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ON THE MARTINGALE PROPERTY IN THE ROUGH BERGOMI MODEL

PAUL GASSIAT

ABSTRACT. We consider a class of fractional stochastic volatility models (including the so-called
rough Bergomi model), where the volatility is a superlinear function of a fractional Gaussian
process. We show that the stock price is a true martingale if and only if the correlation p between
the driving Brownian motions of the stock and the volatility is nonpositive. We also show that

for each p < 0 and m > 1—1,;2’ the m-th moment of the stock price is infinite at each positive

time.

1. INTRODUCTION AND MAIN RESULTS

We are interested in fractional stochastic volatility models where the dynamics of (discounted)
stock price under a risk-neutral measure take the form

(11) dSt/St = O’(t,}/t)th

(1.2) Y, = /OtK(t, $)dZ,

where Z; = pW; + pW;, W, W are two independent Brownian motions on a filtered probability
space (Q, (F¢)t>0,P), and p? + p* = 1.

A specific example we have in mind is the so-called Rough Bergomi model introduced in [2]. In
that model Y is a Riemann-Liouville fractional Brownian motion of Hurst parameter H € (0, 1),
ie.

K(t,s)=Cy(t—s)H3
and the volatility function takes the form

a(t,y) = C(t) exp (ny)

where n > 0 and ¢ is a continuous function of ¢t. The rough Bergomi model with H € (0, %) is
part of a larger class of fractional stochastic volatility models (so-called "rough volatility models”)
which has been recently observed to reproduce several features of historical [11] and pricing [1, 9, 2]
data, and has been the subject of intense recent academic activity!.

The first question we consider in this note is whether the price process .S, which is obviously a
local martingale (and a supermartingale) is a true martingale. The true martingale property is very
important in practice, since using a strict local martingale measure for pricing has some obvious
drawbacks. For instance : if S is a strict local martingale then E[St] < Sy for some T' > 0, so that
already the price given by the model for holding one unit of stock until time T does not coincide

with market data (this suggests that the asset price is greater than its actual ”fundamental” value
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and for this reason strict local martingale models have been used in the modelisation of bubbles,
see [17] and references therein).

Note that in the rough Bergomi model, due to the superlinear growth of o, Novikov’s criterion
for martingality is never satisfied. Nevertheless we show that if the correlation is nonpositive (which
is typically the case in actual applications), the price process is indeed a true martingale. Actually
our result does not rely on the specific form of ¢ in the rough Bergomi model, and only requires
a (rather weak) assumption on K and o. We also show the converse implication in the case of a
Riemann-Liouville type kernel, under a more specific assumption of superlinear growth of o.

Theorem 1. (1) Assume that the kernel K is such that (2.3) defines a Gaussian process with
continuous sample paths, o : [0,00) X R = R is continuous and bounded on [0,T] x (—oo,a] for
each T, a > 0. Then if p <0, (St)i>0 defined by (1.1)-(1.2) is a true martingale.
(2) Assume in addition that there exists Ty > 0 such that for some o > %,
VO<s<t<Ty K(ts)=K(t—s0)>at—s""

and o > oo on [0,To] X R, where o¢ : [0,To] x R — Ry is continuous, nondecreasing in x, locally
Lipschitz in x (uniformly in t € [0,To]) and such that for some A > 0,

+oo w & dw
1.3 / < > — < +o00,
(1.3) A infye0,7) o0 (t, w) w

Then if p > 0, for each t > 0, one has E[S;] < Sp.

The second result of this note deals with the moments of the stock price. We show that, under
a similar assumption (satisfied by the rough Bergomi model), for each value of p € (—1, 0], some of
the higher order moments are infinite.

Theorem 2. Assume that there exists Ty > 0 s.t. for some a > %, K(s,t) = a(t — s)*~! for all
0<s<t<Tyand o =0y on [0,Ty] x R with og as in Theorem 1 (2). Then if p <0, m > 1 are
such that p* < =1 it holds that for all t > 0, E[S}"] = +oo0.

The finiteness of moments is important for instance in Monte Carlo simulation (to know that the
Monte Carlo error is ruled by CLT estimates, finite variance is needed) and in asymptotic formulae
(to go from stock price large deviations to call price asymptotics, see for instance [8, section 4.2]).
It would therefore be very useful to obtain a converse (positive) result.

We remark that in the Brownian case (K = 1), both of the above results are well known, cf.
[19, 15, 16], and in that case the condition p? > mTfl is also a sufficient condition for the moments
to be finite. In the case of the rough Heston model, [12] have recently obtained some results on
moments of the stock price (which are similar in spirit to those for classical Heston, and therefore
quite different from ours). Finally, we would like to point out that a more general version of
Theorem 2 has been obtained independently and by a different method in [14].

The remainder of this note is devoted to the proofs of Theorems 1 and 2, which we now outline.
The proof of Theorem 1 follows the classical argument (found already in the aforementioned [19,
15, 16], see also [3, 18] for additional references) relating the martingale property of stochastic
exponentials with explosions of a SDE (in our case, this will be a Volterra SDE). The martingale
property (1) is then essentially immediate, while the proof of (2) follows from the fact that the
Volterra SDE may blow up in arbitrarily short time with positive probability.

The proof of Theorem 2 relies on the Boué-Dupuis formula, which expresses the expectation of
exponentials of Brownian functionals as values of (here : Volterra) stochastic control problems. We
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then show that for the considered values of the parameters, we may choose a feedback control such
that, as in the previous proof, the process (and the value) blow up in arbitrarily small time. This
proof is new even in the classical (Markovian) case.

2. PROOFS

2.1. Preliminaries.

2.1.1. Volterra integral equations. In this subsection, we fix
Ko(r) = ar®™! for some a > 0,
z:[0,00) = R continuous

b:[0,00) x R = Ry continuous

and consider the Volterra equation

(2.1) y(t) = z(t) —l—/o Kot —s)b(s,y(s))ds, t>0,

of unknown y.
We will use the following results.

Proposition 1. Assume that b is Lipschitz continuous in x, uniformly int € [0,T], for each T > 0.
Then (2.1) admits a unique continuous solution y on [0,00).

Proof. Uniqueness is easy to check directly, and existence follows from [13, Theorem 12.2.8]. 0

Proposition 2. Assume that b is nondecreasing in x and locally Lipschitz in x (uniformly in
t €1[0,T] for each T > 0).
Then :

(1) there exists a unique pair (y,Too) such that y is a continuous solution of (2.1) on [0, Ts),
and lim;_,7_ y(t) = 4o0.
(2) Let T < Teo, u : [0,T] = R continuous such that

u(t) < (resp. > ) z(t) + /Ot Ko (t —s)b(s,u(s))ds, V0 <t <T.

Then u <y (resp. u>y) on [0,T].
(3) Assume that t — z(t) and t — b(t,z) are nondecreasing (for each x € R). Then so is
t— y(t).
Proof. cf. [13, Theorems 13.5.1 and 13.4.7] and [6, Theorem 2.6]. O

We will also use the following lemma which gives an explicit upper bound on blow-up time for
solutions to (2.1).

Lemma 1. In the setting of Proposition 2, assume that t — z(t) is nondecreasing. Then with Too
as in (1), it holds that for each T > 0

1
1 [ w ° dw
2.2 T AT < inf [ h - w4y
(2:2) = 220 < (z) + a /z (infte[o,T] b(t,w)) w )

where h(x) = sup{t : z(t) < z}.
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Proof. We follow arguments from [6]. By Proposition 2 (2), it suffices to consider the solution to
(2.1) when b is replaced by b := inf,c[o, 1) b(t, ).
1

) ° ‘%’J are finite, R > 1, and for each n > 0 we let

We fix x > 0 such that h(x) and f (bo(w)

T, =sup{t: y(t) < zR"} € (0, +o0].
Note that Ty < h(z). We then have for n > 1, for each ¢ > T,

T At
y(Tpo ANt) =axR" = 2(T, N t) + /0 (T, At) — 5)* Lho(y(s))ds

T At
2(Tp, A t) + / a((Ty At) — 5)* oo (y(s))ds

Thn-1
>R 4+ (Ty At =T, 1) bo(zR" 1)

where we have used the monotonicity of y (Propositlon 2 (3)). This implies that if 7}, is finite,
so is T, with

1
.I(Rn _ Rnfl) o
T, <T,_ _
sy ( bR ) )
Hence
Too=To+ > (Tn =T 1)
n>1
xR™ — xR™ !
_ d
+Z( Rnl)) +Z /R"1b0 Rnl)w
We obtain the result by letting R | 1. O

2.1.2. Stochastic convolutions. We consider the following stochastic convolution

(2.3) Y: = / K(t,s)

(recall that (Z:)¢>0 is a P-Brownian motion).
We recall the well-known condition for Y to be continuous (cf. e.g. [10, Theorem 2.1]).

Proposition 3. Assume that
t
Vit > 0,Ck(t,t) = / K(t,s)%ds < oo,
0

and for t,t' >0 let Ck (¢, t') = fmt K(t,s)K(t',s)ds. Assume that for each T > 0, letting

07 (h) = sup {Cx(t,1) + Cx (¢, V') — 20K (¢, ')}/
0<t,t/ <T,|t—t'|<h

it holds that 0r(0%) =0 and
/ VIn(1/u)dfr(u) < oo
o+
Then'Y admits a version with continuous sample paths.

Note that the assumption above is satisfied for K (t,s) = a(t — s)*7*, any a > —1.
We will also need a result on the support of the law of ¥ when K is translation invariant.
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Proposition 4. In addition to the assumptions of Proposition 3, assume that K(t,s) = K(t — s)
for all 0 < s <t, where K isa function s.t. fos |K| >0 for all e > 0. Then for each T > 0, the law
of Y has full support in CT := {y € C([0,T],R);y(0) = 0} (equipped with the topology of uniform
convergence).

Proof. Note that the law of Y is a Gaussian measure on C{', with Cameron-Martin space
Hi ={y’, feL*([0,T)} cCq
where for f € L?([0,T] we define

t
y it / K(t—s)f(s)ds.
0
By a classical application of the Cameron-Martin theorem (see e.g. [4, Theorem 3.6.1]), the support
of the law of Y in C{ is the closure of Hx in C¥. We then conclude with [7, Lemma 2.1]. O

2.2. Proof of Theorem 1. Since (S;) is a nonnegative local martingale (hence supermartingale),
it will be a martingale on [0, 7] if and only if E[St] = Sp.
Letting 7, = inf{t > 0, Y; = n}, then since ¢ is bounded on [0,T] x (—o0, n] it holds that

So =E[Star,] =E [Srlir<ry] + E[Sr 1. <1y] -

The first term converges to E[S7] when n goes to infinity, so that
(2.4) So —E[Sr] = lim E[S; (- <]
On the other hand, we can apply Girsanov’s theorem to write

E [Sr, 1, <ry] = SoPn (7 < T)
where ]f”n is such that

W —w, - /Wn o(s,Ys)ds

is a Brownian motion under ]f”n Note that for ¢ SO T, one has

¢
Y, = / K(t,s) (ng") + pa(s,YS)ds)
0

t
=Y, +/ K(t,s)po(s,Ys)ds
0
where Z(™ is a P,,-Brownian motion, and
t
Y, / K(t, 5)dZ™.
0

We first treat the case p < 0. Since Y; < Y; (for t < 7,) one then has 7,, > 70 := inf{t > 0, Y, =
n}. In addition, since Z (") is a P,-Brownian motion, one has

lim P, (70 <T)= lim P( sup Y; >n)=0,

n—oo n—oo te [O,T]

and it follows that

SO - E[ST] = SO lim ]P)n(Tn S T) =0

n—oo

i.e. S is a martingale.
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We now treat the case p > 0. We then have for ¢t < 7,
t
(2.5) Yi>Y, + / a(t—s5)""poo(s,Ys)ds.
0

In particular, by Proposition 2 (2) and the fact that Z(™) is a Brownian motion under P,, one has

lim P, (1, <T)>P(Ts < T)

n—roo

where T is the explosion time of the solution ¥ to
t
Y, =Y + / a(t—s)*"" poo(s, Yy )ds
0

(which exists and is unique P-a.s. by Proposition 2).
Let 2, A > 0 be chosen such that

1 e d
s +/ ( " ) Mo
A +  \p-infiepm) oo(t, w) w

Let z)(t) = At — 1 and yy be the solution to (2.1) with z = z) and b(¢,) = 0p. By Lemma 1, y)
blows up on [0, T].

By Proposition 4, the event {Y > z, on [0,T]} has positive probability under P. But on this
event, one has Y > yy on [0, 7], and T, < T. This proves that E[Sr] < Sp.

Q=

2.3. Proof of Theorem 2. We again apply a Girsanov transformation : one has

T T
exp (/ mo (s, Ys)dWs —/ %az(s,Ys)ds>
0 0

T 2 _
exp / m maz(s,YS)dS ,
0 2

d]fp T T 2
T P (/0 mo (s, Ys)dWs —/0 %U%s,Yst)

(this defines a probability measure by Theorem 1 (1) since p < 0), and we have that

E[S] = S5 E

—SI R

with

Y=Yy + /Ot Ko(t — s)(dW, 4+ pmo (s, Yy)ds)
for a P-Brownian motion W. Letting Y2 =Y, + fot Kq(t— s)dWS, this is rewritten as
(2.6) YV, =Y+ /t Kot — s)pmo(s,Ys)ds.
0
Note that since Y is P-a.s. continuous, combining Proposition 1 with the a priori bounds

t
Y + pm (/ Ka) sup o(s,supY)) <V, <Y
0 s€(0,t] s<t

one can show that (2.6) admits P-a.s. a unique continuous solution.
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By the Boué-Dupuis formula [5, Theorem 5.1], this yields

T /2 _ 2
InE[ST/S']= sup E [/ <m 5 mJQ(S,YS”) - %ds)]
0

(’Ut)tZOGV
< —I—oo}

t
Y/ =Y, +/ Ko(t — s)(dW, + (pmo(s, Ys) + vs)ds).
0

where

T
V = {(Ut)tzo progressively measurable with | l / vidt
0

and for v € V, YV is the unique continuous solution to

On the other hand, if p? < % one can find « such that
pm+v>0, m?>—m—~%>0.

The idea is then that taking the feedback control vy = yo(Y5), using the first inequality, it holds
that for each T' > 0 Y” has positive probability of blowing up before 7. On the other hand, the
second inequality ensures that the gain is +oo in this case, so that the value (and the moment) is
infinite.

We now give a rigorous proof. We fix A >0, n > 0, let 04 = inf{t; Y, > A} and define

Yo, Y 4) if (pm + 7)o (s, Y4) < nand s < 64,
oA = S — pmo(s, YA) if (pm 4 7)o(s, Y/4) > n and s < 0,4
0 if s> 60,

where Y™4 is the unique (by Proposition 1) solution to

tAO 4 t
v =y + / Ko(t—s) [(pm+7)o(s, YA A n| ds+ Ko (t — s)pma(s, YY) ds
0 tAO A
Note that for all ¢ € [0,7] one has Ytn’A < Y2+ nt™ and also
(2.7) 0 <o <o (t, Y, " y<o, <7 sup o(t, A+ nt®),
te [0,T]

so that in particular v™4 € V. We therefore have

T 2 n,A\2
/ (m mO'Q(S,YSn’A) _ (Us ) ds)]
0 2 2

T 2 2

m- —m —

19A>T/ -9 i 02(5ast’A)d5
0

InE[Sy/S5] > E

(2.8) >k

where we have used the second inequality in (2.7). Now as in the proof of Theorem 1, we fix x, A

such that )
z+1 N /°° < w )E dw T
A +  \(pm+7)inf,ci0 1 o(t, w) w ’

let zx(t) = M — 1 and for n € NU {oo} let y¥ be the solution to (2.1) with z = z) and b(t,-) =
(pm + y)oo A n. Note that y3° blows up in time To, < T by Lemma 1. By Proposition 2 (2), y} is
nondecreasing in n, and therefore for each Too <t < T, YyR(t) = ntoo +00.
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Fix A= AT + 1. On the event {z), < YY" < 2\ + 1}, it holds that #4 > T, and by Proposition 2

(2), V" > y1(t) — +oo on [Tae, T]. Letting n 1 oo in (2.8) we obtain

InE[ST/S§'] > oo-]f"(z,\ <Y%<zy+1on(0,7]),

and we can conclude since the above probability is nonzero by Proposition 4.
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