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Distortion and Distribution of Sets under Inner
Functions

Matteo Levi* Artur Nicolau and Odi Soler i Gibert!

Abstract

It is a classical result that Lebesgue measure on the unit circle is invari-
ant under inner functions fixing the origin. In this setting, the distortion
of Hausdorff contents has also been studied. We present here similar re-
sults focusing on inner functions with fixed points on the unit circle. In
particular, our results yield information not only on the size of preimages
of sets under inner functions, but also on their distribution with respect
to a given boundary point. As an application, we use them to estimate
the size of irregular points of inner functions omitting large sets. Finally,
we also present a natural interpretation of the results in the upper half
plane.

Keywords— Inner functions, boundary fixed points, angular derivatives, Haus-
dorff contents.

1 Introduction

Let D be the open unit disc of the complex plane. An analytic mapping f: D —
D is called inner if |lim,_; f(r€)| = 1 for almost every point (a.e.) £ of the unit
circle 0. Hence, an inner function f induces a map defined at almost every
point & € 9D by f*(§) = lim,—,1 f(r€), which we will denote by f as well. This
induced map lacks the regularity of the inner function itself and it is actually
discontinuous at every point £ € 0D where f does not extend analytically. More
concretely, fixed £ € 9D where f does not extend analytically and n € 0D there
exists a sequence &, — £ such that f(&,) — 7 (see page 77 of |, and page
4 of M]) We are interested in studying certain invariance and distortion
properties of measures and Hausdorff contents of sets in the unit circle under
the action of inner functions.

Let f: D — D be an analytic mapping. We say that a point p € 9D is a
boundary Fatou point of f if f(p) = lim,_1 f(rp) exists and f(p) € ID. Hence,
the set of boundary Fatou points of an inner function has full measure. For
O<p<landpedD,letT'g(p) ={z€D:|z—p| <B(1—|z])} be the Stolz
angle with opening S and vertex at p. A holomorphic self map f of the unit
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disc has finite angular derivative at p € 0D if there is a point n € D and 8 > 0
such that the non-tangential limit

Ig(p)oz—p P — 2
exists and is finite. Observe that in this case n = f(p). We set |f'(p)| = +oo
if the function f does not have a finite angular derivative at the point p € JD.
Observe that this is the case if p is not a boundary Fatou point of f. With this
convention, for any p € 9D, the classical Julia-Carathéodory theorem gives
R e PGl N

(1) llgljgfﬁ =[f'(p)| >0,
in the sense that either the liminf is finite and equal to |f'(p)| > 0 or both
quantities are infinite. See for example Chapters IV and V of [Sha93)].

We denote by A\ the normalized Lebesgue measure on dD and by A, the
harmonic measure from the point z € D, given by

) = [ L ag
: e l§— 2 ’
for any measurable set E C 9D. A classical result due to Lowner (see, for
instance, page 12 of |[AhI73]) says that Lebesgue measure is invariant under the
action of any inner function fixing the origin. Hence, the following conformally
invariant version of Lowner’s Lemma holds.

Theorem A. Let f: D — D be an inner function and z € D. Then,

A(fTHE)) = Mg (B)
for any measurable set E C JD.

Observe that, if z € D is a fixed point of f, Theorem [Alsays that ), is invari-
ant under the action of f. However, it may be the case that f has no fixed points
in D but only on dD. A point p € D is a fixed point for f if lim,_; f(rp) = p.
Actually, the classical Denjoy-Wolff Theorem states that for any analytic self
mapping f on the unit disc which is not an elliptic automorphism, there exists
a fixed point p € D of f, called the Denjoy-Wolff fixed point of f, such that the
iterates f™ = fo .o f tend to p uniformly on compacts sets of . Moreover,
p is the unique fixed point of f in D such that 0 < |f/(p)] < 1. See for exam-
ple Chapter V of |Sha93]. We are interested in analogues of Theorem [A] when
z € 0D. This situation occurs naturally when the Denjoy-Wolff fixed point of
f is on the unit circle. In this situation, instead of considering the harmonic
measure from a point in the open unit disc, it is natural to measure sets with
respect to boundary points. We will consider a measure introduced by Doering
and Maifié in [DM91]. Fix a point p € D and consider the positive measure s,
on 0D defined by

1
Mp(E)Z/EWd)\(f)

for any measurable set £ C dD. Observe that for a point p € D the measure p,,
is not finite, while for p € D, it is just a scalar multiple of the harmonic measure



given by p, = (1 — |p|*)7'A,. A very natural interpretation of the measure j,
when p € 9D is the following. Let wy,: D — H be the conformal map from the
disc into the upper half-plane H such that w,(p) = co and wy,(0) = /2. Then, for
any measurable set £ C 9D, we have that u,(E) = |w,(E)|, where we denote
by |A| the Lebesgue measure of a set A C R. Roughly speaking, for a point
p € 0D, the measure p, gives information about the size and the distribution of
a set around the point p. Sets having large p, measure are those that are highly
concentrated around the point p. In particular, if E is an open neighbourhood
of p, then p,(E) = co. Our first result is the following analogue of Theorem [Al

Theorem 1. Let f: D — D be an inner function and let p € ID be a boundary
Fatou point of f.

(a) Assume |f'(p)| < oo. Then

tp(fHE)) = | (0) |1y (E)

for any measurable set E C OD.

(b) If |f'(p)| = oo and E C D is a measurable set, then p,(f~'(E)) = oo if
prp)(E) > 0 and pp(f7H(E)) = 0 if py () (E) = 0.

As we can see, we still have a general relation between the measure of a set
and its preimage under f, independent from the set. Nonetheless, in this case,
a distortion term appears and it is given by the size of the angular derivative
at the point p. If p € JD is the Denjoy-Wolff fixed point of f, this result was
previously proved in [DM91].

In |FP92|, Fernandez and Pestana studied the distortion of Hausdorff con-
tents under inner functions. Fixed z € D and 0 < a < 1, consider the Hausdorff
content defined as

M,(\)(E) = infz A (1)),

where the infimum is taken over all collections of arcs {I;} of the unit circle such
that E C |JI;. Thus M, (Ao)(E) is the standard Hausdorff content of E, which
is denoted by My (E). Observe that if z € D and 7 is the automorphism of D
which interchanges z and 0, then M, (\.)(E) = M, (7 1(E)) for any E C 9D.
Fernandez and Pestana proved the following result, analogous to Theorem [l for
Hausdorff contents, stated here in a conformally invariant way.

Theorem B. For any 0 < a < 1 there exists a constant C,, > 0 such that, if
f: D — D is an inner function and z € D, we have

Ma(/\z>(f71(E)) > CaMa(/\f(z))(E)
for any Borel set E C OD.

It is also shown in [FP92] that there exists an inner function f such that
the preimage of a single point has Hausdorff dimension 1. Hence, the converse
estimate in Theorem [Blis false. It is worth mentioning that a related result for
sets £ C ID was established in [Ham93]. For 0 < a < 1 and p € dD, we define
the (p, a)-Hausdorff content of a Borel set E C 0D as

Mo (pp)(E) = inf Z tp(L;)%,



where the infimum is taken over all collections of arcs {I;} of the unit circle such
that £\ {p} C UI;. Our second result is the following analogue of Theorem [B]
when z € OD.

Theorem 2. Let f: D — D be an inner function and let p € ID be a boundary
Fatou point of f.

(a) Assume |f'(p)] < oo. Then for any 0 < « < 1 there exists a constant
Co > 0, independent of f, such that

Mo (up)(f~H(E)) = Calf'(p)|*Ma(psp)(E)
for any Borel set E C 0D.

(b) Assume |f'(p)| = oo. Then we have that M (u,)(f~H(E)) = oo for any
Borel set I C 0D such that Mq(psp))(E) > 0.

The proofs of Theorem [Ml and Theorem Pl are given in Section Bl In Section
Bl we give two applications of our results. The first one concerns a smoothness
property of inner functions which omit large sets of the unit disc and it is inspired
on a nice result in [FP92]. In the second application we obtain analogue results
on distortion of sets in the real line under inner mappings of the upper half
plane.

It is a pleasure to thank J. J. Donaire, J. L. Fernandez, P. Gorkin and
M. V. Melian for helpful discusions.

2 Boundary distortion theorems

In this section we prove our main results. We start with some elementary
properties of the measure yu, and the content M, (u,). Recall that a sequence
of points {p,} C D converges non-tangentially to a point p € ID if limp,, = p
and there exists 8 > 0 such that {p,} C I'z(p).

Lemma 1. Let p € OD. For every sequence of points {p,} C D converging
non-tangentially to p, we have

tip, (E) — pp(E),  asn — o0

for any measurable set E C OD.

Proof. Let {pn}n C D be any sequence of points approaching p, and write
fn = lp, for every n > 1. By Fatou’s Lemma, we have

1

hn%mfun(E) > /EhTrln TErE d
from which it follows that the result is true when pu,(E) = oo. So assume
pp(E) < oo. Fix € > 0 and consider an arc I centred at p and such that
up(ENI) < e. Since p, — p non-tangentially, there exists a constant C' > 0
such that | — p,| > C|¢€ — p| for every £ € 9D and every n > 1. Hence, we
have that pu,(E N1I) < C~2¢ for every n. On the other hand, by dominated
convergence, we have that

Un(EN(OD\I)) — up(EN(OD\I)), asn— oo,

&) = pp(E),

from which the result follows. O



Observe that the assumption on the non-tangential convergence of the se-
quence {p,} to p only enters into play if p € E. If p ¢ E, the result holds
true for any approaching sequence. However, as the following example shows,
Lemma [0 fails badly if p, approaches p tangentially. Fix a point p € 9D
and consider a sequence of points {&,} C ID such that |, — p| = 1/(2n)
for every n > 1. Consider as well the sequence of pairwise disjoint arcs {I,}
such that I,, is centred at &, and A(I,) = 1/(4n*) for every n > 1. Now,
let £ = U, In, pn = (1 =X(I))&n, and pn = pp,, for every n > 1. Since
(1= |pnl)/|p — pn| < 1/n® — 0, the sequence {p,} converges to p tangentially.
For ¢ € I,,, we have |p, — & < 2X\(I,,) and p,(I,) > (4A\(I,))~! = n*. Now, on
one hand we have p,(E) > py,(I,) — 00, as n — c0. On the other hand since
lp—&| < 1/n for any & € I,,, we have u,(I,) < n?A(I,) = 1/4n? and we deduce

pp(E) = Zﬂp(ln) < 0.

For 0 < o < 1 and z € D consider the (z, a)-Hausdorff content of a Borel
set & C 0D defined as

Mo (p2)(E) = ianNZ(Ij)aa

where the infimum is taken over all collections of arcs {I;} such that £ C J I;.

Lemma 2. Given p € 0D and B > 0, let T'g(p) be the Stolz angle of opening
with vertex at p. Then there exists a constant C = C(8) > 0 such that

1= (A) < Cup(A)

for any measurable set A C 0D and any z € I'g(p). Consequently, for any
0 < a <1 we also have My (p12)(A) < C*My(up)(A) for any set A C ID and
any z € T'g(p).

Proof. Observe that there exists a constant C = C(8) > 0 such that [§ — z| >
C|¢ — p| for any 2z € I'g(p) and any & € ID. Hence, p.(A) < C72u,(A) for
any measurable set A C 9D and any z € I'g(p). This last estimate also gives
M (p2)(A) < C72* Mo (pp)(A). 0

The corresponding result to Lemma [Tl for Hausdorff contents reads as follows.

Lemma 3. Let 0 < o < 1 and p € ID. For any sequence of points {p,} C D
converging non-tangentially to p, we have

@) Tim Moy, )(E) = Ma (i) (B)
for any set E C OD.

Proof. Write pi,, = pp,, for every n > 1. Assume that My (up)(E) < co. In this
case, we split the proof of the result into two parts. First we show that

(3) limsup Mo (p10)(E) < Mo (pp)(E),

n—oo

and then we prove that

(4) lim inf Mo (pin ) (E) = Ma (1) (E),



from which () follows immediately. To prove @), given € > 0, take a covering
by open arcs {I;} of the set E \ {p} such that

S (1)" < Ma(14,) () + .

Now, by Lemma [2] for each interval I; and for every n > 1 we have that

pn (L) < Cpp(L)-

Thus, by Lemma [Tl and dominated convergence, we get that
Zun(lj)o‘ HZMP(I]-)&, as n — 00.
J J

By definition, Mq(pn)(E) <35 pn(L;)* and, thus (@) follows immediately.
We prove inequality (@) considering two cases. Assume first that p ¢ E. Pick
£ > 0 and a covering of E by open arcs {I;}, such that dist(I;,p) > dist(E, p)/2
for every arc I;. Observe that, in this situation, there exists ng > 0 such that if
n > ng, we have that
pn(Ly) = (1 =&)Yy (1)

for every arc I; in our covering. Thus, for any such covering of E\ {p}, if n > ng
we have that

Zun(fj)“ 2 (1 = &)Ma(pp)(E).

Observe that the infimum of 3, yin(;)® when ranging over all coverings {I;}
of E\ {p} by open arcs satisfying that dist(Z;,p) > dist(E,p)/2 is, precisely,
My (pn)(E). Hence, equation (@) follows in the case that p ¢ E, and therefore
equation (2]) as well in this situation.

In the case that p € E, since we assumed that M, (11,)(E) < oo, given & > 0
we can choose 0 = d(¢) > 0 such that M, (u,)(E N I(p,d)) < e, where I(p,J)
denotes the arc centred at p of length 0. Let us denote Es = E \ I(p,d). Since
p € Ej, we already know that

nh_{%o Mo (pn)(Es) = Ma(pp)(Es) > Ma(pp)(E) — e.
Hence, for any given € > 0, we have

lim inf My, (pn)(E) > lim Mo (pn)(Es) > Mo (up)(E) — €.
n—oo n—oo
This concludes the proof whenever M, (up)(E) < oo.
Assume now that M, (up)(E) = co. In this case, for any N > 0 we can find
§ = 0(N) > 0 such that My (p)(Es) > N, where again E; = E'\ I(p,d). Since
p &€ Es, we have that

lim Mo () (Es) = Ma 1) (E5) > N.
Hence, there exists ng > 0 such that if n > ng, then M, (p,)(Es) > N. Using
that Mo (pn)(E) > Ma(pn)(Es), we get @) in the case in which M, (p,)(E) =
oo as well. [l



We will use the following auxiliary result which is certainly well known. It
is included because we have not found a precise reference.

Lemma 4. Let f be a holomorphic self map of the unit disc. Let {p,} be a
sequence of points in D converging non-tangentially to a point p € ID. Assume
that | f'(p)| < oo, then {f(pn)} also converges to f(p) € OD non-tangentially.

Proof. Since |f’(p)| < oo we have that f(p) € ID. Write

L—|fpu)l  1=1fu)| 1= |pn| |p—pal

|f(p)_f(pn)| 1_|pn| |p_pn||f(p)_f(pn)|.

Also because |f'(p)| < oo, by Julia-Carathéodory Theorem, the first and third
terms converge respectively to |f’(p)| and |f’(p)|~!, and therefore
1 - |pn|

e
1 f— =7 ] f— = X
D — o] ] 0

O

Note that the assumption of finite angular derivative is necessary in the
above statement, even if we ask the function f to be inner. In fact, it can
be proved that there exist inner functions mapping a given Stolz angle to a
tangential region (see [Don01]).

We are now ready to prove our main results.

Proof of Theorem 1. We can choose a sequence of points {p, } in D approaching
p non-tangentially such that

N T L0 [
(5) Jm e @0
By Theorem [A] we have that
1—|f(pn)]?
0 (574 = P ()

Lemma [Tl gives that pu,, (f~1(E)) — up(f~H(E)) as n — oo. If | f/(p)| < oo,
Lemma [ gives that f(p,) converges to f(p) non-tangentially. Thus, Lemma
M gives that s, )(E) — prp)(E) as n — oo. Therefore, equations (&) and
@) give the statement (@). Assume now that |f'(p)| = oo. If ps,)(E) = 0,
we have A\(E) = 0. Hence, by Theorem [Al we have that A(f~}(E)) = 0 and
it follows that p,(f~'(E)) = 0. Finally assume p¢(,)(E) > 0. Observe that for
any n > 1 we have py, )(E) > A(E)/4 > 0. Thus, since |f'(p)| = oo, the
right-hand side of equation (@) tends to infinity and, by Lemma [II we deduce
that p,(f~1(E)) = oo. O

Proof of Theorem[d. We will use Theorem [Bl in the following form. For z € D
we have that

() Auww%mma(iﬁﬁﬁfmwww>

1—|[z[?



for any Borel set E C 9D. We can choose a sequence of points {p,} in D
approaching p non-tangentially such that

: 1- |f(pn)|2
(8) AT

=1f'(p)| > 0.

Assume |f'(p)| < co. Applying Lemma [J and equation (@), we get
Ma(ﬂp)(fil(E)) = }Ln% Ma(ﬂpn)(fil(E))

. 1- 2P\
> limsup Cy (Lpgl) Ma(,uff(pn))(E)

= Colf'(p)|* lirnjup Mo (pig(p,)) (E).

By Lemmal] f(p,) tends to f(p) non-tangentially as n — oo and hence, Lemma
Bl gives that

i Mo (pp,)) (B) = Ma (s ) (),

which finishes the proof of part @). Assume now |f'(p)| = co. We can assume
f(p) ¢ E. Since Mq(ps(p))(£) > 0, there exists an arc I centred at f(p) such
that Ma(pfp)) (£ \ 1) > 0. Write E* = E \ I. Then there exists ng > 0 such
that Ma(ﬂf(pn)>(E*) > Ma(ﬂf(p))(E*>/2 if n > ng. NOW,

Mo (i) (7 (7)) = lim. Ma (i, )(f ' (B7))

(1 £ (pn)

2 (e}
> (', limsup T |2| > Ma(ﬂf(pn))(E*) = 0.

n—oo

Hence My, (pp)(f~H(E)) = . O

3 Applications

3.1 Omitted values

A classical result by Frostman says that any inner function f can omit at most
a set of logarithmic capacity zero, that is, D\ f(ID) has logarithmic capacity zero
(see Chapter II of [Gar07]). Conversely, given a relatively compact set K of the
unit disc of logarithmic capacity zero, the universal covering map f: D — D\ K
is an inner function (see page 323 of [Tsu75h]). Given a set E C D, its non-
tangential closure on 0D, denoted by ENT | is the set of points £ € dD for which
there exists a sequence {z,} C F such that z, — & non-tangentially. We first
state an auxiliary result which may have independent interest.

Lemma 5. Let f: D — D be an inner function and let E =D\ f(D) be the set
of its omitted points. Then

FTHENT) C {& € aD: |f(€)] = oo}

Proof. Consider a point £ € 0D such that the angular derivative of f at £ exists
and it is finite, and let ¢ = f(£). In other words assume that

(9) lim (= /) =A

Lp(€)3z2—6 §—2



is finite. We want to see that, in this situation, for any opening ~ > 1, there is
0 < s = s(y) < 1 such that the truncated cone

F’y,s(() = {’LU €D: |< - ’LU| < 7(1 - |’LU|), |§ - w| < S}

does not intersect E, that is, I', s({) € f(ID). So fix v > 1 and consider I, 5(¢)
with 0 < s < 1 to be determined. Fix wy € I'y5({). We want to see that there
is zg € D such that f(z9) = wo. By equation (@), we can express

f(z) = C+ Az =€) +ol|]z = &]),

where o(|z — &])/|z — &| — 0 as z — £ non-tangentially. Consider I'g ,(£) with
B >2yand 0 <r <1 tobe determined. Observe that there exists 0 < rp < 1
such that, if » < rp and 0 < s < |A|r/2, then for any z € 9T'5 () we have that

[(f(2) =wo) = (C+ A(z = &) —wo)| <[+ A(z — &) — w.

Thus, by Rouché’s Theorem, the functions f(z) — wo and g(z) —wo = ¢ +
A(z — &) — wo have the same number of zeroes in I'g -(§). But g(z) is a degree
1 polynomial and g(T's,.(§)) = I'g,1a)r(¢) 2 I';,5(¢), and thus g(z) — wo has a
single zero on I'g .(§). Therefore, there is zp € I'g -(§) such that f(z) = wo,
which completes the proof. [l

As an application of Theorem [Il and Lemma B we have the following result.

Corollary 1. Let f: D — D be an inner function and let E =D\ f(D) be the
set of its omitted points. Let p be a boundary Fatou point of f.

(a) Assume |f'(p)] < oo. Then for any 0 < o < 1 there exists a constant
Co > 0, independent of f, such that

(10)  Ma(pp) ({€ € OD: | f'(€)] = 00}) = Calf'(p)]* Ma(pip(p) (ENT).

(b) Assume |f'(p)| = co. Then Mq(pp) ({§ € OD: |f/(€)] = o0}) = 0o whenever
Ma(pp(p))(ENT) > 0.

3.2 Inner functions in the upper half plane

Let H = {w € C: Im(w) > 0} be the upper half plane. A holomorphic mapping
g: H — H is an inner function of the upper half plane if lim, o g(z+iy) € R for
a.e. x € R. This natural definition agrees with conformal changes of coordinates:
given p € 0D denote by w, the M&bius transformation mapping D onto H, the
point p to oo and, say, the origin to ¢/2. Then, g is an inner function of the
upper half plane if and only if f = w, logo wp is an inner function of the unit
disc D. Observe that g(co) = limy 400 g(it) = oo if and only if f(p) = p. A
holomorphic mapping ¢g from H into H has a finite angular derivative at oo if

it
"(00) = lim
oo = I g
exists and is finite. Otherwise, we write |g’(c0)| = co. Observe that g has a

finite angular derivative at infinity if and only if f = w,, !0 g 0w, has a finite
angular derivative at p. Moreover, the identity |¢'(c0)| = |f'(p)| holds in the



sense that both quantities coincide when they are finite, and if one of them is
infinite so is the other. This fact easily follows from the identity
w _ ptz p—f(z)
gw) p+f(z) p—=z

Let |A| denote the Lebesgue measure of a measurable set A C R and, for
0 < a < 1, let M,(A) denote its a-Hausdorff content. We now state the
versions of (Il) and (2)) in this setting.

Corollary 2. Let g: H — H be an inner function and assume that g(co) = co.
(a) Assume |g'(00)| < co. Then
(11) g7 (A)] = |g'(00)]|4]

for any measurable set A C R. Moreover, for any 0 < a < 1 there exists a
constant Cy, > 0, independent of g, such that

(12) Ma(g7(A)) > Calg'(00)|* Ma(A)
for any Borel set A C R.

(b) If|g'(c0)| = oo and A C R is a measurable set, then |g~1(A)| = oo if |[A| > 0
and |g7*(A)| = 0 if |A| = 0. Moreover, M, (g~ (A)) = oo for any Borel set
A C R such that M, (A) > 0.

Proof. Note that for any measurable set A C R we have

(13) Al = pp(w, ' (4)),  peoD.

Hence, Lo ()] = (0 g L (A) = (/2 (4)), Appying Theorem]

and () we deduce |9~ (A)] = |/ (p)lyy (1w (AJ) = |¢'(0)|A] which is (II).

It follows from (I3)) and w, being a MObIIlS map that

(14) Mo (pip)(E) = Mo(wy(E)), E C OD.

Thus, the previous argument shows that (I2)) holds. Part (B follows from similar

considerations. O

References

[AhI73] L. V. Ahlfors. Conformal invariants: topics in geometric function
theory. McGraw-Hill Book Co., New York-Diisseldorf-Johannesburg.
1973.

[DM91]  C. I. Doering and R. Mané. “The dynamics of inner functions”. En-
saios Matemdticos 3 (1991), pp. 5-79.

[Don01] J. J. Donaire. “Radial behaviour of inner functions in By”. J. London
Math. Soc. (2) 63.1 (2001), pp. 141-158.

[FP92]  J. L. Fernandez and D. Pestana. “Distortion of boundary sets under
inner functions and applications”. Indiana Univ. Math. J. 41.2 (1992),
pp. 439-448.

10



[Gar07]  J.B. Garnett. Bounded analytic functions. Springer, New York. 2007.

[Ham93] D.-H. Hamilton. “Distortion of sets by inner functions.” Proc. Amer.
Math. Soc. 117 (1993), pp. 771-774.

[Nos60] K. Noshiro. Cluster sets. Springer-Verlag, Berlin-Gottingen-Heidelberg.
1960.

[Sha93] J. H. Shapiro. Composition operators and classical function theory.
Springer-Verlag, New York. 1993.

[Tsu75] M. Tsuji. Potential theory in modern function theory. Chelsea Pub-
lishing Co., New York. 1975.

Matteo Levi: UNIVERSITA DI BOLOGNA, DIPARTIMENTO DI MATEMATICA, VIA ZAMBONI
33, 40126 BorLoaNA, ITALiA
E-mail address: matteo.levi2@unibo.it

Artur Nicolau: UNIVERSITAT AUTONOMA DE BARCELONA, DEPARTAMENT DE MATEMA-
TIQUES, Epirict C, 08193-BELLATERRA, CATALUNYA
E-mail address: artur@mat.uab.cat

Odi Soler i Gibert: UNIVERSITAT AUTONOMA DE BARCELONA, DEPARTAMENT DE M ATEMA-
TIQUES, Epirict C, 08193-BELLATERRA, CATALUNYA
E-mail address: odisoler@mat.uab.cat

11



	1 Introduction
	2 Boundary distortion theorems
	3 Applications
	3.1 Omitted values
	3.2 Inner functions in the upper half plane


