arXiv:1812.01130v1 [cs.MA] 3 Dec 2018

A Unified Approach to Dynamic Decision
Problems with Asymmetric Information -

Part I: Non-Strategic Agents

Hamidreza Tavafoghi, Yi Ouyang, and Demosthenis Teneketzis

Abstract

We study a general class of dynamic multi-agent decision problems with asymmetric information
and non-strategic agents, which includes dynamic teams as a special case. When agents are non-strategic,
an agent’s strategy is known to the other agents. Nevertheless, the agents’ strategy choices and beliefs
are interdependent over times, a phenomenon known as signaling. We introduce the notions of private
information that effectively compresses the agents’ information in a mutually consistent manner. Based
on the notions of sufficient information, we propose an information state for each agent that is sufficient
for decision making purposes. We present instances of dynamic multi-agent decision problems where we
can determine an information state with a time-invariant domain for each agent. Furthermore, we present
a generalization of the policy-independence property of belief in Partially Observed Markov Decision
Processes (POMDP) to dynamic multi-agent decision problems. Within the context of dynamic teams
with asymmetric information, the proposed set of information states leads to a sequential decomposition
that decouples the interdependence between the agents’ strategies and beliefs over time, and enables us

to formulate a dynamic program to determine a globally optimal policy via backward induction.
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I. INTRODUCTION
A. Background and Motivation

Dynamic multi-agent decision problems with asymmetric information have been used to model
many situations arising in engineering, economic, and socio-technological applications. In these
applications many decision makers/agents interact with each other as well as with a dynamic
system. They make private imperfect observations over time, and influence the evolution of the
dynamic system through their actions that are determined by their strategies. An agent’s strategy
is defined as a decision rule that the agent uses to choose his action at each time based on his
realized information at that time.

In this paper, we study a general class of dynamic decision problems with non-strategic agents.
We say an agent is non-strategic if his strategy (not his specific action) is known to the other
agents. In a companion paper [2] we study dynamic decision problems with strategic agents
where an agent’s strategy is his private information and not known to the other agents.

We consider an environment with controlled Markovian dynamics, where, given the agents’
actions at every time, the system state at the next time is a stochastic function of the current
system state. The instantaneous utility of each agent depends on the agents’ joint actions as
well as the system state. At every time, each agent makes a private noisy observation that
depends on the current system state and past actions of all agents in the system. Therefore,
agents have asymmetric and imperfect information about the system history. Moreover, each
agent’s information depends on other agents’ past actions and strategies; this phenomenon is
known as signaling in the control theory literature. In such problems, the agents’ decisions and
information are coupled and interdependent over time because (i) an agent’s utility depends on the
other agents’ actions, (ii) the evolution of the system state depends, in general, on all the agents’
actions, (ii1) each agent has imperfect and asymmetric information about the system history, and
(iv) at every time an agent’s information depends, in general, on the agents’ (including himself)
past actions and strategies.

There are two main challenges in the study of dynamic multi-agent decision problems with
asymmetric information. First, because of the coupling and interdependence among the agents’
decisions and information over time, we need to determine the agents’ strategies simultaneously
for all times. Second, as the agents acquire more information over time, the domains of their

strategies grow.
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In this paper, we propose a general approach for the study of dynamic decision problems
with non-strategic agents and address these two challenges. We propose the notion of sufficient
information and provide a set of conditions sufficient to characterize a compression of the agents’
private and common information in a mutually consistent manner over time. We show that such
a compression results in an information state for each agent’s decision making problem. We
show that restriction to the set of strategies based on this information state entails no loss of
generality in dynamic decision problems with non-strategic agents.

We identify specific instances of dynamic decision problems where we can discover a set of
information states for the agents that have time-invariant domain. Within the context of dynamic
teams, we further demonstrate that the notion of sufficient information leads to a sequential
decomposition of dynamic teams. This sequential decomposition results in a dynamic program

the solution of which determines the agents’ globally optimal strategies.

B. Related Literature

The Partially Observed Markov Decision Processes (POMDPs), i.e. centralized stochastic
control problems, present the simplest form of dynamic decision problems with single agent
[3], [4]. To analyze and identify properties of optimal strategies in POMDPs the notion of
information state is introduced as the agent’s belief about the current system state conditioned on
his information history. The information state provides a way to compress the agent’s information
over time that is sufficient for the decision-making purposes. When the agent has perfect recall,
this information state is independent of the agent’s strategies over time; this result is known as
the policy-independence belief property [3].

Dynamic multi-agent decision problems with non-strategic agents are considerably more dif-
ficult compared to their centralized counterparts. This is because, due to signaling, they are
(in general) non-convex functional optimization problems (see [5]—[8]). The difficulties present
in these problems were first illustrated by Witsenhausen [9], who showed that in a simple
dynamic team problem with Gaussian primitive random variables and quadratic cost function
where signaling occurs, linear strategies are suboptimal (contrary to the corresponding centralized
problem where linear strategies are optimal). Subsequently, many researchers investigated control
problems with various specific information structures such as: partially nested ( [10]-[15] and
references therein), stochastic nested [16], randomized partially nested [17], delayed sharing (

[T1]], [18]—[20] and references therein), information structures possessing the i-partition property
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or the s-partition property [21], the quadratic invariance property [22], and the substitutability
property [23]].

Currently, there are three approaches to the analysis of dynamic multi-agent decision problems
with non-strategic agents: the agent-by-agent approach [24], the designer’s approach [25]], and the
common information approach [26]]. We provide a brief discussion of these approaches here. We
discuss them in details in Section where we compare them with the sufficient information
approach we present in this paper and show that our approach is distinctly different from them.

The agent-by-agent approach [24], is an iterative method. At each iteration, we pick an agent
and fix the strategy of all agents except that agent, and determine the best response for that
agent and update his strategy accordingly. We proceed in a round robin fashion among the
agents until a fixed point is reached, that is, when no agent can improve his performance by
unilaterally changing his strategy. The designer’s approach [25]], considers the decision problem
from the point of view of a designer who knows the system model and the probability distribution
of the primitive random variables, and chooses the control strategies for all agents without
having an information about the realization of the primitive random variables. The common
information approach [26], assumes that at each time all agents possess private information and
share some common information; it uses the common information to coordinate the agents’

strategies sequentially over time.

C. Contribution

We develop a general methodology for the study and analysis of dynamic decision problems
with asymmetric information and non-strategic agents. Our model includes problems with non-
classical information structures [[19] where signaling is present. We propose an approach that
effectively compresses the agents’ private and common information in a mutually consistent
manner. As a result, we offer a set of information states for the agents which are sufficient
for decision making purposes. We characterize special instances where we can identify an
information state with a time-invariant domain. Based on the proposed information state, we
provide a sequential decomposition of dynamic teams over time. We show that the methodology
developed in this paper generalizes the existing results for dynamic teams with non-classical
information structure. Our results in this paper, along those appearing in the companion paper

[2] present a set of information states sufficient for decision making in strategic and non-strategic
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settings. Therefore, we provide a unified approach to decision making problems that can be used

to study dynamic games and dynamic teams as well as dynamic games among teams of agents.

D. Organization

The rest of the paper is organized as follows. In Section [l we describe the model and
present few examples. In Section we discuss the main challenges that are present in dynamic
multi-agent decision problems with non-strategic agents. We present the sufficient information
approach in Section [V} We present the main results of the paper in Section[V] We discuss an open
problem associated with the sufficient information approach in Section In Section
we compare the sufficient information approach with the existing approaches in the literature.
We provide a generalization of the sufficient information approach in Section We present
an extension of our results to infinite-horizon dynamic multi-agent decision problems with non-
strategic agents in Section We conclude in Section The proofs of all the theorems and

lemmas appear in the Appendix.

Notation

Random variables are denoted by upper case letters, their realizations by the corresponding
lower case letters. In general, subscripts are used as time index while superscripts are used to
index agents. For t; <to, X;, 4, (resp. f;,..,(+)) is the short hand notation for the random variables
(X4, X441, -0, Xy, ) (resp. functions (f;, (+), ..., f,(+))). When we consider a sequence of random
variables (resp. functions) for all time, we drop the subscript and use X to denote Xi.p (resp.
f(-) to denote fi.7(+)). For random variables X}, ... X~ (resp. functions f1(-),...,fN (),
we use Xy := (X}, ..., X}Y) (resp. fi(-) :== (fA(),...,fY (")) to denote the vector of the set
of random variables (resp. functions) at ¢, and X, " := (X},..., XL X XN (resp.
) =), )L ), . fN () to denote all random variables (resp. functions)
at ¢t except that of the agent indexed by n. P(-) and E(-) denote the probability and expectation
of an event and a random variable, respectively. For a set X', A(X) denotes the set of all
beliefs/distributions on X. For random variables X,Y with realizations z,y, P(z|y) :=P(X =
z|Y =y) and E(X|y) :=E(X|Y =y). For a strategy ¢ and a belief (probability distribution)
7, we use PY(-) (resp. EY(+)) to indicate that the probability (resp. expectation) depends on the
choice of g and 7. We use 1;x—_,} to denote the indicator function for event X =x. For sets A
and B we use A\B to denote all elements in set A that are not in set B. For random variables

X and Y we write X “2"Y when X and Y have an identical probability distribution.
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II. MODEL

1) System dynamics: Consider N non-strategic agents who live in a dynamic Markovian world
over a horizon 7:={1,2,....,T}, T <oco. Let X; € X; denote the state of the world at t €7T. At
time ¢, each agent, indexed by i € N':={1,2, ..., N}, chooses an action a} € A}, where A’ denotes
the set of available actions to him at ¢. Given the collective action profile A;:=(A},...,AV), the

state of the world evolves according to the following stochastic dynamic equation,
Xt+1 - ft(Xt7At7Wtr)7 (1)

where WY _, is a sequence of independent random variables. The initial state X; is a random
variable that has a probability distribution n € A(AX)) with full support.
At every time t € T, before taking an action, agent ¢ receives a noisy private observation

Y, € V! of the current state of the world X; and the action profile A; i, given by
}/j = Og(Xta At—la Wti)7 (2)

where Wf:T, i € N, are sequences of independent random variables. Moreover, at every t € T,
all agents receive a common observation Z; € Z; of the current state of the world X; and the

action profile A, 1, given by
Zt - OtC(Xta At717 Wtc)7 (3)

where WY, is a sequence of independent random variables. We note that the agents’ actions
Ay_1 is commonly observable at ¢ if A, ; C Z;,. We assume that the random variables X,

Lo Wip, and W/, € N are mutually independent.

2) Information structure: Let H, € H; denote the aggregate information of all agents at time
t. Assuming that agents have perfect recall, we have H; = {Z.,, YN, AEN Y ie. H; denotes
the set of all agents’ past observations and actions. The set of all possible realizations of the
agents’ aggregate information is given by H; := [, Zr X [Lien [Tt V2 X [Lien I 1,0 AL

At time t € T, the aggregate information H, is not fully known to all agents; each agent
may have asymmetric information about H;. Let C,:={Z,} € C; denote the agents’ common
information about H; and P} :={Y}, Al, }\C; € P} denote agent 4’s private information about
H,, where P} and C; denote the set of all possible realizations of agent 4’s private and common

information at ¢, respectively. In this paper, we discuss several instances of information structures

November 23, 2018 DRAFT



that can be captured as special cases of our general model.

3) Strategies and Utilities: Let H}:={C,, P/} € H: denote the information available to agent
i at t, where H! denote the set of all possible realizations of agent i’s information at . Agent
i’s strategy ¢' := {gi,t € T}, is defined as a sequence of mappings g! : H: — A(A}), te T,
that determine agent 7’s action A? for every realization hi€ H! of his history at t€ 7.

Agent 7’s instantaneous utility at ¢ depends on the state of the world X; and the collective
action profile A; and is given by u!(X;, A;). Therefore, agent i’s total utility over the horizon

T is given as

U'( Xy, Arr) = > ui(Xe, Ay). )
teT

We assume that agents are non-strategic. That is, each agent’s, say i’s, i € N/, strategy choice
¢ is known to other agents. We note that these non-strategic agents may have different utilities
over time. Therefore, the model includes a team of agents sharing the same utilities (see Sections
as well as agents with general non-identical utilities. In [2] we build on our results in this
paper to study dynamic decision problems with strategic agents where an agent may deviate
privately from the commonly believed strategy, and gain by misleading the other agents.

To avoid measure-theoretic technical difficulties and for clarity and convenience of exposition,

we assume that all the random variables take values in finite sets.

Assumption 1. (Finite game) The sets X, Z;, Vi, AL, i € N, t € T, are finite.

Special Cases:

We present several instances of dynamic decision problems with asymmetric information that

are special cases of the general model described above.

1) Real-time source coding-decoding [27]: Consider a data source that generates a random
sequence {Xj,..., X7} that is k-th order Markov, i.e. for every sequence of realizations zi.r,
P{Xiikr =2ikr| k-1 =P{Xiskr =Ti | Topix—1} for t <T — k. There exists an encoder
(agent 1) who observes X, at every time ¢; the encoder has perfect recall. At every time ¢,
based on his available data {Xj,...,X;}, the encoder transmits a signal M; € M, through a
noiseless channel to a decoder (agent 2), where M, denotes the transmission alphabet. At the
receiving end, at every time ¢, the decoder wants to estimate the value of X; ; s (with delay 0)

as Xt,l,g based on his available data M., ;; we assume that the decoder has perfect recall. The
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encoder and decoder choose their joint coding-decoding policy so as to minimize the expected
total distortion function given by S/ , 5 dy(X;, X;), where d,(-,-) denotes the instantaneous
distortion function. To capture the above-described model within the context of our model,
we need to define an augmented system state X, that includes the last max(k,0 + 1) states
realizations as Xt ::{Xt_max(k75+1)+1,...,Xt}. Moreover, the encoder’s (agent 1’s) observation is
given by Y;' = O}(X,, A,_1) = X, and the decoder’s (agent 2’s) observation is given by Y;>=
O2(X,;, Ay_1) = M,_y, where (A}, A?) = (M,,X,_1_s). The encoder’s and decoder’s instantaneous
utility are given by a distortion function u!*™(X;, A) =dy(X,_1_s,X;_1-s).

2) Delayed sharing information structure [|I8]—[20], [28]]: Consider a N-agent decision prob-
lem where agents observe each others’ observations and actions with d-step delay. We note that
in our model we assume that the agents’ common observation Z; at ¢ is only a function of X; and
and A, ;. Therefore, to describe the decision problem with delayed sharing information structure
within the context of our model we need to augment our state space to include the agents’ last
d observations and actions as part of the augmented state. Define X, := {X;, M}, M2, ..., M{}
as the augmented system state where M/ := {A; ;,Y; ;} € Ai_; x Vi, i € N; that is, M
serves as a temporal memory for the agents’ observations Y; ; and actions A, ; at t—1. Then,
we have X1 = {X;11, MLy, M2y, o, MY = { (X0, Ay, W), (Yy, A, MY .., M1} and
Zy={M{}={Y,—a, Ai—a}.

3) Real-time multi-terminal communication [29]: Consider a real-time communication system
with two encoders (agents 1 and 2) and one receiver (agent 3). The two encoders make distinct
observations X! and X? of a Markov source. The encoders’ observation are conditionally

independent Markov chains. That is, there is an unobserved random variable variable R such

that P{X?, X2 R} =P{X!|R}P{X2|R}P{R}, and

P{thJrl’ Xt2+1 ’thv thv R} :]P){thJrllthv R}P{Xt2+1|X1€27 R}

1 Encoder 1 M}| Channel 1 v
4 t
Markov /g%(Xll:ﬁMll:t—l) Qtl(}/t”Mtl—l)\

source

Receiver | .

9?(Y1}t:271)

2

X}, X3 Y
>f\" Encoder 2 Channel 2 /
) g%(X%:t’M%t—l) M Q?(}/E'Mf—l)

o

Each encoder encodes, in real-time, its observations into a sequence of discrete symbols and
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sends it through a memoryless noisy channel characterized by a transition matrix Qi(-|-), i=1, 2.
The receiver wants to construct, in real time, an estimate Xt of the state of the Markov source
based on the channels’ output Y}!,,Y}%. All agents have the same instantaneous utility given by

a distortion function d;(X;, Xt)

4) Optimal remote and local controller [30], [31|]]: Consider a decentralized control problem

for a Markovian plant with two controllers, a local controller (agent 1) and a remote controller

(agent 2).
Plant
A2 A}
( ft(Xth%vA%) ;‘
Xt
Remote Controller >< Local Controller
gt(Y1:e, A3, 1) Yz Xe | gt(X1:t, Y1, ALy q)

T

The local controller observes perfectly the state X; of the Markov chain, and sends his obser-
vation through a packet-drop channel to the remote controller. The transmission is successful,
i.e. Y; = X;, with probability p >0 and is not successful, i.e. Y; =, with probability 1—p > 0.
We assume that the local controller receives an acknowledgment every time the transmission is

successful. The controllers’ joint instantaneous utility is given by a u™(X;, A}, A?).

III. STRATEGIES AND BELIEFS

In a dynamic decision problem with asymmetric information agents have private information
about the evolution of the system, and they do not observe the complete history { H;, X;}, t€T.
Therefore, at every time ¢ € T, each agent, say agent 1 €/, needs to form (i) an appraisal about
the current state of the system X, and the other agents’ information H,* (appraisal about the
history), and (ii) an appraisal about how other agents will play in the future (appraisal about the
future), so as to evaluate the performance of his strategy choices.

When agents are non-strategic, the agents’ strategies gi:» are known to all agents. Therefore,
agent i € N can form these appraisals by using his private information H; along with the
commonly known strategies g—*. Specifically, agent i can utilize his own information H; at
t € T, along with (i) the past strategies g;;_1 and (ii) the future strategies g;.r to form these

appraisals about the history and the future of the overall system, respectively. As a result, the
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outcome of decision problems with non-strategic agents can be fully characterized by the agents’
strategy profile g

However, we need to know the entire strategy profile g for all agents and at all times to
form these appraisals so as to evaluate the performance of an arbitrary strategy g:, at any time
teT and for any agent i € N. Therefore, we must work with the strategy profile g as a whole
irrespective of the length of the time horizon 7'. Consequently, the computational complexity of
determining a strategy profile that satisfies certain conditions (e.g. an optimal strategy profile in
teams) grows doubly exponentially in |7| since the domain of agents’ strategy (i.e. |H:|) and
the number of temporally interdependent decision problems (one for each time instance) grows
with |7|. As a result, the analysis of such decision problems is very challenging in general [32].

An alternative conceptual approach for the analysis of decision problems is to define a belief
system 4 along with the strategy profile g. For every agent i € N, at every time ¢t € T,
define pi(h!) as the agent i’s belief about {X; P, '} conditioned on the realization of h,
that is, p(hi)(zy,p~") = Pue-1{X, = 2, P = p,;*|hi}. The belief 1! provides an intermediate
instrument that encapsulates agent ¢’s appraisal about the past. Therefore, agent ¢ can evaluate the
performance of any action a! using only the belief y(hi) along with the future strategy profile
gr.7. However, the belief u(h!)(z;,p~*) is dependent on gi; ; in general since the probability
distribution P9:-1{X, = x,, P, " = p; ‘|hi} depends on gy, ;. Therefore, the introduction of a
belief system offers an equivalent problem formulation that does not necessarily break the inter-
temporal dependence between g1 ;1 and g, and does not simplify the analysis of decision
problems.

Nevertheless, the definition of a belief system has been shown to be suitable for the analysis of
single-agent decision making problems (POMDP) for the following reasons. First, in POMDPs,
under perfect recall, the probability distribution P9*-1{ X, = z;|h;} is independent of g.; 1;
this is known as the policy-independence property of beliefs in stochastic control. Second, the
complexity of the belief function does not grow over time since at every time ¢ the agent
only needs to form a belief about X;, which has a time-invariant domain. As a result, we can
sequentially decompose the problem over time to a sequence of static decision problems with

time-invariant complexity; such a decomposition leads to a dynamic program. At each stage

2We discuss the decision problems with strategic agents in the companion paper [2].When agents are strategic each agent
may have incentive to deviate an any time from the strategy the other agents commonly believe he uses if it is profitable to him
(see [2]] for more discussion).
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t € T of the dynamic program, we specify ¢g; by determining an action for each realization of
the belief 1, (-) fixing the future strategies g;.1.r. Therefore, the computational complexity of
the analysis is reduced from being exponential in 7' to linear in 7.

Unfortunately, the above approach for POMDPs does not generalize to decision problems with
many agents. This is because of three reasons. First, with many agents, currently in the literature,
there exists no information state for each agent that provides a compression of the agent’s
information, in a mutually consistent manner among the agents, that is sufficient for decision
making purposes. Therefore, an agent’s, say agent i’s, strategy ¢¢ has a growing domain over
time. Second, at every time ¢ € T, each agent i € N needs to form a belief about the system state
X, as well as the other agents’ private information P, that has a growing domain. Therefore the
complexity of belief functions grows over time. Third, in decision problems with many agents,
the policy-independence property of belief does not hold in general and the agents’ beliefs at
every time ¢ depend on the past strategy profile g;.;_;. Therefore, the agents’ beliefs p1V(-) are
correlated with one another. This correlation depends on ¢;.;_1, and thus, it is not known a priori.
Consequently, if we follow an approach similar to that of POMDP to sequentially decompose
the problem, we need to solve the decision problem at every stage for every arbitrary correlation
among the agents’ belief functions, and such a problem is not tractable Hence, the methodology
proposed for the study of POMDPs is not directly applicable to decision problems with many
agents and non-classical information structures.

In the sequel, we propose a notion of sufficient private information and sufficient common
information as a mutually consistent compression of the agents’ information for decision making
purposes. Therefore, we address (partially) the first two problems on the growing domain of the
agents’ beliefs and strategies. We provide instances of decision problems where we can discover
time-invariant information state for each agent. We then utilize the agents’ sufficient common
information as a coordination instrument, and thus, capture the implicit correlation among the
agents’ beliefs over time. Accordingly, we present a sequential decomposition of the original
decision problems such that at every stage the complexity of the decision problem is similar
to that of a static decision multi-agent problem and the size of state variable at every stage is
proportional to the dimension of the sufficient private information; thus, we (partially) address

the third problem discussed above.

3 Alternatively, one can consider arbitrary correlation among the agents’ information rather than their beliefs. This is the main
idea that underlies the designer’s approach proposed by Winstenhausen [25]]. Please see Section for more discussion.
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IV. SUFFICIENT INFORMATION

We present the sufficient information approach and characterize an information state that results
from compressing the agents’ private and common information in a mutually consistent manner.
Therefore, we introduce a class of strategy choices that are simpler than general strategies as
they require agents to keep track of only a compressed version of their information over time.
We proceed as follows. In Section we provide conditions sufficient to determine the subset
of private information an agent needs to keep track of over time for decision making purposes. In
Section we introduce the notion of sufficient common information as a compressed version
of the agents’ common information that along with sufficient private information provides an
information state for each agent. We then show, in Section |V] that this compression of the agents’
private and common information provides a sufficient statistic in dynamic decision problems
with non-strategic agents. In Section we provide a generalization of sufficient information

approach presented here.

A. Sufficient Private Information

The key ideas for compressing an agent’s private information appear in Definitions [I] and [2]
below. To motivate these definitions we first consider the decision problem with single agent,
that is, a Partially Observed Markov Decision Process (POMDP), which is a special case of the
model described in Section [lll where N = 1, H} = P} and C; = () for all t € T.

In a POMDP, the agent’s belief about the system state X; conditioned on his history realization
h! is an information state. We highlight the three main proprieties that underlie the definition of
information state in POMDP (see [33]], [34]]): (1) the information state can be updated recursively,
that is, at any time ¢ the information state at ¢ can be written as a function of the information
state at £ — 1 and the new information that becomes available at ¢, (2) the agent’s belief about
the information state at the next time conditioned on the current information state and action is
independent of his information history, and (3) at any time ¢ and for any arbitrary action the
agent’s expected instantaneous utility conditioned on the information state is independent of his
information history.

We generalize the key properties of information state for POMDPs, described above, to
decision problems with many agents. We propose a set of conditions sufficient to compress
the agents’ private information in two steps. First, we consider a decision problem with many

agents where there is no signaling among them. Motivated by the definition of information state
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in POMDPs, we describe conditions sufficient to determine a compression of the agents’ private
information (Definition E]) Next, we build on Definition m as an intermediate conceptual step,
and consider the case where agents are aware of possible signaling among them. Accordingly,
we present a set of conditions sufficient to determine a compression of the agents’ private
information in decision problems with many agents (Definition [2)) .

Therefore, we first characterize subsets of an agent’s private information that are sufficient for

the agent’s decision making process when there is no signaling among the agents.

Definition 1 (Private payoff-relevant information). Let P/*" = (/(P}, C,) denote a private signal
that agent i € N forms at t € T based on his private information P} and common information
C,. We say Pt’ P is a private payoff-relevant information for agent i if, for all open-loop strategy
profile (AYY = at:N) and for all t € T,

(i) it can be updated recursively as
PP = gy (PI HI\NH, ) if t#1,
(ii) for all realizations {c;,pi} it satisfies

2,PT

AEN=aLN) [ i pr
]P’( 1:T 1.T){pt+1 pt 7Ct,at ,

i o AlN:&IN i,p?“
pt7ct’at}_P( 1:T 1.T) pt+1

N
T

(iii) for all realizations {c,,pi} € C; x P! such that PALT=02){¢, pit > 0,

E(A%;?_Fa%z%{ui(xt, A)

Ct7p1l‘:7 at} = E(A;i”:&;;){ui(xt, At) Ct, pi’pra @t} .

By assuming that all other agents play open-loop strategies we remove the interdependence
between agents —i’s strategy choices and agent ¢’s information structure, thus, we eliminate
signaling among the agents. Fixing the open-loop strategies of agents —i, agent ¢ faces a

centralized stochastic control problem. Definition (1| says that Pti’p "

, t €T, is a private payoff-
relevant information for agent i if (i) it can be recursively updated, (ii) P;”" includes all
information in P/ that is relevant to Pt’f{" and (iil) agent ¢’s instantaneous conditional expected
utility at any ¢ € T is only a function of Ct,Pti’p ", and his action A! at ¢. These three conditions
are similar to properties (1)-(3) for an information state in POMDP, but they concern only agent

i’s private information P/ instead of the collection H; ={C}, P/} of his private and common
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information [

While the definition of private payoff-relevant information suggests a possible way to compress
the information required for an agent’s decision making process, it assumes that other agents
play open-loop strategies and do not utilize the information they acquire in real-time for decision
making purposes (i.e. no signaling). However, open-loop strategies are not in general optimal
for agents —i. As a result, to evaluate the performance of any strategy choice ¢° agent i needs

also to form a belief about the information that other agents utilize to make decisions.

Definition 2 (Sufficient private information). We say S; = (}(P},Ci; g14-1), 1 €N, t € T, is
sufficient private information for the agents if,

(i) it can be updated recursively as
Stl = (b;( Z—laHZ\Hti—l;glztfl) for t € T\{1}, )

(ii) for any strategy profile g and for all realizations {c;, Dy, Pra1, 2141, @} € CeXPyX Py X 24

of positive probability,

]P)glzt {St-i-la Zt+1

DPt, Ce, at} =[por {St+1a Zt+1|St, Cty at} ) (6)

where sV =CFNpIN, e 910 a) for T € T
(iii) for every strategy profile g of the form §:={gi: S} xC; — A(A}),ie N t€T} and a; € Ay,
teT;

E‘al:t_l {u; (Xt7 At) Ct7p1l‘:7 at} = Egl:t_l {U; (Xt7 At) Ct, Si? at} 3 (7)

for all realizations {c;,pi}€Cy X P! of positive probability where st = N(ptN ¢ ; g1., 1)
forTeT;

(iv) given an arbitrary strategy profile § of the form §:={gi : S! xCy — A(A}),ie N, teT},
ieN, and teT,

]Pgl:t—l {5;1

phe =P {s; s} ®)

“We note that we interpret a centralized control problem as a special case of our model where N=1, H}=P; and C;=0 for
all €T, Definition [T] coincides with the definition of information state for the single agent decision problem. We would like to
point out that conditions (i)-(iii) can have many solutions including the trivial solution P;*? T:Pf.
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for all realizations {c,pi} € C;x P! of positive probability where st = N(ptN ¢ : g1., 1)

for T €T.

There are four key differences between the definition of sufficient private information and that
of private payoff relevant information. First, we allow that the definition and the update rule
of sufficient information S} to depend on the agents’ strategies gi; 1. Second, comparing to
part (ii) of Definition |1} part (ii) of Definition [2| requires that sufficient information S; includes
all information relevant to the realization of Z;,; in addition to the information relevant to the
realization of Syy1. As we discuss further in Section [VI] this is because when signaling occurs in
a multi-agent decision problems agents need to have a consistent view about future commonly
observable events. Third, comparing part (iii) of Definition 2] to part (iii) of Definition [T} we
note that the probability measures in Definition 2 depend on the strategy profile g instead of the
ope-loop strategy profile (A}:N =al:l). Fourth, in part (iv) of Definition [2| there is an additional
condition requiring that agent ¢’s sufficient private information S; must be rich enough so that
he can form beliefs about agents —i’s sufficient private information S;*; such a condition is
absent in Definition

In general, the notion of sufficient private information S}V is more restrictive than that of
private payoff relevant information P"**". This is because, S}V, t € T, needs to satisfy the
additional condition (iv), and furthermore, open-loop strategies are a strict subset of closed loop
strategies. Definition [2] provides (sufficient) conditions under which agents can compress their
private information in a “mutually consistent’ manner. We would like to point out that conditions

(i)-(iv) of Definition [2| can have many solutions including the trivial solution S} = Pfﬂ

B. Sufficient Common Information

Based on the characterization of sufficient private information, we present a statistic (com-
pressed version) of the common information C} that agents need to keep track of over time for
decision making purposes.

Fix a choice of sufficient private information S}V, ¢t € T. Define S! to be the set of all
possible realizations of S;, and S; := Hf\il S!. Given the agents’ strategy profile g, let v, : C; —

A(X; x &;) denote a mapping that determines a conditional probability distribution over the

®We do not discuss the possibility of finding a minimal set of sufficient private information in this chapter, and leave it for
future research as such investigation is beyond the scope of this chapter.
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system state X, and all the agents’ sufficient private information S; conditioned on the common

information C; at time ¢ as
Yel(er) (e, 8¢) =PI Xy = a4, Sp = s¢ler )

for all ¢; € Cy, xy € Xy, 80 € S

We call the collection of mappings v := {v,t € T} a sufficient information based belief
system (SIB belief system). Note that -, is only a function of the common information C}, and
thus, it is computable by all agents. Let 1T} :=~,(C}) denote the (random) common information
based belief that agents hold under belief system ~y at t. We can interpret IT; as the common belief
that each agent holds about the system state X; and all the agents’ (including himself) sufficient
private information S; at time ¢. We call the SIB belief I, a sufficient common information for
the agents. In the rest of the paper, we write 1I; and drop the superscript v whenever such a
simplification in notation is clear. Moreover, we use the terms sufficient common information

and SIB belief interchangeably.

C. Sufficient Information based Strategy

The combination of sufficient private information S} and sufficient common information
(the SIB belief) II; offers a mutually consistent compression of the agents’ private and common
information. Consider a class of strategies that are based on the information given by (IT;, S!) for
each agent i € N at time ¢ € 7. We call the mapping o} : A(X; X S;) x S) — A(AY) a Sufficient
Information Based (SIB) strategy for agent i at time ¢. A SIB strategy o} determines a probability
distribution for agent ¢’s action A! at time ¢ given his information (II;, S{). A SIB strategy is
a strategy where agents only use the sufficient common information I, = ~;(C;) (instead of
complete common information C}), and the sufficient private information S! = ¢} (P}, Cy; g1.4—1)
(instead of complete private information Pf). A collection of SIB strategies {ol.p,...,ol.} is
called a SIB strategy profile 0. The set of SIB strategies is a subset of general strategies, defined

in Section as we can define,
gt(am’i(hi) = 0?(7?;’, si) VieT (10)

We note that from Definition [2| and @), the realizations 7; and stlzN at ¢ only depends on g1.;_1.
Therefore, strategies gt(a’w’i, defined above via || needs to be determined iteratively as follows;

for t =1, g\""" () = o (n], CL(P}, C1)); for t =2, g& " (hb) = ob(n), Ch(Ph, Co; g\77)); o
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for t=T, g\ (i) =0l (x], Ci(P!, Cy: g{77))). Therefore, strategy g\”"" is well-defined for all
teT and ieN.

D. Sufficient Information based Update Rule
When the agents play a SIB strategy profile o, it is possible to determine the SIB belief II;

recursively over time based on II;_; and the new common information Z; via Bayes’ rule. Let
V7T A(Xo1 X Sp1) X 2y — A(X, x S;) describe such a update rule for time ¢t +1 € T /{1} so
that

1T, = o (-1, Z2). (11

We note that the SIB update rule ¢;*' depends on the SIB strategy profile o;_; at t—1. In
the rest of the paper, we drop the superscript o whenever such a simplification in notation is

clear.

E. Special Cases

We consider the special cases (1)-(3) of the general model we presented in Section
and identify the sufficient private information S{:Y; we discuss the application of sufficient

information approach to special case (4) in Section

1) Real-time source coding-decoding: The encoder’s and decoders’ private information are
given by P! = {X,,} and P? = {)A(lzt,l,g}, respectively. The agents’ common information is
given by C; = {My.,_1}. We can verify that S} = X = {X - max(k,541) 41 -, X¢} and S7 = ( satisfy
the conditions of Definition [2] ; this is similar to the structural results in [27, Sections III and

VI]. Consequently, the common information based belief is IT; =P9{X;_ax(c,541)+1:4| M1:4-1}-

2) Delayed sharing information structure: We have P} ={Y;" ;. ., Ai_,...,} and Cy={Y1,_q,
Aj.4_q}. Since we do not assume any specific structure for the system dynamics and the agents’
observations, agent i’s complete private information P} is payoff-relevant for him. Therefore,
we set S! = P}. Consequently, we have IT; = PYX,Y; qi1.4,Ar ar1.¢|Y1:e—a, A1t_q}. The above
sufficient information appears in the first structural result in [18].

3) Real-time multi-terminal communication: We have P} ={X] M}, |}, P?={X?,M?, .},
PP ={v}, Y2, X141}, and C,=0. It is easy to verify that S} = (X P{R| XL} P{V}, ,|ML, .},
S? = (X2 P{R|X2}P{Y?_1|M},_,}), and S? = P?; this sufficient information corresponds to

the structural results that appear [29].
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V. MAIN RESULTS

In this section, we present our main results for the analysis of dynamic decision problems with
asymmetric information and non-strategic agents using the notion of sufficient information. We
first provide a generalization of the policy-independence property of beliefs to decision problems
with many agents (Theorem [I)). Second, we show that the set of SIB strategies are rich enough
so that restriction to them is without loss of generality (Theorem [2)). That is, given any strategy
profile g, there exists a SIB strategy profile o such that every agent gets the same flow of
utility over time under o as the one under g. Third, we consider dynamic team problems with
asymmetric information. We show that using the SIB strategies, we can decompose the problem
sequentially over time, formulate a dynamic program, and determine a globally optimal policy

via backward induction (Theorem [3).

Theorem 1 (Policy-independence belief property).
(i) Consider a general strategy profile g. If agents —i play according to strategies g, then

for every strategy g' that agent i plays,

i

]Pg {-/L‘hpt_i

hi} — P9

{wopi[ni} (12)

(ii) Consider a SIB strategy profile o along with the associated update rule 1. If agents —i

play according to SIB strategies 0", then for every general strategy ¢' that agent i plays,

P;_ 9 {xhpt_i

h;’} :Pg"{xt, pr hg}. (13)

Theorem [1| provides a generalization of the policy-independence belief property for the central-
ized stochastic control problem [3]] to multi-agent decision making problems. Part (i) of Theorem
states that, under perfect recall, agent i’s belief is independent of his actual strategy ¢°. Part (ii)
of Theorem || refers to the case where agents —i play SIB strategies o~ and update their SIB
belief according to SIB update rule 1. The update rule 1) is determined based on (o, o") via
Bayes’ rule, where o denotes the SIB strategy that agents —i assume agent i utilizes. Equation
(T3) states that even if agent ¢ unilaterally and privately deviates from his SIB strategy, his belief

is independent of his actual strategy ¢, and only depends on the other agents’s strategy o * as

well as the other agents’ assumption about the SIB strategy o (or equivalently the SIB update
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rule )]

In POMDPs it is shown that restriction to Markov strategies is without loss of optimality.
We provide a generalization of this result to decision problems with many agents. We show
that restriction to SIB strategies is without loss of generality in non-strategic settings given that
the agents have access to a public randomization device. We say that the agents have access
to a public randomization device if at every time ¢ € 7 they observe a public random signal
wy that is completely independent of all events and primitive random variables in the decision
problem and is uniformly distributed on [0,1], and is independent across time. As a result, in
general, at every t €T, all agents can condition their actions on the realization of w, as well as
their own information. In other words, a public randomization device enables the agents to play
correlated randomized strategies. We denote by o} (II;, Si,w;) agent ’s SIB strategy using the

public randomization device for every i € N and ¢t € T.

Theorem 2. Assume that the non-strategic agents have access to a public randomization device.
Then, for any strategy profile g there exists an equivalent SIB strategy profile o that results in

the same expected flow of utility, i.e.

T T
£ Zui(gi:N(H:N)’XT) =K Zui:N(ai(HT, S'}:N>WT>7XT) ) (14)
T=t T=t
forall ie N and t€T.

We provide an intuitive explanation for the result of Theorem [2] below. For every agent
i € N, his complete information history H; at any time ¢ € 7 consists of two components: (i)
one component captures his information about past events that is relevant to the continuation
decision problem; and (ii) another component that, given the first component, captures the
information about past events that is irrelevant to the continuation decision problem. We show
that the combination of sufficient private information S} and sufficient common information II;
contains the first component. Nevertheless, in general, the agents can coordinate their action by
incorporating the second component into their decision since their information about the past
events is correlated. Let R! denote the part of agent i’s information H. that is not captured by

(I1;, Sf). We show that the set of { R}, ..., RN} are jointly independent of {(IL;, S), ..., (II;, SN)}

"The results of Theorem |1| provides a crucial property for the analysis of decision problems with strategic agents. This is
because it ensures that an agent’s unilateral deviation does not influence his belief (see the companion paper [2]] for more details).
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(Lemma [2] in the Appendix). Therefore, at every time ¢ € 7, we can generate a set of signals
{R!,..,RN}, one for each agent, using the public randomization device w so that they are
identically distributed as { R}, ..., R }. Using the signals {R!, ..., RN} along with the information
state (IT;, S?) for every agent i € A/, we can thus recreate a (simulated) history that is identically
distributed to H}. This implies that, given a public randomization device w, it is sufficient for
each agent i € A to only keep track of (II;, S!) instead of his complete history H;, and play a
SIB strategy o’ to achieve an identical (in distribution) sequence of outcomes per stage as those
under the strategy profile g.

The result of Theorem [2] states that the the class of SIB strategies characterizes a set of simpler
strategies where the agents only keep track of a compressed version of their information rather
than their entire information history. Moreover, the restriction to the class of SIB strategies is
without loss of generality. Thus, along with results appearing in the companion paper [2], the
result of Theorem [2] suggests that the sufficient information approach proposed in this paper
presents a unified methodology for the study of decision problems with many non-strategic or
strategic agents and asymmetric information.

We would like to discuss the implication of Theorem [2| for two special instances of our model.
First, when N = 1, there is no need for a public randomization device since the single decision
maker does not need to correlate the outcome of his randomized strategy with any other agent.
Therefore, the result of Theorem [2| states that the restriction to Markov strategies in POMDPs
is without loss of generality. Second, when N > 1 and the agents have identical utilities, i.e.
dynamic teams, utilizing a public randomization device does not improve the performance. This
is because, in dynamic teams a randomized strategy profile is optimal if and only if it is optimal
for every realization of the randomization. Therefore, the restriction to SIB strategies in dynamic
teams is without loss of optimality.

Using the result of Theorem [2, we present below a sequential decomposition of dynamic
teams over time. We formulate a dynamic program that enables us to determine a globally

optimal strategy profile via backward induction.

Theorem 3. A SIB strategy profile o is a globally optimal solution to a dynamic team problem

with asymmetric information if it solves the following dynamic program:

Vg (mg) =0, Vi1, Vi € N (15)
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at every t € T, and for every m,

Utl:N(ﬂ'ta ) c arg max ]Em{uéeam(Xt’al:N(Stl:N)) + V;ﬁ—i—l( tat(ﬂ-ta CVLN, Zt—H))}? (16)

Ocl:N:Stl:NﬁA(_A%:N)

‘/;g(ﬂ't) = max ]Em{uff“m(Xt, 061:N<Stl:N)> + ‘/15+1<¢gt(ﬂ't, Oél:N, Zt—l—l))}' (17)

al N SEN S A(AFY)

The results of Theorems |2 and [3| extend the results of [[18]], [26] for the study of dynamic
teams in two directions. First, they state that restriction to the set of SIB strategies is without
loss of generality, while the results of [[18]], [26] only state that this restriction is without loss
of optimality. Second, the definition of Common Information Based strategies, first presented in
(18], [26], requires the agents to use all of their private information P, i € A (or all their private
memory that is a predetermined function of their private information if they do not have perfect
recall); the result of Theorem (3| holds for SIB strategies where the agents’ private information

is effectively compressed , thus, it generalizes/extends the definition of CIB strategies proposed

in [18]], [26]].

VI. DISCUSSION
A. Constructive algorithm

The sufficient information approach described in Sections [[V|and |V] presents a generalization
of the notion of information state to dynamic multi-agent decision problems with non-classical
information structure. Nevertheless, we would like to point out that our approach does not address
all the issues present in the study of dynamic multi-agent decision problems. We discuss the
main limitation of our approach below.

In POMDPs, an information state with time-invariant domain can be determined by forming
the probability distribution over the system state conditioned on the current information. Our
approach does not offer an explicit constructive algorithm that determines a mutually-consistent
set of information states, one for each agent, with time-invariant domains in dynamic multi-agent
decision problems. Specifically, Definition [2| describes only a set of sufficient conditions that one
can use to evaluate whether a specific compression of agents’ private information is sufficient for
decision making purposes; it does not offer a constructive algorithm to determine a compression
of the agents’ private information that leads to an information state with time-invariant domain.

Given a set of sufficient private information with time-invariant domain for the agents, we

achieve, through the formation of SIB beliefs, a compression of the agents’ common information
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that results in a set of information states with time-invariant domains. In Sections [II and we
presented instances of multi-agent decision problems where we can discover a set of information
states with time-invariant domains. Nonetheless, it is not clear if such a set of mutually-consistent
information states with time-invariant domains exist for every dynamic multi-agent decision
problem. Therefore, an interesting, but challenging, future direction would be to identify classes
of dynamic decision problems with non-classical information structure where we can guarantee
the existence of a set of mutually-consistent information states with time-invariant domains, and
prescribe a constructive methodology for their identification. Moreover, we would like to point
out that the sufficient information approach presented here provide sufficient conditions that can

be used to evaluate an educated-guess one may have for specific multi-agent problems.

B. Comparison with other Approaches

The sufficient information approach proposed in this paper shares similarities and also has
differences with existing conceptual approaches to the study of dynamic multi-agent decision
problems. Below, we briefly discuss these approaches and compare them with the sufficient
information approach.

1) Comparison with Agent-by-Agent Approach: The agent-by-agent approach proceeds as
follows: start with an initial guess of a strategy profile g for all agents. At each iteration, select
one agent, say agent 7. and update his strategy to a best response strategy given the strategy g
of all other agents. Repeat the process until a fixed point is reached, that is, when no agent can
improve performance by unilaterally changing his strategy.

If the above-described iterative process converges, the resulting strategy profile determines an
agent-by-agent optimal strategy profile; however, such an agent-by-agent optimal strategy profile,
in general, is not a globally optimal strategy profile [24]. This is because the multi-agent decision
problems are, in general, not convex in the agents’ strategies [5]. Therefore, the above-described
iterative process does not necessarily converge, or it may converge to a locally optimal strategy
profile that is not a globally optimal strategy profile. In contrast to agent-by-agent approach, the
sufficient information approach determines a globally optimal strategy profile for multi-agent
decision problems with non-strategic agents.

The agent-by-agent approach can be used to discover qualitative properties of optimal strate-
gies. Specifically, we fix the strategies of all agents except one, say agent ¢, to an arbitrary set

of strategies ¢g—*, and solve for agent i’s best response; to determine agent i’s best response we
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need to solve a POMDP, where the system state and system dynamics, in general, depend on
g~%. If agent i’s best response possesses a property that holds for every choice of ¢g—¢, then a
globally optimal strategy for agent ¢ possesses the same property. In contrast to the agent-by-
agent approach where one need to solve a POMDP parameterized by g, to discover qualitative
properties of a globally optimal strategy profile using the sufficient information approach we only
need to check the set of conditions appearing in Definition [2] (or equivalently a more general
Definition |3| that will appear in Section |VII).

Moreover, using the sufficient information approach we can discover qualitative properties
of optimal strategies that cannot be discovered by the agent-by-agent approach. For instance,
consider the following example.

Example. Consider a team problem with two agents and observable actions, where agent 2’s
action A? does not affect the evolution of X; for all t, i.e. X; 1= fy(Xy, Al,W;). Each agent
i, 1=1,2, has an imperfect private observation of state X; at t given by Y= OL(X;, W}). An
arbitrary choice of strategy g for agent i at t depends, in general, on his complete information
history given by {Y},, A1+ 1}. Therefore, following the agent-by-agent approach, if agent i’s
strategy depends on A% for some 7, 1 < 17 < t — 1, then agent j’s, j # i, best response
also depends on A%. Consequently, the agent-by-agent approach fails to characterize A%, | as
irrelevant information for decision making purposes for agents 1 and 2. However, using the
sufficient information approach we can simply show that a globally optimal strategy profile
depend only on P{X,|Y{, AL} for agent i.

2) Comparison with the Designer’s Approach: The designer’s approach was originally pro-
posed by Witsenhausen in [25]], and was further investigated in [35]. This approach considers the
decision problem from the point of view of a designer (she) who knows the system model and the
probability distribution of the primitive random variables, and chooses control/decision strategies
for all agents; she chooses these strategies without having any observation/knowledge about the
realizations of primitive random variables (i.e. she chooses these strategies before the system
evolution starts). Therefore, the designer effectively solves a centralized panning problem. The
designer’s approach proceeds by: (i) formulating the centralized planning problem as a multi-
stage, open-loop stochastic control problem in which the designer’s decision at each time is a
set of control strategies for all agents; (ii) using the standard techniques in centralized stochastic
control to obtain a dynamic programming decomposition of the decision problem. Each step of

the resulting dynamic program is a functional optimization problem.
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The designer’s approach breaks the interdependencies between the agents’ decision and infor-
mation over time by transferring all the complexity that arises due to non-classical information
structure and signaling to a larger information state which at each time is given by a probability
distribution on H;, the domain of which increases with time as agents have perfect recallﬂ There-
fore, the sequential decomposition resulting from the designer’s approach is not, in general, very
practical for the study of multi-agent dynamic decision problems with asymmetric information.

In contrast to the designer’s approach, the sufficient information approach provides a sequential
decomposition of the decision problem over time where at each time ¢ each agent makes decision
based on only a compression of his information H. Therefore, it leads to a dynamic program
where the state variable at each step of the program is a probability distribution on S; instead

of a probability distribution on H; in the designer’s approach.

3) Comparison with the Common Information Approach: The common information approach,
proposed in [18]], [26], addresses some of the drawbacks of designer’s approach by modeling the
decision problem as a closed-loop centralized planning problem (POMDP) in which a coordinator
observes perfectly the common information C}; at each time ¢ and, based on this knowledge,
chooses a set of partial control strategies/prescriptions that determine how each agent takes
an action based on his private information at time ¢. The coordinator’s information state at
time ¢ is his belief on (X;, P;) conditioned C;. As shown in [26], the dynamic programming
decomposition achieved by the common information approach is simpler than that achieved by
the designer’s approach. In the common information approach the agents’ private information
remains intact. Therefore, the resulting decomposition is not very practical whenever the agents’
private information grows in time (see special cases 1,3 and 4 in Section [l). Furthermore, the
common information approach becomes identical to the designer’s approach whenever the agents
do not share any common information over time (see special case 3).

In the sufficient information approach, we provide conditions sufficient to identify mutually-
consistent compressions of the agents’ private information that are sufficient for decision making
purposes and do not result in any loss in system performance. Thus, the sufficient information
approach gives rise to a dynamic program that is simpler than the one resulting from the common
information approach. As we show in Section these conditions are the core of sufficient

information approach; they are generalized by Definition [3] to captures a mutually-consistent

8 An instance where the domain of the control law is time-invariant is presented in [35].
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joint compressions of the agents’ private and common information. Moreover, in the model of
Section [[I, we do not assume that the agents share a common objective. Therefore, we do not
reformulate the original multi-agent decision problem as a centralized planning problem from the
coordinator’s point of view when signaling occurs. Alternatively, we provide conditions sufficient
to identify compression of the agents’ information in a mutually-consistent manner on individual
level. As a result, our approach is applicable to both strategic and non-strategic settings (see our

companion paper [2]] for strategic settings).

VII. GENERALIZATION

In the sufficient information approach presented in Section we treat the agents’ private
information and common information separately. This is because the main challenge in the
study of dynamic decision problems with non-strategic agents is due to the presence of the
agents’ private information. Nevertheless, such a separate treatment of private and common
information is not necessary. Using the same rationale that leads to Definition [2 we present
below a set of conditions sufficient to characterize a mutually consistent compression of agents’
information, without separating private and common components, that is sufficient for decision

making purposes.

Definition 3 (Sufficient information). We say Li = C/(P!,Cy,g14—1) € L i € N, t € T, is
sufficient information for the agents if,

(i) it can be updated recursively as
Li = pi(Li v, H\H 1, gua) for t € T\{1}, (18)

(ii) for any strategy profile g and for all realizations {c;, Py, Dis1, Ze41, @t} € CeX Py X Pri1 X Ziyq

with positive probability,

P9t {lt—l—l Dt Co, at}ngl:t {lt+1 ly, at}, (19)

where 15N =C N(ptN e g._y) for T € T
(iii) for every strategy profile g of the form g:={g. : Li — A(AL),ie N,t €T} and a; € A,
teT;

Ef}l:t—l {ui (Xt, At)

Ct7pi7 at} - Eél:t_l {Ui (Xt7 At)

lhaif, 0)
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for all realizations {c,pi} €Cy x P} of positive probability where lizN:g:Tl:N(piiN, CriJrr—1)
forTeT;
(iv) given an arbitrary strategy profile § of the form g :={gi : Li — A(AL),ie N, t €T},

ieN, and teT,

I[Dglztfl {lt_l

pi, Ct} — Pglztfl {lt—z‘

. @

for all realizations {c,,pi} € C;xP! with positive probability where [N = N(ptN ¢ gy )

for T € T.

The conditions of Definition [3] are similar to those of Definition [2] but they concern agents’
private and common information rather than just their private information. Throughout the paper,
we do not make any assumption that the agents’ private observations are necessarily disjoint.
Therefore, one can define P/ = H} and C{ = (), for all i € N and ¢t € T, in which case
Definition [3| would be the same as Definition [2| Consequently, all the results appearing in this
paper (Theorems [IH6) also hold for sufficient information characterized by Definition [3]

We show below that the set of information states (S¢,11;), i € N'} proposed in Section
satisfies the conditions of Definition 3| Therefore, Definition [3| provides a generalization of the
sufficient information approach presented in Section as it does not require to compress the

agents’ private and common information separately.
Theorem 4. The set of information states L. := (S!,11;), i € N, t € T, satisfies Definition

Compared to Definition [2] Definition [3| provides conditions sufficient for a mutually-consistent
joint compression of the agents’ private and common information. However, similar to the
discussion in Section it does not provide a constructive algorithm to determine a set

of sufficient information Li, 1 € N, t e T, with time-invariant domain.

Remark 1. In view of Definition 3| one can replace condition (ii) of Definition |2| with a weaker
one that requires that S; include all the information necessary to form a belief about the
realizations (of parts) of Zy+1 only if (those parts of) Zi+1 affect the realization of 11,1 given
I1,.

Using Definition [3] we identify a set of sufficient information for special case 4 described in

Section
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Special Case:

4) Optimal remote and local controller: We have C,={Y1,}, P} ={X1.,A}.,_)\C:, and P?=
{A2,_}. Let 7 <t denote the last time the data transmission was successful between the local
and remote controllers. We can restrict attention, without loss of optimality, to the class of pure
strategies for both controllers. Therefore, one can show that L} = {X;, {P9{ X, = x;| X;}, Vo, € Xi}}
and L? ={P{X,=u1,|X;:},Vz, € X,} satisfy the conditions of Definition [3} this is similar to the

structural results in [30], [31].

VIII. EXTENSION TO INFINITE HORIZON

In the model of Section [[I, we assume that the horizon 7" is finite. We present a model similar
to that of Section [lI] with infinite horizon, i.e. T' = oo, and provide the extensions of our results

to dynamic decision problems with infinite horizon.

Infinite Horizon Dynamic Decision Problem: There are /N non-strategic agents who live
in a dynamic Markovian world over an infinite horizon. Consider a time-invariant model where
the system state, actions, and observations spaces are finite and time-invariant, i.e. X, = A,
Ao = A, Zoo = Z4, and Yoo = Y, for all t € N. Let X; € X, denote the system state at

t € N. Given the agents’ actions A, at ¢, the system state evolution is given by
Xt+1 = foo(Xta At7 th)v (22)

where {WW},t € N} is a sequence of independent and identically distributed random variables.
The initial state X; is a random variable with probability distribution n € A(X,,) with full
support that is common knowledge among the agents.

At every time ¢ € N, each agent i € \V, receives a noisy observation Y;' given by
}/ti = Oéo(XtaAtfhWti)a (23)

where {W;.t € N,i € N'} is a sequence of independent and identically distributed random
variables.

In addition, at every ¢ € N all agents receive a common observation Z;, € Z,, given by

Zt = Ogo (Xt7 At—ly Wtc)y (24)
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where {W¢,t € N} is a sequence of independent and identically distributed random variables;
the sequences {W7,t € N}, {W¢,t € N}, and {W/,t € N,i € N'} and the initial state X, are
mutually independent.

Similar to the model of Section |, let P} and C; denote agent i’s, i € N/, private and common
information at ¢t € N, respectively. Agent ¢ has a time-invariant instantaneous utility function
6 lul_(X;, Ay), and his total discounted utility is given by

Un(X,A) =) 0" ul (X, Ay), (25)

t=1

where § denotes the discount factor.

We provide an extension of our results to infinite horizon dynamic decision problems with non-
strategic agents. For that matter, we first present a generalization of the definition of sufficient

private information to infinite horizon decision problems.

Definition 4 (Time-invariant sufficient private information). We say Si, i € N, t € N, is a
time-invariant sufficient private information if it is a sufficient private information and has a

time-invariant domain denoted by S'_, i € N.

We note that for the special cases presented in Section the characterized sufficient private
information is time-invariant.
Following an argument similar to the one presented in Section [V| we extend the result of

Theorem 2| to infinite horizon dynamic decision problems with non-strategic agents.

Theorem 5. Consider an infinite horizon dynamic decision problem with non-strategic agents
having access to a public randomization device. Then, for any arbitrary strategy profile g there

exists an equivalent stationary SIB strategy profile o that results in the same expected flow of

utility, i.e.,
E9QY "6 ul (g NHEN), X p = BTN 6l (0B NI, SEN we) X p . (26)
T=t T=t

forall i € N and t € N,

Next, we consider the case where agents share the same objective u’_(-,+) = u'*™(-,-) for

all 7 € NV., i.e. an infinite horizon dynamic team problem. It is shown that in infinite horizon
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POMDPS we can restrict attention, without loss of generality, to stationary Markov policies [3].
We provide a generalization of this results to dynamic multi-agent decision problems below.
Given a set of time-invariant sufficient private information, let II; € A(X, X S, ) denote the
SIB belief about (X;,S;) at time t. We call the mapping o’ : A(X, X Sy) x St — A(AY)
a stationary SIB strategy for agent i if S}, i € N/, t € N, is a time-invariant sufficient private
information. Similarly, given a stationary SIB strategy profile o.,, we define a stationary SIB
update rule as a time-invariant mapping 72> : A(Xo X Sxo) X Zoo = A(Xw X Sy), that
recursively determines the SIB belief via Bayes’ rule for all ¢ € N. Similarly, let o _(TI;, S¢, wy)
denote agent i’s stationary SIB strategy using the public randomization device for every i € N
and ¢ €7, when the agents have access to a public randomization device w; for every t€ 7.
We provide a sequential decomposition similar to that of Theorem [3| for infinite horizon

dynamic teams below.

Theorem 6. A stationary SIB strategy profile o, is an optimal solution to an infinite horizon
dynamic team problem with asymmetric information if it solves the following Bellman equation:

Vo(m) = max  Edu"(Xp,a"™(SFY) + Vae(noo(ms o™ Zi 1))}, (27)

al:N: SN 5 ALN

for all 1 € A(Xy X Sxo)-

The result of Theorem [6] provide a generalization of Bellman equation for POMDPS (see [3]

Ch. 8]) to decision problems with many agents and asymmetric information.

IX. CONCLUSION

We presented a general approach to study a general class of dynamic multi-agent decision
making problems with non-strategic agents. We proposed the notion of sufficient information
that enables us to compress effectively the agents’ (private and common) information in a
mutually consistent manner for decision making purposes. We showed that the restriction to
the class of SIB strategies are without loss of generality. Accordingly, we provided a sequential
decomposition of dynamic decision problems with non-strategic agents, and formulated a dy-
namic program to determine a globally optimal strategy profile in dynamic teams. The proposed
sufficient information approach presented in this paper generalizes a set of existing results in
the literature for the study of dynamic multi-agent decision making problems with non-strategic

agents. Our results in this paper, along with those appearing in the companion paper [2], provide
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a unified appraoch to study dynamic decision problems with non-strategic agents (teams) and
strategic agents (games). For future directions, we will investigate the problem of determining a
constructive algorithm that enables us to identify sufficient (private) information in a systematic

way.
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APPENDIX
Proof of Theorem [I| We prove the result of part (i) by induction. For ¢ = 1 the result holds

since the agents have not taken any action yet. Suppose that (I2) holds for ¢ — 1. Then,

]P)g{xtaht_l‘h?lf} = Z]P)g{wta Lt—15 ht_l‘h;} = Z]P)g {xta Ti—1, ht_—ilv at_—ila yt_i’hi—la ai—l? yia Zt}

Tt—1 Tt—1

_}: —i g —i =i pi i i
- P{yt |xt>at—1}]P) {xt’xt—bht—lvat—llht—hat—laytv'zt}

Tt—1

= P{yt_i|xt7a’t—l}P{‘Tt‘xt—hat—l}Pg {xt—lvht_jhat—jl|hf‘:717a71‘5717y§72t} i|

Tt—1

=3[Pl e e P, @ g (B ) 0 P, i iy 0l i 1}

o I PN Teq, h RTAY
= ]P{yt |$taat—l}P{l’t’xt—hat—l}gt_1(ht_1)(at_1) { : o t| e 1}

(=L Tt T . (28)
Ti—1 Pg{yiazﬁhi—laa;fl} ]

Consider the term P9{x;_, h; "y, Y}, z|hi_,,ai_, } in the nominator of the expression above. We

have,

g —i i i i
P {%—17 ht_lvytaztlht—laat—l}

= Z [P{y§7 zt|xt’ a't_—ih 41—1}P{$t|93t—1’ at_—ih ai—l}gt_—il(h;—il)<a;—il>Pg{xt—lv ht_—illhi—lv ai—l}}

at_fl,xt

= Z [P{yz@ zlay, aity, ap  YP{m|e 1, a7ty af Yo (hihy) (at_jl)Pg_i{xt—la hitilhi oy, agy }}
a;_ilyxt

=P {1, by 2l gy} (29)

where the second equality follows from the induction hypothesis (I2) for ¢—1. Consequently,

we also have,

g [ i i i gf i A P i i i
P{ywztmt—l?at—l}_ E P yt?'zt?xt—l’ht—1|ht—17at—1}
;l;_ilyit

by@

Z]Pgﬂ{y;aztai'tflaiL;—il‘hi—bai—l} =P gﬂ{yi» wlhi_yai1} (30)

—i A
hy 1t
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Substituting (29) and (30) in (28)),

P9{x,, hy " |y}

—i - i i i
P9 {l't—laht_17ytyzt|ht—17at—l}}

:Z[P{yt_i|xtaat—l}P{xt|It—17at—l}gt_—il(h;—i1)(at_—i1) Pgﬂ'{yi z|hi_y, dl }
ty ~t|Top—1, Yt—1

Tt—1

=P {a,, by hid

which establishes the induction step for .
Given the result of part (i), the result of part (ii) follows directly from the definition of SIB
strategies (I0) and SIB update rule (TT). O

To provide the proof for Theorem [2] we need the following result.

Lemma 1. Given a SIB strategy profile o and update rule 1) consistent with o,

P;{Stﬁ-la Tis1]Pes Co anf :P;{St—i-la Tig1]Se, Tyt (€2

for all s; 1,1, 8, Ty, a.

Proof of Lemma [I} Let ¢° denote the strategy profile, given by (I0), that corresponds to SIB
strategy profile 0. We have,

Tt="t (Ct) o
= ]P’¢

Po{st+1, i1 |pe, oy ant {St+1:Tes1|pe,can, e}

using update rule (TT)

Z []P)Z,{Stﬂ y At+1 |pt, Cy, Qt, ﬂ-t}1{7Tt+1:wt+1(7rt,zt+1)}]

Zt+1

by:@

Z |:]P)Z;{St+17 Zt+1|St, Ct, At 7Tt}1{m+1=¢t+1(m,zt+1)}}

Zt+1

a
g [R;,{Stﬂ, Zt+1s Yt+15 LTe41s $t|3t7 Cty Qg 7Tt}1{7rt+1:wt+l(7rtyzt+1)}:|

Yt+1,Tt41,Tt,2t+1

by system dynamics (T) and @)
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a
§ [Pw{8t+1|8t7Ctaatuﬂtazt—l-luyt+17xt+17xt}

Yt+1,T¢+1,T¢,2t+1

P{ZtJrlu Y1 |at7 xt+1}P{xt+1 ’xl‘n at}Pa{xt‘Stv Ct, Q¢, 7Tt}1{7rt+1=1l)t+1(7Tt,Zt+1)]’
by E)

Z |:< H 1{s{+1=¢§+1(S{,{yfﬂ,%ﬂ,ag};g”)})

Yt4+1,Tt+1,Tt,2¢4+1 J

P{zi11, Yeralae, Tpoa YP{@eg1 |24, at}PZ{xt"stv Ct}]‘{ﬂ't+1:¢t+1(ﬂtvzt+l)}:|

by Bayes’ rule

Z [( H 1{3{+1=¢>{+1(Siv{yfﬂ,aﬂ,a{};g")}>

Yt4+1,2t4+1,Tt+1,Tt J

]P)fp-{l’t, St’Ct}
P{Zt+17 Yt+1 ’atv xt+1}P{$t+1 ‘l‘t, at}m {mt1=t1(me,2041) }

Z [( H Lt =6t (51 o 1.0 };gff)})

Yt+1,2t+1,Tt+1,Tt J

(e, S¢)
]P){Zt+17 Y1 |ata xt—&-l}P{xt—&-l |xt7 at}%1{7Tt+1:wt+1(7rt,2t+1)}
Tt ?

lo}
P¢{3t+1,7ﬂs+1 Sty Tty Gt ) -

]

Proof of Theorem [2| Consider an arbitrary strategy profile g. We prove the existence of SIB
strategy profile that is equivalent to g by construction.
With some abuse of notation, let o/(Il;, S}, w;) denote agent i’s strategy using the public

randomization device w,. We construct a SIB strategy profile o, that has the following properties:

(a) the induced distribution on {II;;1, S;;1} under o coincides with one under g, i.e.

POt {7Tt+17 St-i-l} = P9t {7Tt+17 5t+1} . (32)

(b) the continuation payoff for all the agents under o is the same as that under g, i.e. for all
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i eN,

{Zu Xz, g+ ( T>>}= E"{Zui(XT,aT(HT,ST,wT»}. (33)

T=t
We prove condition (a) by forward induction and condition (b) by backward induction. We
note that condition (a) is satisfied for ¢ = 1, since at t = 1 no action has been taken. Moreover,

condition (b) is satisfied for ¢ = 7'+ 1 since there is no future.

Assume that condition (a) is satisfied from 1 to ¢, ¢t € 7. We construct o; below such that
condition (a) is satisfied at ¢+1.

To construct o;, we first define below a random vector R'*Y based on H}*V, such that for
every i€ N, (i) R}V is independent of II; and S}, and (ii) H; can be reconstructed using R!
along with II; and S!.

We proceed as follows. For every time ¢ € T, let (73, s1V) denote the realization of the agents’
sufficient common information and private information, respectively. Let H! := {ht’ e ht’mtl}
denote the set of all histories of agent i at time ¢, where |H!| denote the number of possi-
ble realizations of agent i’s history at time ¢. Conditioned on the realization of (m,s!), let
{p(hi*|m, s),1 <k < |HI|)} denote the probability mass function on A that leads to (7, s?)

for agent 7. Define the random variable R! on [0, 1] as follows:

1) P{OSRiSp<h?1lm,si>}=p<hi’1 1,57, (34)

and conditioned on the event {OSR}; <p(h'|m, si)}, R! is uniformly distributed on [0, p(h%" |7, s1)].

2) For 1 < k < |HY],
k
{Zp hi’|m.s;) <R Z hw|7Tt>St} p(hi"|m,st), (35)

and conditioned on the event {Zf}l p(hi|my,st) < RE < Zle p(hy? |7rt7si)}, R! is uniformly
distributed on [Zk Lp(hi | my, st), Zlep(hi’jhrt,si)].

Therefore, R! is uniformly distributed on [0, 1] and is independent of (II;, S?). Furthermore,
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for any realization (7, s}, ;) we can uniquely determine h;" where

k—1
[ := min{k : 7! > Zp(hi’jhrt,si)}. (36)

j=1
Therefore, the random variable R! defined above, satisfies the mentioned-above conditions (i)

and (ii) when H; takes finite values.

We show below that R! is independent of S;.
Lemma 2. The random variable R., i € N, is independent of 11, and S; for all t € T.
Proof of Lemma 2} Consider an arbitrary realization (h},...,hY) of (H/,..., HN). Let ((s},m,7}),
ey (8N, 7, 7V)) denote the realization of ((S},11;, RY), ..., (SN, 11, RY)) where (si, 7, r4) cor-
responds to A} as it is defined above for every i € \.

For every i € N we have,

Po{ry, s, 'lmy st Po{s g m sitPO{rilm, s}

PI{rilm,, s, = P9r|m, st s} = : . . .
(e sk = EHT 00 = B ) Pols e o)

replace
(rerst ) by b P9Ls | BEYPI {7y, 51}

e (37)
Po{s;*|m, si}

The last equality holds because H; is uniquely determined by (II;, S}, R!) and vice versa; see

(34)-(36). Moreover,
Po{s; " sileey _ ml(sy'ss)

. by .
P9{s; |} = PI{s;"|sy, 1} = , = ——
e PR P{st[c:} Zg;i (8., s1)

=P{s;"|s;, 7!} (38)

Combining and (38)
P9 {sy"[sp, mf YPI{ri|me, st}
]Pg{st_zhrta S%}

PI{r{|m, s¢} = = P/{ri|m, s;} = P{r}} (39)

where the last equality is true since by definition R! is independent of (II;, S}). Therefore, by
, R! is independent of II; and S; for all : € N. O

Using the result of Lemma 2, we prove that for every i € N, (i) RI*V is independent of II;
and S}*V, and (ii) H; can be reconstructed using R} along with IT, and S;.
In the following, we construct a SIB strategy profile o, equivalent to g; as follows. Let f%tl’N (wy)

denote a random vector the agents construct using the public randomization device w; that has
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an identical joint cumulative distribution to that of R}*¥. Note that by Lemma [2, the distribution
of RIN is independent of S; and II,.
Define,

oi(IL, Sfwe) = gi(Frle o (Ri(wy), T, S))). (40)

R}|SE,IT;

Then,

]P)gl:t{ﬂ-t_"_l’ St+1|Ht} :Pgljt{ﬂ't-&-l? St-‘rllHt? St, Rt}
distriution]P)gl:t {7Tt+17 5t+1|Ht7 St, Rt}
=P {41, sS4 |1y, S, Rﬁ}

Taking the expectation of the left and right hand sides with respect to w; and R;, respectively,

and using the fact that Rt (w¢) and R; are independent of S; and II; (Lemma , we obtain
Pt {1, seq1 |y, Se} = P9 {mig, sea |1, S} w.p.1. 41)

By the induction hypothesis, we have P74~ {7, s, } = P9%~1 {m; s,}. Therefore, taking the
expectation of both sides of with respect to II;, S;, we establish that condition (a) holds for
time ¢ + 1.

Next, we prove condition (b) by backward induction. We have,

B9 {ui (X, A)| Hi} =E{ui(Xy, Ay, S, Ry}
distriutionEg{ui(XhAt)|Ht, St, Rt}

—E7 {ul(X,, A)|IL,, Sy, Ry} (42)

Using (#2)) for t = T", we have condition (b) is satisfied for t = T".

Now we assume that condition (b) is satisfied from ¢+ 1 to 7', t € 7. We prove that condition
(b) is satisfied at .

Using condition (a) at time ¢, i.e P~ {s,, m } = P9*~1{s;, m;}, the induction hypothesis on
condition (b) for £+ 1 along with equation for ¢, and the fact that R, and R, are identically

distributed and independent of II;, and S;, we obtain

EQ{Zui(XT, gT(HT))} = EU{Zuj(XT, o-(I1,, S, wT))}.

T=t
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]

Proof of Theorem 3| By the result of Theorem [2 we can restrict attention to SIB strategies
with public randomization device without loss of generality. Moreover, since by Assumption [I]
all space are finite, we can restrict attention to SIB strategies (with no public randomization
device) without loss of generality. The proof of Theorem (3| then follows from an argument
identical to the one given for dynamic programming for POMDP (see [3, Ch. 6.7]).

The dynamic program described by can be viewed as a solution to the following
decision problem that is equivalent to the original dynamic team problem. Consider a “super
agent” that knows the functional forms of system dynamics and the agents’ utilities, and the set
of spaces X;, AN, SEN for all t. The super agent coordinates the agents’ decisions at each time
as follows. The super agent observes 7; (which is common knowledge among all agents) but

does not know the realizations s} of the agents’ sufficient private information. Based on his

information, the super agent chooses a joint set of prescriptions/partial functions o}V (;, -), one
for each agent, that determine agent i’s action for every realization s. as o} (7, si) for Vt,i. The
dynamic program described by determines an optimal solution for the above-described
super agent, and thus, equivalently, determine the optimal strategy for the original dynamic team

problemﬂ 0

Proof of Theorem ) We show below that Li := (S!,1I;), i € N, t € T satisfies conditions
(i)-(iv) of Definition [3]
Condition (i) is satisfied since both S}V and II; can be updated recursively via update rules
1N and 1)y, respectively, for every ¢t € T.
Condition (ii) is satisfied by Lemma [T}
To prove condition (iii), we have

]P{i[ft, St‘Ct}

P _
{wt|ct75t} Z:&t P{jt,st’ct}

= ]P){l't|7rt,$t}. (43)
Therefore,

°The above interpretation of the dynamic program from the point of view of a super agent is similar to the coordinator
problem formulated in [18], [26].
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=

Egl_zlf—l {U; (Xt7 At)

Ctjpi7 at} by— Egl_zfl {u; (Xt7 At)

)
Ct, Sta at}

Riris {]Eélél {Ui (X, Ay)

by@

i
at} Ctastyat}

Edri-1 {Eglél {Ufs (X1, Ar)

i
Xt;at} Wtystaat}

]Egl_z*l {U; (Xt7 At)

%
7Ttapta at}

Condition (iv) holds since,

Si Ct} — Pg;z_l{stkt}
t -

[Pgu 13— 1{[ i ,
~—1q i .
]P)glzt—l’glzt—l{sﬂct}
1|77
i

pt7 Ct} :P§1_L1{3t_1 p; Ct} by ]P)gl t 1{
by @3) pé;z;l{

. . ~—1
—1| 3 _ G7.4_ —
5, st,wt} = Pt l{lt

O

Proof of Theorem [5| Consider the SIB strategy o, constructed in the proof of Theorem [2] for
every t € N. We show below that o satisfies (26)).
By the proof of Theorem 2| condition holds for all ¢ € N. To prove (26), we show that

under strategy o;, t € N, we have

EQ{Z(St 1 Z H1N> } EJOQ{Z&& 1 z 1NHT’SiN)’XT)}

for all € > 0.

<e (44)

Let M = max,, ., |u’, (7, a;)|. For every € > 0, choose T' € N such that < M < 5. Then,

for any arbitrary strategy g,

< (45)

l\:)lm

Eg{z(st tul (GENHEN), X )}

Therefore, for every ¢t < 7', condition (44) is satisfied by (#5) and the triangle inequality.
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For t > T', consider a finite decision problem with horizon 7' resulting by the truncation of

the original infinite-horizon decision problem at 7". Then, by Theorem [2]

EQ{ZU NHMY X }EU{ZUW T,SIN)XT)}, (46)

for all i€ A and t € 7. Combining (46) with the result for ¢ > T', we show that (26) is satisfied
for 2. =

Proof of Theorem 6] By Theorem [5] we can restrict attention to stationary SIB strategies with
public randomization device without loss of generality. Moreover, since by Assumption [I] all
space are finite, we can restrict attention to SIB strategies (with no public randomization device)
without loss of optimality. Consequently, following the same rationale as the one given in the
proof of Theorem [3] the result of Theorem [6] follows from an argument identical to the one
given for dynamic programming in infinite-horizon Markovian Decision Processes (see [3, Ch.

8.2 and Ch.8.3]). [l
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