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A NOTE ON THE TANGENT CONES OF THE SCHEME OF
SECANT LOCI

ALI BAJRAVANI

ABSTRACT. The point of this short note concerns with two facts on the scheme
of secant loci. The first one is an attempt to describe the tangent cone of these
schemes globally and the second one is a comparison on the dimension of the
tangent spaces of various schemes of secant Loci.

1. INTRODUCTION AND NOTATIONS

Let C be a smooth projective algebraic curve of genu g; Wg_l (C) its theta divisor
and L € W) _;(C) be a multiple point of the theta divisor. Based on a classical and
nice result of Bernhard Riemann, the tangent cone of W) ,(C) at L = O(D) is, set
theoretically, the union of the n-planes A = (F), where F is the canonical image of a
divisor £ €| D | in the canonical space of C' and n = deg(D)—h°(D). See [3, Ch. 6].
G. Kempf generalized this result to the schemes W9, when 1 < d < g—1, (see [L1]).
Subsequently, Arbarello, Cornalba, Griffiths and Harris used the scheme of linear
series, G7(C)’s, to give a global description of the tangent cone of the Brill-Noether
schemes, W}, at their multiple points when 7 and d rangesin 1 <2r <d <g—1.

The scheme of secant loci of globally generated line bundles on C, being as
a generalization of the classical Brill-Noether varieties, was under focus of some
authors beginning by M. Coppens in 1990’s to recently by M. Aprodu and E. Sernesi.
Marc Coppens, M. E. Huibregetse and T. Johnsen, studying the local behavior of
these schemes, have given descriptions of their tangent space and tangent cones at
their various points, in terms of their local defining equations.

The first aim of this note is to describe the tangent cone of the scheme of secant
loc?’, globally. In order to do so the method of [3] in constructing linear series G7,
goes verbatim to construct analogous schemes on the varieties of secant divisors.
The resulting spaces enjoy a powerful universal property. Based on this property;
these schemes, so called ”the scheme of divisor series” would be used to obtain a
global description for the tangent cones of the scheme of secant divisors.

W. Fulton and etal., established inequalities within the dimension of various
Brill-Noether varieties in [9]. The relations have been extended recently to the
varieties of secant loci by M. Aprodu and E. Sernesi in [2]. Inspired by their results,
we report in Theorem [B] similar inequalities within dim V' (T"), dim V] (T'(—z)),
dim T (V7 (T)), dimTpy.(Vy ,(T)) and dimTpV; (T'(—x)), where z is a general
point of C. This is the second aim of this paper. As a corollary to this result,
the smoothness of V' (I'), when V] (I') is of expected dimension, implies the same
property for Vi (') and Vj(I'(-x)).

1991 Mathematics Subject Classification. Primary 14H99; Secondary 14H51.
Key words and phrases. Secant Loci; Tangent Cone; Very Ample Line Bundle.

1


http://arxiv.org/abs/1812.00580v1

2 ALI BAJRAVANI

Assume that I is a line bundle on a smooth projective algebraic curve C of genus
g with h%(T') = s + 1 and d is a positive integer. For an integer d > 2, consider the
diagram
C x Cd £> Cd
m
C
and define the secant bundle of degree d; Er := (m2)«(7*T ® Oa), where A is the
universal divisor of degree d. The morphism

(M)« (*T) 25 (). (miT © On)

is a map of vector bundles of ranks s+ 1 and d, respectively. For a positive integer
r, 1 < r < d-—1, the variety of secant loci of I' is the zero scheme of the map
/\di?drlqﬁp7 ie.

(1.1) Vi(D) =Z(A T er).
The variety of secant loci of I' migh be described set theoretically as
V(D) == {D € Cq | F°(T) = K(D(=D)) < d — r}.

See [1I, - - -, [8] for more details on the scheme structure of V] (I') and some of its
geometric properties.

2. THE STRUCTURE OF V31 =9+ (T):

For a closed subscheme Z C X defined as the k-th degeneracy locus of a mor-
phism of vector bundles v : F — @, its canonical desingularization, as it is de-
fined in [3, Page 83-84], parametrizes couples (z,W) in which € X and W €
Gr(n—k, ker~,), where rk F = n and rk G = m. Denote such a desingularization by
Xp(7) and set VT4 (T) := X4, (¢ér). Geometrically, the scheme V5T =9+7(I)
parametrizes couples (D, A), with D € VJ(I') and (D) C A C P(H°(T)) with
dim A = d —r — 1. The elements of Vi ~%*"(I), are called divisor series.

2.0.1. Families of divisor series: A family of divisor series, 07(I"), w.r.t. I parametrized
by S, is the datum of:

(I) A family D of degree d divisors on C, parametrized by S;

(IT) A rank (s + 1 — d + r)-vector bundle 7, which is a subvector bundle of
(72)«(7;T ® O(D)Y), with the property that, for each s € S, the homomorphism

T @ k(s) = H((72) "' (s), [7iT @ O(D)¥] @ O(ry)-1(s))

is injective, where 71 and 75 are the projections from C'x .S to C and S, respectively.
Two families (D1, 71) and (D2, 72) of §5(T")’s on C parametrized by S are said to
be equivalent if D7 = D,, such that 77 can be identified via 7> under this equality.

2.0.2. The universal family of divisor series: Consider that V;'H_d""r (T") is a sub-
variety of the Grassmann bundle G(s +1 — d + r, (7). miT") over Cy. If

e: VTt 5 Oy

is the restriction of the projection map from G(s41—d+r, (1), T) to V3™ =9+7(I),
then the universal family of §7(I")’s on C parametrized by V597 (I') is (e*(A), G),
where G is the restriction to VT4 (T') of the universal sub-bundle on G(s+ 1 —
d+r, (m2),miT) and A is the universal divisor of degree d. We denote this family
of divisors by UV ~4H(T).
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Lemma 2.1. Assume that D is a family of degree d divisors on C, parametrized
by S; and f: S — Cy is the unique morphism such that (f x idc)*(A) =D. Then

ker f*(¢r) = ker{(m2).((f x idc)* (71 (T))) — (2)«((f x idc)* (71 (I') @ Oa))}

Proof. Claim: 77 (I") and 77 (T") ® Oa are flat O¢,-modules. Indeed, observe first
that 7§(T) is flat as O¢, xc-modules. The flatness of O¢,xc as O¢,-modules is a
direct consequence of the commutative diagram

CaixC C
m 4
Cq —  Spec(k).
The flatness of 7§ (') and 7} (I") ® Oa as O¢,-modules, together with Theorem
[, Thm. 2.6, page 175] applied to the morphism Cy x C' — Cy4 shows that

(2.1) fH(m1 () = (7a)«((f x ide)™ (w1 (T))

(2.2) fr (@ (1) @ Oa) = (F2)«((f xide)" (m1(I') @ Oa).
The lemma now is a direct consequence of the commutative diagram of vector
bundles on S

FH(r(T)) Gy FH () ® Oa)

} 1
(T2)«((f < ide)*(m (1) — (W2)«((f x ido)* (71 (L) @ Oa).
O

Theorem 2.2. For any analytic space S and any family E of divisor series on C
parametrized by S, there is a unique morphism from S to Vj“fd”(l") such that

the pull back of L{V§+l_d+T(I‘) is equivalent to E.

Proof. Let E = (D, T) be a family of divisor series, ¢;(I')’s, on C' parametrized by
S. The universal property of A asserts that there is a morphism f : S — Cy such
that (f x id¢)*(A) = D. Condition (II) in [Z0J] together with Lemma 2] makes
it possible to view the vector bundle T as a vector sub-bundle of f*(H°(T') ® O¢,)
contained in f*(ker ¢r). The universal property of Grassmann bundles implies that
the vector bundle 7 is the pull back of the universal sub-bundle via a unique section
of G(s+1—d+r, f*(H°(I')®O¢,)) — S. This section factors through the inclusion
V= () C G(s+1—d+r, H)(I)®Og,), since T is annihilated by f*(¢r). O

2.0.3. The Tangent Space of V3™ =4"(T"). TheoremZ2shows that T(V5 4T (T))
is the set of families of ¢;(T")’s parametrized by Spec(Cle]) reducing to E. A family
of this type is called a first order deformation of E.

Theorem 2.3. Let E = (D,T) € V5T~ (I'). Then, a first order deformation
of E is in the form E. = (De, T.), where D, is a first order deformation of D and
Te CT(=D.) extends T, in which T, is the trivial first order deformation of T.

Proof. Assume E. = (D, 7¢) is a family of ¢}(I")’s parametrized by Spec(C[e]).
Then, D, is a relative degree d divisor on Spec(Cle]) and so is a first order defor-
mation of D.

For each s € Spec(Cle]), the vector bundle (7). (77T @ O(D,)V) satisfies

{(2)[7T ® O(De) "]} @ k(s) = HO(I(=Dy)),
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where Dj is the restriction of D, to {s} x C. This implies that the vector bundle
(2)« (7T ® O(D¢)Y) might be viewed as the vector bundle I'c(—D,), where ¢ is
the trivial first order deformation of I'. So T" has to be extended to some sub-vector
bundle 7¢ of T'c(—=D,). O

Proposition 2.4. Let E = (D,T) € V5T (T) corresponding to a divisor D €
V=) and an (r+1)-dimensional vector subspace T of HO(T'(—=D)). Denote
by

o HO(D)® T — HO(T)

the restriction of uy to H(D)® T.
The tangent space to V5T~ (T) at E fits into an exact sequence
0 — Hom(T, H*(D'(=D))/T) — Te(Vi™ =" (1)) <= TpCy.
Furthermore, if iir is the cup product H*(Op (D)) ® T — H°(T ® Op), then
Ime, = {v € H*(Op(D)) | ir(v ® T) C Imar}.

Proof. If D is locally defined by (U, {fa}) then (Ua,{ga,p = ;—i}) would be a
transition datum for O(D). As well, if (Uq, {Va,3}) determines the line bundle T,
then the line bundle T'(— D) would be determined by (U, {;:—’Z}).

If D is a first order deformation of D associated to v € H°(Op(D)) and repre-
sented by (Ua.c, {fa}), then (Un.c, {a.s == ;—B}) would be a transition datum for
O(D.), such that

ga,B = ga,B(l + 5¢a,6) where (ba,,@ + ¢,6’,V = (ba,'y-
Consider that ¢ = {¢a.5} € H(O¢) and §(v) = ¢, where § is the coboundary map
associated to the exact sequence

0— Oc — O(D) = Op(D) — 0.

Furthermore, I'.(—D,) would be represented by (Ua.c,{da.5}); such that g,z =
:Yoc,B
goc,B
that

~ Yo, 8 Yo,8
(2'3) Yo, = = [1 + 5(_(?5&, )]
7 Gap + €GasPap  Jas g

In order to lift a section s € H°(I'(—D)) which is represented by {s,} with

, where by triviality of the deformation I'¢, one has 44,3 = Va,8. These, imply

(2.4) Saq = %—’Bsﬂ on U, NUsg,
Jo.B

to a section § of I'.(—D,) it is necessary and sufficient for § to be represented by
5o with 5, = ;‘1—‘253 on Uy,e NUpg, such that one has locally

(2.5) Sa = S + €54.
Setting gu,g := ZQ’Z, the equation (23] is equivalent to say that
(2.6) Sa =Jap-S5g on UsNUg,

(2.7) gaﬁﬁ.éﬁ —$q = 5a-¢a,ﬁ7 on U,N Uﬁ.
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It is an immediate computation to see that the right-hand side in (27 is a cocycle
representing the cup-product ¢.s € H*(I'(=D)) under the natural pairing

H'(Oc) @ H(L(~D)) — H'(I(-D)).
Consider the commutative diagram of vector spaces

H°(Op (D)) ® HY(I'(-D)) &% HY(O¢)® H(I'(-D))

7 ) Lo
HO(T'® Op) N HYT'(=D)).
and observe that [no (6 ® 1)](v ® s) = 0 in H'(I'(=D)). So the commutativity of
diagram implies 7j(v ® s) € ker(6) = Im ar. This finishes the proof. O

Theorem 2.5. For D € VI(T), consider the set I C H°(Op(D)) x Gr(s+1—d+
r, HY(T'(=D))) defined by

I'={(w,T)|7r(ve®T)C Imar}.
Then, the tangent cone of Vi (L) at D coincides on I := m1(I) set theoretically,
where 1 is the first projection on H°(Op(D)).

Proof. An application of the Corollary in page 66 of [3] together with Proposition
24 shows

To(Vi (1)) =1,
set theoretically. O

Remark 2.6. Assume that {71, -+ ,7s11} is a basis for H%(T"). The Brill-Noether
matrix (v;(p;))s,; defines the structure of V7 (I") locally. This allows one, to interpret
H°T ® Op)* as the tangent space of Cyq at D, which is the same as identifying
H(Op(D)) with HO(T' ® Op)*. If {1}, is a basis for H(Op(D)), then such an
identification might be given explicitlyl as

(2 (2 (2

(28) 0: 1 € HOp(D) =+ (" P(py),- L)) € B ® Op)”,

where z; is a local coordinate around p; and for v in a vector space V', we denote
by v* € V* the linear map by v*(A\v) = X and zero, otherwise.

In order to obtain Theorem 27, we make the following hypothesis
Hypothesis A: Consider the set J C H(T')* x Gr(s + 1 —d +r, H*(I'(—D))),
defined by

J={(.T) v L u(H (D)@ T)},
and assume that the map © is such that setting J := 71(J) the set (af)~1(J)
coincides on I, where
af : HY(I'® Op)* — H°(I)*,
is the dual of ar and 7 is the projection on HO(I')*.
Consider the set J C HO(I')* x Gr(s + 1 —d +r, H*(I'(=D))), defined by
J={(T) v L us(H (D)@ T)},

and assume that the map © is such that setting J := 71(J) the set (af)~1(J)
coincides on I, where

af : HY(I'® Op)* — H°(I)*,
is the dual of ar and 7 is the projection on HO(T)*.
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Theorem 2.7. Together with Hypothesis A, assume that for each T € Gr(s+1—d+
r, H*(T'(—=D))), the map nr : H*(D) @ T — HY(T), is injective and h°(T'(—D)) <
(D) + s+ 1—d+r. Assume moreover that the scheme Vj(T) is of dim =
exp.dimV}(T) in a neighborhood e~1(D). Then Tp(VF (L)), the tangent cone of
Vi) at D, is generically a C"-bundle on a reduced, normal and Cohen-Macauley
variety J C HO(T)*.

Proof. Note that the scheme structures on I and 7p (V] (I')) are compatible with
the structures of the schemes fitted in the commutative diagram

1

o~
&

I = 7J
{ n 7]
I 25
induced from
HO(Op(D)) x HY(I(~D)) % HO(I)* x HO(I'(~D))
0l ) i
[HY(T' ® Op)]* -5 HO(I)*,

where we are denoting ajf.0© by ¢. This shows Tp (V] (I')) = I, scheme theoretically
as well.

In order to finish the proof of theorem, denoting by A the restriction of {* to I,
it is enough to prove A(I) = J. To do so, the scheme .J, being a vector bundle on
Gr(s+1—d+r, H*(T(=D))), is irreducible, implying the irreducibility of .J. For
a similar reason I comes to be irreducible.

The Lemma in page 242 of [3] applied to the injectivity assumption, implies that
J has the claimed properties.

Fianlly, a dimension computation indicates that A\(I) can not include J strictly,
verifying A(]) = J. Meanwhile, the computation indicates that for a general j € J,
the dimension of the fiber of A at j equals 7. (]

Remark 2.8. The canonical bundle satisfies in the assumption[2.0.3] so the tangent
cone of C} at a point D € (7 is generically a P"-bundle on the tangent cone of W
at L =0(D) € WJ.

3. A TANGENT SPACE COMPARISION

The tangent space to Vj(T') at a point D € VJ(T')\ V;;7(T") has been described
by M. Coppens in [6, Thm. 0.3] as;

Tp(Vi@)= (] {8 (Im(ef )},

£eHO(I'(—D))

where for £ € HY(I'(—D)) the map 8¢ : H°(Op(D)) — H°(I' ® Op) is defined by
v v@€ and ¢F is the morphism induced by ¢r at the point D. This interpretation
describes the tangent space as a subspace of the space of first order deformations
of D, where D is considered as a closed subscheme of C.
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Theorem 3.1. Letz € C be a general point such that D € VJ (I)\V; T (T'), D4z €
Vi (D) \ VE{(T) and D € VF(D(—2)) \ V(D). Then

(@) dimTp(Vy(T)) = dimTpia(Viy, (1)) = (r+1),

() dimTp(V;(IT)) > dimTpV](T(-x))—r
(¢) dimV;(') > dimV](I(-z)) —r.

Proof. (a) We interpret H°(Op (D)) as a subspace of H*(Op,(D+z)) and H*(T'®

Op) as a subspace of H'(I' ® Op.,). Using these interpretations we obtain a
commutative diagram:

H(Op(D)) 25 HOT @ Op)

i i 1 i
HO(Op1o(D+a)) 5 HYT'® Op.y),
in which B¢ coincides on the restriction of 3¢ to H°(Op(D)). Set
HY(D(=D)) = H(N(=D - z)) @ (1),

and observe that if {71, ,7} is a basis for H*(I'(~=D — z)), then

TpVi(T) = N2 By (Im(ef)] N AT (Im(ef))
= M2} B3 (m(E ) M HO(Op(D))] N 85 (Im(6P)).

This implies that TpVj () = [Tp1. V1 (D)]NH(Op(D))NB; ! (Im(¢F)). Observe
furthermore that

H®(Op(D)) = [Tp12Viy1 (D) NH(Op(D))] + 5 (Im(¢F)),
by which we obtain
dim TpV; (') = dim Tp1,Vy, () — 1+ dim 85 ' (Im(¢F)) — d.
The assertion would be a direct consequence of the inequality
(3.1) 57 (Im(6)) > d — r = dim Im(6P).
In order to prove the inequality B)), set V = 5! (Im(¢f)) and observe that

dim V = dim[ker 8, N V] + dim[Im 3, N Im ¢£] = dim ker 3, + dim[Im 3, N Im ¢
=d — dimIm 8, + dim[Im 3, N Im ¢£] = d — (dim Im 3, — dim[Im 3, N Im ¢£7).

The assertion is now immediate by

Im67+lm¢{?) < dim HYT ® Op) _

dimIm 3, — dim[Im 3, N Im ¢ ] = dim( Tm ol < T o7

(b) For ¢ € H(T' — x — D) we are in the situation of the following diagram:
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Di_yx
HO(I'(—z) ® Op) or (=) H°(T(~x))
Y
H(Op(D) B
Be '
H°(I'® Op) «——— HO(I)
or

where i1 and is are inclusions. It is easy to see that Im ¢X = Im ¢£ (—z), by which
we obtain ﬂgl(hn PoR) = Bgl(lm ¢1?(—m))' This implies that, with « as in the proof
of the previous case, we have

TpV; (L) = TpVj (L(=x)) N A7 (Im ).

The rest of the proof goes verbatim as in part (a).

(c) We might assume that V;(I'(—x)) and V _,(T') are irreducible. A general
x € C can not stand in the support of all divisors D € V', ,(I"). Otherwise; if for
any E+x € V] ,(T) the divisor E belongs to V,j(I"), then dim V;, ,(I") = dim V;(T")
which is impossible. If the divisor E belongs to V] (I'(—x))\ V] (T') for some E+z €
VJH(F), then one has h°(E) = 0 by [4, Lemma 3.3] which once again is impossible.

For an open subset U C C, from the equality V(') = Uper{p + V; (I'(—=p))}
we obtain dim V' (I'(—xz)) = dim V], (I') — 1, for general 2 € C. Indeed for such z
the equality dim V; (I'(=x)) = dim V(') implies that any D € V ,(I") contain
2 in its support, which is absurd by what we just proved. This by [2, Thm. 4.1],
implies the assertion. O

Corollary 3.2. If VJ(T') is smooth at D € V] (T') and of expected dimension,
then for general x € C, Vj(I'(—z)) would be of expected dimension and smooth at
D € Vj(T'(=x)). The same conclusion is valid for Vi (T), i.e. it would be of
expected dimension and smooth at D +x € V. (T).

Proof. Based on the inequality dim VJ(I'(—x)) > d—r(s—d+r), the assertion on the
dimension of V] (I'(—x)) is a consequence of Theorem B.I{c), by which part (b) of
the same theorem verifies the smoothness assertion for VJ(I'(—x)) at € V] (I'(—x)).
The same argument goes verbatim for smoothness of V,j, | (T') at D +2z. Meanwhile,
the assertion on its dimension is concluded by |2, Thm. 4.1] O

Corollary 3.3. Assume that T'(—x) turns to be very ample for general x € C. If
non-empty, then dim V.2 (') is (s — 4)-dimensional.

Proof. Theorem [B.1](c) together with [4, Lemma 4.4] implies the corollary. O

Remark 3.4. (a) TheoremB.Ilimplies Aprodu-Sernesi’s result for reduced V; (I")’s.
(b) Corollary B3] is invalid without the very ampleness assumption on I'(—2x), see
3, Ch. VIIL Exe. F].

(¢) The equality gon(C) = [q—;l] is hold for general curves by which one can prove

that for general xy, -,z (1 <k < [‘7%1]) the line bundle K (—x1 —- -+ — ) turns
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to be very ample on general curves. Using this fact together with Theorem BI|(c)
one can reprove dimCj = 2d — g + 1.

(d)

The special case r = 1 from Theorem BI](c) has been proved and was used to

prove the main theorem, Theorem 1.3, in [5].
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