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A NEW BOUNDARY HARNACK PRINCIPLE
(EQUATIONS WITH RIGHT HAND SIDE)

MARK ALLEN AND HENRIK SHAHGHOLIAN

ABSTRACT. We introduce a new boundary Harnack principle in Lipschitz do-
mains for equations with a right hand side. Our approach, which uses compar-
isons and blow-ups, will adapt to more general domains as well as other types
of operators. We prove the principle for divergence form elliptic equations with
lower order terms including zero order terms. The inclusion of a zero order
term appears to be new even in the absence of a right hand side.
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1. INTRODUCTION

1.1. Background. The well-known boundary Harnack principle states that two
non-negative harmonic functions are comparable close to part of the boundary of
a given domain, where they both vanish. More exactly if v and v are harmonic
functions in D N By and vanish on 9D N By, with D a Lipschitz domainEl then

1
~v(@) < u(e) < Cola),
where C' depends on space dimension and u(x°)/v(z°) for a fixed 2° in the domain.

We are interested in extending this result to the case of equations with right
hand side. Of course such a general result is doomed to fail, unless some further
restrictions are imposed. This can be seen through a simple 2-dimensional example
with

u(x) = $1$2($§ - 36%), ’U(I) = {EQ(ZEl — $2)

in the cone {z1 > x2 > 0} with aperture w/4. Consequently, there cannot exist]
C > 0 such that Cu > v. Another simple (and discouraging) example is

u(z) = 23, v(x) =21

in the set {z1 > 0}. Again, there cannot exist a constant C' such that close to the
boundary Cu > v.
There are two observations to make from the above examples:

1) In the first example the domain is too narrow, with a sharp corner at the
boundary.

Much of this work was completed while the first author visited KTH Royal Institute of Tech-
nology. Shahgholian was supported by Swedish Research Council.

IThe boundary Harnack Principle holds in very general domains, such as NTA domains, and
uniform domains. It also holds for solutions to a large class of elliptic equations.

2 One can actually prove the failure of boundary Harnack between harmonic and super-
harmonic functions, in the first quadrant. This is illustrated in Example 1.2 in [II], in terms
of free boundary problems.
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2) In the second example we try to show subharmonic functions can dominate
harmonic functions, by multiplying with a constant; this in general fails.

To put things in perspective, let D = {z1 > 0} N {z1 > x2}and consider the
following function

w(z) =2x1(x1 —22) in D, = DN B,.(0).

Now let u be the positive homogeneous harmonic function vanishing on the
boundary of the cone D. Then for v = u—w we have that u(z) > v(x), since w > 0
in D (by definition), and v > 0 since w ~ 7% and u ~ r* (a < 2), for r small. We
also have

Au =0, Av=—1 in D,

with zero boundary values. In particular we have a boundary Harnack principle
u(z) > v(z) where a harmonic function dominates a superharmonic one.

The difference between this example and the first example above is that the cone
is wider. The question that naturally arises is whether such a behaviour can be
structured through a general statement, and if so what are the conditions for such
a boundary Harnack principle.

A further observation is that when the domain D is uniformly C*P¥ then
a boundary Harnack principle holds, between a positive harmonic and a super-
harmonic functions (with bounded r.h.s.), vanishing on the boundary (9D) N By.
This is an easy consequence of Hopf’s boundary point lemma and C'-regularity of
solutions. Indeed, let u be a non-negative harmonic function in D and v satisfy
Av = —1 in D, both with zero Dirichlet data on (0D) N B;. Then by Hopf’s
boundary principle (applied to u) and that v is uniformly C*, we have

oyu>Cy>0 ondDnN By, universal Cy,

o,v < Cy on 9D, universal Cf,

where v is the interior normal direction, on dD. Hence for k large, the function
wy 1= ku — v satisfies

Oywy, = kd,u — 0,v > kCoy—C1 >0 on 0D N Bj.

Hence wy, > 0 in D in a small neighbourhood of the 9D N By and inside D; this is
exactly the boundary Harnack we asked for.

1.2. Main Result. Our main result is the boundary Harnack principle mentioned
above between a superharmonic and a positive harmonic function, in Lipschitz do-
mains. For instructional reasons and for the benefit of the non-expert reader, we
first state and prove the theorem inside a cone; see Theorem Il The proof in this
case presents the main ideas for the general case. Next, we do the same for a Lips-
chitz domain; see Theorem We then apply the ideas to divergence operators,
see Theorem 71 Our result holds even when including zero-order terms. This
result appears to be new even when considering the standard boundary Harnack
principle without right hand side, i.e. for solutions rather than supersolutions.

In proving our new boundary Harnack principle, we will often utilize the bound-
ary Harnack principle (without right hand side) for two nonnegative solutions. To
avoid confusion we will always refer to this as the “standard boundary Harnack
principle”.
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1.3. Related results. As previously mentioned the boundary Harnack principle
has been proven on very general domains as well as for various operators. Recently,
De Silva and Savin in [5] generalized the result in a new direction by showing that
improving the regularity of the boundary improves the regularity of the boundary
Harnack inequality. Their result applies to elliptic operators in divergence form
with appropriate smoothness assumptions on the coefficients. Roughly speaking, if
u, v vanish on 09 with Lu =0 and Lv = f in Q, and if © > 0 in Q and 9Q € C*7?,

then
v

u

< C([[ollpee + (1 fllor-18) - (1.1)

Cki8
As a corollary of Theorem we obtain a similar estimate on Lipschitz domains
with small enough Lipschitz norm, see Corollary B.12]

The result in [5] illustrates the principle that improving the regularity of the
boundary gives a boundary Harnack principle for solutions with a right hand side.
Our result shows that Lipschitz regularity is a sufficient condition to obtain an
estimate of the form (IZI)) when 8 = 0, and the allowed behavior for f is determined
by the Lipschitz constant.

Another related result is found in [12] where it is shown a superharmonic function
is comparable to the first eigenfunction for a domain in R? with finitely many
corners and with an interior cone condition.

1.4. Applications. We present two applications of our boundary Harnack princi-
ple: to the Hele-Shaw flow and to the obstacle problem.

1.4.1. Hele-Shaw Flow. The Hele-Shaw flow may be formulated as follows: For
t > 0 we define u’(z) as the solution of

Aut(a:) = XQt — XQo — t5z in Rn,

where QY is the initial domain (filled with liquid) and Q! = {u’ > 0}, and z € Q°
is the liquid-injection point. The Dirac mass at the point z means we inject more
fluid at that point. This formulation is obtained after a Baiocchi-transformation,
which is easily found in the classical literature for free boundary problems.

Now suppose we do the Hele-Shaw experiment on a “table” having corners of
various angels. More exactly suppose we consider

Au'(z) = xar — xqo —td, in D, u'(r) =0 on dD,

where D D QU is a given domain. The zero boundary data on dD means that the
liquid, when reaching the edge of the table, will fall to the ground. The question
is whether the liquid will reach all points of the boundary of D in finite time
t <ty < oo.

By a barrier argument (see [I1]) one can show that in two dimensions corners
with angle smaller than or equal to 7/2 will not get wet; an analogous result for
higher dimensions is a consequence of Theorem 2.3lin this paper. Now the question
is what can happen when the angle of the corner is larger than 7 /2; will the liquid
reach such a corner? The answer to this question is yes, see [I1].

We now consider D with Lipschitz boundary with Lipschitz constant L < 1. As
a consequence of Theorem we now show that every point of the boundary will
get wet. We need to show for large values of ¢ that u! > 0 in D N B,.(z!), for any
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2zt € OD. We write u'(x) = h'(x) — k(z) where h' is the harmonic function in
B,(z') N D with boundary values h! = u!, and k (t-independent) satisfies

Ak=-1 in B.(z')nD,

with zero boundary values on 9(B,(2') N D). It suffices then to show that for large
values of ¢ we have
ht >k in B,(z')N D.
By Theorem B0, for fixed ¢ there exists some large constant C; such that
Cyh! > k. By the standard boundary Harnack principle
ht ht(2%)

sup — < ,
B,2(z1)nD P* hs(2?)
for a fixed 22 € B,.(z!) N D. Since limg_ .o, h*(22) = 0o, we choose s large enough
so that h'(z?)/h*(2?) < C~1/C;. Then
ht ht(z?) CcC!
sup —<C < )
B,/s(z)nD 1 hs(2%) Cy

so that h* > Cyh' > k to conclude that u' > 0 in B, 5(z") N D.

A related question to the Hele-Shaw flow reaching corners, is whether for D C
R”™, with 0 € D, and dB1 N D # (), a solution to

Av,, =1 in DN By, v =0 on 0D N B,y Uy = m on 0B N D,

will be non-negative in D N By for m large enough. The answer to this question is
already given in the discussion for Hele-Shaw experiment above.

1.4.2. Obstacle Problem. A further application can be made to the regularity theory
of the free boundary for the obstacle problem, that is formulated as a solution to

Av = hx{v>0}, v >0 in By,

with A > ¢ > 0 Lipschitz, and a prescribed Dirichlet data on 0B;. In proving
regularity of the free boundary for the obstacle problem one can show that if a
free boundary point z € 9{v > 0} N By, is not a cusp point, then for some r > 0
and direction e, v, > 0 in the set {v > 0} N B,(z), and that the free boundary is
Lipschitz in B, (z).

One can actually show that Lipschitz norm can be taken as small as one wishes,
by taking the neighbourhood of z smaller. The proof for (non-uniform) Lipschitz
regularity is actually much simpler than proving uniform regularity. We refer to [10]
for background and details as well as other related original references.

The boundary Harnack principle in this paper allows us to deduce C''*-regularity
of the free boundary for the obstacle problem, in an elementary WayE Indeed, we
may consider the function H(z) = v., — Cv, which satisfie

H >0, Ve, > 0, AH =he, —Ch <0 in {v > 0} N B,(2).
We will now apply Corollary BI2 to the functions H = v., — Cv and v, for any

direction e orthogonal to e;. Both H and v, vanish on the free boundary d{v > 0}.
By taking a neighborhood of z € d{v > 0} N By /; small enough, the Lipschitz norm

3This was done for constant h in [1] using the standard boundary Harnak principle for Lipschitz
domains.
4Actually this conclusion is part of proving the Lipschitz regularity of the free boundary; see [4]
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of d{v > 0} N By, can be made arbitrarily small. Since AH < 0 and [AH| is
bounded, we may apply Corollary [3.12] with v = 0 to conclude that
Ve
_ 1.2
Ve, — Cv (12)
is C* inside {v > 0} (close to the free boundary point z).
Next fix a level surfacd] v = [, and denote the free boundary as a Lipschitz graph
x1 = G(2'). Consider v(G(z"),2") = I, which after differentiation in the e-direction
gives

v
_Ge = _67
Ve,
inserting this into (L2)) gives us
ve v —G.
Ve, — Cv 1— UC—” 1— UC_l ’
€1 €1
is C*, independent of . Sincdd ve, ~ VI we have that
Ve -G
= — —G,
Ve, — Cv 1— vc—l ¢
el

as | — 0. Hence G, is C“.

1.5. Future directions. It seems plausible that the results presented in this paper
can be generalized to other operators, as well as more complicated domains. Here
we have chosen to treat the problem in Lipschitz domains only. In the final section
we consider second order elliptic equations of divergence form. The coefficients are
variable and assumed to be only bounded and measurable.

Key elements of our approach is the standard boundary Harnack principle, bar-
rier arguments, as well as scaling and blow-up invariance. Since our approach is
indirect and uses scalings, the core idea is to look at nonnegative solutions on global
domains. The technical difficulties that seem to arise for generalizitions of our result
concern the invariance of the domains in scaling.

The methods presented should also work to prove a boundary Harnack principle
for the positivity set of a solution to the thin obstacle problem as long as it is
assumed a priori that the free boundary is Lipschitz. Then we may argue in a
similar way as above for the thin obstacle problem, with equations having Lipschitz
right hand side; see [I] in combination with our result.

2. BOUNDARY HARNACK IN CONES

We let C be any open cone in R", with vertex at the origin such that CNS"~1 is
connected. If u is any harmonic function on C with w = 0 on 9C, then in spherical

coordinates
oo

’UJ(T, 9) = Zrakfk(e)a (21)
k=1
where f, are the eigenfunctions to the Laplace-Beltrami on CNOBj. If u is harmonic
on C and nonnegative, then w is unique up to multiplicative constant to 7 f1(6).

5The level surface is smooth since Ve, > 0 there.

6Sce e.g. [10]
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Theorem 2.1. Let C be a connected open cone in R™ with CN'S"1 an (n — 2)-
dimensional CH submanifoldﬂ Let r*1 f1(0) > 0 be harmonic in C with zero
Dirichlet boundary data. Let u solve

Au =0 1in CN By,
u >0 1 CN By,
u=20 on dC N By,

and let v satisfy
0> Av(z) > —Colz|”  in CN By,

v=0 on 0C N By, (2.2)
|U|§CO inCﬁBl,

with 2 — oy ++ > 0. If 2° € CN By, then there exists a constant C depending only
on C,2 — oy + 7, dimension n, and dist(x®,0(C N By)) such that

o) _ o)
u(z) = u(a®)
Theorem[2.1lis a boundary Harnack principle, but with a right hand side. Clearly,
a harmonic solution will control a subsolution. The significance of Theorem 2] is
that a harmonic solution can control a supersolution, and that the allowed behavior
for the right hand side depends on the opening of the cone or more explicitly on
a1. When the opening of the cone is large (so that «; is small), then negative
values for v are allowed, and the right hand side can have singular behavior near
the boundary. When the opening of the cone is small (so that «; is large), then ~
must be positive and large, so that the right hand side must decay as it approaches
the boundary.
In order to prove Theorem 2] we will need the following convergence result.

for any x € CN By .

Lemma 2.2. Let C be an open cone with OCNS"~ an (n—2)-dimensional Lipschitz
submanifold. Fix 0 < € < R and let v > o1 — 2. For any sequence vy, satisfying

|Avg| < Colz|” in CN Brg,
[vg] < Co in CN Bg,
v =0 on OC N Bg,
then there exists a subsequence vy, — v uniformly on CN Br_. with v inheriting the

above properties.

Proof. Since C N 0Bg is a Lipschitz submanifold, C is compactly contained in a
slightly larger cone C’ D C, and the unique nonnegative harmonic solution with
zero Dirichlet data on 9C’ is given as r®~°fs. We note that f5(6) is uniformly
bounded away from 0 on C. We let v = ero‘l_%fg with M, chosen later. Then

Av = M[(a; —26)(a; —26 +n —2) — (1 + ) (a1 + 0 +n — 2)]r* 2 f5.
We note that a; — 2 — 26 < 7, so that if M; is chosen large enough,
Av < —Colz|* 7272 < —Cplz|”
Using v as a barrier, the convergence result will follow by standard techniques. [
7 The assumption that OC N S™~! is an (n — 2)-dimensional manifold of class C1® is not

necessary. As we will see in Section Bl C N S”~! may be a Lipshitz manifold provided the
Lipschitz constant is small enough depending on +, that appears in (2.2)
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An alternate proof of the above lemma, for a more general domain and more
general operator, is given in the proof of Lemma
We now give a proof of the main theorem in this Section.

Proof of Theorem[Z1l Fix 2° € C N B, /2, and consider the nonnegative homoge-
neous solution u = r** f1(#). By the standard boundary Harnack principle, any
solution u as given in the statement of Theorem 2.1l will be comparable, and con-
sequently bounded from below up to a multiplicative constant, by ! f(6). Thus,
we consider u = r®* f(#). Furthermore, any function v as given in the statement of
Theorem 2.1] will be bounded from above by a constant multiple of the superhar-
monic function defined by

Av = —|z|7 in CN By,

v>0 in CN By,
v=0 on JC N By,
v=1 on CNOBy.

Thus, it suffices to prove the theorem for v as defined above and with u = r* f(6).
In the following we use 7 as a scaling parameter which may coincide with r as the
polar axis for homogeneous functions. We first show that there exists some constant
C such that v(rz®) < Cu(ra?) for all 0 < r < 1/2. Suppose by way of contradiction
that no such C exists, so that if v(tz®) = t*1h(t), then limsup,_, h(t) = co. We
note that A is continuous away from the origin since v is continuous. For 0 < r < 1,
we consider the rescaled functions
v(rz?)

u(rzO)

v(raz? ’
SUpp, e [v(re) — Stdu(ra)|

v(re) — u(rz)

wy(x) :=

defined on By /. We point out that w,(z") = 0 and supg, ¢ |w,| = 1. We also
define

—k v(27*a%) —ka
ag = sup |v(2""x) — —————=Lu(27 "x)| 277,
|1 ey )

By letting = = tz°, we have

v(ra?)

u(ra?)

v(ra) — u(rz) = [r* h(tr) — h(r)t*]ret.

If rj, =27% and if 1/2 <t < 1 we have
OSC[Tk/erk]h < ag.

Since limsup,_,, h(t) = +oo, it follows that

Z aj = +o0. (2.3)
By the definition of w, we have
su | i ’U(T‘kLEO)
PB,; v(rex) u(rkxt))“(rkx”

agry’

sup |wy, (z)| =
27
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We use the triangle inequality to obtain

v(rea®)
lv(rix) — u(ra0)

v(27r )
u(29ra0)

u(rea)] < Jo(rea) —

+§:

u(rie)|

v(297 1 ra0)
w(29=i= 1 a0)

v(29 7 20)

————u(rgx) — u(riz)|.

w(29=tra0)
(2.4)

To bound the first term in the above inequality, we have by definition that

v(27rz?)

Wu(rkxﬂ = ap—;(20ry)*. (2.5)

sup |v(rgx) —

sz

To bound the second term in the inequality, we note that
v(29 i a?) v(27 7 L 20)
w(29 =) w(29=i= 1y 20)
v(27 7 r2?)

< ap(j—iy (277 )M

u(2j_i_1rkx0) — u(2j_i_1rk:1c0)

w(rp2? 7Y — (297 L a®)

Also, since there exists C' depending on z° such that if |z| = 1 then u(rz) <
Cu(rz). If we utilize the homogeneity of u, we conclude that
supu(rpz) < Cu(2ra).
27
We use this and the homogeneity of v to obtain
v(29 7 r20) v(27 7 ra0)

U | G0 M) ~ Gy )

B

27
u(rex)
w(29=1 =1y 20)
v(29 7 20)
w(29 =)

Cu(27ra?) L
T R T (90
= U(QJ—Z—lrkxO)ak G- (277" rn)
= C(Lk,(j,i) (2j+1’f']€)a1
We will now bound the Laplacian of w,, . From (23] we may apply Lemma [A]]

to the sequence {a;} to conclude that there exists a subsequence k; such that for
any j € N|

= sup

B.;
o . 2.6
u(QJ_Z_lrk:CO)—U(QJ_Z_lrkxO) (2:6)

a1

J
lim sup Dzt Ui
k;—o00 a/kll
By choosing 7, and combining the above inequality with [24)), (Z3]), and [2.6) we
conclude

<J

sup |w,, (z)| < Cj27%1. (2.7)
27
From the choice of ay, in Lemma [A] and the fact that > ar = +oo it follows
that eventually ay, > 1;2, so that if 7, = 27% then

ar, > [In(1/r))%
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We now use the assumption 2 — a3 + v > 0. Since Au = 0 and Av = —|z|” we
have that for a sequence 7, — 0 there holds

2+
Tk ’Y|$|V

|[Awg| < SCr,z_aﬁV[ln(l/m)]zka — 0, (2.8)

v(rz?
SUpp, e [v(re) — Sriu(rz)

aslongas 2 —a; +v>0.
By Lemma 2.2] there exists a subsequence wy, — w uniformly in B NC for any
R > 0. Furthermore w will satisfy

(1) Aw =0 from (23],

(i) sup |w| =1,
BiNC
(i) w(z?) =0,

() w(z) < Cle|* In(Jz| + 1) for |z| > 1 from (Z7).

By property (i) we have that w is not identically zero. By property (iii) we have
that w changes sign, so that by 1) we have supg, |w| > cR*? for R > 1. Since
|z|*t In(|z| + 1) < |z|*2, for large x, this contradicts property (iv).

Thus, we have shown that for any 2 € C there exists a constant C' depending
on ¥ such that

v(rz®) < Cu(ra®) for any 0 < r < 1/2.

For any other point ' € C N Bjjs, we rescale by v(z|z'|/2), and note that
|Av(z]zt|/2)] < |2 /2[?|z|7, so that |Av(z|at]/2)] < Cy in C N (Bsys \ Bija). We
now restrict ourselves to the situation in which z'/|z| is uniformly bounded away
from OC. Since v(z°|zt|/2) < Ca|x!|*1, we use the (interior) Harnack inequality on
CN(Bsyy \ Bi1ya) to conclude that

’U(:Z?l) S 03(02|{E1|a1 + 01|IE1|2+7) S C4|:E1|a1,

where in the second inequality we have used 2 — oy +~ > 0, and |z!| < 1.

The constant C3 does not remain bounded as ' approaches OC. Furthermore,
we also have that fi(z!/|z!|) goes to zero as x!/|x!| approaches C N S™ 1. If 2! is
close to 9C, we employ the boundary Harnack principle (LI with right hand side
as given in [5] which is applicable as long as OC N (B4 \ Bis) € C#. We may
then conclude that

v(a') < Csu(@')(||v]| L~ + |21[**7) < Cou(a') = Cla'[* fr (2! /]a')),
and this concludes the result.

O

We now show that the assumption that 2 — a; + v > 0 is essential. We first
consider the easier case when 2 — a; + v < 0, and show that Theorem 2] cannot
possibly hold. For clarity of exposition we restrict the analysis to the case when
~ = 0, so that the right hand side is constant.

Theorem 2.3. Let u and v be as in the statement of Theorem 2, and assume
Av = —1 with 2 — a1 < 0. Then for any C > 0, there exists p > 0 such that

Cu<wvinCnNB,.
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Proof. We note that by the standard boundary Harnack inequality, it is enough to
consider u = r®* f1(#). We normalize f1 so that sup f1 = 1. Fix C > 0, and let
z € B, NC. Define h(z) := |z — 2|?/(2n). We note that h is constant on 9B, (z). If
there exists y € 0B, (z) with h(y) < Cu(y) — v(y), then
2

on
For small enough r, the above inequality cannot hold since 2 < a;. Then for small
enough r, we have h > C'u — v on 9B,(z), and hence also on 9(B,(z) NC). By the
comparison principle h > Cu — v in B,(2) NC, and so 0 = h(0) > Cu(z) — v(2),
so that Cu(z) — v(z) < 0. Since C' was arbitrary, for any 6 > 0, we may choose 7
such that if r < rg and z € B, NC, then (C' + d)u(x) — v(z) < 0. Since u > 0 in
B, NC it follows that Cu(z) — v(z) < 0 for any = € B, NC. O

h(y) < Culy) —v(y) < Cr*.

We can show that Theorem 2] is sharp by considering the critical case when
2 — ay = 0. When dimension n = 2 this result was shown in [I1].

Theorem 2.4. Let C be a cone in R™ with ay = 2. Then the boundary Harnack
principle with right hand side does not hold.

Proof. Let v be as in the statement of the Theorem, and let u = r* f1(0). Suppose
that there exists C' > 0 such that

C'u(z) < v(z) < Cu(z) for all z € C N By s. (2.9)
We now use a Weiss-type monotonicity formula for superharmonic functions as
in [9]. The function

1 / 2 2 2

— (IVv]* —2v) — / V7,
2 IB,nc 3 JoB,nc

is monotonically increasing in r and is constant if and only if v is homogeneous.
We now consider the rescaled functions v,.(z) := v(rz)/r?. From (Z3) and the fact
that w is homogeneous of degree 2 we have that for any fixed x € C N By, there
exists C, such that

Colr? < w.(x) < Cpr? for any 0 < r < 1. (2.10)

From Lemma we obtain that for a sequence 7, — 0, v, — vo uniformly in
C N Bp for any R > 0. Furthermore, we will show that vy satisfies

W(r,v) =

(i) g is homogeneous of degree 2,
) vo >0,
(7i1) wvo =0 on OC,
(iv) Avg=-1inC,
(v)
Property (i) follows from the Weiss-type monotonicity formula in the following

manner. One may easily check that W (pr,v) = W (p,v,). Since W (r,v) is monotone
in 7 it follows that

W(p,vo) = lim W(p, v, )= lim W(pry,v) = W(0+,v) for any p > 0.
Tk‘)O ’I"kﬁo

(ii
v is not identically zero.
Since W (p,vg) is constant, then vy is homogeneous of degree 2, see [9]. Properties

(49)-(iv) follow easily from the definition of v, and the uniform convergence. Finally,
property (v) follows from ([I0). Then vy = 72g where the spherical piece g satisfies
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2ng + Apg = —1. We now utilize the Fredholm Alternative for existence for weak
solutions, see Chapter 6 in [6]. Since f; (in (1)) is a nontrivial solution, the
solution ¢ exists if and only if

0:<—1,h>:/ _h,
CNoB1

for all h such that 2nh + Agh = 0 (since the operator 2n + Ay is self-adjoint). We
recall that 2nf; + Agfi = 0. Then a necessary condition for g to exist is that

Since f; > 01in CNAI By, the above equality cannot be true. Consequently, a solution
g cannot exist, and we have a contradiction. O

3. BOUNDARY HARNACK IN LIPSCHITZ DOMAINS

In this section we consider Lipschitz domains {17 r where
Qp.g:={(,2,) € Br:xz, >g(')},

and g is Lipschitz with constant L, that is |g(z') — g(v')| < L|z’ — y/|. We will
assume ¢(0) = 0, and will write Q7 when R = 1 and Qp « if R = co. Also, we
define u € S(Qp r) if
Au(z) =01in Qp g,
u(z) =0 on Qf r N Bg,
and for v € R we define u € S(Qp g, d”) if

|AU(I)| < (dist(ib,aQL)R N BR))’Y in Qr g,
u(z) =0 on 2} N Bg.

It will be necessary to use the solutions on right circular cones as barriers. Conse-
quently, we define

Cr = {(2',2p) : xn > L|2'|}.

If u e S(Cpr,00) and u > 0, then as noted in Section [2 we have u = r** f1(0) (and
unique up to multiplicative constant), and we will denote r** f; by uz. We note
that the definition of C_j, still makes sense when —L < 0; although, the cone C_p,
is not convex. In this situation we write C_r, and similarly u_j, for the nonnegative
solution with zero boundary data on C_p.

In order to prove a boundary Harnack principle with a right hand side for Lips-
chitz domains we will adapt the proof from Section [2in the following manner:

e We will employ compactness methods and thus need a convergence result
provided by Lemma

e We will need to bound the behavior of a nonnegative harmonic function at
the boundary from above and below which is given in Lemma 3.3

e We will need a Liouville type result which is given in Lemma

e We will then adapt the proof of Theorem 2] (again using compactness
techniques) to obtain the proof of Theorem
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Lemma 3.1. Let L <M and u € S(Qr) with u > 0. Let x € 0Qz, N By 2 and let
y € Qp with dist(y,0) > §. Then there exists a constant C = C(n, M, ) such
that

sup u < Cu(y) for all r < 1/4,

B (x)

sup u > C~ tu(y).

Bi/a

We give later a proof of a more general version of this lemma; see Lemma 4] in

Section @l

Lemma 3.2. Let Qp, g, be a sequence of domains with L, < M, R, > 1, and
0€ 00z, . Let up, € S, Ry, dY), and let « be the degree of homogeneity for uyr,
and assume 2 — a +v > 0. We further assume either
(1) wp>0 and supup <1, or
B2
(2) supuy < Crf for r <1 and some constants C, 5 > 0.
B,

Then there ezists a subsequence with a limiting domain Qr,, r, and a limiting func-
tion ug € S(Qry.Rry,d?) such that

sup |ug — ug| — 0 as k — oo,

r

for all v < Ry.

We give later a proof of the more general Lemma in Section M that implies
Lemma

Lemma 3.3. Let u € S() with w > 0. Let L < M and let «y be the degree
of homogeneity for up; and B the degree of homogeneity for u_p;. There exists
constants c1, c2 depending only onn, M, and M —L such that for any x € 0Q,NBy /5

(1) sup u > cru(e,/2)r*,
Br(z)

(2) sup u < czu(en/2)r'8,
B, (x)

for any r < 1/4.

Proof. Let x € 0Q1, N By/3. From Lemma 3.1l we have u(y) > Ciu(e,/2) for any
y € 0B14(z)N(Car+2x). We now consider the translated function uas (y—2) which is
unique up to multiplicative constant and homogeneous of degree a;;. By multiplying
un(y — ) by a positive constant, we may assume that supg, () unm(y — x) =
Cru(en/2). Then up(y — x) < uly) on OBy 4(x) N (Cas + ). Since up(y —x) =0
on I(Cpr+x), then from the comparison principle we conclude that up (y—z) < u(y)
on By4(x) N (Cyr + ). Then

sup u(y) > sup unp(y — ) = Crule,/2)r,
B, (z) B, (x)

which proves (1). In a similar manner we obtain property (2) by bounding u from
above by u_jy. O
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Corollary 3.4. (To Lemmal33) Let uw € S(Qr) with L < M, and let /3 be the degree
of homogeneity for u_pr. There exists a constant C depending only on dimension

n, M, and M — L such that for any x € Q1 N By o

sup |u| < C(sup [u])r”,
B

T(z)
for any r < 1/4.

Proof. We consider the solution

Av =0 in Q,
v=0 on Qf N By,
v=supu on 0B NQ.
B

From Lemma we have that

v < Cv(0,1/2)r" < C(supv)rP.
By

From the comparison principle we have that v < v on B;. By considering —v we
obtain a similar bound from below to conclude the proof. O

Remark 3.5. A rescaling and translation to the origin of Corollary B.4] shows that
if L < M and § is the degree of homogeneity for u_ s, then if u € S(Qr, R) with
R > 2, then

(sup |u|)R® < cosup |ul.
Bl BR
Lemma 3.6. Let u,v € S(QL o) with u,v > 0, then u = cv for some constant
c>0.

Proof. Consider w = u + v. Then w > u. Let ¢ > 1 be the largest constant such
that cu < w. Then there exists a sequence {z;} € Q1 o such that

cu(xy)
k—o0 w(:vk)

=1. (3.1)

We now invoke the standard boundary Harnack principle for Lipschitz domains on
the nonnegative harmonic functions w — cu and w. There exists C7 > 0 such that

sup 2 <oy inf L2 < ¢ <1 - C“(I’“)) : (3.2)
B, W Br, W w(xg

with 7, := max{2|xy|, k}. From BI) the right hand side of B2) goes to zero.
Then w = cu, and the result follows. (I

Lemma 3.7. Let u,v € S(Qp o) with u > 0. If there exist constants C,R > 0
such that

sup [v| < Csupu  forr > R,

(s s

then v = cu for some ¢ € R.

Remark 3.8. The significance of Lemma [3.7]is that we do not require v > 0.
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Proof. Let v, satisfy
Av, =0 in B, NQL oo
v =0t on d(B, NQL o).
By Lemma [3.3] we have that

sup |v| < C'sup |v| for r > 1,

2r i

and some constant C' independent of 7. Then

vp(r/2,0,...,0) < Csuplv] < Csup |v| < Csupu < Cu(r/2,0,...,0)
B, /2 r/2
with the last inequality following form Lemma [3J] By the standard boundary
Harnack principle
vt Uy v(r/2,0,...,0)

sup — < sup — < C

— D L < (.
By U B, U u(r/2,0,...,0) — !

Since the constants are independent of » > 1, we conclude that v+ < Cyu in Q L,00-
The same argument holds for v~ so that [v] < Cyu in Q.

Let w = Cyu — v > 0. Then from Lemma [3.6] we have that w = cu for some
constant ¢, so that v = (Cy — ¢)u. O

We will need an improvement over the previous lemma.

Lemma 3.9. Let u,v € S(Qp o) with u > 0. If there exist constants C,R > 0
such that

sup [v| < C(ln(r+1))supu  forr >1,

B,

s

then v = cu for some ¢ € R.
In Section [ we give a proof of a more general result in Theorem

Theorem 3.10. Let 0 € 0Qp 2 with L < M, and fix 20 € Qp. Assume further that
Bin{xz, >1/4} C Q2. Let ay be the degree of homogeneity for ups. Let u,v > 0
and u,v € 8(Qp 2,d?) with Au, Av < 0 and u(z°) = v(2°) = 1, and assume that
2— a1+ > 0. Then there exists a uniform constant C > 0 (depending only on
dimension n, Lipschitz constant M, M — L, and dist(z°, 081, 2)) such that

C~tu(z) < u(x) < Co(x), (3.3)
for all x € By .
Proof. Tt will suffice to assume Au = 0 in Qz, 2 and show that v < Cu in By /5. We
initially prove the theorem for a fixed 2° € Cyy N OB, /2-
Suppose by way of contradiction that the theorem is not true. Then there exists

ur € S(Qp, 2) and vy € S(Q, 2,d?) with Av, < 0 and vg(2°) = ug(2?) = 1 and
points zx € Qp, 2N By/o such that

kuk(:vk) < Uk(wk). (3.4)

Harnack chains work on Lipschitz domains; therefore, from the interior Harnack
inequality, by multiplying v, and wuj by constants (uniformly bounded above and
below), we may assume that

vk (2, en) = ug(a), en) = 1. (3.5)
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Because of the interior Harnack inequality, in order for ([B.4]) to occur, it is necessary
that dist(zg, 00z, ) — 0. We let yi = (z},, €,), and similar to the proof of Theorem
2T we define

Vi (Tyr)
Wy () = Ve (re) — Gty Uk (72)
SUpp, e [V () — 2y (ra)|
and
—m ve(27"YK) oo
Qkm = sup |vp(27 ") — ——up(27"x)| sup up.
g o (27") = PEC (2 )] swp

For fixed m, it follows by the standard boundary Harnack Principle that

by := sup ag,m < 0.
k

Just as in the proof of Theorem 2] by the assumption (34 we necessarily obtain
that

me:oo.

From Lemma [AJ] there exists a subsequence b,,, such that for any fixed j we have

I b
lim sup 721:1 Mt <y

my—00 my

For any N > 0 with N € N, there exists N e N, such that if m; > ]\7, then there is
a k = k(m;) such that ay ,,, satisfies

j |
Lozt Whmi—i 0 for j < N, (3.6)

G,
If we let 7, = 27", then for those chosen k we have that

S, [uk () — Gt u(ry)|
sup [wy, ()| = Supp . ug 7
. BTk

27

and

Vi (2j7i71Tkyk)

Vi (2j7iTkyk)
ug (297 ry)

ur (29" rryr)
V(277 )
uk(2j7i’l”kyk)

< Ak —(j—i) SUP  Up.
20 ~try

uk(2jii717"kyk) — uk(2j7iflrkyk)

wp (rk27 ™ ) — (277 gy
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Also we have that

Vi (2j7i71’l”kyk)

Vi (2j7iTkyk)
ug (297 gy

ug (29" rryr)

u(rie)

ug(rpe) —

— up ug(rie)

By, we(277 7 reyk)
’Uk(2j7i’l”kyk) ’Uk(2j7i717"kyk)

uk(2jii717"kyk) — uk(2j7i71’l”kyk)

) @ T ) @)
ug(29ryr)
< su — 0y (i —i su Uk
325-) w27 Trggy) Y )ng—]ik
ug (27 71Yk) i
< O i N— 2J v
< Gl —( l)uk(2j_z_17'kyk)Uk( ’I”k)’lLk(?Jk)
< Cagmy—(j—iyur (27 Teyr),

with the last inequality following from the bounds in Lemma 3.3l Then combining
estimates ([B.6]) and B7) we obtain
suppg_. ugp(rpx)
sup |wy, k(z)| < Cj———+. (3.8)
B,; suppg, uk(rre)

We now use Lemma 3.2 as 7, — 0 to obtain limiting functions and domains. By
choosing a subsequence we first consider the limit function

. U (kT
u = lim #
r—0 Supp = Ug
Tk

We also obtain a limiting global Lipschitz domain € on which w is the unique
(up to multiplicative constant) nonnegative harmonic function that vanishes on the
boundary. A further subsequence guarantees yr — yo € 2. As in the proof of
Theorem 2] as 7, — 0 we have that |Aw,, x| — 0. Then by picking a further
subsequence, as r; — 0 we obtain a limiting global Lipschitz domain function w
with the following properties

(1) Aw=01in Q and w =0 on Q°,
(it) suplw|=1
B
(id) w(y’) =0,
() w(z) < Cu(x)In(jz|+1) for |z >1 from B3I).

From property (iv) Lemma [3.9 guarantees w(z) = cu(z), but then both properties
(ii) and (#ii) cannot hold since u(y®) > 0.

An interior Harnack inequality with a Harnack chain will also give the result for
20 € B2 N, and the constant C' depending on dist(z°,09Qp). O

Remark 3.11. If one does not assume that By N {z, > 1/4} C Qp, then one
may modify the proof at the expense that (B3] holds for © € B, with r <
min{(2L)~%,1/2}.

Corollary 3.12. Let u,v,€) have the same assumptions as in Theorem [3.10 with
the exception that v is no longer required to satisfy Av < 0 and v > 0. Assume
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that v = 0 and M is small enough such that 2 — ay > 0. Then there exists § > 0
depending on M and M — L such that

I3
U
Proof. The argument for how the boundary Harnack principle implies Holder reg-

ularity is now standard (see [I]). We outline how to adapt to the case when w
solves

(ol o zy + 1f Iz (2r))
COB(BypnQL) u(re,/2)

(3.9)

Aw=-1 in Qp,
w=20 on 907, N By,
w = |v] on Q7 NOB;.
cLnl=) (3.10)

H%’ Qi ulen/2) '

It is now a standard argument (see [I]) that (3I0) implies that there exists S
depending on M and M — L such that
<C—/—5

R
ullcos(a, ) u(en/2)

Since |[v| < w we obtain a Hélder growth bound for v/w at 9§, 1/5. The interior
Holder estimates for both v and w combined with the fact that |v|/u is bounded
give interior Holder estimates for v/u. The interior Holder estimates combined with
the boundary Holder estimates for v/u are combined in a standard way to conclude

B.9). O

4. SECOND-ORDER ELLIPTIC OPERATORS

From (33) it follows that
w(en/2)

w(en/2)

The techniques employed in Section [3] can be applied to other elliptic operators,
and in this section we extend the results of Section B] to second order linear ellip-
tic operators in divergence form on Lipschitz domains. Specifically, we consider
operators of the form N ‘

E’U, = (a”ui)j + blui + cu
We assume the following ellipticity conditions
ATHEP < (a(2)€,€) < Al
for some A > 0 and for all nonzero { € R™. Furthermore, a(x) is a real n x n
matrix. For the lower order terms we assume |c(z)],> [b*(z)] < A — 1 and that
c(x) <0.
We will continue with the notation of Section Bl however, we now write u €
Sc(Qp r) if
Eu(x) =0in QL,R N Bg,
u(z) =0 on Qf N Bg,
and that u € Sﬁ(QLJ{, d’y) if
|£’U,(:E)| < (dist(x, 8QLVR N BR))'Y in Qp, g,
u(r) =0 on Qf pN Bg.
To apply the Holder continuity estimates for elliptic operators we will require that

v > =2/n;
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see Theorem 8.27 in [7]. Since the boundary is Lipschitz, this will ensure the
correct integrability assumptions for the right hand side. We will assume these
bounds throughout the section whenever referencing Sz (21, g, d?).

From the forthcoming Lemma[L1] it will follow that if u > 0 and v € Sz (Cy,, 00),
then u is unique up to multiplicative constant and we again denote u by ur; however,
ur, will not necessarily be homogeneous. We recall that Cy, is defined although not
convex when L < 0. To emphasize when —L < 0, we again write C_;, and u_gp,
when u € Sg(C_p). We will follow the same outline as in Section

In Section B] we utilized the standard boundary Harnack principle. Since the
standard boundary Harnack principle is unavailable when considering the zero-
order term c(z), we prove the next two Lemmas under the situation b?,c = 0.

Lemma 4.1. Let u,v € Sg(q, ) with uw > 0. Assume also that b',c=0. If there
exists C' > 0 such that

sup |v| < Csupu for R > 1,

Br Br

then there exists ¢ € R such that v = cu.

Proof. When b%, ¢ = 0, there is a standard Boundary Harnack principle for diver-
gence form equations [3]; therefore, the proof of Lemma B holds in this situation,
and so the proof of Lemma [3.7] also holds as well. O

Theorem 4.2. Assume L has no lower order terms; i.e, Lw = 0;(a*u;). Let
v,u € Sp(QL oo) with u >0, and assume b',c = 0. If there exists C > 0 such that

0(@)] < Clu(la] + u(z) for o] > 1,
then v(z) = cu(x) for some c € R.

Remark 4.3. The proof given below for Theorem depends on the function g
being slowly varying at oco. Thus, the same proof will actually show a stronger
result: If for every e > 0 there exists C. such that

[v(z)] < Celz|u(x) for |x| > 1,
then v = cu for some ¢ € R.

Proof. Suppose by way of contradiction that v is not a constant multiple of u. Then

by Lemma [Tl we have
lim su ( |v(x)|> =
p | sup =00
Roco \ Bp u()

If h(R) = supp,, |v[/u, let g be the concave envelope of h. By assumption g(R) <
CIn(R+1) for R > 1. The function g satisfies,

Jim gngfi) =1 for any C' > 0. (4.1)
There also exist infinitely many Ry such that h(Ry) = g(Rr). We define
up(z) = _u(Brz) and vy (z) = M
suppg,, U supg,, |v]
From (@I we have that for any fixed p > 1, that
su v
M < 1. (4_2)

Ry —o0 Supo u
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By uniform continuity estimates up to the boundary for divergence form equations,
by picking a subsequence we have that
lim  ug(x) = wy,
Rk —00
and that uj converges uniformly to w; on compact sets. From ([L2) we also have
that

Rilgloo v (z) = wa,

with uniform convergence on compact sets and with |ws| < Cwy. There also ex-
ists a limiting operator £y and limiting Lipschitz domain Q such that wy,wy €
Se, (QL,oo)- Then from Lemma [£1] we conclude that we = cw; for some ¢ € R.
Without loss of generality we assume ¢ = 1.
Then for any € > 0, there exists N, € N such that if K > N, then
sup vy — uk| < €.
B2

By the standard boundary Harnack principle

— Ve — U oo
sup ok — g gCH k — Uk || Lo (By)

< Ce.
B, Uk ug(en/2)
We fix 2! € Qr . We also have
(R e 1

Ry —o00 |’u,k(R]:1.’II1)| - U(Il) g(Rk)

Then for large enough k we have |vx (R '2')| < uy (R, 'z')/2. Finally, we conclude
then that

1
u(x)/2 Vp — U
( )1/ Ssuplk k'gCE.
u(axlh) B1 Uk
The C in the above estimate only depends on the ellipticity constants of a*/ and the
Lipschitz constant for the domain. Consequently, we may choose ¢ small enough

so that 2Ce < 1, which implies u(z') = 0 which is a contradiction since u > 0 in
QL,oo- O

For the remainder of the section we no longer assume that the lower order terms
are zero.

Lemma 4.4. Let L < M and u € Sc(Qp,d") with uw > 0 and Lu < 0. Assume
also 0 € 0. Let v € 00, N By o and let y € Qp N B, (x) with v < 1/4. Then there
exists a constant C depending only on dimension n, M, and dist(y,0Qy,) such that

sup u < Cu(y) for all r < 1/4,

B, ()

sup u > C tu(y).

By
Proof. Since v > 0 and Lu < 0 and u € Sz (21 R, dY), this is an application of the
interior weak Harnack inequality as well as uniform Hoélder continuity up to the

boundary, see [7].
O

We now state the analogue of Lemma
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Lemma 4.5. Let Qp, g, be a sequence of domains with Ly, < M, R, > 1, and
0€090g,. Letup, € Se(QL, Ry, dY), and assume v > —2/n. Further assume either

(1) up >0 and sup ug < 1, or
B2

(2) sup [ug| < Cr? for r <1 and some constants C, 3 > 0.
Then there exists a subsequence with a limiting domain Qr, r, and a limiting func-
tion up € S(Npy Ry, dY) such that

sup |ug — ug| — 0,

"

for all r < Ry.

Proof. This is an application of uniform Hélder continuity up to the boundary,
see [1]. O

Lemma 4.6. Let v € Sg(Qr) with w > 0 and Lu < 0. Let L < M. There
exist constants c1,ca, 3, depending only on n, M, A and M — L such that for any
x e aQL N B1/2

(1) sup u > ciu(e, /2)re,
B, (x)

(2) sup u < czu(en/2)7"6,
B, (x)

for any r < 1/4.

Proof. Property (2) is just uniform Holder continuity up to the boundary. Assume
by way of contradiction that (1) is not true. Then there exists a sequence satisfying

(1) Uk ESLk(QLk,d’Y)
(2) ug >0
(3) Lrur <0

n/2
(4) ug(en/4) < # from Lemma [14
We rescale and let
_ up(rpe)
supp, U

From Lemma [£5] we have that wy — wg uniformly and there is a limiting Lipschitz
domain 7, and limiting elliptic operator £ such that u € Sz, (Qr,). Now wg > 0,
and from the definition of wy we conclude that wy is not identically zero. However,
wop(en/4) = 0 which contradicts the strong maximum principle. O

With the previous result, the proof of Theorem H.7] proceeds exactly as in the
case of Theorem [B.10

Theorem 4.7. Let 0 € 00y with L < M, and fiz 2° € Q. Assume further that
By Nn{z, > 1/4} C Qp. Let v > —2/n and let o be as in Lemma [{.0 Assume
w,v > 0 and u,v € S(Qp,d?) with Lu, Lv < 0 and u(z®) = v(2°) = 1, and also
assume that 2 — o+ > 0 with « as giwen in Lemma[{.0 Then there exists a

uniform constant C > 0 (depending only on dimension n, Lipschitz constant M,
M — L, and dist(z°,08)) such that

C () < u(z) < Co(z) (4.3)
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Jor all x € By .

Proof. The proof proceeds exactly as the proof of Theorem [BI0] We only highlight
how the lower order terms vanish in the blow-up regime. The rescaled functions

@) vg(re) — —Zi%;;’;;uk(rx)
Wy \T) 1= o (r y
S [or(r2) — 2L (1)
satisty
r B r2 Loy (rx) 44
rWnk = NG ’ (4.4)

supp, nc [vx(re) — muk(m)|

where for a function f we have
L.f = (a"(rz)f;); +rb'(rz)fi + ric(rz)f.

Thus, in the blow-up regime the lower order terms disappear. As in the proof of
Theorems 2.1] and we may bound the denominator in ([@4) from below by
r&[In(1/r)]? for the constructed sequence of 7, — 0. Using that the numerator is
bounded from above by ri”’, we have that in the blow-up regime the right hand
side and lower order terms vanish. We then apply Lemma [£.] and Theorem as
in the proof of Theorem O

APPENDIX A.

Lemma A.1. Let {ar} be a sequence with ay, > 0, and with infinitely many terms
nonzero. Further assume that y_,-, ar = +o0o. Then there exists a subsequence ay,
such that for any j € N,

J
limsupM <j. (A1)
k}L—)OO akl
Proof. If limsupar = oo, one may simply choose a subsequence ay, such that

ag,—; < ay, for any 0 < i < k; and the result immediately follows. If 0 <
limsup a < 0o, one may choose a subsequence ax, such that limay, = limsup ay,
and the result also follows.

We now consider the most difficult case when limsup ay = 0. Define f1(k) = ax
for k € N, and interpolate linearly between integers for any value = > 1. Note that
lim, o0 fi(z) = 0. Let k1 = max{j € N | a; = max{ax}}. We inductively choose

kipr = max{j > k; | a; = max{ar}p_s, 11}
We define f5(k;) = ay, and interpolate linearly in between values of the subsequence
{k;}. Then fy(x) is strictly decreasing, and fo(k) > ay, for k > ky.

We now use an inductive procedure to construct fs(z) which will be strictly
decreasing and convex. We choose a further subsequence by letting k;, = k1. If
ki, has been chosen, then we define f3 by letting f3(k;,) = g, for 1 < j <4 and
linearly interpolating for all other values k;, <z < k;,. We choose

ok = 1) = follu) | folky) = falku) o 1
2 2(kj — ku,)

Such a minimum will exist since f3(x) is strictly decreasing on k;, < x < k;,. Then

fi(x) < fa(w) < f3(x), and f3(z) is strictly decreasing, convex, and f3(ki,) = ak,. .

For convenience we relabel f3(z) = g(z) and relabel our subsequence ki, to be k;.

ki, = min{kj | kj > ki, and
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Since g > 0, decreasing, and convex we may take a smooth approximation g.(z)
such that g. > 0,g. <0, and ¢/ > 0 it follows that ¢.(z + 1)g.(z) < g.(x)g.(x) <
g(z)ge(z + 1) so that

4 [gelz+1) <0.
dr | ge(x) -
Then g(x + 1)/g(z) is a decreasing function, so that lim, ,~ g(x + 1)/g(z) exists.

Since g(k) > ap and the series Y aj diverges, then the series Y g(k) diverges.
By the ratio test it follows that

k—1
im S =Y (A.2)
This proves
I gk —i
lim i=1 g( Z) S]
when j = 1. By induction we assume it holds true for j. Then
Jj+1 . J .
k— 1 - k—
fim iz 9= gk =g+ ) 3, (ki)
j+1 . j )
R N » BT ()
LS S G Y T
Then by (A2)) as well as the induction hypothesis we conclude that
L gk — i) :
1 L= ST 1
e gk) o
Finally, we use that ay, = g(k;) and ax,—; < g(k; — i) to conclude (AJ]). O
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