arXiv:1812.00372v2 [math.PR] 21 Mar 2020

ASYMPTOTICS OF A LOCALLY DEPENDENT STATISTIC ON FINITE
REFLECTION GROUPS

FRANK ROTTGER

ABSTRACT. This paper discusses the asymptotic behaviour of the number of descents in a random
signed permutation and its inverse, which was posed as an open problem by Chatterjee and Diaconis
in [6]. For that purpose, we generalize their result for the asymptotic normality of the number of
descents in a random permutation and its inverse to other finite reflection groups. This is achieved
by applying their proof scheme to signed permutations, i.e. elements of Coxeter groups of type By,
which are also known as the hyperoctahedral groups. Furthermore, a similar central limit theorem
for elements of Coxeter groups of type Dy, is derived via Slutsky’s Theorem and a bound on the
Wasserstein distance of certain normalized statistics with local dependency structures and bounded
local components is proven for both types of Coxeter groups. In addition, we show a two-dimensional
central limit theorem via the Cramér-Wold device.

1. INTRODUCTION

A recent result of Chatterjee and Diaconis in [6] was a new proof of the asymptotic normality
of the number of descents in a random permutation and its inverse, normalized by its expected
value and its variance. This was shown via the method of interaction graphs and a bound on the
Wasserstein distance to the standard normal distribution firstly introduced in [5]. The method of
interaction graphs and the bound on the Wasserstein distance are shortly summarized in Section 2.
The asymptotic normality of the number of descents in a random permutation and its inverse was
already shown by Vatutin via generating functions in [10] in 1996, but was not generalized to other
statistics depending on both a random permutation and its inverse. Chatterjee and Diaconis showed
such a generalization through a bound of the Wasserstein distance to the standard normal distribution
for a wider class of normalized statistics that depend on a random permutation and its inverse. In
the last section of [6], they issued the asymptotic normality of the number of descents in an element
of a finite reflection group and its inverse, for example for random signed permutations, as an open
problem and indicated, that their approach should also suffice in this case. This paper confirms their
intution by applying their proof scheme on signed permutations, that is elements of the Coxeter group
of type B,. For that purpose we construct random signed permutations and their inverses from the
same random variables. With this construction, we are able to apply the method of interaction graphs,
exactly like Chatterjee and Diaconis. Together with the bound on the Wasserstein distance between
the normalized statistic and a standard normal distribution mentioned before (see Theorem 3), we
can show the asymptotic normality by plugging in the formulas for the variance of the sum of the
statistics into the bounds. Kahle and Stump listed the expected values and variances of the sum of
the statistics for all finite irreducible Coxeter groups in [8, Corollary 5.2].

Using this result for signed permutations, we can extend the result to elements of the Coxeter group

of type D, which are signed permutations with an even number of negative signs. This is done via

an application of Slutsky’s Theorem (see Theorem 5).

To generalize these results to certain sums of statistics of both a random signed permutation and its

inverse, which have a bounded local degree and local components which are bounded by 1, we again
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follow Chatterjee and Diaconis and modify the interaction graphs in the right way so that we can
apply Theorem 3. From this, we show that this also works for elements of Coxeter groups of type D,
(see Section 5). The last section discusses the asymtotic behaviour of the two-dimensional statistic
formed by the number of descents in an element of a Coxeter group of both type B, and D,, and its
inverse via the Cramér-Wold device.

Acknowledgements. I want to thank Philipp Godland, Hauke Seidel and in particular Norbert
Gaffke for helpful comments and discussions. Furthermore, I want to thank my PhD-advisors Thomas
Kahle and Rainer Schwabe for their support and guidance.
As a fellow of the research training group on Mathematical Complexity Reduction at the Otto-von-
Guericke-University Magdeburg, I am funded by the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) - 314838170, GRK 2297 MathCoRe.

2. INTERACTION GRAPHS

We give a short overview over the method of interaction graphs as it is presented in [6]. Let (X, A)
be a measurable space and f : X — R a measurable map. Consider a map G(z), which connects every
x € X™ with a simple graph on [n] := {1,2,...,n}. This graphical rule is symmetric, if for a permuta-
tion 7 the graph G(z (1), - - ., Tx(n)) has the edge set {(7 (i), 7(5))| (i,7) is an edge of G(z1,...,z,)}.
For m > n, let G'(z) for x € X™ be a symmetric graphical rule on X™. G’'(x) is an extension of
G(z), if G(x) = G(x1,...,2y) is a subgraph of G'(z) = G'(z1,...,%m) for all x € X™. To define an
interaction rule, let for x,z’ € A"

2= (T, W1, T T, s T
Furthermore, let 2% be the vector = with replacements in the i-th and j-th position. Then, i and j
are non-interacting, if
f@) = @) = f(a") - f(2¥).
A graphical rule G is an interaction rule for a function f, if for any x,2’ € X™ and any 1, j, the edge
(i, ) not being an edge of either G(x), G(x%), G(27) or G(x*) implies that i and j are non-interacting.
The Wasserstein distance is a distance function on the space of probability measures [1, Chapter 7).

Definition 1 (Wasserstein distance, also known as Kantorovich-Rubinstein metric). Let (M,d) be
a metric space where every probability measure is a Radon measure and let P,(M) be the collection
of probability measures on M with finite p-th moments. The LP-Wasserstein distance between X ~
w€ Py(M)andY ~ v € P,(M) is defined as

8y (1 v) = (inf E[d(X,Y)"])7,
where the infimum is taken over all joint distributions of (X,Y)” on M x M with marginals y and v.
Definition 2. Let Y = (Y3,...,Y,,) be a vector of real-valued random variables distributed according
to a continuous distribution. The rank statistic is defined as R(Y;) = Z?:l Liy,>v,}, where 1,

denotes the indicator function. The value of R(Y;) gives the position of Y; when Y is sorted in
ascending order.

We later apply the following theorem from [5], which can also be found in [6], on signed permuta-
tions. The Theorem gives a bound on the Wasserstein distance between a normalized statistic that
admits a graphical interaction rule and the standard normal distribution.

Theorem 3 (Chatterjee). Let f : X™ — R be a measurable map that admits a symmetric interaction
rule G(x). Let X1, Xa,... be independent and identically distributed X -valued random variables and
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let X = (X1,...,Xp). Let W:= f(X) and 0 := V(W). Let X' = (X],...,X]) be an independent
copy of X. For each j, define

Ajf(X) =W- f(X17 s 7Xj*15XJ/'7Xj+la B 7X’n.)
and let M = max; |A; f(X)|. Let G'(z) be an extension of G(x) on X" and define
§:= 1+ degree of the vertex 1 in G'(X1,..., Xpn14).

Then, the Wasserstein distance dw between %(W) and N(0,1) satisfies
C\/_ 8 Im (st 4 1 -
Sw < E(M®)1E(6*)1 2—ZE|Af

for some constant C independent of n.

Chatterjee and Diaconis used the theorem above to show a central limit theorem for statistics of the
form Fy () + Fa(m~ 1), where both F; and F» have bounded local degree and their local components’
absolute values are bounded by 1. Hereby 7 denoted a permutation, hence an element of a Coxeter
group of type A,. We apply the same proof scheme to statistics on signed permutation by modifying
their model.

3. SIGNED PERMUTATIONS

Chatterjee and Diaconis modeled elements of the symmetric group S, = A,_1 and their inverses
by ranking functions on series of uniformly distributed random variables on the unit square. We
slightly modify this model by additionally introducing a random sign. The Coxeter group of type
B,, is the symmetry group of the n-hypercube. It is isomorphic to the signed permutation group of

rank n, which is the subgroup of all permutations on {#1,..., £n} with the antisymmetric constraint
—7(#) = 7(—1%). In a one-line notation we write # = (7(1),...,7(n)) where 7(i) € {£1,...,£n} and
{|7(1)|,...,|7(n)|} = [n]. Following [3, Proposition 8.1.2], it holds that the descents in some signed

permutation 7 € B, in the one-line notation are
Des(m) ={0<i<n:7()>7a(+1)}

where 7(0) = 0. We write for 7 € B,

n—1

(3.1) des(7) = | Des(7)| = Lyo>#1)} + Z Liz(0)>#(i+1)}-

=1

In the following theorem, we study the asymptotic behaviour of the statistic

t(7) = des(7) + des(71).
If 7 is picked uniformly from By, the statistic ¢(7) gives rise to a random variable Tg,. We show a
central limit theorem for the sequence (7, ),, normalized by its expected value and its variance, so
Ty, —E(T3,) p
e e A

(3.2) T )

N(0,1),

by adapting the proof of Theorem 1.1 in [6] for the modified model.

Theorem 4. Given a sequence of Cozeter groups of type By, of growing rank. Then, Ty, satisfies the
central limit theorem, if n tends to infinity.
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Proof. Let X := [0,1]? x {—1,1} and X1, Xs,... be independent and identically distributed of the
form (U;, V;, B;) with (U, Vi) ~ Unif([0,1]?) and B; ~Ber(3) on {—1,1} and independent of (U;, V).
Let X := (X1,...,X,) and let the x-rank of X; be the rank statistic (cf. Definition 2) of U; among
(Ui, ...,Uy) and the y-rank of X; the rank statistic of V; among (Vi,...,V,), so that X(yy,..., X
denote the X; ordered with respect to their x-ranks and X, ..., X with respect to their y-ranks.
This means that m(i) = y-rank of X;) is a random permutation and (i) = x-rank of X0 s its
inverse. Now, to see that

(i) == Buapsign()w(li)), (i) := B"sign(i)o(|il)
define random signed permutations, just check that 7(—i) = —7(¢) and 6(—i) = —5(3) and that 7(7)
and &(i) are injective. Furthermore it follows that & = 71, as B(,(ji/ = B and

#(5(i)) = Basign(a(i)m(15(i)]) = B(o( ) sign(BIVsign(i))x (o (Ji])) = i

Therefore the number of descents in the signed permutation and its inverse is given by:

n—1 n—1
(3.3) Ty, = f(X) = La@srern) + 2 La@>s+1))
1=0 1=0
n—1 n—1
= Lio>Buy=(1)} + Z LBy m(i)> By w(i+1)} T Ljo>Bwo(1)y + Z LiBto(i)>BG+Do(i+1)}
=1 i=1

For x € X™, define a simple graph G(z) on [n] as follows: For any 1 < i # j < n, let {i,j}
be an edge if and only if the x-rank of x; and the x-rank of z; or the y-rank of z; and the y-
rank of x; differ by at most 1. To check that this graphical rule is symmetric, see that the edge
set of a relabeled Graph G(xr(1),...,%x(n)), Where 7 is an arbitrary permutation, has the edge
set {(w(2),7(4))| (i,7) is an edge of G(z1,...,zy)}. This is true, since the x-ranks or the y-ranks
of ;) are equal to the respective ranks of x;. Hence this graph is invariant under relabeling of
the indices and it is therefore a symmetric graphical rule. Given z,2’ € X", z' is the vector
(1, . Tim1, T4, i1, ..., Tn), sO the vector x in which the i-th entry is replaced by the i-th entry
of 2’. Furthermore, 2% is the vector with replacements in the i-th and the j-th entry. Now, suppose
that (i, ) is not an edge in G(x), G(x"), G(z7) or G(z*). Then, the equation

fa) = f(a?) = f(a') = f(z")
holds, as j is not a neighbour of 4 in either of the four graphs. To better visualize this, check that
(34) fla) = f(a") + f(z?) = f(a¥).

Any indicator function in f(z), that is not dependent of either x; or z;, appears in f(z?), f(z%)
and f(z%), as it is left unchanged by the replacements in z¢, 27 or . Those indicator functions,
that depend on x; but not on z;, are unchanged in f(z7). As i and j are no neighbours in all
four graphs, these indicator functions, that depend on x' but not on 27, appear in both f(z%) and
f(z%7). Therefore, the indicator functions that either depend on x; or on z; turn up exactly once on
both sides of the equation. Hence Equation (3.4) holds, since there cannot be an indicator functions
that depend on both z* and 27, as ¢ and j are no neighbours in all four graphs. This means, that
G(z) is a symmetric interaction rule for f. Now, we construct an extension G’(x) of G(z) on X"+4.
For any 1 < i # j < n+4, let {i,5} be an edge in G'(x) if and only if the x-rank of x; and
the x-rank of z; or the y-rank of z; and the y-rank of z;, differ by at most 5. As this graph is
invariant under relabeling of the indices, it is a symmetric graphical rule. Obviously, every edge in
G(z) is also an edge in G'(z), as the distance between two connected nodes in G(x) can be 5 at most
through the insertion of four additional nodes. Therefore G’(z) is an extension of G(x). As T, and
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f(Xa, o X1, X5, Xy, .., X)) can differ in at most 4 summands, [A;f(X)| < 4. Furthermore,
the degree of any node in G’(x) is bounded by 20, as either the difference in the x-ranks or in the
y-ranks has to be smaller or equal to 5. This means, that |§| < 21. Then, by Theorem 3,

Cyn Cn
0t < U\QF t5
for some constant C. As [8] shows, 0% = V(T3,) = 22, Therefore, Tg, follows the central limit

theorem.
O

4. COXETER GROUP OF TYPE D,

This section reproduces the previous section’s result for sequences of Coxeter groups of type D,,.
The Coxeter group of type D,, is the symmetry group of the n-demicube. It is isomorphic to the
subgroup of the signed permutation group of rank n that consist of all signed permutation with an
even number of negative signs. This means, that

D, ={m €By: ﬁw(z) > 0}.

For some 7 € D,,, it holds that
Des(m) ={0<i<n:w(i)>mn(i+1)},
where 7(0) = —7(2) [3, Proposition 8.2.2]. We write for m € D,,

n—1

(4.1) des(m) = | Des(m)| = L{_r2)>r1)} + Z Lin(iy>m(i+1)}-

=1

We can reuse the model from the proof of Theorem 4 to generate Tp,, with a slight modification:
One sign-generating random variable is set to be the product of all the others. Therefore, the number
of negative signs is always even. Of course it is not possible to directly apply the method of interaction
graphs, as the local dependency structure is destroyed by one random variable being dependent of all
the others. This problem is solved via an application of Slutsky’s Theorem.

Theorem 5. Let W, be a sequence of growing rank of Coxeter groups of type D,,. Then, Tp, satisfies
the central limit theorem, if n tends to infinity.

Proof. Let X := [0,1)> x {—1,1} and X1, Xa,..., X,,_1 be independent and identically distributed
of the form (U;,V;, B;) with (Uy, Vi) ~Unif([0,1]%) and B; ~Ber(3) on {—1,1}. Furthermore, set
X, = (Un, Vi, III2) Bi) with (Uy, V) ~Unif([0,1]?) and B, = [[}~,' Bi. The product of inde-
pendent Ber(3)-distributed random variables on {—1,1} is again Ber(3)-distributed on {—1,1}. Let
X :=(X1,...,X,) and let the x-rank and the y-rank of X be defined as in the proof of Theorem 4.

X1y, -+, X(n) denote the X; ordered in respect to their x-ranks and XM, X in respect to their
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y-ranks. Then, as in (4.1), if # € D,, and #~! = &, with 7(0) = —7(2) we obtain

n—1 n—1

T, = Y Lia@saain) + O Lis@)>atitn)
i=0 i=0
n—1
= LB Viey>Buy Vi) T Z LB Viy> By Vi }

i=1

n—1
+ ]l{,B<2)U(2)>B(1)U(1)} + Z ]1{3(1')U(z’>>B<z’+1)U(i+1>}-

i=1

Now, remove all the indicator functions from Tp, where B, B® Bit1) or B+ equal B, and add
indicator functions, so that the resulting random variable is distributed as Ty, ,. Then, as E(Tp,) = n
and E(Tg, _,) = n — 1 (see for example in [8]),

L, —ET,) Ts, , +Yn—n

VV(Ip,) a VV(D,)

where Y,, = Tp, — Tp,_, is a random variable with |Y},| < ¢ for some positive constant ¢ and all n, so
(4 2) TDn - E(TDTL) _V V(TBn—l) Tanl - (n - 1) + Y,—1
V(1p,) VV(D,)  VV(T,_,) VV(Ip,)

Ty, —(n—1)
We know from Theorem 4 that BVl

converges in distribution to a standard normal distribution.

Y,, is bounded, as it is a finite sum of indicator functions. Therefore, lim —z=1

n—oo v/ V(Tp,,)
. R /V(Tsn,l)
and lim ~—mm==

theorem (see Slutsky’s theorem, for example in [9, Theorem 2.3.3]).

= 0 almost surely

= 1 (compare [8, Corollary 5.2]). Therefore, Tp, satisfies the central limit

O

5. GENERALIZATION TO A CLASS OF STATISTICS WITH LOCAL DEGREE k

As in [6], it is possible to generalize the proof of Theorem 4 to a wider class of statistics of local
degree k. These statistics are of the form

Fi(n) + Fy(r™ 1),

where the local components’ absolute value is bounded by 1. If 7 is a signed permutation, a bound
for the Wasserstein distance between the normalized statistic and the standard normal distribution
follows. Therefore the central limit theorem for these statistics holds, if the variance of the statistics
is of order n2*¢ for an & > 0. The Theorem is implied from a generalization of the proof of Theorem
4 by constructing the symmetric interaction rule in the right way.

Theorem 6. Let W, be a sequence of growing rank of Cozeter groups of type B and let F1, F» be
statistics of local degree k, with the absolute value of their local components bounded by 1. The statistic
Fy(7) + Fy(7~1) gives rise to a random variable F. The Wasserstein distance between F, normalized
by its mean and variance, and the standard normal distribution satisfies

5r < O(k) (g + S%)

for 82 := V(Fy(r) + Fa(7~ 1)) and some constant C (k).
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Proof. If the statistics F1 and F» are of local degree k and their local components’ absolute value is
bounded by 1, let {i,j} be an edge in G(z) if and only if the x-ranks or the y-ranks differ by at most
k — 1. For the extension G'(z), we say that {i,j} is an edge if and only if the ranks differ by at most
k + 3. Then, Theorem 3 applies, and the Wasserstein distance is bounded:

5p < C(k) (@+1>.

52 83

Here, C(k) is a large enough constant. O

To see that the bound in Theorem 6 also holds when 7 is an element of a Coxeter group of type
D,,, we use the same technique as in the proof of Theorem 5. Hence, we decompose the statistic into
a part that is the same statistic depending on a signed permutation on {£1,...,+(n — 1)} and a
finitely bounded random variable.

Theorem 7. Let W, be a sequence of growing rank of Coxeter groups of type D and let Fy, Fs be
statistics of local degree k, with the absolute value of their local components bounded by 1. The
statistic Fy(m) + Fao(m™1) gives rise to a random variable F. Then, if we assume that V(F) — oo,
the Wasserstein distance between F, normalized by its mean and variance, and the standard normal
distribution satisfies

vn—1 n-—1

+
52 53

6p < C(k) ( ) +o(1)

for 8% :=V(Fy () + Fa(7~ 1)) and some constant C (k).

Proof. Let F = Fy(m )+ Fe(r; ) = f(X) where 7 is a uniformly chosen element of the Coxeter group
of type D,,. Let X = (X3,...,X,) be generated as in the proof of Theorem 5, so X; = (U;, V;, B;)
with (U;, V;) ~Unif([0,1]%). B; is an independent random sign for 1 <i <n —1 and B, = 1= B:.
Then, F' is the statistic where we remove all local components that depend on B,,. Subsequently we
add local components, so that the resulting statistic is F/ = Fy(mg) + Fo(ny 1), where 7 is a random
signed permutation on {£1,...+ (n — 1)} generated by (Xi,...,Xp—1). Then, as the local degree
is k, F — F' = O(1) and therefore E(F — F') = O(1) and V(F — F’) = O(1), which implies that
V(F") =V(F) 4+ O(1). Now, see that Eq. (4.2) from the proof of Theorem 5 generalizes to

F-E(F) V() F —E(F) F-F -E(F-F)
VVE)  VV(E) V() V(F) ’

which immediately shows that the Wasserstein distance between F' and F”’ tends to zero, because

nlgxgo % = land nlgxgo %&m = 0. Therefore it holds that dp < dps +0(1) and the theorem
follows. O

6. THE STATISTIC (des(n),des(7 1))

This section derives a two-dimensional central limit theorem for the vector statistic defined as
(des(m),des(m~1)) for 7 being either an element of a Coxeter group of type B,, or D,,. This is achieved
with the Cramér-Wold device and a slight modification of the proofs of Theorems 4 and 5. The
Cramér-Wold device shows the equivalence of the convergence in distribution between a random
vector and every linear combination of its elements. It is also known as the Theorem of Cramér—Wold
(see for example in [2, Theorem 29.4]).
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Theorem 8 (Cramér-Wold). Let X, = (Xp1,..., Xnr) and X = (X1,...,Xy) be random vectors of
dimension k. Then, X, 2 X, if and only if

k k
D
g tiXni — g 6 X
i=1 i=1
for each t = (t1,...,tx) € R* and for n — .

We use the short-hand notation (D,,, D!,) for the random variable that rises from (des(), des(7~1)).
With Theorem 8, we can show the convergence of (D, D)) by studying linear combinations of the
form ¢1 Dy, +t2D),. Tt is sufficient to only check linear combinations with ¢ € S ! since the investigated
statistic is normalized by the square root of the variance V(t1D,, +t2D},). This leads to the following
theorem:

Theorem 9. Let W, be a sequence of Coxeter groups of growing rank of either type By, or Dy,. Then,
the statistic (Dy,, D.) satisfies a two-dimensional central limit theorem of the form
-1 (D, —E(D,)\ b

for n — oo, where I denotes the two-dimensional identity matriz and 3, is the covariance matriz of

(D, Dy,).

Proof. Via the Theorem of Cramér-Wold, we can study the convergence of (D, D)) by studying
ty Dy, + to D!, for tT = (t1,t3) € S'. We derive a convergence

1 D, —E(D )) D
6.1 tT——— (7 n/ ) S N(0,1
(6 w155 (0f Zm(oi)) B N0
to show the Theorem via an application of Slutsky’s Theorem. (6.1) is equivalent to
1
(6.2) T-Dn)(tan + 1D}, — (t1 + t2)E(Dy)) 3 N(0,1),

as E(D,,) = E(D},). Now, since t € S, the proofs of the Theorems 4 and 5 apply, which means that
t1D,, + th;I - (tl + tQ)E(Dn)
V(t1D,, + t2D1,)

This convergence is also a consequence of Theorem 6 or Theorem 7, as the local components of t1 D,, +
to D), are still bound by 1 and the local dependency structure is not changed by multiplying the sum of
indicator functions that model D,, and D!, with constants. Furthermore, the variance V(¢ D,, +t2D?,)
is of order n and therefore, the Wasserstein distance to the standard normal distribution is bound by

a vanishing function in n. Now, by Slutsky’s Theorem, (6.2) and therefore (6.1) is satisfied as
V(t1 Dy, n) as
(t1D,, + t2D},) as

V(D)

This results from the fact that V(D,,) = V(D’,)) and Cov(D,,, D) = O(1) (see [8]) and that t3+t3 = 1.

Because of the convergence in (6.1), the theorem follows via another application of Slutsky’s Theorem,
as

B N(0,1).

Lo 1 ( V(D,) Cov(Dn,D;))
V(Dn) "™~ V(D,) \Cov(D,, D) V(Dy,)

Sk

8

3

since Cov(D,,, D)) = O(1) and V(D,,) = V(D). O
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Remark 10. Theorem 9 can be generalized to certain statistics (Fy (), Fo(71)), if F; and F> meet
the constraints of Theorem 6 or Theorem 7, V(Fy (7)) = V(Fy(r 1)) holds and V(F; (7)) is big enough
so that the constraint to the Wasserstein distance in Theorem 6 or Theorem 7 converges to zero for
n going to infinity.

7. FURTHER INVESTIGATION

This paper showed the central limit behaviour for D(r) + D(7~1), where 7 is an element of either
a Coxeter group of type B, or of type D,,. A natural direction for further investigation are arbitrary
series of product groups of Coxeter groups of type A,,B, and D, and under which constraints the
asymptotic normality of D(m) + D(m~ ') is preserved (see Problem 6.10 in [8]). By November 2019,
using the results of this paper, this was done by Briick and Rottger [4] and Féray [7].
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