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Abstract

Fang-Wu[I5] presented a explicit spectral gap for the O-U process on path
space over a Riemannian manifold without boundary under the bounded Ricci
curvature conditions. In this paper, we will extend these results to the case of
the Riemannian manifold with boundary. Moreover, we also derive the similar
results for the stochastic heat process.
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1 Introduction

Functional inequality is an important tool to study the spectral gaps for some diffusion
operators in the analysis/stochastic analysis field, especially, for the case of infinite di-
mensional Riemannian path space. For the manifold without boundary, Fang[12] first
established the Poincaré inequality for the O-U operator on Riemanian path space by
the Clark-Ocean formula, after that the log-Sobolev inequality /(weak)Poincaré inequal-
ity have also been established for the O-U Dirichlet form, see e.g. [11, 3], O] 18] 19, 23, 4]
211 27, 28], 5] and references therein. Recently Naber[21] gave some characterizations
of the uniform bounds of Ricci curvature by the analysis of the path space. Motiviated
by this work, Fang and Wu[l5] gave the explicit spectral gap of the O-U operator on
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path space under the Ricci curvature condition that Ky < Ric?(:= Ric + VZ2) < K,
and Ky + K7 > 0. This condition Ky + K7 > 0 is removed by Cheng-Thalimaier|[5].

For the manifold with boundary, Wang[26] proved the damped log-Sobolev inequal-
ity for the O-U process on path space, but some geometric informations are hidden in
this inequality. In this article, our main aim is to present a estimate of the spectral gap
for the O-U operator on path space over a manifold (possible with boundary) under
the curvature and the second fundamental form conditions

(1.1) Ky, <Ric? <K, 0, <I<0

for some constants Ko, K1, 09,01 € R. In particular, our results cover Fang-Wu'’s results
and Cheng-Thalmaier’s results. Moreover, we also obtain the estimate of the spectral
gap for the stochastic heat process.

To state our main results, we need to introduce some notation. Let M be a d-
dimensional complete Riemannian manifold possibly with a boundary OM and N be
the inward unit normal vector field of OM. Let L = %A + Z be the diffusion operator
for some C* vector field Z, where A is the Laplace operator on M.

Denote by the Riemannian path space:

W (M) = {y € C((0,T]; M) : 5 = z}.

Let p be the Riemannian distance on M. Then W (M) is a Polish space under the
uniform distance

poo(7,0) i= sup p(v,00), .0 € W (M).
te[0,7

Let O(M) be the orthonormal frame bundle over M and 7 : O(M) — M be the
canonical projection. Furthermore, we choose a canonical orthonormal basis {e;}1<i<q
on R? and a standard orthonormal basis H;(u) := (Hye,)i<i<a for u € O(M) of hor-
izontal vector fields on O(M). Then the horizontal reflecting diffusion process is the
unique solution to the SDEs:

(1.2) dU? = H(U*) o dW, + Hz(UP)dt + Hy(UF)dIE, U € O, (M),

where W, is the d-dimensional Brwonian motion on a complete filtration probability
space (2, {-%#}i>0,P), Hz and Hy are the horizontal lift of Z and N respectively, and
I} is an adapted increasing process which increases only when X} := wU} € 0M which
is called the local time of X} on OM. Then it is easy to know that X}’ solves the
equation

(1.3) dX[ = Uf odW, + Z(X7)dt + N(Xy)dlf, X§==x
up to the life time (( the maximal time of the solution).
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Let .#C% be the space of bounded Lipschitz continuous cylinder functions on
WI (M), ie. for every F € ZC5°, there exist some N > 1and 0 < t; <ty- - <ty <
T, f € Crip,(MY) such that F(v) = f(ve,, - ,%n),7 € WE(M) , where Cp;,(MY)
is the collection of bounded Lipschitz continuous functions on M*~. Suppose H is the
standard Cameron-Martin space for C([0,T]; R?), i.e

T
— {h € C([0,T;;RY) : h(0) =0, ||Allf, = / |n.|?ds < oo} :
0

In order to construct O-U process on path space by the theory of Dirichlet form,
we first introduce the damped Mallavin gradient given by Wang[25]. To do that, we
will recommend a multiplicative functional Q%,, which is first introduced by Hsu [20]
to investigate gradient estimate on P;. For any fixed s > 0, (QF,;)i>, is an adapted
right-continuous process on R? @ R? such that Q%,Pyz = 0 if X} € M and

t
L Q= (1 [ @R s - 100 ) (- e i )

where P, : R — R? is the projection along u~'N, i.e.
(Pya,b) == (ua, N)(ub, N), a,b € R u € UyeqrrOy(M).

For every F' € .ZCg°, by (4.2.1) in [25], the damped gradient is defined by
(1.5) =Y QL UV (X, X5, te[0,T).
1t >t
Thus, the associated Mallavin gradient will defined as follows:
(16) DF(Xpr) =Y (I _ 1{x;geaM}Pug) UL (X, X2, te [0,T).
ity >t

For any constants Ky, K1, 09,07 with Ky < Kj, 09 < ojand each ¢ € [0,T], let u be
the random measure on [0, 7] given by

pe(dr) = exp [=Ka(r — t) — oo (I = I)]{([ K] V [Ke])dr + (ov] V [o2])dI7} }
= Spl(tv T, K17 K27 01, 0-2)d7" + <P1(t7 T, K17 K27 01, 0-2)de

Denote by two measurable functions on W (M)

(1.7) A= <1 * ,u([t,T])) + /Ot <1 + p((r, T]))Spl(r,t, Ky, Ky, 01,0%)dr

t
By :/ (1 + pu([r, T])>902(7°>ta Ky, Ky, 01, 00)dr.
0
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Throughout the article, we assume that the (reflecting if OM exists) L-diffusion
process is non-explosive. Let P, be the distribution of the L-diffusion process X*
starting from a fixed point x up to some fixed time 7" > 0. Then P, is a probability
measure on the Riemannian path space WX (M). Define the following quadratic form
by

T
(1.8) EXVI(FF) = / / |D,F|*(Adt + Bdl;)dP,.
wI (M) Jo

The following Logarithmic Sobolev inequality is the main result of this paper.

—
—

Theorem 1.1. Assume that Ko < Ric? < K, and 0o < 1 < oy. Then the following
Logarithmic Sobolev inequality holds

F2
(1.9) E<F2 log e ) < EFR(FF), FeZ0p.
12

By the above Theorem [LLI] we obtain the following Corollary for two special cases.
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Corollary 1.2. (a) Assume that M is a Riemannian manifold without a boundary and
K, < Ric? < K, then the Logarithmic Sobolev inequality holds

2

1112

T
(1.10) E<F210g ) <ok [ [ DFpade. Fescrn.
WZT(M) 0

In particular, when Ko < 0, we have

[0}
Q
—
—_
—

1 1 K|V |K 2
(L.11) Spect(£) < &+ + (14 VIR 2|[1—e_K2T] .
2 2 K,

When Ky > 0, we have

(32 KoT

L12)  se™ < (1+8) - 2\/ (5+ ) (84 52— Demraar)

[0
Q
—
-
[\

where [ = 7‘[{1‘[\{/']{2‘.

(b) Let M be Ricci flat Riemannian manifold with boundary, and we assume that
the second fundamental form satisfies oo <1 < oy, then

When o9 > 0, we get that for any F € FCOF

F2 T
E<F21og 72) g/ (1+all§)/ |D,F|*dtdP,
1E172 W (M) 0

T
+ / (01(1 + o1 12)T) / | D, F|*dl,dP,.
WT (M) 0

13)
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When o9 < 0, we get that for any F' € FC

(11

E (F2 log ———

2

T
) </ (14 (o] V [oa]) exp [(—aﬁa)z;ﬂ])/ | D, dtdP,
[ WT (M) 0

T
+/ (2(|o1| V |o]) exp [(—02%—5)1%])/ | D, F|?dl,dP,
WI(M) 0

T

for some constant € > 0.

Remark 1.3. (1) Wang [25] proved that the damped Logarithmic Sobolev inequality.

(2) When M is a Riemannian manifold without boundary, and Ky < Ric? <
Ky, Ky + Ky >, Fang-Wu [15] first proved ([L1Q), later , this result had been extended
to the general case of Ky and Ky by Cheng-Thalimaier[5)].

The rest of this paper is organized as follows: In Section 2, we will prove Theorem
L1 and Corollary [L2l The estimate of the spectral gap for the stochastic heat process
will be presented in Section 3.

2 Proofs of Theorem [1.1 and Corollary

2.1 Proof of Theorem 1.1

Proof of Theorem[11. By Theorem 4.4 in [25], we know that the following damped
logarithmic Sobolev inequality holds

(2.1) E<F2 log ———— ) / / |D,F2dtdP,.
1F|1% WT (M)
Therefore it suffices to show that

T T
(2.2) / |DtF\2dt§/ |DF[*(Aydt + Bidly).
0 0

By using the assumptions of Ky < Ric? < K; and 0 <1< o1, we have
Ric”|| < [Ki| VK|, T]| < fou] Vool,
Combining this with (LI4])
v, = < / Q: {RicZ(Uf)derH(Uf)dlf}) (1 = Yixgeonny Po ).
and [20, Theorem 3.2.1], it is easy to derive that
(2.3) Q7] < exp [~ Ka(r —t) — oo (I — 17)].
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By the definition of the damped gradient, we get

<24>
=3 QI UIVF(XE, - X]) = Dy F(Xih ) —

ity >t

t;
Z Qf,r{RiCZ(U{:C)dS + I(UF)dlr} (I — 1{Xf68M}PUfi)Ut:1Vif(X;a L XE)

ity >tV
T
= Dy F(X{5 1) — / Qf,r{RicZ(Uf)DTF(X[”g,T])dr+H(Uf)DTF(X[”g,T])dlf}.
t
Then we have
23)

|DiF|(Xfo.m) < [DeF|(Xf )

+/t exp [= K (r — 1) — oa(I7 — D){ (KL V [Ks|)dr + (o | V o2 )AET}H D F (X 1) }

T
~ D) + [ 1D Pl
t

The Holder’s inequality implies that

26) 1P < (1m0 1D) (1087 + [ D)

Thus, we obtain

(2'? T T /T
/0 D,Fdt < / (14 p((t. D)) IDFPas + / / (14 (1t 7)) D F Pt

Z/OT (1+ ([t,T]))\DtFPdH/OT/tT (1+u([t,T]))|DTF|2g01(t,r,Kl,K2,o—1,az)drdt

+
O\H
—
~
/N
—_
_|_
=
=
|
—
>
=
hS)
[\
i~
=
=
5
2
S
N
=~
o
~

(1+,u([t T])>|DtF| dt+/ / L ([ T) ), Ky, K1, 02)dr| Dy P2t
T t

+/ / (1—l—,u([r,T]))gpg(r,t,Kl,KQ,al,ag)dr|DtF|2dlt
0 0

/ |D,F2(Adt + B,dl,).



Up to now, we complete the proof. O

2.2 Proof of Corollary

To prove Corollary [L.2] we need some preparations. Let § = %\/y@' and define

A T) =1+ 8[1 = exp [~ Ko(T = )] | + (8 + 8°) [1 - exp (—Kat) |

29 B

+ o) lexp (—Kq(t+T)) —exp (—K3(T —t))]

and
C(T, Kl,Kg) = Sup A(t,T)

te[0,7

Similar to the proof of Proposition 3.3 in Fang-Wu[I5] for the case of K; + K3 > 0, in
the following we will discuss monotonicity of the function A(-,T).

p2.1| Proposition 2.1. (1) If Ky < 0, then t — A(t,T') is strictly increasing over [0,T].
(2) If Ky > 0, then the maximum is attained at a point tg in (0,T).

Proof. According to the definition ([2.8)) of A(¢,T'), we get
AO,T) =1+ 5(1 - e—K2T>

and
AT, T) =1+ (8+ 57 [1—exp(—K2T)} +%2 21T _ 1]
—1+1 1+ﬁ<1—e_K2T>r—1+1A2(O T)

In particular, the second in the above implies that A(T,7T) > A(0,T).
Next, we take the derivative of A(¢,T") with respect to ¢,

2
A,(t, T) = —5K26_K2(T_t) + (5 + 52) KQG_K2t — %KQ [G_KZ(H_T) + e_KQ(T_t)] .

Then we have
N(0,T) = —BEKse ™" + (B4 ) Ko — B Koe ™27

[eq2.9] (2.9) K14 B)(1 — Ty
and
N(T) = ~BK + (34 57) Koot = g [or 27 )
2.10) = i (1= (1 e 4 B e ]
= _BKz[l _ e—K2T] o %[1 . e—KgT]2'

2
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Noting that

(2.11) { N(T,T)>0  if Ky <0,

N(T,T) <0 if Ky > 0.

Now we look for t € [0, 7] such that A’'(¢,7) = 0. We have

N(t,T)=0
o e ke (1+8) e Kot _ g [e—K2(t+T) + e—Kz(T—t)] =0
(212) o e_KzTe2K2t + (1 + B) _ é [e_KzT + e_KQTe2K2t:| =0

2
o (1 X g)e—KzTeﬂ(zt — 148 ge—KgT.

Therefore there exists at most one t such that A’(¢,7) = 0. For the case where K, < 0,
if there exists ¢, € (0,7) such that A(tyg,7") < 0. Then by (29) and (2.I1]), the
equation A'(¢,T") = 0 has at least two solutions, it is impossible. Therefore for Ky < 0,
N(t,T) > 0. For Ky > 0, we suppose t, such that A’'(¢y,7") = 0, then by (212

e2K2t0 — (1 + 5 f 5 (1 . e—K2T>>eK2T'

Thus the proof is completed. O
By the above Proposition 2] it is easy to obtain the following Proposition 221

Proposition 2.2. (i) If Ky >0,

te[0,7 2+ B
2
(2.13) (5 + ﬁ2 _ %e—KgT) ot

\/1 + %(1 - e—K2T)

sup A(1,T) = (1+8)* — (8 + %2) \/1 + P (1-erar) %

(id) If Ko < 0,

11 K|V |K. ?
(214) sup A(t’T) = _ 4+ — <1 + | 1| | 2| |:1 _ e—K2T}) .
t€[0,T)] 2 2 K,



Proof of Corollary[.3. (a) Since M is a Riemannian manifold without boundary, then
the local time [; = 0, thus we have

pe(dr) - = (| K1| V | Ka|) exp [—Ka(r — t)] dr.
Then

(215) (e, 1) = PR 1 o o rey - ).

Which implies that

@1(T7t7K17K270-170-2) |K1|\/|K2D6Xp [—K2<t—7’)]

= (
2.16| (2.16
( ) SOZ(T?ta K17K2701902) =0.

Then by (ZI7) and the first equality of ([2.16]),

(2.17)
/0 (1+u([r,T]))%(r,t,Kl,K%Ul,Uz)dr
= (K] Vv \Kz‘)/o (1 + W [1 —exp [-F(T — r)]]) exp [~ Ko (t — )] dr

— (VLY | QPR [, -]

_ (|K1|22]V(22|K2|2) exp (— Ka(t + T)) (exp (2Kat) — 1).
Thus we get
B, = /0 (1 + p([r, T]))g@(r,t,Kl,K2,01,02)d7’ =0
A, = (1 +,u([t,T])> +/0 (1 + o, T]))gpl(r,t, Ky, Ky, 01, 00)dr
(2.18) — 14 % (1 — exp [— Ko (T — 1))
i (WL IRD |, LYY 1 oy
([ V [ K?)

K2 lexp (—Ky(t+T)) —exp (—Ko(T —t))].

From which we have

T T
(2.19) / |DtF|2(Atdt+Btdlt)§/ A(t, T)|D,F|*dt.
0 0
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Then (L9), (LI0) and (LII) come from Theorem [T and Proposition
(b) By the assumption of M, we know that

(2.20) pa(dr) = (Jon] V o) exp [~z (2 — £)]
Thus,
(2.21) (1.7 = (ol v fonexp loaff] [ exp [=onts] iz

In addition, (Z20) implies that

t, Ki, K =0
(2‘22) <P1(7"77 15 270170'2) (

()02(r>ta Kla K2a0-1>0-2) = |Ul| \ |0’2|)€Xp [_0-2(@6 - lf)] :

Then, by the definition of A; and B,

T
A =1+ (jon] V |o]) exp [o207] / exp [—oal”] I
t

(2.23) B, = (|o1| V |oa|) /Ot <1 + ([o1] V |oa|) exp [o2l}] /TTQXP [—0aly] dlﬁ)

x exp [—oo(lf — 1¥)] dr.

Since [{ is a increasing process, we have

xr 3 >
(2.24) A, < 14 oql7, 1‘f oy >0,
1+ (Jo1| V |oa|) exp [(—oq + €)1%] if 09 <0
and
(2 25) B, < 0'1(1 +O'11%)T, if 09 Z 0,
' ") 2(0u] Vo)) exp [(—os + )], if oy < 0

By Theorem [Tl when oy > 0, we get

F2
E(Fﬂogi)
1517
T
(2.26) < / (1+o1l3) / |D,F|*dtdP,
WI'(M) 0

T
+/ (al(1+alz;)T)/ |D,F*dl,dP,,
W (M) 0

10



eq2.27

and when o, < 0, we get

F2
E( F%log )
( 12117

T
(2.27) g/ (1 + (|oa] V |o2]) exp [(—0—2+a>zg])/ D, FdtdP,
WIT(M) 0

T
+2/ (|o1] V |o2])? exp [(—02+5)l§i])/ |D,F*dl,dP,.
W (M) 0

O

Corollary 2.3. Let M := {x = (21, -+ ,2q) ERY g + - + agzg > c} for some
constant ¢ € R, then M is a Riemannian manifold without boundary and Ric = 0 with
I =0, thus we have

(2.28) E<F2log IFI ) / /|DtF|2dtdIP’
WT

3 Stochastic heat equation

In this section, we will consider the spectral gap for the stochastic heat equation on a
Riemannian manifold with boundary. Before moving on, let’s introduce some notation.

The stochastic heat equation on Riemannian manifold had been studied detailed
by [22](see also [I7]). Here they introduced some notation. In particular, the classical
cylinder function depending on finite times is not in the domain of generator associated
to the stochastic heat equation. Thus, we need to introduce a class of new cylinder
function ZC} on WI (M), i.e. for every I € FCL, there exist some m > 1, m €
N, f e CLR™),g; € CPY([0,1] x M), i = 1,...,m, such that

(3.1) F(y) =1 ( / (5.7, / g5 7)ds / 1gm<s,vs>ds) e WI (M),

where Cp'([0,1] x M) denotes the functions which are continuous w.r.t. the first
variable and differentiable w.r.t. the second variable with continuous derivatives.

For any F € ZC} with [22) form and h € L*([0,1]; R?), according to Wang[25],
the damped Malliavin gradient of F' is given by

:Zé /qu VIV (u, y)du, v € W) (M).
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Let VF be the damped L2-gradient of F', and since

/OT <[7F(S>v h's> ds = (h,DF)y = D,F = (h,DF)) >
:/T@F( ), h >ds_/T<6F( ), / h’du>ds
/ / VF duds _/ / VF dsdu
—/0 </ VF(u)du, h’>ds.
Then, we have
/8 S F(u)du = DE(s).

Thus,
Z 7)QsrUS (1) Vg5(s,75)-

The L%-gradient of F is defined by
Z (NVg;(s,7s)-
By Lemma 4.3.2 in [25], we have
T P
F=F+ ﬁ/ (DF(s),dB,)
0
T ;T
(3.2) = F+ ﬂ/ </ VF(u)du, st>
0 s

=F+V2 /0 ' < / ' Qs VF(u)du, st>

By the standard the procedure, we have

(3:3) E<F21"gan) /W /

dsdIP’

/QSUVF )du

12



By (23]) and Hélder’s inequality, we get

2
<

2

T T
/ Qs VF(u)du / e K== li=)7 P (u)du
t s

T T
(34) S/ e—K(u—s)—o‘(li—lf)du/ e—K(u—s)—o(lﬁ—l?)|VF|2(u)du

T T
:/ e—K(u—s)—U(li—lf)du/ e—K(u—s)—U(li—lf)

T
Sp(s):/ e_K(“_S)_U(lﬁ_lg)du.

Then by changing the order of integration we obtain

?(u)du

Let

T T 2 T T
/ / / Qs VF(u)du dePIS/ / go(s)/ e Klu=s)=olly=E) ?(u)dudsdP,
Wi (M) wZI (M) Jo s
/ / \VF\ s)dsdP,,
WI (M)
where

A(s):/ p(u)e Klemw=ols=t gy,
0

Thus, we get the following Logarithmic Sobolev inequality.

T3.1| Theorem 3.1. Assume that Ric? > K and 1 > o. Then the following Logarithmic
Sobolev inequality holds

eq3.5| (3.5) E<F2log ) / / s)|VF*(s)dsdP,, F € .ZC.
117 W (M)

c3.2| Corollary 3.2. (a) Assume that M is a Riemannian manifold with a convex boundary
and K < Ric?, then the Logarithmic Sobolev inequality holds

F? T
s3.6] (3.6) E<F2log T ) gC(T,K)/ / VF[2dtdP,,  F e ZCE(M),
W 0

where

. ﬁP_ﬂ_e—KTm} if K >0,

C(T, K
1 — e KT, if K <0.
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Proof. Since the boundary is convex, thus [ > ¢ > 0. Thus

T T 1
QO(S) = / e Ku=s)—c(li=1%) 1y, < / o Ku—s)q,, — [1 _ e_K(T_S)}

] . K
and
46) = [ ptuge om0y < £ [ KTy,
1
2_ 9% Ks —K(T—I—s) . —K(T s) '
- 371|
Then we get

1 2
A0)=0, A(T 1—e®
O)=0, AT) = gz (1-¢7F)
In the following, similar to the argument of Proposition 2.1l Taking the derivative of

s — A(s) gives

1
A - 1|9 -Ks _ —K(T+s) _ —K(T-s) )
(s) 5K { e e e
Thus,
1 _ 1 . _ 2

Noting that
(3.9) A(T)>0 iof K <0,

' A(T) <0 iof K> 0.

Now we look for s € [0, 7] such that A’(s) = 0. We have

Al(s) =

o 26—K8 o 6—K(T+8) o 6—K(T—8) _ O
(3.9) —KT —KT

& 2—e — e KTH2Ks —

& =28 1.

Therefore there exists at most one t such that A’(s) = 0. For the case where K < 0,
if there exists s € (0,7") such that A(sg) < 0. Then by [B.7) and (3.8)), the equation
A'(s) = 0 has at least two solutions, it is impossible. Therefore for K < 0, A’(s) > 0.

For K > 0, we suppose sqg such that A’(ty,T") = 0, then by (3.9)
e?f50 = 2eKT 1.

The proof is completed.
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Corollary 3.3. Let M be a Ricci-flat Riemannian manifold with a convex boundary,
then we have

F2 T
E( F?log —— | <T? / / |V F|*dtdP,.
1E117, wr ) Jo
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