ds

< (o [ IR0 <32y ) Wi

tel0,T

< Sl
= |2| nllC([0,T];E)
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Now, we write w,, as follows :

wn(t) 227r// K = (t,8)(An(t) = X = 2) "1 (g5 (s) — g5(1)) dsdz

2m// K /= (t,s)(An(t) = XA — 2) " gp (t)dsdz,

which becomes :

wn(t) % // K=t s)(An(t) = A — 2)" gk (s) — gi(t)) dsdz
~%in / cy==(t _j —2) g (tya
—\—2z 1
e e j gy,
where

c/=(t) =
_Z( ) (1 e—T\/—z)
Thanks to (Z.5]), we have

T
iz | ) A0 =2 2 (0106) — 0 o

¢ ’ 20 *
< [ [ = o U
Y
@zl
= 279 I19nllc2e o,11:m)
v |2l

< Cllgnllczo 0,118 -
Concerning the second integral, we have

L) PRI VA A=

2 P n < CHgnHC([O,T],E) :

On the other hand, by Cauchy Theorem, we deduce that
1 An(t) =X —2)71 . 1 o«
o [ g = (4,0 - N0
.

2im z "
Summing up, we deduce that
Vi € [0,T], wy(t) € D(An(t))

and

(An(t) = ) wn(t)
. / / Kyt 5)(An(t) = N7 (An(t) = A — 2) 71 (g3(5) — g5()) dsdz
- o / (A=A A e,

— gn(t).
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Proposition 3.4. Suppose that g € C?°([0,T),E), 0 < 20 < 1. Then, the abstract
equation

Wy (t) + Ap () wn () — Mwn(t) = g5, () — Ra(gy,)(t)

is satisfied, where

mn = o [ [ okt 5 (An (1) = A= =) g3 (s)dsdz

2z7r// K —(t,s) 8t2 (A (t) — X —2)"tgr(s)dsdz.

Proof. Step 1. First, regarding the derivative w, (), we have :

’ —/—z(t—s) Te V—z(T—t+s) 4 \ . o
) = B
wy, (t) QW// 2(1+eTvV=7) (An(t) 2) "Lyt (s)dsdz
—V=2(s—t) 4 o=V —2(T+t—s) n
2 / / (1+ e TV7) (An(t) = A —2)""gn(s)dsdz

—v=z(t— s) _ e V—E(T—t+s) g9 ) \ ) »
— W(t) =\ — —1 *
2271'// 2y—2 (1 4 e~TV=%) 6t( (t) 2) g (s)dsdz

v—=z( 87F(T+tfs) 9 " \ . .
2m // 2v/— 1_|_e—T\/_—z) at( (t) z) " gr(s)dsdz

Step 2. Let us study the second derivative w (t). We follow the approach used
in [§]. Let € be a very small positive number and ¢ be such that

O<eg<t<T—e<T,

and w;, . be the function defined by

w, (t) = //t ] e R (Ap(t) = X — 2)"tgi(s)dsdz
e 2im (1+eTV=2) " n
// (S e \;(NH) (An(t) = A = 2) " g (s)dsdz
2”1- e 1 + e~ T —z) n n

t—e - \/7_z(t s)_e*\/*_Z(T*tJFS) o A \ ~1,%(s)dsd
_%// 2y/—2 (1 4+ e TV=7) i DT AT

—V=2(s=t) _ o—vV=2(T+t=s) g N \ o (\ded
Qm//ﬁ 2=z (1+eTV7) 5( n(t) =X —2)" gy (s)dsdz.

Observe here that all these integrals are absolutely convergent and

wl, (t) = w,(t),

n,e

strongly as € — 0. In addition, we have
wy (8) =10, o () + 105 (8) + 105 () + 115, . (1)),

where

L e —v/—=z(t—s) _eﬂ/fz(TftJrs) .
Hn,a (t) = 2,”_‘_ // \% 2 (1 + G_T\/__Z) (An(t) - A= Z) gn(s)deZ

e~ V=2(s=t) _ o—v=2(T+t—s) 4 \ ) »
W) —A—2)""g; ,
20 / /+5 2 (1 +67T\/jz) (An(t) 2)" gn(s)dsdz
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R 11 xe=—r e CTCE SRR
57 | Z(HTTC;) (Anlt) = A= 2)" (0 + 2)d

. (1) = —%/7e;ég(gj_efﬁ;)%mn(t)—/\—z)—lg;;(t—g)dsdz
ﬁ/w 62_\/:_15(;:1_6\/?\;::;)%(/1"(15)—)\—z)1g;(t+5)dz,

L) (1) = 5 / / T ::eNZ()T_HS)%(An(t)—A—z)—lg;;(s)dsdz
2w / /Jrs - 1t+ eT\/\/::()TH . %(An(ﬂ —A- Z)ilgz(S)deZ
2171'//t e 1:—e—Tg;T tﬂ)%(A"(t)_)\_Z)ilg:;(s)deZ

I (t

)
t—e o—V=z(t—s) _ o—V—2(T—t+s) 52
// 2=z (1 +e*T¢*7) or

_ 7z s— t F(T+t s 82 )
V== ( 73 (An(t) = X = 2) 7 g5 (s)dsdz.
2“7//+5 2 1+e—T\/—_z) (9152( (t) = A —=2) gn(s) sdz

Taking into account all properties (Z3) to (Z8), it is easy to see all these inte-
grals are absolutely convergent and can be treated similarly using the Lebesgue
dominated convergence theorem. Then, we obtain the strong convergence

_ 2L (An(t) — X — 2)" Lg% (s)dsdz

/

wn,s(t) - w;,(t) and wg,s(t) - _(An(t) —A- Z)_lwn(t) + RA(Q:;)(t) + g;(t)u
as ¢ — 0. Hence
wi(t) = =(An(t) = A = 2) " lwa (t) + Rag,)(t) + g5 (1),

wn () + (An(t) = X = 2) " wa (t) = g5 (8) + Ra(g;,)(8).

O

The relationship between the vectorial functions g, and g} is given by the fol-
lowing

Proposition 3.5. Suppose that g, € L*°([0,T]; E). Then, there exists \* > 0
such that for all X > \*, the equation
gn (t) = g5, (t) = Rx(g,,)(D),
admits a unique solution
gn € L=([0,T]; E).
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Proof. Recall that

B0 = v | JE 5 (An (1) = A= =) g3 (s)dsdz

_ _ —1 %
5 // K —(t, 8152 (A (t) = A—2)""gr(s)dsdz.
Then, thanks to (2.06)-(2.8), we see that

T 82
[ [ st 0 = 3= 2) g (s
v J0O

1 a
<0 [ o el (P

and

1

To o
—K —(t,8)= (A, (t) = X — 2) gl (s)dsd
iz | ] Bt ) 5 (A () = A= ) g s

1 « 1/2+41/2
<c / e e Wil < (O ) 15k
This implies
(3.6) IBA L Lo o, 1350y = C/ A
Now, to establish the result it suffices to choose A\* > 0 such that for A > A*

IBRAN L Lo 0,13;)) < 1-
O

The following proposition is concerned with the regularity of the operator R)
needed in order to study the optimal regularity of the solution we are looking for:

Proposition 3.6. Let g, € C*%([0,T); E). Then, there exists \* > 0 such that for
all A > M,

R(gy,) (t) € C*([0,T); E).
Proof. Tt suffices to adapt the same techniques delivered in the proof of Proposition
4.3 in [6]. O
This justifies the following result:

Theorem 3.7. Let g, € C?°([0,T); E). Then, there exist \* > 0 such that for
all X = X\*, the function w, given in the representation (33) is the unique strict
solution of Problem (31l) satisfying

Wy (1), (An () = M) twn(.) € C?([0,T); B).
As a consequence, we have

Corollary 3.8. Let g5 € L*°([0,T]; E). Then there exists \* > 0 and C > 0 such
that for all X = X*, the strict solution wy, given by (3.4) fulfills the estimate

(3.7) max [ (1)) < €
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Sketch of the proof. The calculus are very cumbersome, we just give the main line
of the demonstration. We have

wn(5) + (An (5) = A) " wn(s) = gn (),

then, we may deduce that

wy(t) = 22#// K /= (t,5) (A, (t) =X —2)"tgu(s)dsdz
_ 2z7r// K (t,5) (An (£) — A — )"/ (s)dsdz

2z7r// K = (t,s) (An (t) — A —2)"HA, (s) — \) " tw,(s)dsdz.

After using integration by parts, we deduce that

_%// K (t.8) (An (t) = A — )L gu(s)dsdz
_ m// K (1 s)i(A (5) = A — 2) "M (s)dsdz

—ﬂ_// Kﬁ(t,S)@(An (5) = A — 2) " w, (s)dsdz,
v JO

so that

5/ / Ky (1) (An (8) = X — 2) " gu(s)dsdz = (1 + Ra(w,)) (1).

At this level, it is easy to see that the result is a direct consequence of the estimate

@330). 0
4. COMING BACK TO THE SINGULAR CYLINDRICAL DOMAIN
Coming back to the problem (1)) one obtains, for ¢ > ¢
Un(t) = wp(t —ty,).
Thanks to Proposition B.7 a classical argument allows us to extract a convergent
subsequence
Upj =V (tnj) N

where

lim t,; =0.
n—-+oo

Then, after a passage to the limit, we deduce the following important result

Theorem 4.1. Let g € C?°([0,T); E). Then, there exists \* > 0 such that for
A = \*, the problem

V() + A(t)v(t) — Mw(t) = f(t), t>0,
v(0) +v(T) =0,
V'(0)+ ' (T)=0

admits a unique strict solution satisfying

v(), (AQ) =N"1e() € C¥([0,T]; E).
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Applying all the preceeding abstract results and Lemma [[LIl our main results
concerning the transformed problem (6] are formulated as follows:

Theorem 4.2. Let f € C?°(Q), 0 < 20 < 1. Then, there exists \* > 0 such that
for X = \*, Problem (I14) has a unique strict solution v € C? (@) Moreover, v
satisfies the maximal reqularity
dfv € C*(Q),
and
1 (t)
0 (t) (t)
Theorem 4.3. Let h € C*? ([0,T];C (2)),0 < 20 < 1. Then, there exists \* > 0
such that for X > X*, Problem (L8) has a unique strict solution v € C?(II).
Moreover, v satisfies the mazimal regularity
dfv € C([0,T];C(Q))),
and

Av — v € C2([0,T];C(Q))),

/
Av + 52 (€0 + 0y} v — Xv € C2(Q).

where
C2([0,T15C()) = {h € C*(10,7];C(Q)) : (¢ () h € C*(10,T];C(Q)) }

Acknowledgments. The second named author is partially supported by grant
174024 of Ministry of Science and Technological Development, Republic of Serbia.

REFERENCES

1. P. Acquistapace and B. Terreni, Some existence and regularity results for abstract non-
autonomous parabolic equations, J. Math. Anal. Appl. 99 (1984), no. 1, 9-64.

2. B. Chaouchi, R. Labbas, and B. K. Sadallah, Laplace equation on a domain with a cuspidal
point in little Holder spaces, Mediterr. J. Math. 10 (2013), no. 1, 157-175.

3. B. Chaouchi, Solvability of second-order boundary-value problems on mnon-smooth cylindrical
domains, Electron. J. Differential Equations (2013), no. 199, 1-7.

4. O. Belhamiti, R. Labbas, K. Lemrabet, and A. Medeghri, Transmission problems in a thin
layer set in the framework of the Hélder spaces: Resolution and impedance concept, J. Math.
Anal. Appl. 358 (2009), no. 2, 457-484.

5. A. Favini, R. Labbas, S. Maingot, H. Tanabe, and A. Yagi, On the solvability and the mazimal
reqularity of complete abstract differential equations of elliptic type, Funkcialaj Ekvacioj 47
(2004), no. 3, 423-452.

6. R. Labbas, Thése d’état, Ph.D. Thesis, Université de Nice, 1987.

7. B. K. Sadallah, Study of a parabolic problem in a conical domain, Math. J. Okayama Univ.
56 (2014), no. 1, 157-169.

8. H. Tanabe, FEquations of Evolution, Monographs and Studies in Mathematics 6, Pitman,
London-San Francisco-Melbourne, 1979.

9. A. Yagi, On the abstract evolution equation of parabolic type, Osaka J. Math. 14 (1977), no.
3, 557-568.

LAB. DE L’ENERGIE ET DES SYSTEMES INTELLIGENTS, KHEMIS MILIANA UNIVERSITY, 44225
KHEMIS MILIANA, ALGERIA
E-mail address: chaouchicukm@gmail.com

FACULTY OF TECHNICAL SCIENCES, UNIVERSITY OF NOVI SAD, TRG D. OBRADOVICA 6, 21125
NovI SAD, SERBIA
E-mail address: marco.s@verat.net



	1. Introduction and preliminaries
	2. The abstract formulation of the problems (??)
	3. Some Regularity Results
	4. Coming back to the singular cylindrical domain
	References

