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ABSTRACT. This paper is concerned with higher Hélder regularity for viscosity solutions to non-
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estimates for fully nonlinear integro-PDEs. We then prove the Schauder estimates for solutions if the
equation is convex.
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1. INTRODUCTION
We consider the following Hamilton-Jacobi-Bellman-Isaacs (HJBI) integro-PDE
[z, u] := sup énfB {—trang(z)D*u(z) — Inglz,u] + bas(z) - Du(z) + cap(z)u(z) + fop(z)} =0 (1.1)
aEAPE

in a bounded domain € R? with the following boundary data
u(z) = g(z) in Q° (1.2)

The coefficients ang,bag, Cas, fas are uniformly continuous in €2, uniformly in &« € A and g € B. The
Lévy measure has the form

Iyglz,u] = / (u(z + 2z) —u(x) — xB, (2)Du(z) - 2)Nag(z, 2)dz, (1.3)
R\ {0}

where N,5(-,2) is uniformly continuous in  for each fixed z € R¢\ {0}, uniformly in @ € A and 3 € B.
We require Al < ang < Al in Q for some 0 < A < A and

0 < Nag(z,) < K(-) in R\ {0} (1.4)

for some measurable function K on R?\ {0} satisfying
/ min{|z|%, 1} K (2)dz < +o0. (1.5)
R4\ {0}

In this paper we extend K and Nag(z,-) for any o € A, 8 € B, x € Q to functions on R? by setting
Nap(z,0) = K(0) = 0.

Here we want to emphasize that the assumption (1.4) we impose on N,g does not guarantee that the
nonlocal operator I,g has an order i.e. there exists a constant o such that I,g[z, u(r)] = r7 Ing[re, u(-)].
Moreover, we notice that, with (1.5), the nonlocal operator I,z behaves like a second order operator
and is not well defined acting on any unbounded function. These features of the nonlocal term lead to
essential difficulties, which we will specify them later, in the proof of the regularity results.

In this paper we study C*® and C% regularity results for second order uniformly elliptic integro-PDEs
as a consequence of the uniform ellipticity of the differential operators. The motivation of studying such
regularity results comes from the stochastic optimal control problems. Two mainly concerned problems
in the stochastic optimal control theory are the stochastic representation formulas for HJB equations
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and the optimal policies. Indeed, to obtain the stochastic representation for a degenerate HJB integro-
PDE, we could first derive it for the approximating equation, by adding eAwu to the HJB integro-PDE,
which is a uniformly elliptic equation where the uniform ellipticity comes from the second order term.
The C% regularity for such uniformly elliptic HJB integro-PDE is crucial for the application of the It
formula for general Lévy processes to derive the representation for its solution and the optimal controls.
Then, by an approximation (“vanishing viscosity”) argument, we can obtain the representation for the
approximating equation converges to that for the degenerate HJB integro-PDE in L sense as ¢ — 0.
And thus the stochastic representation for the degenerate HJB integro-PDE and a e-optimal control are
obtained. We refer to [12,13,17] for more on the application of regularity theory to the stochastic optimal
control problems. The other motivation of studying regularity for the integro-differential operator Z in
(1.1) comes from the generality of the operator. Indeed it has been proved that if Z maps C? functions
to CY functions and satisfies the degenerate ellipticity assumption then Z should have the form in (1.1),
see [8,14].

Existence of a C® solution of the Dirichlet boundary value problem for a uniformly parabolic convex
second order integro-PDE has been obtained by R. Mikulyavichyus and G. Pragarauskas in [19] under
an additional assumption on the nonlocal term. The convexity assumption implies the equation studied
there are the convex and parabolic version of (1.1). Then the assumption on the nonlocal term in [19]
translated to our equation is that for every a € A, 8 € B, z € R? and x € €, the kernel N,(z,2) =0
if 4+ 2z ¢ €. For the associated optimal control problem this corresponds to the requirement that
the controlled diffusions never exit Q and thus the boundary condition is different from the one in
(1.2). With a similar assumption, they also studied in [20,21] existence of viscosity solutions, which are
Lipschitz in  and 1/2 Holder in ¢, of Dirichlet and Neumann boundary value problems for parabolic
degenerate Hamilton-Jacobi-Bellman (HJB) integro-PDEs where the nonlocal operators are of Lévy-Ito
form. In [22], one of the authors studied semiconcavity of viscosity solutions for degenerate elliptic HJB
integro-PDEs. If the control set is finite, existence of C>® solutions of Dirichlet boundary value problems
for uniformly parabolic HIJB integro-PDEs with nonlocal terms of Lévy-Ito type was investigated in [23].
At the end we mention that there are many recent C1® and C% regularity results for purely nonlocal
equations, see e.g. [3-7,9,10,15,16,18,25,27,28], where regularity is derived as a consequence of uniform
ellipticity /parabolicity of the nonlocal part.

The first goal of the paper is to show the C1* regularity estimates for (1.1). We adapt the approach
from [3] using the blow up and approximation techniques. We first rescale the solution w of (1.1) and
consider

v(z) = u(r(x — z) + x0) for each zo € Q and r > 0.

Since the nonlocal operator I, is not scaling invariant, v satisfies a different equation Z"(z¢)[z,v] = 0,
see (2.3). As [3], we need to find an operator, which has C1® regularity, such that Z" () is close to it
with respect to some weak topology for small r. Fortunately, with (1.4) and (1.5) we are able to prove
that Z"(zp) converges to a uniformly elliptic local operator as r — 0, see Lemma 3.1. In the Lemma,
we do not blow up the operator at one point in €2, instead we consider operators of the form {Z"* (z)}
with r, — 0. This leads to the weak convergence of {Z"(z)}, independent of xg. We then apply Lemma
3.1 to prove an approximation Lemma, see Lemma, 4.1, and the following C*® regularity. We state in
an informal way here and will give the full result in Theorem 4.1.

Theorem 1.1. If u is a viscosity solution of (1.1) in B, then there exist constants 0 < a < 1 and
C > 0 such that

lullcras,) < C <|U|L°°(Rd) + sup |f0¢,8|L°°(Bz)> :
acA,BeB

The idea of the proof is similar to Theorem 52 [3]. However, because of the non-scale invariant nature
of 7 and the weak integrability assumption (1.5), there are several difficulties needed to be addressed. On
one hand, only with (1.5), any unbounded function can not be a test function of the nonlocal operator
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I,p. Unlike Theorem 52 [3], we need to consider inductively
wy = (u— &) ((VF (2 — m0) + 20)) Jpkita)

where ¢ € C°(R?), I, is a first order Taylor expansion of the approximation of u in each scale at x
and v € (0,1) is a sufficiently small constant. Another challenge, caused by (1.5), is that, to apply the
approximation Lemma on {wy, }1, we need {wy }5, to be uniformly bounded. This is not the case since we
keep zooming in on . So we need to further cut off wy uniformly by max{—1, min{1, wy}}. And thus
we need to take care of the errors generated by the cut-offs. On the other hand, {wy} is needed to be
compact to apply the approximation Lemma. Because I, is not scale invariant, wy, satisfies different
maximal equations for each k. Thanks to Theorem 4.1 [24], the compactness of {wy}i can be obtained
by a uniform interior C* estimate for {wy}r. We want to mention that, in [15,16], Tianling Jin and
Jingang Xiong also used an approximation argument to derive Schauder estimates for non-translation
invariant purely nonlocal linear and fully nonlinear equations.

After establishing the C*® estimates, in Section 5 we seek for C%% estimates for convex integro-PDEs
i.e. (1.1) where B is singleton. We do not follow the ideas in [1,2] to first prove C'!+! regularity estimates,
and then combine the weak L€ estimate and the oscillation lemma to obtain C*® regularity estimates.
A small drawback of this method is that, more regularity assumptions on the kernel are required.
Another method given in [25] mainly makes use of a Liouville theorem and a blow-up procedure, where
it is important that the kernel has an order which is preserved under some rescaling and the rescaled
solutions have the same growth as the original one. However for us, to apply their method, more efforts
are required to study the rescaled equations, and the corresponding solutions which might have growing
L bounds as the scale become small. It is because of the non-scale invariant nature of Z and the
weak integrability assumption (1.5). We find a simpler way to solve this problem which is the method
developed by the first author in [23]. We first prove the a priori C*< estimate, which is the second main
result in the manuscript. That is

Theorem 1.2. If u € C?(By) N CY(R?) solves (1.1), where B is singleton, classically in Ba, then
fulleneqany < € (lenqa + s Ifallowcan ).

See Theorem 5.1 for the full result. In the proof, we use the C™® estimate given in Section 4 to
show that the nonlocal term is indeed a small perturbation compared to the second order term in (1.1).
With the a priori estimate, we then take a sequence of functions {u,}, and each solves an integro-
PDE, in the viscosity sense, where we truncate the kernels of the nonlocal term. We notice that the
comparison principle for such truncated integro-PDE is not necessary to hold. However, the existence
of such sequence is guaranteed by Perron’s method in [24]. Without loss of generality, we can assume
the solutions {u4}, are classical solutions since we can consider one part of the nonlocal term as a first
order term and the other part as a zero order term, and apply the classical C*® estimates. Using the
a priori C%® estimate, we obtain a uniform C%* estimate for all u, and thus we can pass the limit to
obtain a classical solution v and its corresponding C>® estimate. At the end, by comparing viscosity
solutions with the classical solution we are able to show that the classical solution u we construct is the
unique solution among all viscosity solutions.

2. NOTATION AND PRELIMINARIES

Throughout the paper, we assume that € is a bounded domain in R%. By B, (x) we denote a ball in
R? centered at = with radius r. We write B, := B,.(0) for abbreviation.

Let O be a domain in RY. We say that O satisfies the uniform exterior ball condition if there exists
r. > 0 such that for any = € 9O, there is a ball B, (y) C O° and {z} = 9B, (y) N 00.

For any U,V C RY, define the distance between the two sets as

AU, V):=mf{|lz —y|l,z € Uy V}.
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For § > 0 we denote by
Os :={x € 0,d(z,0° > 6}.

For n € Nand a € (0,1), we denote by C™%(O) the set of functions defined in O whose nth derivatives
are uniformly a-Hélder continuous in O. By C["%(O) we denote all functions whose nth derivatives are
locally a-Hdlder continuous in O. We will briefly write C*(0) := C%*(0) and CZ_(O) := C’IOO’S‘(O). For
any u € C™*(0), we define

[u] SUPzc0,|j|=n |aju($)|a ifa = 0;
u 05,0 = o7 Y 1 .
n,o sup%yeo,m#yvblzn %7 ifa > 07
and )
nmwmo._{ibﬂMmov ifa = 0;
@ lullgnooy + [Uln,a;0, ifa>0.

We write USC(R?) (LSC(RY)) for the space of upper (lower) semicontinuous functions in R?. For any
function u, we denote ut := max{u,0} and v~ := —min{u,0}. We denote by M? the class of d x d
symmetric matrices with real entries.

Let us introduce the rescaled operator Z” corresponding to Z:

T"(20) [z, u) := r*Z[r(z — x0) + zo, u(r (- — z0) + 0)]. (2.1)
We define
Igﬁ(aro)[:zr, u] = /Rd(u(x +2z)—u(x) — XB% (z)Du(x) ~z)N;5(x0,x, z)dz (2.2)
where

Nig(wo, z, z) = rd+2Na/3(r(x — x9) + xo,72).
Then we have
0 < NZy(w0,2,2) < K7(2)

where K"(2) := r9t2K (rz) satisfies
/ ming|z 2, 1/r2} K7 (2)dz < +o0.
R4

Using (2.1) and (2.2)

I"(xo)[z,u] = 21613 L_l}relg {~traas(r(z — z¢) + o) D*u(x) — 155 (w0) [, u]

+7bag(r(x — x0) + o) - Du(z) + r? cap(r(z —xo) + xo)u(x) + r? fap(r(z — o) + xo)} . (2.3)
For abbreviation, we write
T"u(z) :==Z"(0)[z, u].
For A > A > 0 and any kernel K satisfying (1.5), we define the extremal operators for the second
order term and the nonlocal term:

PF(D%u)(x) = sup{tr(AD*u(z)), A € M A\ < A< AI},
P~ (D*u)(z) := inf{tr(AD?u(x)), A € M\ < A< AT},
’P;}T(u)(m) = /]Rd (u(;v +2) —u(z) — 1BI/T(z)Du(;v) . z)+ K"(2)dz,

’PI;T(u)(x) = /Rd (u(;v +z2) —u(z) — 1BI/T(z)Du(;v) . z)_ K" (2)dz.

We denote half relazed limits of a sequence of functions {uy }, by:

u*(z) = li]znsup {un(’): n>k, 2’ € By(a)}
—00
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and
uy(z) = liminf {u, (') : n >k, 2’ € By p(x)} .
k— o0
Then we say u,, I'-converge to u if u*(z) = u.(z) = u.
For the operator Z, we make the following assumptions: in
(A) aas(+),bap(+); cap(), fap(-) are uniformly continuous and bounded,

(B) AI < anp(-) < AT for some 0 < A <A,

(C) for each o > 0, Nyg(+, 2) is uniformly continuous for each z € BS and (1.4) holds,

all uniformly in o € A, 3 € B.
In the last section we will further make use of the following conditions: in

(A7) aap(+),bas(:),cap(:), fap() are uniformly a-Holder continuous and bounded,

(C) Jgamin{1, |z|*} Nog (-, z)dz is uniformly a-Holder continuous and (C) holds,
all uniformly in a € A, € B.

By wuniversal constants we mean constants depending on A, A, d, K, bag and cag. We will denote
universal constants by C' in the paper, possibly changing from one estimate to another.

Now we give the definition of viscosity solutions to (1.1).
Definition 2.1. A bounded function u € USC(R?) is a wviscosity subsolution of (1.1) if whenever u — ¢
has a mazimum over R? at x € Q for some bounded test function p € C?(2) N C(RY), then

sup inf {—traas(z)D*¢(x) = Laplz, @] + bag(x) - Dp(x) + cap(x)u(z) + fap(z)} < 0.

A bounded function u € LSC(R?) is a viscosity supersolution is similar with the above mazimum replaced
by minimum and < replaced by >.

A bounded function u is a viscosity solution of (1.1) if u is both a viscosity subsolution and viscosity
supersolution of (1.1).

Definition 2.2. Let g be a continuous function in Q°¢. A continuous bounded function u is a viscosity
solution of (1.1) with boundary data g if it is a viscosity solution of (1.1) and u =g in Q° .
Below we define the weak convergence of operators.

Definition 2.3. Let U be an open subset of R%. A sequence of operators I™ is said to converge weakly
to I in U if for any test function ¢ € L=(R?) N C%(Bc(xo)) for some Be(xo) C U, we have

I"[x, ] = Lz, @]  uniformly in Beso(wo) as m — oo.
At the end, we give the following C® regularity theorem which is a crucial ingredient for proving C1+¢
regularity.
Lemma 2.1. Assume that —% <u< % in R? such that u solves
PT(D?u) + Pi (u) + Cor|Du| > —f~ in B
and
P~ (D?u) + Py (u) = Cor|Du| < ft in By
in the viscosity sense for some Cy > 0 and f € L%(By). Then there exist universal constants e,, a and
C independent of v such that if ||f||La(p,) < €x we have
fu(z) — u(0)] < Cll*.

Proof. If r = 1, then the theorem is exact Theorem 4.1 [24]. The proof follows by almost the same
argument as that in Theorem 4.1 [24] since the estimate obtained in Corollary 3.14 [24] is independent
of r. O
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3. WEAK CONVERGENCE LEMMA

In this section we consider 2 = By. Recall (2.3), we study the operators Z,* := Z,*(x)[z, u] with
a2 € By. Denoting &y, := r(x — x) + ok, then

T plw) = sup inf {—trans(B4)D%0(x) — I (o), @] + ribas(n) - Do)+

acAyg BEB (31)

ricap (@) p(a) + i fap(@x) } -
Lemma 3.1. Suppose we have a sequence of operators I, satisfying the requirements (A)(B)(C). Sup-
pose for some z € B_l, By >z, —zandr, — 0 as k — oco. Then I,:’“ converges weakly to some 70 in

By where

Tou(z) == Sgaggg{—traaﬂ(z)Dzu(x)}. (3.2)

Proof. Fix xg € By and a test function ¢ € C%(Be(x0)) N L>=(RY) for some B,(zo) C Bo.
It is obvious that rpbas(Zx) - Dp(x), ricas(Zr) (), 17 fap(Zr) — 0 uniformly in 2 € B, js(xo), o €
UgA, 8 € UpB. The nonlocal term
p(x+2) —p(r) —xB, (2)Dp(z) - 2

Il < [
Tk

R4
= —|—/ —|—/ =11 + I+ Is.
B€/4 B:/4QBT71/2 B¢
k I3

—1/2
k

K" (z)dz.

Then the first part of the integration

= [ Jelwt2) - pl) — Dela) 2| K™ ()i
Bc/a
< [ 1Dl oo P )t
Be/4

< D%l (5o, (o0 / |22 (2)d=.

BTk€/4
The second part
I <C(l0l ey + D0l (55, a (o) /B (1 DK™ (2)dz

:/4ﬂBT;1/2

<Ol gty + D] = (o, o) / (12 + vz K (2)d=
Bike/4ﬂBTllc/2

<C(l[@ll oo ey + 1ol Lo (By. (o)) ) (€2 + 671)/ 27K (2)dz.

Bike/4nBTi/2

The last part
I <C(llllpoe rey + ||D<P||L°°(B3e/4(m0)))/ (1+xB, (2)|z))K™(2)dz
c ’V‘k

—1/2
"k

<Ol + 1Dellm o) [ 07+ xm rel=DE ()t

S1/2
k
l .
SC(II@IIL«»(W)+||D<p||Loo<Bge,4<xo>>)7“;§/C min{|z[*, 1} K (2)dz.
1/2
"k

Therefore, the integrals I, I and I3 all go to 0 uniformly in x € BE/Q(:EO) as k — 4o0.



INTEGRO-PDES 7

We conclude that

1251y, )| + [rebas(y) - De(y)| + [ricas () e()] + |ri fas (@) < w(re, ¢, €, K) (3.3)

uniformly in B, 5(20) where w(rg, ¢, €, K) — 0 as 1 — 0 independent of o, 3,2 € B 2(x0).
For the remaining second order term, since

aap(Zr) — aap(2z) uniformly in z as 1, — 0,
we find
Iy o(z) = I%¢(z) uniformly in z € B, .
O

Lemma 3.2. Let {Z;*}, U{Z°} are given by (3.1) and (3.2) satisfying (A)(B)(C), and {u*} U {u} C
LSC(R?) be a sequence of uniformly bounded functions in R? such that as k — oo

e — 0, u® = win the T sense in By,

;¥ — I° weakly in B,

I;"uk(:zr) <n in By, withnr — 0 as k — co.
Then Z9%u(x) < 0 in By.

The similar result holds if we replace LSC(R?) by USC(RY) and the two “ < 7s by “>"s.

Proof. Let ¢ € C%(By) N C(R?) be a bounded text function such that ¢ touches u strictly from below
at € By. Since u* I'-converges to u in B, we can find z; and di such that ¢ + dj touches uy from
below locally at x; where xp — x,dr, — 0 as k — oco. Let ¢, = ¢ + di, and thus

I+ () < my for k large enough.

The goal is to show Z%(x) < 0.
We have

TOp(x) < |T0%(x) — I o(x)| + [T o(x) — Tk (x| + Tk " (k)
= Il —|— IQ —|— Ig.

By the weak convergence assumption of the operator Z,*, we have I; — 0 as k — oco. And I3 <7, — 0,
as k — o0, is given by the assumption.
Now we show I — 0. Recall the definition of Z* in (3.1). It is not hard to see that

T3 0" (k) — T p(an)| < Cldl

which goes to 0 as k — co. We only need to show |Z;*¢(z) — Z;*¢(x)| — 0. This is guaranteed by the
requirements (A)(C), ¢ € C?*(B;1) N C(R?) and z, — 2. We then conclude with Iy — 0.
0

4. C1® REGULARITY

The main theorem of this section is a C*® regularity for solutions of (1.1). Before proving it, we first
give the following Lemma.

Lemma 4.1. For any zo € By and r > 0, let Z"(z0) and Z°(zq) are given in (2.3) where the corre-
sponding coefficients satisfy the requirements (A)(B)(C) with 2 = Bs. Suppose that given M,e > 0 and
a modulus of continuity p, assume that there exist ro,n > 0 indepent of ¢ such that

r < 1o, Io(xo)[x,v] =0 in By,

T (x0)[z,u] > —n, " (x0)[x,u] < n in By,

u=w in OBy, |u(x)| + |v(x)] < M,

u(z) — u(y)| + [v(z) — v(y)| < p(lz —yl) for all z,y € B1.
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Then
|lu—wv| <e€in B.
Proof. The proof is very much the same as Lemma 7 [3]. If the statement is false, there exists
Maevxkvrkvnkaukvvkvxo
such that
xp € B1 , xy € By and x, — %o,
r, — 0 and g — 0,
the assumptions of the lemma are valid for each k,
sup |ug — vg| > € in By.
By Lemma 3.1, Z" (z},) converges weakly to Z%(z) in Bj.
Since ug, v, share the same modulus of continuity in B, by passing to a subsequence, we may assume
that
up = u, vg —vin L%(By)
where u,v are bounded continuous function in B;. Also by the assumption that u;y = vx on 0B7, we
have
u =wv =:¢g on J0Bj.
By Lemma 3.2, u, v solves
T%(z0) [z, w] =0 in By,
w=g on 0B;.
By comparison principle, we derive that « = v which contradicts
sup |ug — vg| > € in By.
Then the proof follows.
O

The following theorem shows the C1* estimates for (1.1). The proof follows from the idea of Theorem
52 [3]. Comparing to the C1'* regularity result in [3], the major differences are the following: 1. since
our operator Z is non-scale invariant, we have to use a uniform interior C“ estimate for all scaling
operators {Z"},; 2. with the weak integrability assumption (1.5) on K, the nonlocal operator I, is not
well defined acting on any unbounded function, and thus we need to cut off our solutions and take care
of the errors generated by the cut-off.

Theorem 4.1. Let T given in (1.1) satisfy (A)(B)(C) with Q = Bs. Suppose u € L®(R?) solves
Zlz,u] = 0 in By in the viscosity sense. Then there exist constants 0 < a < 1 and C' > 0 such that

[ullorem,) < C (|U|L°°(]Rd) + sup |f0t,3|L°°(Bz)> ;
acA,BeB

where C' depends on A, A, sup,c 4 gep |basllL(B.)s SUPaea ges ICasllLe(B,), K and d.
Proof. Fix any xg € B;, we remind you that
T (z0) [z, u] = 2 I[xo + r(x — z0), u(zo +r (- — 20))].
By Lemma 3.1, as r, — 0
I (w0) = I°(x0).
In particular Z°(xo) has interior C1# estimates for some universal constant 3 > 0.

The proofs and constants below will be independent of z( since our Lemma 4.1 is independent of z.
For simplicity let us assume xy = 0. Also without loss of generality, we can assume that

[[wll oo may < 1. (4.1)



INTEGRO-PDES 9

Using Lemma 2.1, we have u € C?(By).
As done in Theorem 52 [3] we will show that there is a §, € (0, 1) and a sequence of linear functions
I(z) = ay, + brx such that

sup |u— I, < vEOFe) (4.2)

250k
lar — ak—1] < V<k71)(1+0‘), (4.3)
by — by | < CpE—D0F) (4.4)
and |u — I < p~ M @) gm1=a | lte’ for 4 € BSs, k- (4.5)

Here we took any a, ' such that 0 < o < o < . Once this is done, it is standard to obtain the C''®
estimate of u (at the origin) follows.

When k£ = 0, let [_y = lp = 0. Since (4.1) holds, we have (4.2)-(4.5). We proceed by induction.
Assume (4.2)-(4.5) are satisfied up to some k and we will show (4.2)-(4.5) for k + 1.

Let £ : R? — [0, 1] such that ¢ is continuous and

&(x) =1for x| <3, &(x) =0 for |x| > 4.

We define

(u — &ly,) (0vFx)

R+ and wy,(r) := max{min{wy(x),1}, —1}.

wi(x) ==

The reason we define wj, is that wj, is uniformly bounded independent of k.
By (4.2), |lwy| = |wg| < 1in Bs. Then in B

Trw)(z) := v (0)[x,w},] = sgp i%f{—tr aap(2) D?wi (z) — Ig’ék (0)[z, wy]+

51/kba,3(:10) - Dwy(z) + 52u2kcaﬂ(:t)wk(;v) + (521/2kfa,3(:10)}.

By the inductive requirements we have on ag, by, they are uniformly bounded. Since ||[u|oo < 1 and &l
is uniformly bounded, |wy| < Cv~*1+®) in RY. By (4.5), for all 2 € B N Bys-1,,-x,

jon ()] < |
And, for any z € BSs 1,k
lwy ()] < Cpy—k+a) < O§5—(+a),,—(1+a )k < C|;v|1+"‘/.
Also since wy, is bounded, we can assume that for « € BS

lwi| + [w), — wy| < Cmin{|z| T,y F0F}, (4.6)
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Thus, if we restrict z in a smaller ball Bs/ and denote by s := k(< 9)
S k
1155 (0)[z, wy, — wy]|

/{ lz+2|>21NB |w;€_wk|(x+z)Ks(z)dZ+/ |wj, — wg|(z + 2)K*(2)dz
zi|lz+z n 1

c
a1

/ |z + z|1+°‘ K*(z)dz + / Vk(HO‘)KS(z)dz)
ﬂB s—1 (j‘

R (z)dz)

IN

<C

<C

\

|Z|1+a Ks( )dz+52yk(lfa)/

Bf/zﬁB 1 ;:71

22 5(2)dz S(l—o/)/2
=¢ </ ,NB 71/2| | * ( )d " /B§1/2

2|2 K3 (2)dz + 621~ /

NB, -1 271

5_2V_2kKS(Z)dZ>

<C / 22K (2 )dz+s<1-a’>/2+52uk<1—a>>
ﬁB S1/2

<C

B 12

|2]2K (2)dz 4+ s1—2)/2 4 52yk(1a)>

<C 122K ( )dz+5<1a’>/2+52>

where wl(é) — 0 as § — 0. Then for any z € Bs/s, we have
Trwi(x) = §2ph—a) sup 1r€1f{ tr aagD u—Ingl,u—E&lk] + bap - Du
acAB
+ captt + fag — bag - by — caglk}(él/ x)

= 62 sup 1nf{ tr anpD*u — Ing[-,u] + bag - Du
acAPEB

+ Capth + fap = bap - bk — Capli + Lagl-, €k} (005 ).
Now for any 0 < ¢ < 1 to be determined, let ro := r¢(¢),n := n(€) be given in Lemma 4.1. Since
Z[xz,u] =0 in By and
bag * by Caplic, [Lap s §lk]

are uniformly bounded in Bys,r, we have in Bs/;
|Trwy(z)| < CO*/FI—2) < 082,
Therefore in Bs /o
|Zpw), (z)| < C6? +wi(8) <7 (4.7)

if 6 := 0(e) is taken to be small. Also we can require § < rq.
Because w, satisfies (4.7), again using Lemma 2.1, we have |lw[|cs5;) < C for some C' independent
of k. Then let us consider a function h which solves

T%x0)[z,h] =0 in By,
h = wy, on 0B;.
By Lemma 4.1, |w}, — h| < € in By. By C1” estimates, we can take [ = @ + bx to be the linear part of

h at the origin. Since |w;| < 1in By and 0 < € < 1, we have |a] < 1 +e. By the C" regularity for
T%(xp), we also have |b| < C for some C' independent of k.
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Also we have for some constant C; > 0 independent of k

|h(z) — I(x)] < Cl|x|1+5 in By 5.

So
wi,(z) = (z)] < e+ Cilz]™P in By, (4.8)
Using (4.6), we have
lwi(z) = l(z)| <1+a+b< C in By, (4.9)
lwi () — £V 2)I(x)] < Jwi(2)] + |I(2)] < Cla)' " + Cla| in BS. (4.10)
We define

- X
e (2) = () + OO,

(u— & lpy1) (001 a)

wg1(T) = ST a)
where wy41(z) = M ifz <5 wh),
14+«
v

Then (4.3)(4.4) for k + 1 follows.
Now let v be sufficiently small such that max{v?=, Cluo‘,’o‘} < 1/8 and then we take e < 7,
Using (4.8)(4.9)(4.10), we have

et ()] < V77 4 o =0 < S(14 (2 ) i By, (4.11)

ool —

[wies1 ()] < Cv= 07 for 2 € B,-1\B,-1,

_ k+1 l_ , ,
i (@) < LD = SOV TNV oy —apgpie’ 4 Gy-oa] for & € R\B, .
v «

From the above estimates, we can further choose v small enough such that
1 1+a’ c
|wgs1(x)] < §|3:| for all x € BS. (4.12)

Since
(1= o) OV H1a) (= L) (0v4Ha)

W1 (2) = (E+1)(1+a) B p(k+1)(1+a)

in By, by (4.11) and v < 1, |wp41(2)] < 1 in By and thus (4.2) holds for k + 1.
For x € By, i1, by (4.12) we have

1 ’
[(u = lkt1)(z)] < iV(kJrl)(lJra)|571V7k7133|1+0‘

< V—(k-{-l)(o/—a)(s—l—o/ |x|1+o/ )
So (4.5) holds for k 4 1. This completes the inductive step and the proof. O

Corollary 4.2. Let T given in (1.1) satisfy (A)(B)(C). Suppose u € L>=(R?) solves T[z,u] = 0 in Q in
the viscosity sense. Then there exist constants 0 < a < 1 and C > 0 such that

||u||c1,a<ng>SO<|uILm<Rd>+ sup |foz6||L°°(Q)>v
acA,BeB

where C' depends on 0, A\, A, sup,c 4 peg [1DasllL= (@), SUPaea ges [CasllLe (), K and d.
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5. C*“ REGULARITY
In this section we will show that the following Dirichlet problem
Tlx,u] == sup{—tray(z)D?*u(x) — Io[z, u] + b (z) - Du(x) + co(x)u(z) + folz)} =0, in Q,
acA (51)

u=g, in Q°

with a bounded function g € C(R?) and

Iz, u] = /]Rd (u(z + 2) —u(x) — xB, (2)Du(z) - 2)No (2, 2)dz, (5.2)

admits a unique viscosity solution u, which is C2%(€2).
To study (5.1), we first consider

Zylz,uy] =0 in Q,
u=g in Q°,

where fq is defined by replacing I, by the truncated nonlocal operator

Iy 4z, u] = /Rd (u(z + 2) —u(z) — xB, (2)Du() - 2)No (7, 2)X|2|>1/q 42

in (5.1). The idea is to use the C™® estimates obtained in the previous section to derive the uniform
C?“ estimates for u,, which allows us to pass the limit up a subsequence and obtain a classical solution
u of (5.1). Comparing viscosity and classical solutions, we know that v is the unique viscosity solution
of (5.1). We first start with the following a priori estimates.

Theorem 5.1. Suppose (A’)(B)(C’) hold and o is a sufficiently small universal constant. If u €
C?(Q2) N C*(R?) solves I[x,u] =0 in Q classically, then
lulleseiany < € (ullewcen + sup I allowco
where C' depends on &, A\, A, sup ¢ 4 [|ballco ), SUPaea llcallco), K and d.
Proof. Let ¢p € C(£2) and 0 < ¢ < 1. For some 1 > 6 > 0, assume
supp{i} C Qog, g5 € { = 1}

Then ¢u is a classical solution of

SUD{ 110 (2) D2 () (0) + ba(0) - D()(0) + ) )(0) + Fale)} = 0 (5.4
where
ola) i=u(a)tr aa(r) D%6(r) + 0 (r) D (x) © Du(r) — u()ba(x) - D) + fu() () — Tufr, o]
+ [ Wle+2) = 0(e) = x5, (V) - e + Voo, ) d

+ / (u(z + 2) — u(@)) DY() - 2Na(z, 2)x5: (2) dz.
Rd

Applying Corollary 4.2, we obtain [Julc1.a(q;) < C ([[u]| oo (ray + SUPgea I fallLoo(0)). Then, using u €
CLY(Q), (A), (C) and ¢ € C°(Q), we know

loc
ba(2) - D(Yu)(@), ca(@)(tu)(@), u(@)tr aa(z) D*(x),
traq(z) Dy (x) © Du(z), u()ba(r) - DY (x), fol)y(z)
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are uniformly C® in Q. Then, by 1 € C°(Q), u € C*(R?) and (C’), we have

/ ((x + 2) = (x) = xB, (2) DY (2) - 2)u(x + 2) Na(z, 2) dz

is uniformly C'* in . Also

/Rd (u(x + 2) — u(z))DY(z) - 2Na(, 2)x B, (2) dz
B /Bg Fini=#" (/01(1 ~ 0Fu(a + )it ) Do(e) - N, )

+ / (u(x + z) —u(z))DY(x) - 2N, (x, 2)dz
B1\B¢

is uniformly C* in Q since u € CL*(Q) N C*(RY), ¢ € C°() and (C’) holds.

loc =
As for I, [z, Yu], we decompose it into two terms, i.e. for 0 < e < §

Lo gz, vu] :/ ((Yu)(z + 2) = (Yu)(x) — D(Yu)(z) - 2)Na(, 2) dz

€

i / (Yu)(z + 2) = (Yu)(x) — xB, (2) D(Yu)(z) - 2)Na(z, 2) dz =: L1 () + L2().
B¢
The second part I is uniformly C® in Q since 1yu € C*(R?) and (C’) holds. The first part

L(z) = /B 2EMZ2§! </01(1 — 07 () (x + tz)dt> Nu(z, =) d=.

We find for z,y € €25
2 !
IL(z) - hiy)] < /B 2y ( / (1= )07 |(u) (& + t2) — (Pu) (y + t2)| dt) K(2)dz

1
< [ 1P [ 1@ileseoy o - sl @K () dz
< | @)l gan ey 12— yI°
= Ce ||(¢“)Hc2wa(925) |z —y|*

where ¢, is a universal constant depending only on € and it converges to 0 as € — 0.
We proved that

||f~a||ca(95) < C6,€) (lullgagray + | flloa(ay) + cel|(Yu)llcza(a,s)-
Using the interior O estimates for local elliptic equations, we have
[bullc2.a(,s) < C65€) ([[ullce@ey + 1 fllowy) + @, ) ()|l cza(a,;)

whereNC(g,e) is a constant such that ¢(d,e) — 0 as € — 0 for each § > 0. If select ¢(3,¢) < 1/2 and
0 := 30, we obtain the desired result. O

Lemma 5.1. Suppose g € C*(Q°), (A’)(B)(C’) hold and §X satisfies the uniform exterior ball condition.
Then, if u solves (5.1) in the viscosity sense, we have u € C*(R?) for some a > 0.
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Proof. From the proof of Theorem 5.6 [23], there exist Cy,~y > 0 such that, for any 2 € 9 and y € R?,
we have

lu(z) — u(y)] < Cofz —y|".
The rest of the proof follows from Lemma 3 [3]. Fix o € ©, y € R? and let 2r = d(xg,Q¢) = |20 — 71
for some x1 € Q. If |zg — y| > r/2, we have

ly — 21| < |y — 20| + |0 — 21| < 5lwo — yl,
and thus
[u(y) — u(zo)| < uly) — u(@1)] + |u(x1) — u(wo)]
< Co(ly — z1|" + |z1 — 20]7)
< COly — xol".

Now consider the case that |zg — y| < r/2. Without loss of generality, we assume 0 = z¢ € Q and
llull Loo(ray = 1/2. Define p(x) := Calx|7,

v(x) :=u(re) —u(zy) and o(x) := min {p(4r), max {v(x), —p(4r)}}. (5.5)
Then we have |z1]| = 2r, v(z1/r) = 0 and
v(z) =ov(x) forall x € By C By(x1/r). (5.6)

Notice that, for any 2 € R?, we have
(@) = [u(rz) — u(z1)] < p(lrz — 21]) < p(2r + r]z))
and ||v[| oo ey < 1. And thus we have
lv(x) — v(z)| < min{(p(2r + r|z|) — p(4r))4, 2} in RY. (5.7)
Using (5.6) and (5.7), we have for any x € By

I(0)fe,v -] < /| (o2l 2 — ) 21 )

< /| il 1= = plar)) . 2} K (2)

<C min{|rz|”, 1} K" (2)dz

|21>1

= Crz/ min{|z|7, 1} K(z)dz
|z[>r

< CT"/ min{|z|?, 1} K (2)dz < Cr7.
|z|>r
Thus we proved in By,

| sup {—tr aa(rz)D?o(z) — I%(0)[z, 0] + 7 be(rx) - Do (z)
acA

+72 o (ra) (v(x) + ulzy)) + 72 falrz)} | < CrY. (5.8)
Using Lemma 2.1, we have for x € By /o
[5(2) = 5(0)| < C(Cr” + p(4r))|z|” = Cr[x|”
and thus for any y € B, /5
uly) — u(0)] < (2.
If B>, using y € B, /o we have '

CT’Y(M),@ < CTV(M)V < C|y|7.
r r
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If B <, Cr(E)8 < OylP.
Finally, we let & = min{3, v} and finish the proof. O

Theorem 5.2. Suppose ¢, > 0, (A’)(B)(C’) hold and ) satisfies the uniform exterior ball condition.
Then there exists u solves (5.1) classically with a bounded function g € C*(Q°) for some k > 0.

Proof. Using Theorem 5.7 [24], we obtain that (5.3) admits a viscosity solution u, € C(R?). Without
loss of generality, we can assume that u, solves (5.3) classically, see Theorem 5.3 [23]. Then, using
Theorem 5.1 and Lemma 5.1, we have there exists an a > 0 such that

lugllcza(s)) + llugllcamay < C (”.‘]HCN(QC) + Sléli”fa”Ca(Q))

where C' is independent of ¢q. Using a diagonal argument, there exist a subsequence of {u,}, and its
limit u € C2%(2) N C*(RY) such that u solves (5.1) classically.

loc

O

Theorem 5.3. Suppose the conditions in Theorem 5.2 hold. Then (5.1) admits a unique viscosity
solution u, which is C2*(Q) N C*(R%) for some o > 0.

loc
Proof. According to Theorem 5.2, (5.1) admits a classical solution u. Suppose there is another viscosity
solution v(# u) of (5.1). Then maxga |u — v| is obtained inside §2, i.e. there exists zo €  such that

|u — v|(xo) :r%adx|u—v| =0>0.

We first assume that u(zo) > v(x). By u € CL% (), we can view u as a test function and thus

sga{—tr ao(z0)D*u(x0) — I, [0, u] + ba(x0) - Du(zo) + calzo)v(zo) + falzo)} > 0.

Then

—o inf ¢o(20) = Z[xo,u] — 0 inf co(z0) > sup{—traoD?*u — I,[-,u] + b - Du~+ cov + fo}(z0) > 0.
acA acA acA

We get a contradiction if inf,, ¢4 (29) > 0, otherwise we do a perturbation argument as follows. Take

Cs= sup |ba(z)|
acA,xzeQ

Recall Lemma 5.5 [24], there exists a function 1 € C?(2) N C(R?) such that
1<y <2,
PH(D*Y) + P (1) + C3|Dyp| < —1in Q.
Now instead of considering u as a test function, we choose u — €t where € < o/4. Then
u—ep<u—e=v—c¢€in N

and
(u —e) (o) > v(xg) + 0 — 2 > v(xg) + 2€.
So we can assume v — (u — €2)) obtains its minimum at some z(, € Q and thus

Tlxg,u—eh] >0
which is equivalent to

Tfan,u = ] = sup{~trao D*u - ) = Lol (u = e6)] + b+ Dl = ) + calu = ) + fu z0)

< Ifwo, u] + € Sug{traaDzw + Lo 9] + [ballDY| = cat} (o)
ac

< —e <0,

which leads to a contradiction. So u(zg) < v(xp). A similar argument shows that u(xzg) > v(zp). In all
we finish the proof. O
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