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ATTRACTORS ASSOCIATED TO A FAMILY OF
HYPERBOLIC p-ADIC PLANE AUTOMORPHISMS

CLAYTON PETSCHE

ABSTRACT. We consider a certain two-parameter family of automorphisms of the
affine plane over a complete, locally compact non-Archimedean field. Each of these
automorphisms admits a chaotic attractor on which it is topologically conjugate to
a full two-sided shift map, and the attractor supports a unit Borel measure which
describes the distribution of the forward orbit of Haar-almost all points in the basin
of attraction. We also compute the Hausdorff dimension of the attractor, which is
non-integral.

1. INTRODUCTION

Let K be a complete and locally compact field with respect to a nontrivial, non-
Archimedean absolute value |- |. Let

R={reK||z| <1}

be the ring of integers in K, and let 7 € R be a uniformizing parameter; thus |r| is
maximal among all x € R with |z| < 1, and

TR={rx € R||z| <1}

is the unique maximal ideal of R. The most well-known examples are the fields K = Q,
of p-adic numbers for prime numbers p, or more generally any finite extensions of Q,,.

Let F = R/mR denote the residue field of K, and let ¢ = |F| denote its order. We
select the normalization of the absolute value |- | for which || = 1/¢; this choice is not
strictly necessary but it simplifies many of our calculations.

In [1], Allen-DeMark-Petsche studied the Hénon map H : K? — K? given by
H(z,y) = (a + by — 22, x) in the case char(F) # 2. For certain parameters a,b € K,
they found that H is topologically conjugate on its filled Julia set to the shift map on
the space of bisequences on two symbols, and for certain other choices of parameters,
H admits an attractor which appears in many cases to be uncountably infinite. In
[1] § 4.3, working with a particular family of examples over Qs, they proved that the
attractor is infinite and supports a measure which equidistributes the forward orbits
of all points in the basin of attraction. These attractors are thus similar in some ways
to the strange attractors associated to certain real Hénon maps; see [7], [3]. On the
other hand, unlike the real Hénon attractors, which are chaotic and have noninte-
gral Hausdorff dimension, the Hénon maps studied in [1] § 4 are non-expanding and
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hence nonchaotic on their attractors, and the 3-adic attractor described in [1] § 4.3 has
Hausdorff dimension 1; so the similarities to real strange attractors are limited.

In the present paper we study a family of hyperbolic non-Archimedean plane auto-
morphisms which admit chaotic attractors. Consider the family of automorphisms

(1) T:K?— K? T(x,y) = (ay + b(z? — z), )
where a,b € K satisfy
(2) 0<lal <1and |b| =gq.

It follows from the assumptions (2) and the congruence t9 =t (mod ) for all t € R that
T(R*) C R?. Moreover, the restriction T|z2 : R? — R? is nonsurjective; for example
T71(1,0) = (0,1) ¢ R* and hence (1,0) ¢ T(R?). It follows that the (compact)
intersection
(3) Ap = () T"(R?)

n>1
is an attractor strictly contained in R? and whose (open) basin of attraction
(4) Br=JT7(R

n>1

strictly contains R2.

One should expect T to have hyperbolic and chaotic dynamics on Az, as can be
seen by considering the characteristic polynomial of the Jacobian matrix of 7" at a
point (x,y) € K?, which is p(A\) = A\? — b(qz?~' — 1)\ — a. Inspection of the Newton
polygon of this polynomial shows that, when (z,y) € R?, the Jacobian has eigenvalues
Amins Amax € K with [Apin| = |a|/]b] < 1 and |Apax| = 0] > 1.

To describe our main results, we first review some basic ideas from symbolic dynam-
ics. Let FZ be the set of bisequences

(sg) = (...5_35_95_1.50515283...)
where each s, € F. This is a compact topological space, and the shift map on FZ is
the homeomorphism o : FZ — FZ defined by setting the k-th term of o((sz)) equal to
Sgi1; that is
(5) o((...85_35.295 1.50518283...)) = (...S_95_150.51525354 - .. ).

Theorem 1. The automorphism T : K? — K? restricts to a map T : Ar — Ap which
is topologically conjugate to the shift map o : FZ — FZ. More precisely, there exists a
homeomorphism w : F* — Ap such that woo =T o w.

FZ 7 FZ
.AT L) AT

We prove Theorem 1 in § 3, using an argument related to the Smale horseshoe map
([4] §2.3) going back to the study by Devaney-Nitecki [5] of real Hénon maps, and which
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was developed further in the non-Archimedean context by Allen-DeMark-Petsche [1].
Woodcock-Smart [10] considered the automorphism of R? corresponding to the case
R =127, a=1,b=1/pin (1); in this case Ar = Zf, is no longer an attractor, but
the topological conjugacy to the shift map still holds, and they use this map to create
a pseudo-random number generator. See also the related results of Benedetto-Briend-
Perdry [2] for (non-invertible) quadratic polynomial maps in one variable.

In § 4, we use Theorem 1 to obtain a unit Borel measure pup supported on Ap
by pushing forward the uniform Bernoulli measure on F% via the homeomorphism
w : FZ — Ap. It is then a simple matter to use the Birkhoff ergodic theorem to
show that up-almost all points in A7 have the property that their forward T-orbits
are pr-equidistributed. Going further, we adapt an argument using the idea of stable
manifolds in smooth dynamics to obtain the following result. Borrowing terminology
from dynamical systems on real manifolds, let us say that a T-invariant unit Borel
measure y on K2 is a physical measure with respect to T if there exists a set G C K>
of positive Haar measure such that every point in G has p-equidistributed forward
orbit.

Theorem 2. There exists a subset G C Br of full Haar measure in Br such that, for
all (z,y) € G, the forward orbit {T"(x,y)}>2, is pur-equidistributed. In particular, pr
1s a physical measure.

Theorem 2 suggests that pr is a non-Archimedean analogue of the SRB measures
(Sinai-Ruelle-Bowen) in smooth dynamics [11]. We point out that there are plenty of
points in By whose forward orbits are not pr-equidistributed; for example, Theorem 1
implies that T-periodic points are dense in A7, and any of the uncountably many points
in the stable manifold associated to such a point cannot have a pp-equidistributed
forward orbit. See § 4 for more details on these assertions.

Finally, a close analysis of the proof of Theorem 1, along with a regularity property
of the measure pr, allow us give a precise calculation of the Hausdorff dimension of
the attractor Ag.

Theorem 3. The attractor Ar has Hausdorff dimension

1

dim Ay =1+ .
AT 1+ log, (1/]a])

In particular, we point out that log,(1/[a|) > 0 because of the assumption (2), and
therefore 1 < dim Ar < 2.

It is interesting to note that one of our preliminary results, Lemma 7, implies that T
maps R? bijectively onto a disjoint union of ¢ thin neighborhoods of graphs of functions
g: R — Rin R?. Iterating this lemma, we see that Az is reminiscent of the well-known
Smale-Williams solenoid attractor A = N,>o7™(X) associated to a map 7' : X — X
on a solid torus X in R3 which embeds X injectively into itself and wraps around itself
q > 2 times ([8] § 1.9).

We thank Rob Benedetto for helpful suggestions leading to simplifications of the
proofs of the results of § 3.
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2. NOTATION AND PRELIMINARIES

Recall that the absolute value on K is normalized so that || = 1/¢, and therefore
|K*| = ¢” is the value group of K. We define the non-Archimedean norm || - || on K2
by setting ||(zo, vo)|| = max(|zol, |yo|), and for each r € ¢%, we define

Dy (o) ={z € K | [z — x| <7}
B (z0,90) = {(z,y) € K* | ||(z,y) = (z0,90)Il <7},
the disc in K centered at x( of radius r, and ball in K? centered at (g, o) of radius
r, respectively.
Let f : R — R be a function. We say f is C-Lipschitz for some C > 0 if |f(t1) —
f(t2)| < Clty — to] for all t1,t5 € R. Denote by
H(f)={(t.f(t) € R*|t e R}
V(f)={(f(t),t) € R* |t € R}
the horizontal curve and vertical curve in R? associated to f, and for each 0 < § < 1,
define §-neighborhoods of H(f) and V(f) by
Hs(f) ={(t.f(t)+0) € R* | t € R, 0] <}
Vs(f) = {(f(t) +6,t) € R* | t € R,|0] < 4}
Lemma 4. Let f,g : R — R be (1/q)-Lipschitz functions and let 0 < § < 1 with
§ € q”.

(a) If r <0 and (x0,y0) € Hs(f), then B,(xo,y0) C Hs(f); similarly for Vs(f).
(b) Hs(f) is a union of 1/0 balls of radius §; similarly for Vs(f).

(c) V(f)N H(g) contains ezactly one point.

(d) Vs(f) N Hs(g) is a ball of radius 6.

Proof. (a) Since (x0,y0) € Hs(f), we have [f(x0) —yo| < 9. Given (21,41) € Br(x0,%0),
we have |x; — x| <7 and |y; — yo| <7, s0
|f(z1) =l = [f(@1) = f(@o) + f(x0) = Yo + Yo — w1
< max(| (1) = £ o), 1£(20) — vol: oo — )
< max((1/q)|z1 — o, [f(x0) = yol, [yo — 1)

= max(r,0) =0

and thus (z1,y1) € Hs(f).
(b) Writing § = 1/q", partition R into ¢" discs Ds(z;) with centers z4,...,z, and
radius 0. We will show that

Hs(f) = U Bs(xj, f(x;))-

1<5<q”

That each Bs(z;, f(x;)) € Hs(f) follows from part (a). Given a point (xo, yo) € Hs(f),
we have |yo — f(xo)| < 9. Since the Ds(x;) partition R, we have xy € Ds(x;,) for some



A FAMILY OF HYPERBOLIC p-ADIC PLANE AUTOMORPHISMS 5
1 <jo<4¢q" Thus |zg— zj,| <J, and
lyo — f(@j0)] = lyo — f(zo) + f(z0) — f(zjo)]
< max(|yo — f(zo)l, | f(z0) — f()o))
< max(|yo — f(zo)l, (1/q)|wo — xjo]) <0
verifying that (xo,v0) € Bs(zj,, f(25,))-

(c) This follows as in [1] Lemma 23. Briefly, the maps fog: R — Rand gof : R — R
are contractions and therefore have unique fixed points xy and ¥y in R, respectively.
Thus yo = g(zo) and zo = f(yo), and V(f) N H(g) = {(x0,v0)}.

(d) By part (c), V(f) N H(g) = {(z0,y0)}, and thus f(yo) = zo and g(z¢) = vo.
We will show that Vs(f) N Hs(g) = Bs(zo,y0). That Bs(zo,v0) C Vs(f) N Hs(g) follows
from part (a). Converesly, if (x,y) € Vs(f) N Hs(g), then we have |f(y) — x| < 6 and
lg(x) —y| <0, and so

2o — x| = | f(yo) — f(y) + fy) — 2| < max((1/q)|yo — yl,9)
and
lyo —yl = lg(x0) — g(z) + g(x) — y| < max((1/q)|zo — z|,9)
In particular,
|20 — x| < max((1/q)*|zo — |, (1/9)d,6) = 4.

The evaluation of this maximum follows from the fact that the alternatives lead to the
absurdities |rg — x| < (1/¢)*|zo — z| and (1/¢)d > 6. By a symmetrical argument, we
also have |yg — y| < ¢ and we have checked that Vs(f) N Hs(g) C Bs(xo, yo)- O

3. THE TOPOLOGICAL CONJUGACY TO THE SHIFT MAP

In this section we prove Theorem 1. Our approach follows a close parallel with the
proof of Theorem 28 of Allen-DeMark-Petsche [1], and in particular, Lemmas 6, 7, 8,
and 9 are suitably modified versions of Lemmas 24, 25, 26, and 27 of [1]. However, in
the current paper the condition T'(R?) C R? gives Ar the structure of an attractor and
leads to an asymmetry in the forward and backward dynamics of T" that is not present
in Theorem 28 of [1].

Given b € K satisfying |b| = ¢, it is useful to define the function

(6) o K-> K o(t) = b(t? —t).
We may then simplify the expressions for T and 7! as
(7) T(LL’, y) = (ay + ¢($>, LL’) T_l(xv y) = (yv %(LL’ - ¢(y)))

Lemma 5. We have ¢(R) C R, and in particular T(R?) C R?. If ty,ts € R satisfy
t1 —ta| < 1/q, then |(t1) — d(t2)| = qlts — 2.

Proof. Since the multiplicative group F* has order ¢ — 1, we have the congruence
t971 =1 (mod 7) for all t £ 0 (mod 7) in R, and hence t? =t (mod 7) for all t € R.
It follows that [t? —t| < 1/q, and hence |¢(t)| = |b(t? — t)| < 1 for all t € R, verifying
that ¢(R) C R.
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Since F = R/7R has order ¢, we have
(8) g=0 (mod 7).
Given ty,t, € R with [t; — t3] < 1/q we have t; =t (mod 7) and therefore
T P T et =@ =0 (mod ),
and we conclude
[o(t1) — B(t2)| = [b][t] — 5 — (t1 — t2))]
=gt Ty Tt ) —
= q|t1 — ta].
[

In a slight abuse of notation, we use F to denote both the residue field R/7mR as well
as a complete set of coset representatives in R for this quotient. Since |7| = 1/g, the
congruence classes modulo 7 in R are the same as discs of radius 1/¢ in R, and so for
each s € F the disc Dy/4(s) = {x € R | |z — s| < 1/q} does not depend on the choice
of coset representative.

The following lemma states that the inverse image under T of a §-neighborhood of a
vertical curve meets R? at a union of thinner neighborhoods of vertical curves. Then,
Lemma 7 gives an analogous result but for the T-image of neighborhoods of horizontal
curves.

Lemma 6. Let f : R — R be a (1/q)-Lipschitz function and let 0 < § < 1. Then for
each s € IF there exists a (1/q)-Lipschitz function f*: R — R such that f*(t) € Dy ,(s)
forallt € R and

(9) T V(D) N R = Vaaga
s€F
Proof. Fix t € R and s € IF, and define a (1/¢)-Lipschitz function
EY 2 Diyg(s) = Diyg(s)
at + ¢(x) — f(x)
; .

If 2 € Dy y(s), then |Ff(2)—s| = [a—s+2H2DTE | <1 /g verifying that Ff (D) ,(s)) C
D1 /4(s). To check the Lipschitz condition, note that for distinct z1, 22 € Dy/4(s), using
(8) we have

F(x)=z+

1o(x1) — d(x2) _ (2f — 1) — (23 — 22)

b 1 — X2 T — T2
B TR e |
=¢s?'—1=-1 (mod 7R)

and therefore since |b| = g we have

(10) b+
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We conclude, using the Lipschitz assumption on f, that
Ff () — Fi(xa) | i‘bJr ¢(21) = o(ws) _ flw) = flao)| 1 _ 1
Tr1 — X2 ‘b| Tr1 — X2 Tr1 — X2 - ‘b| q’
and thus F} is (1/q)-Lipschitz.

Since Fy is contracting, it has a unique fixed point in D;/4(s); call this point f*(¢).
We have constructed the function f*: R — Dj4(s), and this function satisfies

(11) at +¢(f*(1)) — f(f*(t)) = 0.

It is straightforward to check that f® is Lipschitz using Lemma 5 and the Lipschitz
assumption on f.
Elementary calculations using (11) show that for each s € F, we have

(12) {(z,y) € R | x € Dyg(s), lay + é() — f(2)] < 0} = Vs (f),
and it follows from (12) that
T (Vs(f)) N R? = {(z,y) € R* | T(,y) € Vs(f)}
= {(z.y) € B?| |ay + ¢(x) — f(2)| < 6}
= J{(z,9) € R* | & € Dyyy(s), lay + d(x) — f(x)] < 6}

selF

= U Vo (£)-

selF

O

Lemma 7. Let g : R — R be a (1/q)-Lipschitz function and let 0 < e < 1. Then for
each s € F there exists a (1/q)-Lipschitz function g° : R — R such that g°(t) € Dy /4(s)
forallt € R and

T(He(9)) = | Hal/are(9°)-

seF
Proof. Fix t € R and s € F, and define a (1/¢)-Lipschitz function
Gy Dl/q(s) - Dl/q(s)
s t—oy) —agly
Gi(y) =y - AW 00

That G7(D1/4(s)) € Diye(s) and that Gy is (1/q)-Lipschitz follows from arguments
similar to those in the proof of Lemma 6. Since Gy is contracting, it has a unique fixed
point in D ,(s); call this point g*(t). We have constructed the function ¢° : R —
Di/4(s), and it satisfies

(13) t—(g°(t) — ag(g®(t)) = 0.

It is straightforward to check that ¢® is Lipschitz using Lemma 5 and the Lipschitz
assumption on g.
Elementary calculations using (13) show that for each s € F, we have

(14) {(z.y) € R? | y € Dyjy(s), ]z — ¢(y) — ag(y)| < |ale} = Hajjqe(9°).
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Using (14) and the fact that T'(H.(g)) € T(R?) C R? we conclude the desired identity
T(Hd(g)) = {(z,y) € B* | T™'(z,y) € He(g)}
= {(z,y) € B* | |z — é(y) — ag(y)| < |ale}
= U{(@,9) € B* | y € Dyyy(s), [& = 6(y) — ag(y)| < |ale}

selF

= J Hyalyare9*)

self

Observe that the collection of ¢ sets
(15) {D1)4(s) x R| s € F}

forms a partition of R?. Since T(R?) C R?, the forward T-orbit of each point of R?
follows a trajectory through the ¢ sets in the partition (15). The following lemma
shows that all possible trajectories occur, and the set of points with a given trajectory
is a vertical curve in R%. Then, Lemma 9 gives an analogous statement for backward
orbits of points in A7 in terms of horizontal curves.

Lemma 8. There exists a family of (1/q)-Lipschitz functions fos152+) © R — R,
indexed by the set of all sequences (sos182...), where each s, € F, such that

(16)  V(fCom=)) = {(2,y) € R* | T"(x,y) € Dijy(sk) x R for all k > 0}.
Moreover,

(17) R = ) v(plome)),

50,51,52,"€F

Proof. We first construct a family of (1/q)-Lipschitz functions f{°"**) : R — R,
indexed by sequences (spsiss...) in [ and integers n > 0. When n = 0, we define

flsomis2) = o and thus in this case
(18) Vig(£57" ) = Dijglso) x R.

To ease notation, set 6, = 1/¢"™.. Fix n > 0 and assume that the functions
flos1s2) . B o R have been constructed for all sequences (808182 ...)in F. Given a
sequence (s9s18s...), we apply Lemma 6 with f = fi"*%) and 5 = J,,. We obtain
(1/q)-Lipschitz functions f* : R — Dj,(s), and we define f,* (sosmis2--) — fs0 We then

have, for each fixed choice of sq, s9,... in IF, the 1dent1ty
(19) TN Vs, (02 ) N R = ) Ve (100).
so€lF

An induction argument using (18) and (19) shows that for each sequence (sgs1$3 . .. ),
we have

(20) Vs, (flome2)y = {(z,y) € R* | T"(2,y) € Dijg(s) x R for all 0 < k < n}.
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In other words, (20) says that Vj, (£{*°*>"")) is the set of points in R? whose partial T-
orbit {T%(z,y)}7_, follows a particular trajectory through the ¢ disjoint sets Dy /4(s) x R
for s € F.

From (20) it is clear that

‘/zanrl (féj(-)flsz )) - V;;n (fT(LSOSwz...))’

from which it follows that the limit f(0s152)(£) = lim,,_, o0 £17°72)(¢) exists, and a
standard argument shows that a limit of (1/¢)-Lipschitz functions is (1/¢)-Lipschitz.
We conclude using (20) that V(fGosis2-))y = () _ Vs (£, obtaining (16).
Since T'(R?) C R?, it follows that every point in R? has some forward trajectory
through the ¢ sets in the partition {D;,(s) x R | s € F} of R? and (17) follows
immediately. U

Lemma 9. There exists a family of (1/q)-Lipschitz functions gt-5-35-25-1) : R — R,
indexed by the set of all sequences (...s_3S_95_1), where each s € F, such that

(21) H(g("'s*?’s*?s*l)) = {(z,y) € R? | T"(z,y) € R x Dijq(si) for all k < —1}.
Moreover,

(22) Ar= | H(gtee),

vy§-3,5_2,5_1€F

Proof. We first construct a family of (1/q)-Lipschitz functions ¢$ " *">*"" : R — R,

indexed by the set of sequences (...s_3s_ss_1) in F and integers n > 0. When n = 0,

..§-35_25_1)

we define gé = 5_1, and thus in this case

(23) Hijgg5™* " *" ) = R x Dijg(s-1).

To ease notation, set €, = |a|"/¢"™. Fix n > 0 and assume that the functions
g5 . R 5 R have been constructed for all sequences (...s_3s_os_1) in F.
Given a sequence (...S_35 95 1), we apply Lemma 7 with g = gl 1552 and e = ¢y,
and we obtain (1/¢)-Lipschitz functions g* : R — Dy ,(s). Setting ¢\;57>" ) = g=1,
for each fixed choice of ..., s_4,5_3,5_9 in F we have
(24) T(H, (95> 2) = | Heploni ™).

s_1€F

An induction argument using (23) and (24) shows that for a sequence (...s_35 95 1),
we have
(25)
H, (gl = {(v,y) € R* | T""(2,y) € Rx Dy,(sg) for all —n—1<k < —1},

from which it follows that Hgnﬂ(g,(;fl’””s’l)) C H,, (g5 **=**)). The limit
g(...sfgsfgsfl)(t) — hm gg..sfgsfzsfl)(zg

n——+00

exists and is (1/¢)-Lipschitz, and since H(gl--s*-25-1)) = ) _, H. (g5 1) we
obtain (21).
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Since Az = Ny>oT™(R?) is the set of all points in R? whose entire (backward) orbit
is contained in R?, and since each such point must have some backward trajectory
through the ¢ sets in the partition {R x D;,(s) | s € F} of R?, we obtain (22). O

Proof of Theorem 1. Fix a bisequence s = (...s_95_1.505182...) € F2. Then the func-
tions f(os152) © R — R and g(*-3%-25-1) : R — R constructed in Lemmas 8 and 9
are (1/q)-Lipschitz. It follows from Lemma 4 (c) that the curves H(g(+*-3%-2°-1)) and
V(f(s0s152-)) intersect at a single point in R2. Denoting this point of intersection by
w(s), we obtain a function w : FZ — Ar.

Given a point (z,y) € Ar, it follows from the fact that T(R?) C R? and (3) that
every point in its T-orbit is contained in R?; hence every point in its orbit is contained
in one of the ¢ sets R x D;4(s) for s € F, and similarly every point in its orbit
is contained in one of the ¢ sets Dy/y(s) x R for s € F. Define s = (s;,) € FZ by
T*(z,y) € Dijg(sk) x R for k > 0, and T"™(z,y) € R x Dy,(s) for k < —1. The
function (z,y) + s defines an inverse w™! : A7 — FZ by Lemma 8 and Lemma 9, and
so w is bijective.

That w and w™! are continuous follows as in [1] Theorem 28. To summarize this
argument, recall that the cylinder sets

Yt oty ={5=(sx) € FZ | s =ty for all |k| < N}.

form a neighborhood base for the topology on FZ. Tt follows from (20) and (25) that
wW(Xt_y..ty)is Vs(f)NH.(g) for certain functions f, g : R — R and certain radii 6, € > 0.
As Vs(f) and H(g) are topologically open, this shows that w™' is continuous. It is
a standard exercise in basic topology to show that a continuous bijection of compact
sets has a continuous inverse, and thus w is a homeomorphism.

To see that wo o =T ow, fix s = (s3,) € FZ and let t = (¢;,) = o(s); thus t;, = sp41.
By Lemma 8 and Lemma 9, we have

T*(w(s)) € Dijg(sk) x R forall k >0
T (w(s)) € R x Dy q(sp) for all k < —1.
It follows immediately that
T*(T(w(s))) € Dyjy(ty) x R for all k > 0
T T (w(s))) € R x Dyyy(ts) for all k < —2.

It is clear from (1) and the fact that T(R*) C R? that T'(Dy/4(s) x R) C R x Dy,(s)
for all s € F, and therefore

T(w(s)) € T(D1/4(s0) X R) € R X Dyq(s0) = R % Dy(t_1).
We conclude that
T(w(s)) S H(g(---t,3t72t71)) N V(f(totltg.,,))

and therefore using Lemma 8 and Lemma 9 we find that T'(w(s)) = w(t); in other
words, T'(w(s)) = w(o(s)). O
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4. THE BERNOULLI MEASURE AND EQUIDISTRIBUTION OF FORWARD ORBITS

4.1. Symbolic dynamics and the Bernoulli measure on FZ. Recall that FZ de-
notes the set of bisequences

(sg) = (...5_35_95_1.80515283...)
where each s, € F. The cylinder sets
(26) {(sg) € F% | 5 = t;, for all |k| < M} (M >0,t_p,...,ty €TF)

are a base of open sets for a compact topology on FZ%, and the shift map o : FZ — FZ
defined in (5) is a homeomorphism.

Let 11, be the o-invariant uniform Bernoulli measure on the Borel o-algebra M (FFZ)
of FZ. Thus FZ has p,-measure 1, and u, assigns measure 1/¢?*! to each cylinder
set described in (26). More generally, given any Borel subset £ € M (F%) we have
to(E) =inf 3, o (Uj), the infimum over all countable covers of £ by cylinder sets Uj;
of the form (26).

Now let M>o(F%) be the sub-o-algebra of M(F%) consisting of those Borel subsets
E C F? with the property that

(...5.35.25.1.80818283...) € E = (...8 38 58 |.50818283...) € E

for any choice of ..., s’ 5,8 5,8 ; € F. In other words, Mxq(FZ) consists of those Borel
subsets of FZ which are closed under changing any of the negatively indexed terms of
its elements.

Lemma 10. Let E € Mxo(F%) have p,-measure zero. Then for any ¢ > 0, E is
covered by a countable collection of cylinder sets of the form

(27) {(sx) €FZ | s, =t} for all 0 < k < M} (M >0, tg,...,tyy € TF)
in Mso(F%), the sum of whose j,-measures is < e.

Proof. Letting FZ>0 denote the space of sequences (59153 ...) with each s;, € F, define
a forgetful map P : FZ — FZ20 by P(...5_35_95_1.50515253...) = (50515283...). The
map E — P(FE) is a measure-preserving bijection from Mq(FZ) to the Borel o-algebra
M(F?z0) of FZz0. Thus the statement of the lemma follows at once from the definition
of the uniform Bernoulli measure defined on the Borel o-algebra of FZ>o. O

4.2. The equidistriubtion of forward orbits. Define yr to be unit Borel measure
on K? obtained as the pushforward of the Bernoulli measure i, via the homeomorphism
w : FZ — Agp described in Theorem 1. In other words, pr(A) = ps(w™1(A)) for all
Borel subsets A of K2. The measure pp is supported on Az, and it is T-invariant by
Theorem 1 and the fact that p, is o-invariant.

We say a point (z,y) € K? is ur-generic if its forward orbit {T"™(x,y)}/ % is ur-
equidistributed, in the sense that for all continuous functions F : K2 — R, we have

N—+o0

(28) lim % z;% F(T"(z,y)) = /quT.

Lemma 11. pp-almost all points in Ar are pr-generic.
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Proof. Let {B;} be the (countable) collection of all balls in R?. Let A be the space of
all finite real linear combinations of the characteristic functions xp; of these balls. As
XB;XB, = XB;nB, and B; N By is either the empty set or itself a ball, the space A is a
point-separating subalgebra of the space C(R?) of all continuous real-valued functions
on R?  and therefore A is dense in C(R?) by the Stone-Weierstrass theorem.

By the topological conjugacy w : FZ — Ap and the fact that the shift map on FZ
is ergodic ([9] Thm 1.12) with respect to p,, we know that the map 7' : Ar — Ar
is ergodic with respect to pr. It follows from the Birkhoff ergodic theorem ([9] Thm
1.14) that for each ball B; in R?, the limit (28) holds for F' = xp, and for all (z,y) in a
set S; C Ap of full pp-measure in Ap. Thus S = N;S; has full yr-measure in Ay and
(28) holds for all F' = xp, and for all (z,y) € S. That (28) holds for all continuous
F: K? — R and all points (z,y) € S follows from a standard argument approximating
F uniformly in R? by a real linear combination of the y B;, which we omit. U

In order to deduce Theorem 2 from Lemma 11, we introduce a certain collection of
subsets of R? which play a role analogous to the stable manifolds in smooth dynamics.
Recall from the proof of Theorem 1 that, because T'(R?) C R?, the forward orbit of each
point in R? traverses some trajectory through the ¢ sets in the partition {D;/4(s) x R |
s € F} of R?. Thus each point (z,y) € R? determines a sequence (sps18g...) with
sp € F by

(29) T*(x,y) € Dijy(s) x R for all k > 0.

Define an equivalence relation on R? in which two points (z,y), (z/,y') € R? are equiv-
alent if and only if (in an obvious notation) s = s for all k£ > 0. Denote by W, , the
equivalence class of the point (z,y) € R%. From Lemma 8 we recall that if the point
(z,y) € R? and the sequence (sgs15ss...) are related by (29), we have

Way = V(flose),

In other words, W, may also be described as the vertical curve associated to the
(1/q)-Lipschitz function f(0s152-) : R — R constructed in Lemma 8.

The following lemma states that each equivalence class W , consists either entirely
of ppr-generic points or entirely of non-up-generic points. The proof is based on the
principle that any two points in W, , have asymptotically the same forward orbit.

Lemma 12. If (z,y) € R? is ur-generic, then every point in W, is ur-generic.
Proof. Assume that (z,y) € R? is ur-generic and let (2/,y') € W,.,,. We will show that
(30) NT™(z,y) — T"(2',y")|| = 0 as n — +oo0.

By hypothesis, there exists a sequence (s¢s1ss...) in F such that both T*(x,y) and
T*(2',y') are in Dyj,(s) x R for all k > 0. Fixing n > 1, we deduce that both
TH(T™(z,y)) and TH(T™(2',y")) are in Dy ,(ty) x R for all k > —n, where ¢ = Spyn.
Thus whenever k£ > —n, we have

THYT™(,y)) € T(D1yy(ts) x R) € R x Dyj,(ts)
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and likewise for T*1(T"(2',y')). We deduce using (20) and (25) that both T"(z,vy)
and T"(z',y') are elements of

V(flontyn He, (g, ),
which by Lemma 4 (d) is contained in a ball of radius €,_1. As €,_; — 0, we conclude
(30).
Given a continuous function F : K? — R, it must be uniformly continuous on R? by
compactness, and so a standard argument shows that (30) implies

(31) |F(T™(z,y)) — F(T™(2',y))] — 0 as n — +o0.

We then have

}% > P - [ Piia] <o X I~ B )
N Z (T™(z,y)) /quT

and therefore
— 0as N — o0,

N-1
1 n /
\NZOF@ @)= [ Fdur

completing the proof that (2/,1') is pr-generic. O

Proof of Theorem 2. Let A\ denote Haar measure on the Borel o-algebra of K2, nor-
malized so that A\(R?) = 1. We first show that the set

E = {(x,y) € R?| (x,y) is not ur-generic}

has Haar measure zero. By Lemma 11, ENAr has pp-measure zero, and by Lemma 12,
E N Ar is the image under w : FZ — Ap of a set in the sub-o-algebra Msq(FZ) of the
Borel o-algebra M(F%). Fixing € > 0, it follows from Lemma 10 that there exists a
countable collection {U;} of subsets of Ay satisfying the following properties:

[ J E N AT Q UjUj
e cach Uj is the image under w : FZ — Ar of a cylinder set of the form (27)

o > ur(Uy) <e

Note that for every (z,y) € R?, the set W,, contains (uncountably many) points
of Ar. Indeed, if the sequence (sps1Sy...) is defined by (29), then we may select
...,8_3,8_ 9,51 in [ arbitrarily and take (2/,y") = w((...5_35_25_1.505152...)) €
Ar N W,,. Using Lemma 12 along with the facts that each W, , meets Ar and that
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the U; cover E'N A, we have

(z,y)EENAT
s U U W,
| (zy)eU;
Now, for each j, the set U; is the image under w of a cylinder set of the form (27), and
using (20) we therefore have
U Way={(z.y) € R?| T"(x,y) € Dyjy(ts) x Rfor all 0 < k < M}
(z,y)€U;
= Vs, (f(totltz--))'

Note that by Lemma 4 (b), Vj,,(f*%-)) is a union of 1/8,; balls of radius §y;, and
so its Haar measure is (1/05/)03; = dpr = 1/¢™ ™ = pur(U;). We have shown that

MU W) = pr(U))
(z,y)eU;
and we obtain
Z U Way) = ZMT(UJ) <€
J (z,y)eU; J

As e > 0 was arbitrary, we conclude that E has Haar measure zero.

Using the fact that any two points in the same orbit have (eventually) the same
forward orbit, it is not hard to see that if a point (z,y) € K? is up-generic, then every
point in its orblt {T™(z,y)},,2° o is pp-generic. Also, a straightforward argument using
the fact that polynomial maps are Lipschitz on bounded sets implies that if £ C K?
has Haar measure zero, then so does T~'(E). We conclude from these facts and (4)
that

{(z,y) € Br | (z,y) is not up-generic} = U T7"(E)

n>1

has Haar measure zero. ]

5. THE HAUSDORFF DIMENSION OF Ar

We follow the notation and definitions in [6] §11.2-11.3 for our discussion of Hausdorff
dimension. Given a subset A C K?, let

diam(A) = sup{||(z,y) — (2", ¥)|| | (z,v),(z",y’) € A}

denote its diameter, and note that by the strong triangle inequality, the diameter of a
ball in K2 is the same as its radius.
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For parameters p > 0 and § € ¢%, set
H,s5(A) = inf Z diam(B;)?,
J

the infimum over all countable covers { B;} of A with diam(B;) < §. The p-dimensional
Hausdorff outer measure of A is defined by

(33) H,(4) = lim H,5(A).
—
The Hausdorff dimension of A is the unique nonnegative real number dim A satisfying
H,y(A) =0 for all p > dim A, and
H,(A) = +o0 for all p < dim A.

For the existence of the limit (33) and of such a unique real number satisfying (34),
see [6] §11.2.

Lemma 13. There exists a constant C' > 0 such that pur(A) < C - diam(A)* for all
Borel measurable subsets A of K*, where a =1+ 1/(1+log,(1/|al)).

(34)

Proof. If pup(A) = 0, there is nothing to prove, so assume ur(A) > 0. Since pr is
supported on A7, there exists a point (xg, y9) € ANAr. Letting r = diam(A), we have
A C B,(%0,%0), and using Theorem 1, we have w(t) = (0, yo) for some t = (#;,) € FZ.

In the notation of Lemmas 8 and 9, we let n and m be the positive integers for which
Ops1 <1 <0, and €,,11 < 1r < €,, and we have

(20, 90) = w(t) € V(f(tohtz...)) N H(g("-t—ahzt,l))
- ‘/;5 (f(totltz---)) N Hs (gﬁﬁ..t,gt,ﬁ,l))

n

and so using Lemma 4 (a) we have

By (20, yo) C Vs (fllotitz)y q ff, (glt-at-zt-1),

n m

If a point s = (s;) € FZ satisies w(s) € V;, (£ NN H, (g5, then (20),
(25), and Theorem 1 imply that s, = t; for all —(m + 1) < k < n. It follows from

the definition of ur as the pushforward of p, that the pup-measure of Vj ( ,(Ltotm‘“)) N

H, (gﬁr'i't%t*zt’l)) is bounded above by 1/¢™™"*2.

Recall that 7 > 6,01 = 1/¢"*2 and 7 > €np1 = |a|™ /g™ > (|a]/q)™ 2. We

therefore have —(m + 2) < #w
q

, and so
1/qm+2 < Tm-
We conclude
,U,T(A) < ,U/T(Br(xmy(]))
< pr(Va, (F°"*2)) 0 H, (g5 21)

n m

< 1/qm+n+2

14—t
< q27” +1+logq(1/\a\).
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Proof of Theorem 3. Let a = 1+1/(1+1log,(1/|al)). The following standard argument
(the mass distribution principle) uses Lemma 13 to show that the Hausdorff dimension
of Ar is at least a. Assuming that {B,} is a countable cover of Ar, we may assume

without loss of generality that each B; is closed since diam(B;) = diam(B;). We have
1= pr(Ar) < pr(U;B;) < pr(By) < C diam(B;)*
j J

j
and therefore H,(A) > 1/C > 0. We conclude that dim Ay > «.

To prove the opposite inequality, let n > 1 and set €, = |a|"/¢"™!. Recall from the
proof of Lemma 9 that Ar is covered by ¢" sets of the form H,, (g). By Lemma 4 (b),
each set H, (g) is covered by 1/¢, balls of radius €,. Thus Ar is covered by ¢" /e, balls
of radius ¢,, and so

Hoa,en (AT) S (qn/En)Eg

— qn(|a‘n/qn+1)a—l
— qn—i-(a—l)(nlogq la|—n—1)

— ql—a
Letting n — 400 we find H,(Ar) < ¢'7* < 400 and hence dim Az < a. O
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