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ON THE BRAVERMAN-KAZHDAN PROPOSAL FOR

LOCAL FACTORS: SPHERICAL CASE
ZHILIN LUO

ABSTRACT. In this paper, we study the Braverman-Kazhdan pro-
posal for the local spherical situation. In the p-adic case, we give a
definition of the spherical component of conjectural space S,(G, K)
and the p-Fourier transform kernel @ff , and verify several conjec-
tures in [BKOO] in this situation. In the archimedean case, we
study the asymptotic of the basic function 1, , and the p-Fourier
transform kernel @ffs.
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1. INTRODUCTION

The theory of zeta integrals can be traced back to the work of B.

Riemann, who first wrote the Riemann zeta function ((s) =

oo 1
n=1 ns

as the Mellin transform of a theta function. The idea was developed by
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J. Tate in his thesis [Tat50] using the theory of zeta integrals. For con-
venience, in the introduction we restrict to the non-archimedean local
fields case. For each character y of F’*, where F' is a non-archimedean
local field, one considers a family of distributions given by zeta inte-
grals Z(s, f,¢) with parameter s € C on the space S(F*) = C*(F).
Tate shows that the distribution admits meromorphic continuation to
s € C, possibly with a pole at s = 0. The pole can be described by
the L-factor L(s, x), in the sense that the distribution % admits
holomorphic continuation to the whole complex plane. ’

R. Godement and H. Jacquet [GJ72] generalize the work of Tate and
study, for any irreducible admissible representation 7 of GL(n) over a
non-archimedean local field, the family of distributions given by zeta
integrals Z(s, f, ) with parameter s € C on the space S(GL(n)) =
C*(M,,), where ¢, € C(m) is a matrix coefficient of 7. They show that
Z(s, f, px) has meromorphic continuation to s € C with a possible pole
at s = 0, and their poles are captured by the standard local L-factor
L(s, ) attached to 7.

According to R. Langlands ([Lan70]), for any reductive algebraic
group G defined over F', and for any finite dimensional representation
p of the Langlands dual group “G, one may define the local L-factor
L(s,m, p) associated to an irreducible admissible representation 7 of
G(F). It is natural to ask: Is it possible to find a family of distributions
similar to the case of Godement-Jacquet that define the general local
L-factor L(s,m, p)? Over the last fifty years, one found various types of
global zeta integrals of Rankin-Selberg type, whose local zeta integrals
may define local L-factors for a special list of G and p. Often, the zeta
integrals of Rankin-Selberg type are not the same as that of Godement-
Jacquet. In 2000, A. Braverman and D. Kazhdan in [BK00] propose a
conjectural construction of families of distributions that may define the
general L-factors L(s,, p), similar to that in [GJ72]. We will explain
their proposal below.

1.1. Notation and Convention. Throughout the paper, we fix a
local field F' of characteristic 0, which can be either a p-adic field or an
archimedean field. When F'is a p-adic field, we let Op be the ring of
integers of F' with fixed uniformizer w, and we assume that the residue
field of F' has cardinality q.

We fix a valuation | - | on F. When F' is a p-adic field, we normalize
| | so that || = ¢7!. When F = R, it is the usual valuation on R.
When F = C, |z| = 2% for any z € C, where Z is the complex conjugate
of z.
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Let G be a split connected reductive algebraic group over F. Fol-
lowing the notation of [Lil7, Section 3.1], we assume that the group G
fits into the following short exact sequence

(1) 1 Go G —2-G,, 1

Here Gy is a split connected semisimple algebraic group over F, and o
is a character of GG playing the role of determinant as in GL(n) case.

Let “G be the Langlands dual group of G. We fix an irreducible
algebraic representation

p: G — GL(V,)

of dimension n = dimV,. There are similar results for reducible p,
but for convenience we only work with the case when p is irreducible.
Following [BK00, Definition 3.13] and [Lil7, Section 3.1], we further
assume that p is faithful, the restriction of p to the central torus G,, —
L@ is z — 21d, and ker(p) is connected.

We require that the representation p fits into the following commu-
tative diagram

1 G, ———1ta LGy 1

T

1 G GL(V,C) —= PGL(V,C) —~ 1

The top row is obtained by dualizing the short exact sequence (1),
and 7 is the projective representation obtained from p. By [Lil7, Sec-
tion 3.1], we may assume that the rows are exact and the second square
is cartesian.

We fix a Borel pair (B,T') for our group G. Let X, (7)) and X*(7T)
be the cocharacter and character group of T' respectively. Let W =
W (G, T) be the Weyl group. Let pg be the half sum of positive roots.
The corresponding modular character is denoted by dz. Following the
suggestion of [BNS16] and [BNS17], we let [ =2 < pp, A >, where A is
the highest weight of the representation p.

When F' is a p-adic field, we choose a hyperspecial vertex in the
Bruhat-Tits building of G which lies in the apartment determined by
T. The corresponding hyperspecial subgroup G(F) is denoted by K
as usual. When F'is an archimedean field, by Cartan-Iwasawa-Malcev
theorem [Bor98, Theorem 1.2], we fix a maximal compact subgroup K
of G.

When F'is a p-adic field, we fix the Cartan decomposition G(F) =
[Dex.r), KAN@)K, where X, (T), is the positive Weyl chamber. When
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F'is an archimedean field, we also fix the Cartan decomposition G =
K exp(a)K, where a is a maximal abelian subaglebra of the Lie algebra
gof G. Let T(F)N K = Tk.

We fix a nontrivial additive character ¢ of F' with conductor Opr. We
also fix a Haar measure on F' such that the Haar measure is self-dual
w.r.t. the additive character 1.

1.2. Braverman-Kazhdan Proposal. In [BK00], the local aspect of
the Braverman-Kazhdan proposal is to construct a family of zeta dis-
tributions associated to each finite dimensional representation p of the
Langlands dual group G that define the general L-factor L(s, 7, p) for
every irreducible admissible representation 7 of G(F') via a generaliza-
tion of the work of Godement and Jacquet [GJ72]. Roughly speaking,
they proposed the existence of a function space S,(G) C C*(G), which
should be the space of test functions for the zeta distributions, such
that the following conjecture holds

Conjecture 1.2.1. [BK00, Conjecture 5.11] With the notation above,
the following hold.

(1) For every f € S,(G) and every ¢ € C(m) the integral

Z(s, f, ) = /G F(9)o(@)lo(9)]*Edg

is absolutely convergent for Re(s) > 0.

(2) Z(s, f,p) has a meromorphic continuation to C and defines a
rational function of ¢°.

(3) In ={Z(s, f,¢)| [ e€S,(G),p € C(m)} is a finitely generated
non-zero fractional ideal of the ring C[q®, ¢~*], where C(m) is the
space of matriz coefficients of .

Remark 1.2.2. In [BK0O0|, Braverman and Kazhdan defined the num-
ber | to be the semisimple rank of G. Following the work of [BNS16]
and [BNS17], it is suggested that the correct normalization should be
l =2 < pp,\ >, where X\ is the highest weight of p. In the case where
p is the standard representation of GL(n), the number | =n — 1. The
definition coincides with the work of Godement and Jacquet [GJT72].

Assuming that the Conjecture 1.2.1 holds, one may define the local
L-factor L(s, 7, p) to be the unique generator of the fractional ideal I
of the form P(q~*)~', where P is a polynomial such that P(0) = 1.
Moreover, they also proposed the existence of a Fourier-type transform
F, [BKOO, Section 5.3] that is defined by

Folf) =lol™ " (@up = [Y), [ €CE(G),



BK-SPHERICAL 5

and satisfies the following

Conjecture 1.2.3. [BK00, Conjecture 5.9] The p-Fourier transform
F, extends to a unitary operator on L*(G, |o|"**dg) and the space S,(G)
is Fy-invariant. Here the character o is defined in (1).

Here @, , is a G-stable o-compact distribution in the sense of [BKO00,
Definition 3.8]. After unramified twist, the action of ®,, , ; on the space
of m €lrr(G) is given by a rational function in s, which is the associated
local gamma factor y(—s — 5,7, p, ).

Remark 1.2.4. Here we want to make a remark on the vy-factor. As-
suming the local Langlands functoriality for p, we can set

v(s, 7, p,0) = (s, p(T), ),

where p(m) is the functorial lifting of m along p. The ~-factor is a
rational function in s. Hence, for special values of s, for instance s =
—L. there might exist m € Irr(G) such that the constant v(—L, p(7), )
does not exist for m. In this case, we can take an unramified twist of
D, ,, which we denote as ®y, , . Then the action of <I)¢ s 0N the space
of m is given by the local gamma factor v(—s — 1,7, p, ).

Remark 1.2.5. In [BKO0O, Section 1.2], Braverman and Kazhdan de-
fine the distribution ®y, , s with the property that its action on the space
of m €lrr(G) is given by the local gamma factor (s, m, p,) with pa-
rameter s € C. For normalization purpose, we define our G-stable
distribution @y, , s with action on m via the scalar y(—s — 5,77, p, ).
In Lemma 2.4.4 below, we show how to derive the relatwn between
v-factor and ®y, , s formally from the conjectural functional equation

Z(l - 87fp(f)7 (p\/) = 7(877T7p7 WZ(S; fv @)7 f € SP(G>7SO € C(ﬂ->

In [BKO0O, Section 7], Braverman and Kazhdan give a conjectural
algebro-geometric construction of the distribution ®y ,,. It is not dif-
ficult to define the distribution ® ;s on 7' associated to the repre-
sentation p o i of XT

Lp 211G —% GL(V,) .

Since the distribution ®,, , is conjectured to be G-stable, using the
adjoint quotient map G™ — T /W, one can naturally extend it to a
distribution on G once the W-equivariance of the distribution ®y ,0;
is established as conjectured in [BK0O, Conjecture 7.11]. Then Braver-
man and Kazhdan conjectured that the construction gives us the distri-
bution ®, ,; that we want. There is a parallel conjecture in finite field
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case, and some recent works ([BKO03], [Chel6], and [CN17]) confirm the
construction.

For the construction of function space S,(G), Braverman and Kazh-
dan [BKO0O, Section 5.5] expect to use the Vinberg’s monoids [Vin95].
For each p, one can construct a reductive monoid G, containing G as
an open dense subvariety, whose unit is just the group G, and there is
a G x G equivariant embedding of G into G, . Here G, is expected to
play the role of M,, as in [GJ72]. But for almost all p, G, is a singular
variety. Hence one cannot simply use the locally constant compactly
supported functions on G, as our conjectural function space S,(G).
Recently there are some works in the function field case ([BNS16] and
[BNS17]) explaining the relation between the geometry of G, and the
basic function in S,(G).

Assuming the local Langlands functoriality for p, L. Lafforgue [Laf14]
proposes the definition of §, and F, using Plancherel formula. How-
ever, the analytical properties of S, and F, may not be easily figured
out from such an abstract definition.

By the work of Godement and Jacquet [GJ72], when p is the standard
representation of GL(n) the above conjectures hold. We can take S,(G)
to be the restriction to GL(n) of functions in C2°(M,,), and GL(n)
embeds into M,, naturally. Here M,, is the monoid of n X n matrices
which fits into the construction of Vinberg [Vin95]. F, in this case is
the classical Fourier transform on M,, fixing C2°(M,,) defined by

F(F)(g) = | det g " (@ yaea * £)(9)
_ /M LWty S € CXOn)

where ®y,a(g) = 1(tr(g))| det(g) "

Basic Function. Although the structure of the space S,(G) is still
unclear, there is a distinguished element in the space S,(G), called
basic function, which we will introduce below.

In [GJ72], the authors find that the characteristic function 1u, (0,
of M,,(Op) satisfies the following two properties:
(1) For any spherical representation = of G = GL(n) with Satake
parameter ¢ € f/ W, let ¢, be the associated zonal spherical
function, then

n—1
Z(‘S?an(OF)’SOﬂ') - / 1Mn(oF)(g)<pﬂ(g)‘detg‘S+ 2 dg
G

= det(1 — (¢)g~*|V)™' = L(s, 7, std).
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(2) Fsa(Im,0p) = IMa0p)-
Let S : H(G, K) — C[T/W] be the Satake transform, which is an

isomorphism of algebras. Using the Cartan decomposition, the zeta
integral Z(s, I, (0x): ¢x) is equal to the Satake transform of the func-

tion 1w, (0,)| det "t evaluated at the Satake parameter ¢ € T/W of
7. For general p, one is naturally led to the following definition of the
basic function 1, with parameter s € C.

Definition 1.2.6. [Lil7, Defintion 3.2.1] The basic function 1, =
1,|o|® with parameter s € C is the smooth bi-K -invariant function on
G such that

S(1P,3>(C> = L(87 ™, p)
for any spherical representation m of G with Satake parameter c, where
o is the character defined in (1).

Following the work of Godement-Jacquet [GJ72], one hopes that the
function 1, 1 = 1p|a|_é lies in the function space S,(G) and has the
following property

Conjecture 1.2.7. ]:P(lp,—é) =1 ..

p7_§

It is shown in [BKOO, Lemma 5.8] that Conjecture 1.2.7 holds as-
suming the compatibility of parabolic descent and p-Fourier transform
[BKO0O, Conjecture 3.15].

One of the reasons that we care about the function 1, is its role in
Langlands’ Beyond endoscopy program [Lan04]. When Re(s) is suffi-
ciently large, we expect to plug it into the Arthur-Selberg trace formula
[FLM11]. On the spectral side, we would get a partial automorphic
L-function. On the geometric side, the weighted orbital integrals of
the basic function can tell us information about the automorphic L-
function. For details the reader is recommended to read [Ng616] and
the last section of [Get15].

1.3. Our Results. We obtain results uniformly for both p-adic and
archimedean local field. For convenience, we treat them separately in
the following.

p-Adic Case: We give a construction of the spherical component of the
function space S,(G) and the distribution kernel of p-Fourier transform
®y, ,, which we denote by S,(G, K) and . Here we need to use the

extension of Satake isomorphism S : H(G, K) — C[T/W] to almost
compactly supported functions H,.(G, K) in the sense of [Lil7, Propo-
sition 2.3.2], since the L-functions and v-factors are rational functions
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rather than polynomial functions on 7'/W. The functions in S,(G,K)
are not always compactly supported, but always almost compactly sup-
ported.

Definition 1.3.1. Define the function space S,(G, K) to be
S(G,K)=1, 1 *H(G, K).

!
"3
Define the distribution kernel of p-Fourier transform @g,p,s to be
1
l \/ )
L(—S ™ p )

— 5

(I)ﬁp,szl l *S_l(

p71+5+§

In Proposition 2.2.2, we show that when p is the standard represen-
tation of G = GL(n), we actually have

Sstd(G> K) = lstd,—”T*1 * H(G> K) = ]‘Mn(OF) * %(G’ K)

Here Sa(G, K) is the restriction of functions in C°(M,,, K), the bi-
K-invariant functions in C°(M,,), to GL(n). The structure for the
standard case will be our main ingredient for introducing Definition
1.3.1.

Based on Definition 1.3.1 we can verify that the Conjecture 1.2.1 and
Conjecture 1.2.3 hold under the assumption that the functions and rep-
resentations are spherical. We can also verify Conjecture 1.2.7 without
referring to [BKO0O, Conjecture 3.15]. More precisely, the following the-
orems holds

Theorem 1.3.2. Let w be a spherical representation of G. For every
feS,(G,K), p €C(n) the integral

(s, fr0) = / F(9)e(@)lo(g)|+ dg

is a rational function in ¢°, and the fractional ideal I, = {Z (s, f, ©)|f €
Sp(G, K),p € C(m)} is equal to L(s, m, p)Clg®, ¢~°].

The idea for the proof of Theorem 1.3.2 is as follows. We notice
that the function f € S,(G, K) is bi-K-invariant. Following the proof
of Proposition 2.2.2, we can actually assume that ¢ is bi- K-invariant,
which means that ¢ is a scalar multiple of the zonal spherical func-
tion associated to m. Then, up to multiplying by a constant, the zeta
integral Z(s, f,¢) is equal to S(fs+%)(c), where ¢ € T/W is the Sa-
take parameter associated to w. Now Theorem 1.3.2 follows from the
definition of S,(G, K) and Remark 2.2.3.
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Theorem 1.3.3. For any f € S,(G, K), define the p-Fourier trans-
form F, as in [BKOO] by the formula

Folf) = 1ol @y, x 1Y),
Then F, extends to a unitary operator on L*(G, K, |o|"t'dg) and the
space S,(G, K) is F,-invariant.

The idea for the proof of Theorem 1.3.3 is as follows. To show that
JF, extends to a unitary operator on L*(G, K, |o|"*'dg), equivalently we
need to show the following equality

< Fo(f), Folh) > 12,5 o 1d9) =< [ I >12(6 K o +1dg)

for any f,h € H(G, K), since the smooth compactly supported func-
tions are dense in L*(G, K, |o|""dg).
We first rewrite the integration as follows

V

< ]:p(f)> ]:p(h) > 12(G,K,|o|*1dg) = fp,z+1(f) * ]:p(h) (e)

< foh > 126K ot 1ag) = Tusr * Y (€).
Then as in the proof of Proposition 2.4.8 we can show that after the
—\/ J—
Satake transform, the functions F,;11(f) * F,(h) and Ay * f¥ are
equal to each other as a rational function on 7'/WW. Hence we get
the first part of Theorem 1.3.3. To show that the space S,(G, K) is
F,-invariant, we show that F,(S,(G, K)) and S,(G, K') have the same
image under Satake transform.

Theorem 1.3.4. fp(lp’_%) =1

P35

The idea for the proof of Theorem 1.3.4 follows from the direct com-
putation of the Satake transform of ]:P(lp,—é) and 1p7_%. We show
that they coincide with each other after Satake transform as a rational
function on 7 /W, from which we deduce that they are equal to each

other.
The detailed proof of the theorems are given in Section 2.4.

Archimedean Case: We give a construction of <I>{f7 , using the spher-
tcal Plancherel transform. More precisely,

Definition 1.3.5. We define @, = Liert * HH(

Here H is the spherical Plancherel transform.

oot
L(_S—%ﬂﬁﬁv) ’

Parallel to the p-adic case, we can verify that Conjecture 1.2.7 holds
through showing that F,(1, L Jand 1, L have the same image under

spherical Plancherel transform .



10 ZHILIN LUO

We also study asymptotic properties of 1,, and (135 o5 We let
SP(K\G/K) be the LP-Harish-Chandra Schwartz space, where 0 <
p < 2 is any real number. Then we can prove the following theorem.

Theorem 1.3.6. (1) If F = R, and Re(s) satisfies the following
imequality

Re(s) > max{w,(p)| 1<k <n,ue C’?},
or
(2) If F = C, and Re(s) satisfies the following inequality
Re(s) > max{wkT(M)| 1<k<n,ueCre}
then the function 1, lies in SP(K\G/K).

Here {wy}}_, are the weights of the reprentation p, € = % — 1, and
C*PB is the convex hull in a* generated by elements W - epp.

Theorem 1.3.7. (1) If F =2 R, and Re(s) satisfies the following
inequality

l
Re(s) > —1 — 3 + max{wi(p)| 1<k <n,ueCPs}
or
(2) If F = C, and Re(s) satisfies the following inequality

1
Re(s) > —5 é +max{wk(’u)|

then the function ®f lies in SP(K\G/K).

1<k<n,ueCrs}

The idea for proving the asymptotic theorems is based on several as-
ymptotic estimations for classical I'-function and its derivatives, which
are recalled and proved in the beginning of Section 3.4.

The details are presented in Section 3.4 and Section 3.5.

Jayce Getz [Getl5] also has similar descriptions for F,(f), where f
lies in C°(G, K). His description of the Fourier transform uses the
relation between F, and the standard one on GL(n) also via spherical
Plancherel transform, in which the p-Fourier transform is not written
as an explicit kernel function. Using the functional equation, one can
observe that his definition coincides with our definition of F,. On the
other hand, using the explicit estimation for the kernel function <I>f§7 s
we find that our domain for the Fourier transform F, is bigger than
C>(G, K). For instance, we can take Fourier transform for the basic
function 1, ;.
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Organization of Paper. In Section 2.1, we have a quick review of the
Satake isomorphism. In Section 2.2, we give a description of the struc-
ture of Sga(G, K'), which are the restriction of functions in C°(M,,, K)
to G = GL(n). In Section 2.3, we briefly review the theory of basic
functions. In Section 2.4 we prove the unramified part of the conjec-
tures mentioned in the introduction.

In Section 3.1, we review the theory of spherical plancherel trans-
form. In Section 3.2 and 3.3, we review the Langlands classification
and Langlands correspondence of spherical representations for GL,, (R)
and GL,(C). From the Langlands classification and Langlands corre-
spondence, we obtain the explicit formula of local L-factors. In Section
3.4 and 3.5 we prove asymptotic properties of 1, ; and <I>K from which

¥,p,8
we can deduce the theorems mentioned in the introduction.

Acknowledgement. I would like to express my sincere gratitude to
my advisor Prof. Dihua Jiang, who encourages me continuously, and
gives me helpful advice when I was writing down the paper. I would
also like to thank Fangyang Tian for discussing the proof of Lemma
3.4.3, Chen Wan for reading the manuscript carefully, and Jorin Schug
for correcting some grammars. Finally, I would like to thank the anony-
mous referee for several useful comments.

2. p-Apic CASE

The theory of spherical functions and spherical representations for p-
adic groups are developed by I. Satake in [Sat63]. In particular, Satake
proves that under the Satake transform S, the spherical Hecke algebra
H(G, K) is isomorphic to C[T'/W], which nowadays is called the Satake
1somorphism.

On the other hand, H (G, K) is contained in the conjectural function
space S,(G, K) as a proper subspace. In order to obtain a similar
description for S,(G, K), we need to extend the Satake isomorphism
to S,(G, K). This is achieved in [Lil7, Proposition 2.3.2]. For the
basic function 1, L although it is not compactly supported on G, it

is compactly supported on the sets {g € G| |o(g9)] = ¢ "}nez. For
different n, the sets are disjoint. This means that the function 1, L

is almost compactly supported as defined in [Lil7, Definition 2.3.1]. In
particular we can apply the Satake isomorphism to 1, L

Using the Satake isomorphism, we will give a deﬁmtlon of S,(G, K)

and <I>ff )50 and we can verify several conjectures in this case as men-

tioned in the introduction.
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2.1. Satake Isomorphism. In this section, we review the Satake iso-
morphism. The main references are [Car79|, [Gro98| and [Sat63].
First we give the definition of Satake transform.

Definition 2.1.1 (Satake Transform). For f € H(G, K), the function
S(f) is defined to be

S(HE) =0

Ty ol

(t) /N f(tn)dn.

In [Sat63], Satake proves the fact that S is an algebra isomorphism
from H(G, K) to H(T, Tx)", where both algebras are equipped with
convolution structure.

Using the canonical W-equivariant isomorphisms

~

T/Tk = X(T) = X*(T),
we have

H(T, Tx)" = C[X,(T))" = Clx*(T)".

Since C[X*(T))] consists of C-linear combinations of algebraic charac-

ters of T, it can Eaturally bAe identified with algebraic functions on T
Therefore C[X*(T')]" = C[T /W]. Sometimes we abuse the notation of

Satake transform S with the image identified with C[T/W].

2.2. Structure of S, q(G, K). In this section, we review the theory
of the zeta integrals for the standard L-function of GL(n) over a non-
archimedean local field following the approach of Godement-Jacquet.
The main references are [GJ72] and [Jac79]. In the end we give a
description of the structure of Syq(G, K).

In [GJ72], Godement and Jacquet established the theory of standard
L-function for multiplicative group of central simple algebras following
the approach of [Tat50]. For our purpose, we only focus on G = GL(n),
though the story for multiplicative group of central simple algebras is
almost the same.

Let (m, V') be an admissible representation of G' with smooth admis-

sible contragredient dual (7¥,V). Let
<, > VxV-=C
(v,v) =< v,v >

be the canonical linear pairing between V and V.
Let C(m) be the C-linear span of the following functions

Tow: g =< 0,7(g)v >, v cEV.ieV.
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Elements in C(7) are called the matrix coefficients of 7.
By the admissibility of 7, the smooth contragredient of 7V is canon-
ically isomorphic to 7. It follows that for any ¢ € C(7), the function

v'(9) = ¢lg™")
is a matrix coefficient of 7.
Let M,,(F') be the space of n x n matrices over F. Let C'°(M,,) be

the space of smooth compactly supported functions on M, (F).
For p € C(m), f € C*(M,,), s € C, one set

) 5.£,¢) /f g)| det g5 d*g.
In [GJ72], the following proposition was proved.

Proposition 2.2.1. [Jac79, Proposition (1.2)] Suppose that 7 is an
irreducible and admissible representation of G, then

(1) There exists sy € C such that the integral (2) converges abso-
lutely for Re(s) > Re(sp).

(2) The integral (2) is given by a rational function in q~°, where q
18 the cardinality of the residue field of F'. Moreover, the family
of rational functions in q—*°

I(m) ={Z(s, f, o)l [ €CZ(My), ¢ €C(m)}

admits a common denominator which does not depend on f or
®.

(3) Let ) # 1 be an additive character of F'. There exists a rational
function y(s, ) such that for any ¢ € C(w) and f € C°(M,,),
we have the following functional equation

(3) Z(I—S,F(f),gpv):V(S,W,w)Z(S,f,QO),
where F(f) is the Fourier transform of f w.r.t. ¥

F(f)(x) = . f)p(tr(yz))dy.

Here we choose dy to be the self-dual Haar measure on M, (F),
in the sense that

F(F)() = f(=).

Now we prove the claim in the introduction, that the space Syq(G, K),
which consists of the restriction to G = GL(n) of bi- K-invariant func-
tions in the space C2°(M,,(F)), has the following simple expression

I, o) * H(G, K) = 1q a1 * H(G, K).
Proposition 2.2.2. S;q(G, K) = 1y, 0, * H(G, K).
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Proof. Let m = 7, be a spherical representation of G with Satake pa-
rameter ¢ € T'/W. By Proposition 2.2.1

Z(s, f, px)
{ L(s,m) |

Now for any matrix coefficient ¢.(g) =< v,m(g)v > in C(w), there
exists finitely many constant numbers ¢; in C, hjj and gf (1 < i <
n) in G, such that ¢-(g9) = > i, &'\ (higgl), where Ty is the zonal
spherical function associated to w. Therefore up to translation and
scaling, we can assume that our ¢, is just the zonal spherical function
I'y. Moreover

f e CEMu(F)), or € C(m)} =Clg™, ¢].

Z(s, f,Ty) = / F(9)Tx(g)] det g|*+*F* dg

= fldet |"*"= % T(e),
and by the fact that G is unimodular

Z(s,f,T)) = /G F(g7)y(g™h)] det g~ [+ 5 dg

syn=l
=T * fldet |*"= (e).

Since I’ )V( is bi- K-invariant, we can assume that f is bi- K-invariant as
well. It follows that Proposition 2.2.1 in the spherical case can be
restated as

{Z(Sa f> F><)| f € Sstd(G> K)} = L(S,W)C[q_s,qs].

Now we notice that Z(s, f,T) = S(f|det |**"2" )(c). If we let I, ,
be the zonal spherical function associated to s = w|det |, then we
have Z(s, f,I'y) = Z(0, f,I'y ), and

Z(0, f,Tys) = S(fldet [T )(c- q7) = S(f)(c-¢~* "),

where ¢ - ¢7° is the Satake parameter of 7., = 7| det |*.
Therefore

n—1

Z(S,'H(G’ K), FX) = S(H(G, K))(c . q_s_nTil) — C[f/W](C . q—s—T)'

The space C[T/W](c-q~*~"=") is contained in C[¢*, ¢*] naturally.
On the other hand, the space

CIT/W)(c g ) ={Z(s. £.T})| f€HG.K)}
can be identified with

{Z(s, [ el [ € CZ(G), ox € C(m)}
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using the same argument as the beginning of the proof. Moreover, the
space {Z(s, f,ox)| [ € CX(G),pr € C(m)} is a fractional ideal of
Clq®, ¢*] containing the constants, it follows that {Z(s, f, )| [ €
C>2(@), ¢r € C(m)} = C[g*, ¢~*], and we have proved that C[T/W](c -

q—s—”T) = Clq™*, ¢°]. Therefore we get
Z($> faFX) 7 _S_nTil
e €CT/Wle ), ] € SulGLK).

Letting s = 1_7", we get
S(f) € S(ni0p))CIT/W] = 81, (0p) * H(G, K)).

From this we get Sqa(G, K) C lm,0p) * H(G, K), and therefore we
have proved the equality

Saa(G, K) = a0 * H(G, K).
U

Remark 2.2.3. Actually from the proof of Proposition 2.2.2 we find
that if a smooth bi-K -invariant function f satisfies the condition

Z(s, f,.I'y) CCl¢®, ¢ %],  for any unramified character x,
then the function f lies in H(G, K).
Theorem 2.2.2 will be our basic ingredient for introducing the space

S,(G, K).

2.3. Unramified L-Factors and the Basic Function. In this sec-
tion, we review basic results of basic function. The main references are
[Lil7] and [Sak14].

Let 7, be the spherical representation of G with Satake parameter
ceT/W.

First we recall the definition of unramified local L-factor.

Definition 2.3.1. The unramified local L-factor attached to mw. and p
is defined by

L(7e, p, X) = det(1 - p(€)X) ",
which is a rational function in X.
The usual L-factors are obtained by specializing X, namely
L(s, 7, p) = L(7e, p,q %), s € C.
Then we recall the following identity.
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Lemma 2.3.2. [Bum13, Proposition 43.5]

L(s. s ) = (D (=1 tr(A ple))a ™) = D en(Sym* e

1=0 k>0

Here we notice that, by assumption p o ¢ can be identified with
the standard embedding of G,, into GL(V,) via z — zId. Moreover,
following the assumption in [Lil7, Section 3.2], the restriction of p to
the central torus is z — zId, z € C. Therefore we find that for all
s € C,

L(ﬂ-c ® |U|8>p> X) = det(l - p(C ' q_s)X)_l
= det(1 — p(c- ¢ 1) X) ™" = det(1 — p(c)g* X))
= L(m¢, p,q° X).

Now to define the basic function 1, , we want to apply the inverse Sa-
take isomorphism to L(m., p, X). But L(7,, p, X) is a rational function
rather than polynomial on T /W hence we need to analyze the sup-
port of the inverse Satake transform of L(m,p, X). Following [Lil7,
Section 3.2], we give an argument showing that the basic function is a
formal sum of compactly supported functions on GG with disjoint sup-
port.
We recall the Kato-Lusztig formula for inverse Satake transform

Theorem 2.3.3 ([Kat82], [Lus83]). For A € X, (T), = X*(T),, let
V(X\) be the irreducible representation of “G of highest weight X, then

oV = Y R (S (ke x)

peXx (T)+ S

as an element in H(T,Tx)". Here the function Ky, is the Lusztig’s
g-analogue of Kostant’s partition function as mentioned in [Lil7, Sec-
tion 2.2].

If we let mult(Sym*p : V(\)) be the multiplicity of V()\) in Sym*p,
then

L(me,p. X) =Y Y mult(Sym*p : V(A)trV(A)(c) X",

k>0 AeX.(T)+
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By the Kato-Lusztig formula, it equals

Z{ Do mult(Syntp V()g

20 S AuEX.(T)4,u<A

KA,u<q—1>s<1Ku<w>K><c>}Xk

Z { Z Z vau(q_l)mult(Symkp : V()\))X’f}

PEXL(T)s © k>0 AEX(T)4 A>p
q PP S(1g i) (€).

Here we observe that each weight v of Sym”p satisﬁes o(v) =k,
where k is identified with the character of G,, : z — z*. Thus for each
i € X.(T),, the inner sum can be taken over k = U(,u).

For p € X, (T4, we set

(4) (@)= > Kyu(g Hmult(Sym*p: V())),

NEX.(T) 4 AZp

if o(u) > 0, and 0 otherwise.

We have to justify the rearrangement of sums. Given p with o(pu) =
k > 0, the expression (4) is a finite sum over those A with o(\) = k as
explained above, and hence is well-defined. On the other hand, given
k > 0, there are only finitely many V()\) that appear in Sym*p. Thus
only finitely many p € X, (7)4 with o(p) = k and ¢,(q) # 0. To sum
up, we arrive at the following equation in C[[X]]

L(ﬂ-c”Oa X) = Z CM(Q)q_<pB’M>S(lKu(W)K)(C)XJ(M)'

pEX«(T)4

Now we define the function ¢, x : T'(F)/Tx — C[X] by

Pp.X = Z Cu(q)q_<p3’“>8(1KM(W)K)XU(H)-

REXH(T)+

By previous argument we find that for fixed k,

ST mult(Symtp s V)G K (07 (L) (€)X

ApEX (T)‘Fv/l/g)\
liesin H(T, T )" . Hence ¢, x is a formal sum of functions in H (7T, Tk )"

Definition 2.3.4. Define the basic function 1, x as a formal sum of
functions, each is supported on {p € X.(T)y|o(n) = k} for some k > 0
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lying in H(G, K) as

1P,X = Z Cu(q)q_<vau> lKu(w)KXU(M)
REX(T)+

One may specialize the variable X. Define 1, as the specialization
at X = ¢~°. Then
1,s = 1,0
In [Lil7], several analytical properties of 1, has been proved. By
definition, we have S(1,x) = ¢, x. Let ¢ € T/W and . be the K-

unramified irreducible representation with Satake parameter c. Let V,
denote the underlying C-vector space of 7.. Then

‘PP,X(C) = L(ﬂ-Ca pa X)

is a rational function in ¢ € T/W. For Re(s) sufficiently large with
respect to ¢, the operator m.(1,,) : V. — V. and its trace are well-
defined and

tr(1p7s|vc) = L($> Tes p)'

Moreover, it is shown in [Lil7] that the coefficient ¢, (q) is of polynomial
growth w.r.t g, and the integrability of 1,, when Re(s) is sufficiently
large has also been demonstrated. We refer the reader to the paper
[Li17] for further details.

2.4. Construction of S,(G,K) and F,. In this section, we give a
definition of the space S,(G, K) and construct the spherical component
of the operator F, using the inverse Satake transform.

The definition is motivated from the structure of Syq(G, K) as shown
in Proposition 2.2.2.

Definition 2.4.1. We define the function space Sp(G, K) to be 1,
H(G, K).

By our definition of S,(G, K), the spherical part of Conjecture 1.2.1
holds automatically. Moreover, following the proof of Proposition 2.2.2,
we find that

{Z(s, .7 )| [ €H(G,K)} =C[T/W](c-q ) =Clg",q "]

1k
T2

for any spherical representation 7. with Satake parameter ¢ € f/ W.
From the proof of Proposition 2.2.2, we realize that S,(G, K) is the
largest subspace of C(G, K) satisfying the spherical part of Conjec-
ture 1.2.1. In other words, the following theorem holds.
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Theorem 2.4.2. Let w be a spherical representation of G. For every
feS,(G,K), p €C(n) the integral

1
2s.1:0) = [ Ha)elallot)l g
is a rational function in ¢°, and I, = {Z(s, f,¢)| f € S,(G,K),p €
C(m)} = L(s,m p)Clg* q*].
Using our definition, we can also show the following

Lemma 2.4.3. S,(G, K) contains H(G, K).

Proof. By Satake isomorphism, the space S(1,, L *M (G, K)) as rational
functions on ¢ € T/W is equal to L(—i, 7., p)C[f/W], which contains
C[T'/W]. Applying inverse Satake transform and we get the lemma. O

Then we give our definition of the spherical component of the ker-
nel @ﬁ ,- Before that we show how to derive the relation between
v(s,m, p,1) and @ , from the conjectural functional equation

Z(1 =5, Fp(f), ") =~(s,m,p, ) Z(s, f, ),

where

Zuﬁwzzy@wmwmwwg

and p(g) =< v, 7(g)v > lies in C(m).

Since the analytical property of ®,, , is still conjectural, the proof of
the following lemma is purely formal. But later when restricting to the
spherical component, we can make it to be rigorous.

Lemma 2.4.4. For any irreducible admissible representation @ of G

l
ﬂ-(@d’vpvs) = 7(_8 - §>7TV>P> w)Id

Proof. As conjectured in [BK00], the function F,(f) is defined to be
o[~ @y % ).

We plug the formula into the functional equation, and get

(5) <0, Z(1 —s,|o| " ( @y, * fY), 7 )0 >

(6) :V(S,W,p,w)<5,2($,f,7r)'l}>.

Here Z (s, f, ) is defined to be the operator [, F(9)(g)|o(9)|2dg when-
ever Re(s) is sufficiently large. For the left hand side of (5), we can
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further simplify it to be
Z(1—s, |0|_l_1(q)w,p « 1), 1) = Z(=s =1, Py, [, 77)
= (1) 1 Py ) (7)1 ()
Then the conjectural identity can be simplified to be
<0, (1) Lot ( Py p) () ot (f v >= (s, 7, p,¢0) <V, w1 (flo >

Now by assumption, ®, , is a G-stable distribution, therefore it
should be conjugation-invariant. Then by Schur’s lemma the opera-
tor (WV)_S_é((I)w,p) should act as a scalar ¢(s). Hence the identity can

be further simplified as
(5) < Ty (7)o (P 5= (s, 7,9, ) < B 7y s ()0 > |
Now we arrive at the equality
c(8)Z(=s =1 f7,0") =(s,m p. ) Z(s, f, 0).
Using the identity Z(—s — [, f¥,¢") = Z(s, f, ), we get
c(s) = (s, m, p, ).

In other words, we obtain
(71'\/)_3_% (®w7p> = 7(87 7T7 p7 w>1d7

which is equivalent to the desired relation

l
71-((I)v,l),p,s) = 7(_8 - ivﬂ\/apv ¢)Id

O

Now we restrict our representation 7 to be a spherical representation.
By the definition of v-factor in spherical case, we know that

L(l — 5 7.(.\/’ p)
L(s,mp)
Since we assume that 1 is self-dual, which means that ¢ has level 0.
By the computations in [GJ72] we know that (s, 7, p,¢) = 1 when
p is the standard representation of GL(n). In order to be consistent
with the functoriality for general p, which means that (s, 7, p, 1) =
e(s, p(m), 1), where p(m) is the functorial lifting of = along p, we can
just let e(s, 7, p,10) = 1 for general p whenever 1 is of level 0.
Therefore v(s, 7, p, 1) can be simplified as

L(l B S,T{'V’p>
L(s,m p)

v(s,m, p, ) = (s, m, p, )

v(s,m,p, ) =
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If we assume that the spherical representation 7 has Satake parameter
ce f/ W, then 7V has Satake parameter ¢! € f/ W . For convenience,
we write 7. to mean that the spherical representation has Satake pa-
rameter ¢ € T /W.

Using the definition of unramified L-factor, we find that

L(s,m,p) = det(1 — p(c)g~*) 7",
L(1 —s,m,p) =det(1 — p(c g )"
On the other hand, we know that
det(1 — p(c™")g' ™) = det(1 — p*(c)g' ™),

where pY is the contragredient of p.
It follows that ~y(s, m, p, 1) can be further simplified to be

L(]' -5, p\/)
7(877r>p7w) - L(S,’]T,p) .
Now by previous discussion, we know that
[

71-((I)v,l),p,s) = 7(_8 - ivﬂ\/apv ¢)Id

Using the inverse Satake isomorphism, we get the spherical compo-
nent of the distribution ®y , 5, which we denote by ®X

l

(I)g,p,s = S_l(fy(_s - 57 7T\/7 P w))

),p,s?

l 1
=S L1 +s+5,7,p") xS :
(5 5,70+ 87 (o)
Since L(1+ s+ L, ,p):L(1+s+§,7r,(pv)v):L(1+s+é,7r,p),
and L(— s——w,p) L(—s— L7, pY), we get
l 1
K _ o1 -1
Dy, =S8 (L(1+s+§,7r,p))*8 (L —8—%,71’,pv))

S
L(_S_ %771— p\/) '

Remark 2.4.5. We notice that for a fized s € C, as a function in Sa-

take parameter ¢ € T/W, _s_l_ o = L(_s_f lzes in C[T /W],
2T 2T

therefore S‘l(m) lies in H(G,K). We also notice that the

(—s-1

spectml property ofzq)wps s really determined by the basic function
. On the other hand, we find that when writing the function (I>¢ , s

expanswn via basis {1xxk }rex. (1), oll its coefficients are real num-

bers, from which we deduce that the complex conjugate of éw, which

_ 1
- 1p,1+s+é * S
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we denote as @Y is equal to @) . This will be uscful for proving
Proposition 2.4.8.

By construction, our definition of <I>f§7 , does give us the functional
equation
Z(l - S, fp(f)v @) = 7(87 ™ P, ¢)Z(87 f7 @)7 f € Sp(Gv K)v
where F,(f) = |o| 71 (@F , * fY).

Proposition 2.4.6. Conjecture 1.2.7 holds, i.e. F, sends basic func-
tion 1p7_% to 1p

i.
T2

Proof. By definition
Fo(L,-)(g) = lo() " (@y, + 1) _1)(g) = lo(g)| ™ (@y,  (1))1)(9)-

Applying the Satake isomorphism to the function @ﬁ % (1;) 1, one gets

L
2

that as rational function on f/ w

)(e) = 8(®y,)(0)S((1;)1)(c) = S((1))

Here we notice that if ¢, is the zonal spherical function of 7, then
©(g97") is exactly the zonal spherical function of 7V, so we get S(1Y)(c) =
L(0, 7/, p). Hence

L(1+§,7,p)
L(—g,m,p)

-3

S(q)g’p* (1;)/)% %

L1+ 14
_ (tQ,W,p)L(_L
L(_§>7Tapv) 2

l
= L+ ,mp) = S(10g) = S(L,_ylol™)

mp")

Using the inverse Satake isomorphism, it follows that F,(1 -t )
1

Py

N~

O
Finally we are going to verify the spherical part of Conjecture 1.2.3.
Proposition 2.4.7. F, preserves the space S,(G, K).

Proof. To show that F, preserves the space S,(G, K), we only need to
show that for any f € H(G, K), as a rational function on 7'/W

S(F(1,_s )
L(_%v Te, p)
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lies in C[T/W].
By definition,

FolL, % 1) = o] @, % (1L, + )))) = o] @K fV % 1Y,

Since H(G, K) is commutative, and functions in H (G, K) also commute
with 1,,, we get

K \Y V _ K V V
<I>¢7p*f *1,),—% —(I)w,p*lp,_% x f.

As shown in the proof of Proposition 2.4.6, we know that q)g’p * 1;_
1

N~

. Therefore we only need to show
‘U|_l_1(1p,l+% * f\/) < SP(G7 K)7

which, after applying the Satake isomorphism, is equivalent to showing
that

pl+%

[ ~
8(1p,1+% * f\/) - L(l + §7W67P)C[T/W]
But this follows from the definition. O

Proposition 2.4.8. F, extends to a unitary operator on the space
L*(G, K, |o|"dg).

Proof. To show that that F, extends to a unitary operator on the space
L*(G, K, |o|"*'dg), we only need to show the equality

< Fo(f), Folh) > 12,5 o 1d) =< [ I >12(6 K o 1)

for all f and h in H(G, K).
Now

<ﬂmfmwmwwmwzéam@ﬁ®@wmm@
= Forna(f) # Fp(h) (e)
< f[ih >126.5 |0 1dg) = /Gf(g)ﬁ(gﬂa(g)v“dg

= hy1 x fY(e).
To show that they are equal to each other, using the Satake isomor-

phism, it is enough to show that as a rational function in ¢ € f/ W, we
have

S(Fpri1 (f) * FoB) )(e) = STy * f7)(€).

Using the fact that S is an algebra homomorphism, we get
Vv

(7) S(Fpis1(f) * Fp(h) ) = S(Fpuis (NS F, (1))
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Now

Foir1(£)(9) = Fp(£)(9)lo(g)™

= o« f'(9),
F0) (9) = F(0)(g™) = |olg) @K, « 7 (g7Y)
= |o(g)|"" (@K, + 1) (g)

= |o(g >|l+1<h*<1>f< (9)-

Plug the calculations into the equation (7), we get that as a rational

function in ¢ € T /W, the left hand side of the equation (7) can be
written as

—V
8)  S(@L,)(S(F)NASM) (e g~ FS(@F, (e g™ ).
Similarly, the right hand side of the equation (7) can be written as

(9) S(hs1)(@S(fV)(e) = S(h)(c- g~ NS ().
Comparing equations (8) and (9), we only need to show the following
equality
S(@f,)()S(@F, e g ) = 1.
First we simplify the term
Vv

S@F (e g M) = S((BF )i (0).

Then using the definition of ®¥ . we have

b,p,s?

L) o) = Lt st 5 mep)
27 c) M L(—S— %,Wc,pv)

S(Q@I;p,s)(c) = 7(_8 -

Letting s = 0, we get that as a rational function in ¢ € T\/W,

L(1+ £, 7, p)

L(—%, Tey p¥)

By Remark 2.4.5, the function (I)f, , is real-valued, which means that
<I>K = ®J , therefore

S(@F ) (e) = S@F o)) = S@K, o))

_ L(_E’ c’p) — L(_%>7T67p ) :S(q)K )(C)_l.
Lz +1L7YpY) Lz +1,m.p) e

S(@y,)(c) =

It follows that
S(Fpir1(f) * Fo(h) )(e) = S(huga = f7)(c)
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as a rational function in ¢ € T /W . Using the inverse Satake isomor-
phism we get the desired equality

Foar1(f) * ]:p(h)v = El+1 * fV.

3. ARCHIMEDEAN CASE

In this section we study asymptotic properties for 1, and CI)w ps
when F' is an archimedean field.
First we give the definition of 1, and CI)w ps

Definition 3.0.1. The basic function 1, is defined to be the smooth
bi-K -invariant function on G such that

/G L()on(9)dg = L(s. 7. p)

where @, is the zonal spherical function associated to the spherical rep-
resentation m of G, and 1, = 1,|c|°.

Definition 3.0.2. The spherical component of the distribution kernel
of p-Fourier transform kernel ®, , s, which we denote by (IDW)S, s de-
fined to be the smooth bi-K -invariant function on G such that

[ @, @entards =25 = 3.7, o),

where @, is the zonal spherical function associated to the spherical rep-
resentation © of G, and ®f} | = O |o]°.

By the spherical Plancherel transform, we know that the analytical
properties of 1, and <I>K o5 are completely determined by the corre-
sponding analytical propertles of L(s,m,p) and (s, m, p,1).

3.1. Spherical Plancherel Transform. In this section, we review
the theory of spherical plancherel transform for any real reductive Lie
group belonging to the Harish-Chandra class as defined in [GV88, Def-
inition 2.1.1]. In particular, it applies to our situation. The main
references are [Ank91] and [GV8S].

Let g be the Lie algebra of G. We fix the Cartan decomposition
g = €@ p, where £ is the Lie algebra of K. For any A € a*, where
a is the maximal abelian subalgebra of p, we let m\ be the spherical
representation induced from the character

mexp(H)n — ¢ H e a

of the minimal parabolic subgroup P = MAN. Here A =expa, M is
the centralizer of A in K, and N is the corresponding unipotent radical.
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We denote the zonal spherical function of 7wy by ¢,.

We fix the norm |- | induced by the Killing form on G as in [Ank91,
1 Preliminaries].

The elements of U(g) acts on C*°(G) as differential operators. Fol-
lowing [Ank91, 1 Preliminaries|, for any (D, E) € U(g) x U(g) and
f € C®(G), z € G, we can define the left D right E derivative
f(D;z; E) of f, which again lies in C*(G).

We introduce the function spaces SP(K\G/K) and S(a’). Here 0 <
p < 2 is any real number, and € = % — 1.

Definition 3.1.1. For 0 < p < 2, let SP(K\G/K) be the space of bi-
K -invariant functions f in C*°(K\G/K) such that the following norm

o) = sup(la] +1)*po(x) #|f(D; 2; E)|

is finite for any D, E € U(g), s € Z*.

Using the natural convolution structure of two bi- K-invariant func-
tions, we can prove that SP(K\G/K) is a Frechét algebra, where the
topology is induced by the semi-norms given by {ag’vas| D, E €
U(g),s € Z'}. Moreover, as mentioned in [Ank91, Lemma 6], the
space C°(K\G/K) is a dense subspace of SP(K\G/K).

Now we introduce the space S(a).

Definition 3.1.2. Let C** be the convex hull generated by W - epp
in a*. Let af = a* +iC*’5. Then S(a}) consists of complex valued
functions h on al such that the following holds.

(1) h is holomorphic in the interior of a’.
(2) h and all its derivatives extend continuously to af.
(3) For any polynomial function P on aX, t € ZT,

) () = sup(A] + 1P RO

Aeak
18 finite.

Let S(aX)" be the W-invariant elements in S(a’). We can show
that S(a*)" is a Frechét algebra, where the algebra structure is given
by pointwise multiplication, and the W-invariant Paley-Wiener func-
tions on aj, denoted by P(af)", is a dense subspace of S(a*)" after
restricted to a.

In particular, when ¢ = 0, S(a*) is the classical Schwartz space on

*

a.
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Definition 3.1.3. For any f € SP(K\G/K), A € a*, let H be the
spherical transform defined by
/f z)px (T

Theorem 3.1.4 ([Ank91],[GVS8S]). (1) H is a topological isomor-
phism of Frechét algebra between SP(K\G/K) and S(a*)", where
0<p§2cmd5:%—1.

(2) The inverse transform is given by

H Y (h)(z) = const/ dX|ec(N)|72h(=N)pa(2).
o
3.2. Langlands Classification for GL,(R): Spherical Case. Be-
fore coming to study the analytical properties of L-functions and ~-
factors, we need to obtain an explicit formula for L-functions and ~-
factors. Therefore we review the Langlands classifications and Lang-
lands correspondence of spherical representations for GL,, (R) and GL,,(C).
The main reference for this and next sections is [Kna94|. For more ad-
vanced reference, the reader can consult [Lan89).

The Langlands classification for GL,(R) describes all irreducible
admissible representations of GL,(R) up to infinitesimal equivalence.
Since we only care about the spherical representations, we only present
the classification and correspondence for spherical representations of
GL,(R).

The building blocks for spherical representations of GL, (R) are the
quasi-character a — |alk of GL;(R). Here | - |z denotes the ordinary
valuation on R, and ¢t € C.

We have the diagonal torus subgroup

T = GL(R) x ... x GL,(R) = (GLy(R))".

For each j with 1 < j < n, let 0, be a quasi-character of GL;(R) of the

form a — |a\§§. Then by tensor product, (o1, ...,0,) defines a repre-
sentation of the diagonal torus 7', and we extend the representation to
the corresponding Borel subgroup B = T'N, where N is the unipotent
radical. We set

I(oy,...,00) = Ind$ (04, ..., 0,)
using unitary induction.
Theorem 3.2.1. [Kna94, Theorem 1] For G = GL,(R),
(1) if the parameters t; of (o4, ..., 0y) satisfy
Ret; > Rety > ... > Ret,,
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then I(o1, ...,0,) has a unique irreducible quotient J(oy, ..., 0,,).
(2) the representations J(o1, ...,0,) exhaust the spherical represen-
tation of G up to infinitesimal equivalence.
(3) Two such representations J(oy,...,0,) and J(o4, ..., 0l,) are in-
finitesimally equivalent if and only if n' = n and there exists a
permutation j(i) of {1,...,n} such that o} = o) for 1 <i < n.

Next we determine the corresponding Langlands parameters of spher-
ical representations, which are given by homomorphisms of the abelian-
lization of the Weil group, which we denoted by Wg = C* into
GL,(R). Following [Kna94, Section 3], the Langlands parameters cor-
responding to spherical representations of GL,(R) are given by the
direct sum of n one-dimensional representations of C* of the following
form:

(1) @z) =lzlz, @) =+1.

Now let ¢ be an n-dimensional semisimple complex representation
of Wg, which is n direct sum of quasi-characters of the form (+,¢). For
any 1 < j < mn, let ¢; be the corresponding irreducible constituent of
. To ¢; we associate a quasi-character. In this way, we associate a
tuple (o1, ..., 0,,) of representations to ¢. By permutations if necessary,
the complex numbers tq, ..., t,, satisfy the assumption of Theorem 3.2.1.
Then by Theorem 3.2.1, we can then make the association

(10) p — pR(‘P) = J(Ulv [ES) Un)
and come to the following conclusion.

Theorem 3.2.2. [Kna94, Theorem 2] The association (10) is a well-
defined bijection between the set of all equivalence classes of n-dimensional
semisimple complex representations of Wg which are n direct sum of
one-dimension representations of the form (+,t), and the set of all
equivalence classes of spherical representations of GL, (R).

If ¢ is one-dimensional given by (+,t), the associated L-function and
e-factor are given as follows.

L(s,p) = W_@P<
e(s,m ) = 1.

For ¢ reducible, L(s,y) and e(s,,1) are the product of the L-
functions and &(s, ¢, 1) of the one-dimensional factors of .

s+t>
2 )
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3.3. Langlands Classification for GL,(C): Spherical Case. The
Langlands classification for GL,(C) describes all irreducible admissi-
ble representations of GL,(C) up to infinitesimal equivalence. Since
we only care about the spherical representations, we only present the
classification and correspondence for spherical representations.

The building blocks for spherical representations of the group GL,,(C)
are the quasi-character a — |a|k of GL;(C). Here | - |¢ denotes the or-
dinary valuation on C given by

zlc = |2z| = |2]?, z€C,
and t € C.
We have the diagonal torus subgroup
T = GLi(C) x ... x GL1(C) = (GL1(C))™.

For each j with 1 < j < n, let 0; be a quasi-character of GL;(C) of the
form a — |a|fcj. Then by tensor product, (o4, ...,0,) defines a repre-
sentation of the diagonal torus 7', and we extend the representation to
the corresponding Borel subgroup B = T'N, where N is the unipotent
radical. We then set

I(oy,....00) = IndS (o4, ..., 00)
using unitary induction.

Theorem 3.3.1. [Kna94, Theorem 4] For G = GL,(C),
(1) if the parameters t; of (o, ..., 0n) satisfy
Ret; > Rety > ... > Ret,,

then I(o1, ...,0,) has a unique irreducible quotient J(oy, ..., 0,,).
(2) the representations J(o1, ...,0,) exhaust the spherical represen-
tations of G up to infinitesimal equivalence.
(3) Two such representations J(oy,...,0,) and J(o4, ..., 0l,) are in-

finitesimally equivalent if and only if n' = n and there exists a
permutation j(i) of {1,...,n} such that o] = o) for 1 <i < n.

Next we determine the corresponding Langlands parameters of spher-
ical representations, which are given by homomorphisms of the Weil
group We = C* into GL,(C). Following [Kna94, Section 4], the Lang-
lands parameters corresponding to spherical representations of GL,,(C)
are given by the direct sum of n one-dimensional representations of C*
of the following form:

(0,t):2€ C* — |2]&, 1eZ,teC.

Now let ¢ be an n-dimensional semisimple complex representation
of W¢, which is n direct sum of quasi-characters of the form (0,¢). To
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©; we associate a quasi-character o; = |- |(té of GL;(C). In this way, we
associate a tuple (o1, ..., 0,,) of representations to ¢. By permutations
if necessary, the complex numbers tq, ..., ¢, satisfy the assumption of
Theorem 3.3.1. Then by Theorem 3.3.1, we can then make the associ-
ation

(11) © = pclp) = J(o1, ..., 0p)

and come to the following conclusion.

Theorem 3.3.2. [Kna94, Theorem 5| The association (11) is a well-
defined bijection between the set of all equivalence classes of n-dimensional
semisimple complex representations of We which are n direct sum of

1-dimensions of form (0,t), and the set of all equivalence classes of
spherical representations of GL,(C).

If ¢ is given by (0, t), the associated L-function and e-factor are given
as follows

L(s, p) = 2(2m) "D (s + 1),
e(s,m ) = 1.
For ¢ reducible, L(s,¢) and (s, p,1)) are the product of the L-

functions and £(s, ¢, 1) of the irreducible constituents of .

3.4. Asymptotic of 1, and @Kp Real Case. Based on the local
Langlands correspondence, we know that in order to study the asymp-
totic of L-functions, we need to study the asymptotic of I' function,
where

['(2) :/ v* e dr.
0

Here we recall the following estimation from [Bat53, 1.18(6)], which
can easily be derived from the classical Stirling formula.

Theorem 3.4.1. For fixed x € R,

D(x + iy) = v/nly|"de -x-ymoﬁ)}, 4] = oo.

Then we give a proof for the following estimation for the derivatives
of I'-function.

Theorem 3.4.2. We have

. I (z)
lim —
|z|—=o0,|arg z| < F(Z) (10g Z)”

where T'™(2) is the n-th derivative of I'(2).

=1,
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Proof. We prove the theorem via induction.

Let D, (z) = Fi%()z ). When n = 1, using the classical Stirling formula,

we have
log I'(2) = %(log(%r) ~log(2)) + 2(log 2 — 1) + 0(%)

for any |z| — oo, |arg z| < m. Diving both sides by zlog z, we get
log I'(2)

|z|—>o0,|arg z|<m 2 log z

By the L’Hosptial’s rule, we get
Di(z)

|z|—o0,|arg z|<m 1 + lOgZ N
Hence we obtain
Dy (z)

1m
|z|—o0,|arg z| <7 lOg A

=1

Therefore we complete the proof for n = 1.
By definition, I'(2) D, (z) = '™ (2). Taking derivative on both sides,

we get

TW (2) D (2) + Dy (2)T(2) = TV (2).
From this we can deduce the equality

Dni1(2) = Dy (2) + Da(2)Di(2).

Hence

Dua(z) _ Dy(2) Dy (2)Ds(2)

(log z)m+*  (logz)*** * (log z)"(log z)

We assume that the limit
Dy (2)

|2|—o00,|arg z|<m (]Og Z)k SR>

Y

holds. To show that the limit formula holds for £ = n + 1, we only
need to show that

D(z)  _
2| —s00,| arg 2| < (log 2)"+1

Now we have the formula
Dy (2)

im =1.
|z| = o0,| arg z| < (10g Z)n
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By the L’Hospital’s rule, we get

zD! (2)
7_1 == 1.
|z| = o0,| arg z| < n(log Z)n
Hence
lim z(log 2)2 D! (2) 1
|z| = o0,| arg z| < n(logz)““
and we get
Dy (2)
|z|]—=o0,|arg z| <7 (log Z)”'H
Combining the above results we prove the theorem. O

Then we come to describe an explicit formula for L(s, my, p).
By definition, 7 is induced from the character

mexp(H)n — e,

If we assume that A = (A, ..., \;y) € a*, where m is 1 plus the semisim-
ple rank of GG, then its associated Langlands parameter is of the form
o
o]

te W ~2R* -

t]

Assume that p has weights wy, ws, ..., @, where n = dim(V,). Then
the associated parameter for p(my), which is the functorial lifting image
of m along p, is

|t|z‘w1(A)
‘t|iw2()‘)

‘ t|iwn (N)

where @;(\) = 37 0\, g € Zso.
In the following, we need to use the following lemma on the repre-
sentation p:

Lemma 3.4.3. We have the following inequality

(12) D lw@) =G Jwl, for allw = (z, ..., 2) € @
k=1 t=1

for some constant C, > 0.
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Proof. The basic ingredient that we use is the fact that the represen-
tation p is faithful.

We restrict p to the split torus (C*)™ of “G. Up to conjugation, we
can view p as an injective homorphism from (C*)™ to (C*)", where n =
dim(V,). Passing to Lie algebra, we get an injective homomorphism
from (C)™ to (C)", which is given by the direct sum of wy, 1 < k < n.
Here each wy, can be viewed as a character of (C)™.

We notice that the inequality (12) is invariant by scaling, and holds
identically when =z = (z1,...,2,,) = 0. Therefore in order to obtain
the bound C,, we can assume that » ;" |z;] = 1. In this case, the
following function f(x)

fx) =) lw@)l, Y lul=1

is continuous. Using the fact that the equality Y ;" |z¢| = 1 defines
a compact set in (C)™, we notice that there exists = € (C)™ with the
property > 7" || = 1, such that f(z) is maximal. We let C, to be
the maximum.

Now if C, is equal to 0, this means that wy(z) =0 for all 1 <k <
n. In particular, it means that the morphism p is not injective when
restricted to the Lie algebra (C)™, which is a contraction.

It follows that C, > 0. This completes the proof. U

Now we are going to state our result on an asymptotic of 1, .

Theorem 3.4.4. If Re(s) satisfies the following inequality

Re(s) > maz{wp(pn)] 1<k <n,ue CP5},
then 1,4 belongs to SP(K\G/K). Here ¢ = %— 1,0 <p <2 and
{wi}i_, are the weights of the representation p : “G — GL(V,).
Proof. By definition

L(s,mx, p) = Hw‘(s+izk(k))F<7s i Z';ﬂko\)).
k=1

When Re(s) is sufficiently large, we want to show that the func-
tion L(s, Ty, p), as a function of A, lies in the space S(aX)"'. The
W -invariance of the function follows from the fact that m,\ = =, for
any w € W. Therefore we only need to show the following semi-norm
for L(s,my, p)

e d
mra (L(s,m 1) = sup(\] -+ 1P L(s, 7, )
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is finite if Re(s) is bigger than max{wy(p)| 1 < k < n,u € C*B}.
The reason that we need this bound is to prevent from touching the
possible poles of L(s,my, p).

Now we are going to estimate

sup (A + 1)tp(a%)[H W—<W>F<ka(>‘))].

AE€a¥ el 2
The term
0 stiwy, (V)
P(gom 5F
is dominated by
iwp ()
Cr(|A] + 1)tn

for some a > 0 and constant C > 0.
For the term
0 s+ zwk()\)
P(= r<7)
(8)\> 2
using Theorem 3.4.2 for the estimation on the derivative of I'(z), it is
dominated by
i (A
e+ 1y (ZHZA)
for some b > 0 and some constant Cy > 0. Here we use the fact that
log(z) is dominated by C'(|z|4 1) for some constant C'if Re(z) is bigger
than max{ow ()| 1<k <n,ue CPB}.
Hence we only need to show that the following term is bounded

sup(|A| + 1) HTI‘ mzk(k))lﬂ<7s+lwko\)).

AE€a¥ 2

When \ € af = a* +iC®, the real part of S“g" is bounded and
st+iwp ()
lies in a compact set, so the function 7~ ) s always bounded.

Using Theorem 3.4.1 for the estimation for F(a: + iy) for x € R fixed,
we have

- (atiw i (O
sup (1A +1) H ) F(ka()) <

i Im(s) + wi(z) |Re<s>—§k<w—1
2

=

sup C(|A| + 1) (v2m)"

A€az b1

@k (y) _Re(s) [Im(s)twp(z)|m
e 2 2 4 ]
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for some constant C' > 0. Here we write A = = + 1y with x € a*,
y € CeP.

Now we know that s € Cis fixed, and y lies in C*?, which is a compact
set. The term w(\) is also dominated by a polynomial function in
|A| + 1. Therefore up to a constant and a polynomial in (|A\| 4+ 1), we
only need to evaluate the following term

RO
[ 4

=

sup(|z| + 1)

rca*

e
I

1
By Lemma 3.4.3, it is bounded by

m C\cv\fr
sup(|z| + 1) H T

rea*

which is bounded by a constant. This proves the theorem. U

Remark 3.4.5. As mentioned in [Getl5], by the recent work on Arthur-
Selberg trace formula [FL11] [FL16] [FLM11], the Arthur-Selberg trace
formula is valid for functions in SP(K\G/K) whenever 0 < p < 1.
Therefore our result gives an explicit bound of the parameter s when
the basic function 1, can be plugged into the Arthur-Selberg trace for-
mula.

We can also prove an asymptotic for (I>¢ ».s- By definition, the spher-
ical component of <I>w ».s 15 determined via the following identity
L(1+s+4,7,p)

L(_S - %777-\/7 p) '

H(DS,.) =

Here we notice that if 7 has Langlands parameter
i
o]
t— ,
o]
then 7 has Langlands parameter

]
]

t—

|t‘ —iAm
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We first simplify the expression for +-factor by the functional equa-
tion of I'(z).

Lemma 3.4.6. The formula H(®} ) = M can be simplified

) L(—s— 7rV,p)
to be
n l .
H[ﬂ-_(%‘FS‘Fé‘Hwk()‘))F(l Tstat Zwk()‘))
- 2
1 24 54 § + iwp(A 24 s+ L +imp(A
L (e )y 220t Ty,

Proof. Using the definition of L-function, we have

Itstd+iwg(2)

Lyimy,
L(l—l—s—l—é,ﬂ,p) o HZ:lTr— 2 F(M)

L(—S — é’ﬂv’p) B Hk 1775+7+;wkw1“( _ s+é+iwk()\))
n

2
1+s+L4im,(N)

_ HW—(§+5+§+mk(A)) F(%) ‘
Pt F( _ statime(

5 )

Using the functional equation for I'(z)

s
PEIA - 2) = sin(7z)’
we obtain
1 1. 2+ s+ L +iwp(\) 2+ s+ L +iwm(N)
o (W( g ))F< E )

p(_W) m

It follows that
1+s+ +2wk()\))

::]:

( +s+5 —i—zwk()\ F(
P( s+3 —i—zwk()\))

e
I
—

[ ( +s+5 +2wk()\ I

I
E:

1+s+4 +zwk()\))

B
Il
—

1 . 2+s5+ L +Zwk
.—sin (w( )
T

r

(
(2 +s+3 +zwk()\))].

U

We write A = x + iy with x € a* and y € C°’B, and we notice
245+ L +iw(N) )
2

in A, hence lies in S(a}) as the space S(al) contains all the Paley-
Wiener functions. The function 7~ (zTsT27®:() is bounded. Then

that the function %sin (71‘( ) is a Paley-Wiener function
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combining with Theorem 3.4.4 and the fact that S(af) is a Fréchet
algebra, we know that if Re(s+1+1) is bigger than max{c(n)| 1<
k <n,pu€ C?} and Re(s+2+ %) is bigger than max{cw ()|l < k <
n u € C*r}, the function H (P} ps) lies in S(af). Using the fact that
Ty = myy for w € W, we know that H(®j;, ) lies in S(af)".

In other words, we have proved the following asymptotic for (I>¢ pis

Theorem 3.4.7. If Re(s) satisfies the following inequality
[
Re(s) > —1 — 5 + mar{w(p)| 1<k <n,uecCPr},

then the function @ ,  lies in SP(K\G/K).

We can also show that the Fourier transform JF, preserves 1, . The

proof is just the same as the p-adic case by verifying that they have
the same image under spherical Plancherel transform.

Remark 3.4.8. We make a remark on the function space S,(G, K).
In [GJ72], the authors defined the space Ssa(G) to be the derivatives
of the basic function lgq, which is not the restriction of the classical
Schwartz functions on M,, to G. Using the classical theory of Fourier
transform, one can show that Sgq(G) is fized by Fgq. Moreover, using
Casselman’s subrepresentation theorem [CMc82], one can show that the
function space Ssq(G) is enough for us to obtain the standard L-factors.

Let C[g] be the polynomial ring on g and let U(g) be the universal
enveloping algebra of g. Since Sga(G) is invariant under multiplication
by Clg] and U(g), the function space Ssa(G) is a Weyl algebra module,
which means that the space Sga(G) has a nice algebraic structure. It
seems that Sqa(G) defined in [GJT2] does not carry any natural topo-
logical structure. In general, we might hope that our function space
S,(G) carries natural topological structure like the Fréchet topology on
classical Schwartz space.

On the other hand, one may ask why we do not set up our space
S,(G, K) to be just 1,1 xC°(G, K) as in p-adic case. Here we notice
that the L-factor cannot be written as the fraction of two functions
in the Paley-Wiener space P(ag), since the function I'(z) satisfies the
limat

I'(2)

lim — =1
|z|—00,|arg z|<m €%198 %

In other words, the function space L(—%, 7y, p)P(ak) does not contain
P(at.) as a proper subspace. We can deﬁne S,(G, K) to be the space of
functions generated additively by 1, _1, C’SO(G, K) and F,(CX(G, K)).
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Then S,(G, K) naturally contains 1p,—é and is fived by F,, but the
algebraic and topological structure is not clear as the p-adic case.

3.5. Asymptotic of 1, and @fﬁw : Complex Case. Following the
proof in the real case, we describe an explicit formula for L(s,my, p).
By definition, 7, is induced from the character

mexp(H)n — e*,

If we assume that A = (A, ..., \,,) € a*, where m is 1 plus the semisim-
ple rank of GG, then its associated Langlands parameter is of the form

>
o]
te We = C* —
‘t iAm,
i/\_l
e
A
¢
iAm
[t

Assume that p has weights wy, wa, ..., @, where n = dim(V,). Then
the associated parameter for p(my), which is the functorial lifting image
of m along p, is

e

iwg(N)
ltle

t—

iwn ()

ltlc

where @;(\) = S1, )\, g € Zso.
Now we are going to state our result on an asymptotic of 1, .

Theorem 3.5.1. If Re(s) satisfies the following inequality
Re(s) > max{wkT(M)| 1<k<n,ueCre}

then 1, belongs to SP(K\G/K). Here ¢ = %— 1,0<p <2 and
{wi}i_, are the weights of the representation p : “G — GL(V,).
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Proof. By definition

- s+iw 2 ) )\
L(s,m, p) = H2(27r)—<“2’“”>p<ﬁ+m()>.
k=1

When Re(s) is sufficiently large, we want to show that the func-
tion L(s, 7y, p), as a function of A, lies in the space S(aX)"'. The
W-invariance of the function follows from the fact that m,\ = m for
any w € W. Therefore we only need to show the following semi-norm
for L(s,my, p)

. 0
T (L(s, my, 1)) = sup(|A| 4+ 1) P(55) L(s, m, p)
PYST oA
is finite if Re(s) is bigger than max{ =% =W 1 <k <n,pueCPs),

Now we are going to estimate

sup (|| + 1)° H

A€a}

zs+zwk(k) T (25“‘@77319()\)) ]
5 .

The estimation is almost the same as the real case.
The term
8 s+iw
P(55)(2m) T
is dominated by
Cl(|)\| _I_ 1)a(27r)_(25+i127k(k))
for some a > 0 and constant C; > 0.
For the term
P r<7)
(8>\> 2
using Theorem 3.4.2 for the estimation on the derivative of I'(z), it is
dominated by

Cof|A] + 1)'T (2$+z2wk()\)>

for some b > 0 and some constant C'y > 0. Here we use the fact that
log(z) is dominated by C(|z|+1) for some constant C'if Re(z) is bigger
than max{w’“T(“)\ 1<k<n,ueCrs}.

Hence we only need to show that the following term is bounded

2s+u2vk(k> T (25 + iwk()\)> ‘

sup(JA] +1 tH 5
k=1

AE€a¥
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When A\ € af = a* + iC*”, the real part of 25%1”"()‘) is bounded and
s+iwp (N)
lies in a compact set, so the function (27‘(‘)_(2 H) s always bounded.

Using Theorem 3.4.1 for the estimation for I'(x + iy) for z € R fixed,
we have

n 25 i () 2 ) )\
sup(A] + 1 T [ (2m)- 7 >F<LW<>)§
AE€a¥ k=1 2

2Im(s) + wk(x) 2RC(S)*2wk(y)*1

sup C(|A| —I—l)t(\/27r)"H[| 5 [
A€a} el
@ (y)  2Re(s)  [2Im(s)+owp(@)|w

2 1

- e 2

for some constant C' > 0. Here we write A = = + 1y with x € a*,
y e C*.

Now we know that s € Cis fixed, and y lies in C*?, which is a compact
set. The term w(\) is also dominated by a polynomial function in
|A| + 1. Therefore up to a constant and a polynomial in (|A\| 4+ 1), we
only need to evaluate the following term

_|wg(@)|r
e 4

=

sup(|z| + 1)

rca*

e
Il
—_

By Lemma 3.4.3, it is bounded by

m \x |7
sup(|z| + 1) H -

rea*

which is bounded by a constant. This proves the theorem. O

We can also prove an asymptotic for (I>¢ ».s- By definition, the spher-
ical component of <I>ff7 ».s 18 determined via the following identity
L(1+s + Lomp)

L( S—3 7Tv, p)

H(PE )=

»,p,s

Here we notice that if 7 has Langlands parameter

e
‘t|i)\2

1
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then 7 has Langlands parameter
i
o]

t—
|t‘_i>\m
We first simplify the expression for y-factor

l
Lemma 3.5.2. The formula H(®}; ) = LAt 210 oo be simplified

) - L(—s—%ﬂr\/,p)
to be
ﬁ[r(%+2s+é+iwk<x)>p(1 +25+ 5+ ika)
k=1 2
1 2+ 25+ L +iwp(N) 2+ 25+ L +iwp(N)
P <7T( 2 ))P( 2 >]'
T

Proof. Using the definition of L-function, we have

_1+2s+i+mk(x) 14+2s+L 44 A
L+s+5mp) Tl —r F(szfmk())
I - L i .
1425+ £ iy (\)
(—%—)

— l |ﬂ-_(%+25+%+iwk()‘)) : ‘
s+=+iw (A
Pl F(_%"())

Using the functional equation for I'(z)

T
I'z)I'l —z2) =
()11 = 2) sin(mz)
we get
1 1 2+ 25+ L +iw(N) 2+ 25+ L +iwp(N)
2t bt )y o (W( 2 >)F( 2 )

F( B 3 )
It follows that

n 1425+ L +iw(N)

Hﬂ.—(%—i-%—l-é—i-iwk()\)) F( 212 ' )

P F( - 2s+§+21wk()\))

n 1 .

- H[ﬂ‘_(%-i'Zs-l‘é-Hwk()\))P l+2s+5+ Zwk(k))
2

T

r

(
(2 +2s+ 4 +iwk()\)>].

) 2 ;s % ik ()
1 (W( + 5 + 1w )) 2

—sin
T 2
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U

We write A = x + iy with x € a* and y € C°’B, and we notice

. 1. 2425+ L +iwg ()

that the function - sin <7r(+

in A, hence lies in S(a*). The function 7~ (2T25+2+=:(N) is bounded.

Then combining with Theorem 3.5.1 and the fact that S(a}) is a Fréchet

algebra, we know that if Re(2s+1+1) is bigger than max{ew(p)| 1 <

k <n,u € C7} and Re(2s + 2 + 1) is bigger than max{w;(u)|1 <

k < n,p e C*p}, the function H(®[ ) lies in S(aZ). Using the fact
that my 2 m, for w € W, we know that H(®J ) lies in S(az)".

In other words, we have proved the following asymptotic for (I)f, pis

)) is a Paley-Wiener function

Theorem 3.5.3. If Re(s) satisfies the following inequality

1
Re(s) > —5 i + max{wkT('u)\ 1<k<n,ueC*rs},

then the function @ lies in SP(K\G/K).
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