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PICARD GROUP OF MODULI OF CURVES OF LOW GENUS IN
POSITIVE CHARACTERISTIC

ANDREA DI LORENZO

ABSTRACT. We compute the Picard group of the moduli stack of smooth
curves of genus g for 3 < g < 5, using methods of equivariant intersection
theory. We base our proof on the computation of some relations in the inte-
gral Chow ring of certain moduli stacks of smooth complete intersections. As
a byproduct, we compute the cycle classes of some divisors on M.

INTRODUCTION

The Picard group is an important invariant of schemes. In the landmark paper

[Mum65] Mumford first introduced the notion of Picard group of a moduli func-
tor, and actually computed it in the case of the moduli functor of elliptic curves.
In subsequent works (e.g. [Visg9], [Kre99]) the notion of Picard group had been

extended to a large class of algebraic stacks. Moreover, in [Tot99] and [EG98] the
authors introduced the notion of equivariant Picard group of a scheme X endowed
with the action of an algebraic group G: they showed that the equivariant Picard
group coincides with the Picard group of the associated quotient stack [X/G].

In the papers [[Har83] and [AC87] the authors computed the Picard group of the
moduli stack of smooth curves of genus g > 3 over a base field of characteristic
zero: in particular they proved that Pic(M,) is a free abelian group generated by a
single element A1, which is the first Chern class of the Hodge bundle. The proof of
these results relies on topological techniques that seem hard to extend to the case
of base fields of positive characteristic.

Over base fields of positive characteristic we know the rational Chow ring of M,
when g < 6 (see [Fab90, Fab90b, 12295, PV15]) and the rational Picard group for
every g > 3 ([Mor01]), which turns to be of rank 1 and generated by ;.

Therefore, it may still be the possible that, in positive characteristic, the abelian
group Pic(M,) has more than one generator. In this paper we show that, in the
range 3 < g < 5, this is not the case.

Theorem. The Picard group of My, for 3 < g < 5, is freely generated by Aq,
without any assumption on the characteristic of the base field.

The proof of this theorem is obtained using methods of equivariant intersection
theory ([Tot99] and [EGO8]). At the present moment equivariant intersection theory
is the only tool available that can be used to say something on integral Chow rings
of moduli stacks (see, among others, [Vis98], [EF08], [EF09], [FV18] and [DL18]).
This approach to cycle theoretic questions has also the advantage of being almost
independent of the characteristic of the base field, which is a key feature for the
present work.

Furthermore, using these techniques, we are also able to determine along the way,
almost without any extra effort, the cycle classes of some geometrically meaningful
divisors on M, in terms of A;, recovering some of the computations contained in
[TiB%5] and [[1MS2).
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Corollary. Let H, (resp. Ty, M;") denote the moduli stack of hyperelliptic curves
(resp. of trigonal curves, of smooth curves with an even theta characteristic) of
genus g. Then we have:

(1) [Hs] = 9A1.
(2) MT] = 34A:.
(3) [Ts] = 8A1.

The methods used in this paper have the drawback that cannot be extended, at
least in an obvious way, to moduli of curves of higher genus. Indeed, we exploit
the fact that, for 3 < g < 5, the canononical model of a sufficiently general smooth
curve of genus ¢ is a complete intersection in P91,

This allows us to reduce the computation of Pic(M,) to the computation of the
Picard group of certain moduli stacks of smooth complete intersections, which we
present as quotient stacks: the machinery of equivariant intersection theory is then
applied to these stacks.

Structure of the paper. In the first part of the paper, we focus on moduli
stacks parametrizing smooth complete intersections. Some of them are birational
to My for g = 3,4,5 and have the nice feature of being quite manageable from a
computational point of view.

In Section 1 we introduce the moduli stack F', of smooth complete intersections
in P of codimension two and bidegree (a,b), where 0 < a < b and n > 2. In
Proposition 1.1.6 we give a presentation of this stack as a quotient stack. Next,
we use techniques of equivariant intersection theory to obtain a certain number
of relations that hold in the integral Chow ring of F, (see Proposition 1.2.6 and
Remark 1.2.8). This enables us to completely determine, in terms of generators
and relations, the abelian group Pic(F}';) (see Theorem 1.2.7).

In Section 2 we move to the moduli stack G, of smooth complete intersections in
P™ of m hypersurfaces of degree d, where 0 < m < nandn > 1. In Proposition 2.1.3
we give a presentation of this stack as a quotient stack and, just as in the previous
section, we obtain a certain number of relations that hold in its integral Chow ring
(see Proposition 2.2.8 and Remark 2.2.11), thus determining Pic(Gy,,,)-

Let us observe that Theorem 1.2.7 and Theorem 2.2.10 can also be deduced
from | ]. Nevertheless, we preferred to give an independent treatment using
different methods, which seem to us to provide simpler and shorter proofs. These
techniques have also the advantage of being independent of the characteristic of the
base field. On the other hand, we only recover some particular cases of | 1,
where also more detailed constructions are provided.

In Section 3 we apply the results obtained in the previous sections in order to
prove the main theorems of the paper, which are Theorem 3.1.5, Theorem 3.2.5
and Theorem 3.3.4. Along the way we also deduce some interesting corollaries, in
particular Corollary 3.1.6, Corollary 3.2.7 and Corollary 3.3.5.

Acknowledgements. We thank Angelo Vistoli for his constant support and Roberto
Fringuelli for suggesting the problem of determining the Picard group of moduli of
curves in positive characteristic. We also thank Shamil Asgarli and Giovanni In-
chiostro for stimulating discussions on related arguments.

1. PICARD GROUP OF MODULI OF SMOOTH COMPLETE INTERSECTIONS IN P" OF
CODIMENSION TWO.

In this section, we introduce and study the moduli stack of smooth complete
intersections in P™ of codimension two and bidegree (a,b), with a < b. We denote
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this stack as F7', and we define it in (1.1.1): in Proposition 1.1.6 we give a pre-
sentation of F', as a quotient stack, and in Theorem 1.2.7 we compute its Picard
group. As observed in Remark 1.2.8, we actually compute a set of other relations
that hold true in the Chow ring of F',.

1.1. The moduli stack f;b.

(1.1.1) Fix three integers a, b and n such that 0 < a < b and n > 2 . Let
b De the category fibred in groupoids over the site of schemes whose objects over
a scheme S are pairs (V — S, X C P(V)), where

e V is a vector bundle over S of rank n + 1.

e X is a closed subscheme of P(V) of codimension 2, smooth over S.

e For every geometric point s in S the fiber X is a global complete intersec-

tion of bidegree (a, b).

The morphisms in F7',(S) between pairs (V — S, X C P(V)) and (V' — S, X' C
P(V')) are given by isomorphisms of the vector bundles V' and V' which induce
isomorphisms of X and X'. It is easy to see that Fap 1s a stack over the site of
schemes.

(1.1.2) Let E, 41 be the standard representation of GL,,+1 and set
W, == Sym*(E)/, )

The projective space P(W,,) is isomorphic to the Hilbert scheme of hypersurfaces
of degree a in P". In particular, there exists a universal hypersurface = : H, —
P(W,). This hypersurface is embedded in P(W,) x P", thus we can consider the
restriction to H, of the invertible sheaf prjOpr (b), which we denote Oy, (b). Define
Va,p := m.Om, (b): by cohomology and base change theorem, we have that V, ; is a
locally free sheaf whose fibre over a closed point [H] of P(W,) is the vector space
HO(H, Oy (b)).

Another way to look at V ; is the following. Consider the morphism of GL,,41-
representations:

0 Wo@Wyy — Wo @ Wy, (f.9) — (f, f9)
This induces an injective morphism of locally free sheaves over P(W,,):
Wi—a @ Opaw,)(=1) — Wi @ Opw,)

whose cokernel is V,, . This locally free sheaf naturally inherits a GL,,1-linearization.

(1.1.3) Consider the two families of hypersurfaces H, x P(W;) and P(W,) x Hy
over P(W,) x P(W}) and denote X, their schematic intersection. There exists an
open subscheme U, , C P(W,) x P(W}) such that all the geometric fibres of the
relative scheme X p|p | — Uy, are global complete intersections of bidegree (a, b).
Indeed, observe that the morphism ¢ of (1.1.2) induces an embedding of projective
bundles:
D P(W,) X PWy_y) — P(W,) x P(Wp)

We see that the locus in P(W,, ) xP(W3) where the fibres of the schematic intersection
of H, x P(W}) and P(W,) x Hp have codimension one is precisely Im(p).

(1.1.4) The induced projection morphism P(W,) x P(W;) \Im(@) — P(V,,5) makes
the first scheme into an affine bundle over the second one. The restriction of the
relative scheme X, 5 to P(W,) x P(W;) \ Im(%) descends along the projection to a
relative scheme 7 : Cy p, — P(V, ). The fibres of this morphism are by construction
global complete intersections of bidegree (a,b).
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(1.1.5) Let D, denotes the closed subscheme of P(V, ;) where the fibres of the
family of complete intersections 7 : Cqp — P(V,5) are not smooth. The subscheme
D, is reduced, irreducible and has codimension one. This can be seen as follows:
consider the maximal open subscheme of C, ;, where the sheaf of relative differentials
QL has rank n — 2, and let C’Zigg be its complement. In other terms Czifgg is the
degeneracy locus of the sheaf Q1.

Consider the projection of C’Zigg onto P": the fibre C’Zigg (p) of Czifgg on a geomet-
ric point p of P™ corresponds to the scheme parametrising complete intersections
that have a singularity in p.

We claim that CZiEg (p) is reduced and irreducible. It is enough to show that this
holds for the fibre over pg = [1:0:...: 0], as all the fibres are isomorphic. Recall
from (1.1.4) that P(W,) x P(W}) \ Im(%) is an affine bundle over P(V, ), hence we
can equivalently show that the closure of the preimage of CZi_Eg (po) C P(Vup) in
P(W,) x P(W}) is reduced and irreducible. ’

This latter scheme is easy to describe. Let [co : ... : ¢, : ...] denote the point in
P(W,) corresponding to the form Y7 (¢, X§ ' X; + -+, and let [do : ... : dp ¢ ...]
denote the point in P(W;) associated to the form 31" d; Xy ™' X; + -+ (the other
terms are not relevant for our discussion).

The preimage of CZ{Eg (po) can be described as the locus in P(W,,) x P(W},) where

1 dy
Cco = 0, do = 0, rk <1< Cidj — dei =0.
Ccn dp
It is straightforward to verify that these equations define an irreducible and reduced
subscheme of P(W,) x P(W5).

Hence, we have proved that the fibres of C';® — P™ are reduced and irreducible:
as P" is irreducible and the morphism is proper and surjective, we can conclude
that C7}® is irreducible and reduced. Moreover, this also shows that the fibres of
CS™8 5 P" have codimension n + 1 in P(V,;), thus the codimension of C%'}# in
P(Vap) x P™ is n+ 1: combining these observation with the fact that the morphism
C>0® — Dgy is generically finite, we deduce that Dg is irreducible, reduced and

a,
has codimension one.

(1.1.6) Proposition. We have F'y =~ [(P(Vap) \ Dap) / GLn1]-

Proof. Consider the stack fgb whose objects over a scheme S are triples (V' —
S,X C P(V),a) where (V. — S, X C P(V)) is an object of F'; and « is an
isomorphism between V' and Ag“. The obvious forgetful functor makes ]T'Zb into
a GLyy1-torsor over F',. We want to show that ]t";‘,b ~P(Vop) \ Dap-

The stack f;‘ , is equivalent to the stack whose objects are subschemes X C P%
such that the projection X — S is smooth and for every geometric point s in .S the
fibre X, C ]P’Z(S) is a global complete intersection of bidegree (a,b). The family

Cablp(vy y)\Dary — P(Vap) \ Dap

induces a morphism P(V, ) \ Dap — ]?;z,b.

To construct its inverse, observe that given an object (X C P%.) of ]?Zb(T), there
is a unique hypersurface H, that contains X: by cohomology and base change, we
see that Rlpry, (Zx ®pr5O(a)) = 0, where Zx is the sheaf of ideals of X. Therefore,
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the following sequence of Op-modules is exact:
0 — pri,(Zx @ pry0(a) — pri.prz0(a) — pri,(Ox ©pr;O(a)) — 0

and moreover pry, (Zx ® prjO(a)) is an invertible sheaf. After possibly passing to
a cover of T', we can then trivialize pry, (Zx ® pr;O(a)), obtaining in this way an
injective morphism Or — W, ® Opy: the corresponding hypersurface H, obviously
contains X, and its uniqueness follows from simple considerations on the bidegree.

We have thus defined a morphism f : T — P(W,). By construction there is a
well defined injective morphism:

Ix(b)lr, — On,(b)
By functoriality of the pushforward we get an injective morphism:
L:=pry,(Ix(b)|a,) — pr1,.Ow, (b)
Observe that the sheaf on the right is isomorphic to f*Vj, ;, and the sheaf on the left is
actually an invertible sheaf by the usual arguments involving cohomology and base
change theorem. Thus the morphism above yields a morphism T — P(V, ). As
everything is functorial, we have constructed a morphism Fap— P(Vap). Moreover,
the hypotheses on the objects of X assure us that this morphism factorizes through

P(Vap) \ Dap- It is easy to see that the two morphisms that we have constructed
are one the inverse of the other. [l

1.2. The Picard group of 7.

From | ] we know that the Picard group of a quotient stack [X/G] is equal
to the G-equivariant Picard group of X. Therefore Proposition 1.1.6 implies the
following corollary:

(1.2.1) Corollary. Pic(F[,) ~ Pic "+ (P(V,) \ Das).

(1.2.2) Tt is well known that Pic®™+1(P(V,;)) is a free abelian group on three
generators, namely the first Chern class ¢; of the standard representation of GL,, 1,
the hyperplane section u of P(W,) and the hyperplane section v of P(V, ;) regarded
as a projective bundle over P(W,). So we get:

Pic 41 (P(Va,) \ Dap) = Z{er, u, ) /{[Dap))
where [D, ] denotes the equivariant cycle class of D, . In the following, we will
indicate as Op(y, ,)(—1) the tautological sheaf of P(V,;), and Op(y,)(—1) the pull-
back to P(V,5) of the tautological sheaf of P(W,).

Let m: Cyp — P(Vyp) be as in (1.1.4), and take C’Zigg to be the degeneracy locus
of the sheaf of relative differentials QL: it follows from the local description of the
singularity that is obtained in | , Exp. XV, Th. 1.2.6] that the (n — 3)*}
Fitting ideal of QL is radical, thus C’s g is reduced. Alternatively, to prove this
claim, one can use the arguments of (1 1 5).

The closed subscheme Csmg is GL,41-invariant and it is birational to W(Czifgg),
which is equal to D, ;. This shows that, in order to compute [D, ], we can equiva-
lently compute the cycle class [Czlfgg] in the equivariant Chow ring of C, ; and then
take its pushforward along the projection on P(V, ).

(1.2.3) Lemma. Let pry : P(Vgp) X P* — P(Vga ) be the projection morphism. Set
Eap = (Pr1O0pw,)(—1) ® pr5Opn(—a)) @ (priOp(v, ,)(—1) @ pr3(Opn(—b)). Then

we have: . oL
T [Co®] = pro.([Capl - ¢ 3 ([pr5Q%n] — [Eap)))
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Proof. Consider the exact sequence:
T‘-*Q%’(Va b) i> Qéa b — Q}T — 0

The morphism ¢ has generically rank d = dim(P(V,;)), and the sequence above
implies that the degeneracy locus Dg—1(¢) coincides with C}3%. Observe that the

codimension of C’Zigg is equal to the expected codimension of Dg_1(¢$). We can
apply the equivariant version of Thom-Porteous formula (see | , Sec. 14.4])

which tells us that:
sin GL, *
[Co3F] = Da-1(9)] = ¢, 17 (106, ] — [« Qzﬁ(va,b)])

If i : Cop — P(Vyp) x P™ denotes the closed embedding, which is regular, then we
have:

% k1 1
0 — 1 Ica,b — 1 QP(Va,b)XP" — Qca,b — 0

From this we see that:
[Q¢,,] = (v, ) xen] — Zcus))

inside Ké}L"“ (Ca,p). We also know by construction that i*Zc, , = i*Eqp.
We have the obvious identity:

[ v, ] = 7 P, )
Recall that Q%n(va B)xPr = prfﬂé(va ) ® pr3QL.. Consequently:
[Q%’(Va,b)xpn] - [prTQ[ﬁ(Va’b)] = [prsﬂllpm]

Putting all together, we deduce:

GLn 41 * GLp 1% * -
Teeu_1 (9, ] = T Dy, )]) = mec, 237 (0 [pr3Qpa] — i [Ze, ,])

= pry, it ([pryQha] — [Ea))
GLp 41 %
= pry, ([Cap] - o ([pr5Q8a] — [Ea))

and we are done. O

(1.2.4) Lemma. Letu (resp. v, t) be the pullback to Uq, of the hyperplane section
of P(Wy,) (resp. P(Vap), P™). Then [Cop) = (u+ at)(v + bt).

Proof. Observe that C,; is the complete intersections of two independent global
sections of the locally free sheaf

(priOpaw,) (1) @ pr3Opn(a)) @ (priOpy, ,)(1) ® pryOpn (b))

This implies that [C, ] is equal to the top Chern class of the locally free sheaf
above. After a straightforward computation, we get the desired conclusion. O

(1.2.5) Lemma. Set &, as in Lemma 1.2.3 and let {1,...,Ly1 be the Chern
roots of the standard GL,1-representation. Then:

n+1 e’} [e%s)
el (0] — [Eap)) = [T == ) - Dot -3 b4k
i=1 =0 k=0

n—1
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Proof. Let E,+1 be the standard representation of GL, 4. Then the Euler exact
sequence for P = P(E,,41) is:

0— Qp — B ®0(-1)) — O — 0

Thus

n+1

Gl (Qg) = Sl (B @ O(-1) = [T - ti—1)

i=1
where ¢1,...,¢,4+1 are the Chern roots of F,11: as the expression above is sym-
metric in the ¢; it would be possible to rewrite it in terms of the usual Chern
classes c1,...,cp41. On the other hand, the form above is more suitable for doing
computations.

We also have:

cGL"“(Ea p) = (1— (u+at))(l—(v+bt))

From this we deduce:
CGLnH([pr;Q%m] _ [5@71)]) — pr;CGLn+1(QI1Pn) .CGLnH(ga,b)ﬂ

=G ( QL) (14 (u+at) + (u4at)?+...) - (1 + (v +at) + (v +at)> +...)

Expanding the expression above and taking the degree n—1 part, we get the desired
conclusion. (]

(1.2.6) Proposition. We have:
ez = (St (P)erwr - e e o
+ (Z(1>k<n Z 1) a1+ (i + l)a)> u
i (ZU)k <”Z 1) (L (j + 1)b)> v

Proof. Recall from (1.1.5) that C>¢ has codimension n 4 1 in P(V, ;) x P™, hence
there is a unique way of writing it as

i[O = 1" + St 4

Then ,[C558] = pry,i.[C53%] = &.
Lemma 1.2.4 and Lemma 1.2.5 give us an almost explicit expression for i, [C3}#]
in the equivariant Chow ring of P(V, ;) x P™, which is the following:

(1) i[CS0E) = (u+ at) (v + bt) - Flu,v,t,0)
where
n+1 () fe%e]
(2) Fu,o,t,0) = [T =6 —1)- > alt? > bkth
i=1 j=0 k=0

n—1
Let F,,_1_;(u, v, £) denote the coefficient of t* in F'(u, v, £). We can use the relation
vt = —(Cpt1 +ent + Cn1t® + ct™)

to put (1) in its canonical form, from which we see that the coefficient in front of
t" is
51 = ((M) + bU)FO + ab(F1 - ClF())
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An explicit expression for Fy can be obtained by evaluating (2) in u =v =¥¢; = 0.
We get:

_ Al NS i NS g _ k(1Y i
B=d 0 a e b =Y ( : )abﬂ
1=0 7=0 ne1
where the last sum is taken over the triples (i, j, k) such that ¢, j, k > 0 and i+j+k =
n — 1.
Also Fi can be computed with almost the same trick, because:

Fi = (0,F)(0)u+ (0, F)(0) + (0, F)(0) (3 4:)

After some computation and after having substitued Y ¢; = ¢, we get:

F = <Z(1)k<”z 1) (i + 1)aibi) u
+ (Z(l)’{"?) (G + l)aibj> v

+ (Z(—l)k (Z) aibﬂ’) c

where the sums are taken over the triples (i, j, k) such that ¢, 7,k > 0Oand i+j+k =
n — 1. Putting all together, we obtain an explicit espression for & = . [C)%]. O

Let 74 p.n(c1, u, v) be the expression appearing in Proposition 1.2.6. We are ready
to state and prove the main result of the section:

(1.2.7) Theorem. Pic(F},) = Z{c1,u,v)/(rapn(c1,u,v))

Proof. Corollary 1.2.1 tells us that Pic(F2,) = Pic®" "+ (P(Vo) \ Dap). We al-
ready observed in (1.2.2) that the group on the right is generated by the elements ¢1,
u and v, with a unique relation given by the cycle class [Dg p]. In (1.1.4) we reduced
the computation of [Dg 3] to the computation of . [Czifgg]. Then Proposition 1.2.6
permits us to conclude. (I

(1.2.8) Remark. As already observed in the proof of Proposition 1.2.6, there is
a unique way to express [CZ{Eg] as a polynomial in ¢ of degree n. Let & be the
coefficients of this polynomial in ¢. These cycles can be seen as polynomials in the
generators of the GL,,yi-equivariant Chow ring of P(V, ), and can be explicitly
computed using Proposition 1.2.6.

Then i, ..., &y gives relations in the Chow ring of F';: we may ask ourselves if
these relations actually generate the whole ideal of relations of this integral Chow
ring.

2. PICARD GROUP OF MODULI OF SMOOTH EQUIDEGREE COMPLETE
INTERSECTIONS IN P"

In this section we introduce and study the moduli stack le of complete inter-
sections of m hypersurfaces of degree d in P™. This stack is defined in (2.1.1): in
Proposition 2.1.3 we present G, as a quotient stack, and in Theorem 2.2.10 we
compute its Picard group. As observed in Remark 2.2.11, we actually compute a
set of other relations that hold true in the Chow ring of ggﬁm.
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2.1. The moduli stack G .

(2.1.1) Fix three integers d, m and n such that d > 0 and 0 < m < n. Let
G4y m be the category fibred in groupoids over the site of schemes whose objects
over a scheme S are pairs (V — S, X C P(V)), where:

e V is a vector bundle over S of rank n + 1.

e X is a closed subscheme of P(V) of codimension m, smooth over S.

e For every geometric point s in S the fiber X is a global complete intersec-

tion of m hypersurfaces of degree d.

The morphisms in Gy, (S) between pairs (V — 5, X C P(V)) and (V' — S, X' C
P(V")) are given by isomorphisms of the vector bundles V' and V' which induce
isomorphisms of X and X’. It is easy to see that Gi m is a stack over the site of
schemes.

(2.1.2) Let E, 1 be the standard representation of GL,; and define Wy :=
Sym?EY 1. Let Grp,(Wg) be the grassmannian of m-dimensional subspaces of
Wg. It naturally inherits a GL,41-action. We denote 7y ,, the universal, locally
free subsheaf of Wy ® Og;,,w,) of rank m.

Consider the product Gr,, (W) x P"* with the two projections pr; and pry,. Then
we have a surjective morphism:

Wa ® Ogr,,(wa)xer = pra(Wa @ Opn) — pr3Opn (d)
because Opn (d) it is globally generated. This induces:
priTa,m ® pryOpn (—d) — Wq @ pryOpn(—d) — pr3Opr = Oy, (W) xpn

Let Zx,  to be the sheaf of ideals generated by the image of the morphism above,
and denote X a,m C Grm(Wa) x P" the closed subscheme defined by Zx, . We
have an obvious morphism X ,, — Gr., (W), which is proper. 7

There exists an open GL,,41-invariant subscheme Uy ,,, of Gry,, (W), whose com-
plement has codimension greater than one, such that the fibres of the restricted
morphism

T Xél,m|Ud,m =: Xd,m — Ud,m

are complete intersections of m hypersurfaces of degree d. This open subscheme
actually coincides with the subscheme of Gry,(Wy) where the fibres of X are
local complete intersections, which is well known to be open.

Moreover, there exists a GL,,11-invariant divisor Dy, inside Uq »,, such that the

scheme X ,,, restricted over Uy, \ Dg,m is smooth. This can be proved using the
same arguments of (1.1.5).

(2.1.3) Proposition. We have Gj, =~ [(Ud,m \ Da,m) / GLnt1]-

Proof. Define Qvgm as the category fibred in groupoids over the site of schemes whose
objects are triples (V — S, X C P(V), «) such that the pair (V — S, X C P(V)) is
an object of G, (S) and « is an isomorphism between V' and AT The forgetful

functor G, — G, is a GLj,41-torsor, where GLy,1+1(S5) acts on the isomorphism
« in the obvious way. We want to show that é;m is isomorphic to Ugm \ Dd,m.

Observe that the stack QNQm is equivalent to the stack whose objects are subschemes
X of P%, smooth over S, whose geometric fibres are global complete intersections
of m hypersurfaces of degree d in IP’Z(S).

The construction of Xg4,, of (2.1.2) yields a morphism Ug ., \ Dam — égm.
The inverse morphism is defined as follows: given a scheme S, let X C P% be a
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closed subscheme, smooth over .S, whose fibres are global complete intersections of
m hypersurfaces of degree d. Let pry (resp. pr,) denote the projection morphism
on S (resp. on P™). Let Zx be the sheaf of ideals of X, so that we have the inclusion
Ix — Opg

We can tensorize this inclusion with pr5O(d) and then take its pushforward along
the first projection, so to get an inclusion:

pri, (Zx @ pr;O(d)) < pry,pr;O(d) = Wa ® O
The sheaf on the left is locally free of rank m: this can be easily proved us-
ing cohomology and base change. We have constructed in this way a morphism
G n(8) = (Uam \ Da,m)(S) for every scheme S. As everything is functorial, we
actually get the desired morphism QNQm — Uq,m \ Dd,m, which can be easily checked
to be the inverse of the morphism Uy ., \ Dg,m — égm that we defined before. [

2.2. The Picard group of Gj ..

As before, from Proposition 1.1.6 we deduce the following corollary:
(2.2.1) Corollary. Pic(Gy,,) ~ Pic“ 1 (Ugm \ Da.m)-

(2.2.2) Recall that the complement of Ug,y, in Gry,(Wg) has codimension greater
than one. This implies:

PicCntt Uam) = PicGtntt (Grp(Wa))

It is well known that the GL,i-equivariant Picard group of Gr,,,(Wy) is a free
abelian group on two generators ¢; and s;. Namely, the cycle ¢; is the first Chern
class of the standard representation E, .1 and s; is the first special Schubert class.
In particular, s1 = —c1(74,m ), where Tg , is the tautological subsheaf on Gr,, (Wy).
In this way we obtain:

PicCY "+ (Uygm \ Dam) = Z{c1, 51)/{[Da,m))

Therefore, we only have to compute the cycle class of Dg p,.

(2.2.3) In (2.1.2) we constructed a closed subscheme i : X ,, <> Ugm X P™ whose
geometric fibres over Uy ., are global complete intersections of m hypersurfaces of
degree d in P*. Let X;i’?f be the singular locus of Xy ,, over Uy ,,: by this we mean
the degeneracy locus of the sheaf of relative differentials Q%)rl. If the characteristic
of the base field k is different from two, or if n — m is odd, then this locus, defined
by the (n — m — 1)*® Fitting ideal of Q. is generically reduced and we have:

pry?

pro,ie[Xgne] = [Dam]

d,m
If the characteristic of the base field is two and n — m is even, then we have:
pr, [ X5 0] = pro, (2[(X55 9 )red]) = 2[Da,m]
These assertions follows from the following two observations: first, the restricted
morphism from (X;"®),ca — Dam is birational, as the generic fibre hase only

d,m
one isolated and ordinary quadratic singularity. Second, the scheme structure of

X358 induced by the (n —m — 1)t Fitting ideal of Qy,,, can be deduced from
[ , Exp. XV, Th. 1.2.6]: we see that, in the case that the characteristic of
the base field is two and n — m is even, the length of the structure sheaf of Xflt;f

localized at its (unique) irreducible component is two, and otherwise is one.
(2.2.4) Lemma. We have:
. in GLy, *
pry i [ X5 el = priw([Xam] - it ([pr3Qa] — [priTam @ prsOpa (—d)]))
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Proof. Observe that, if we denote i : Xg ,, < Ug m x P™ the closed embedding, we
have:
i"Ix,,, =1 (pr17Ta,m @ pryOpn (—d))
With this minor change, the proof is basically the same as the one of Lemma 1.2.3.
O

(2.2.5) Remark. More generally, suppose to have two smooth varieties B and P
of dimension d and n and a smooth subscheme i : X < B x P of codimension m.
Let r be the generic rank of Qﬁ(/B and define X to be the locus of X where the
rank of Qﬁ( /B is less or equal to k, where 0 < k < r. Using the same notation of
[ , Sec. 14.4] we see that the arguments of the proof of Lemma 1.2.3 give the
following formula:

ie[X0] = [X]- Al (r3[05] — [Zx])

where Zx is the sheaf of ideals of X. It naturally extends to the equivariant case.

(2.2.6) Lemma. Let Ty, be the tautological subsheaf as in (2.1.2) and let t
denotes the pullback of the hyperplane section of P™ to Gr,,(Wy) x P*. Then we
have: [Xgm) = > mo(=1)™ " d t eyt (Tam).

Proof. By construction we have that Xg ., is equal to the intersection of m global
sections of the rank m locally free sheaf priTV @ pr5O(d). This implies that [X] =

cGlnt (priTY @pri;O(d)). Applying the formula for the top Chern class of a tensor
product of a vector bundle with an invertible line bundle (see | , Sec. 3.2]), we
get the desired result. O

(2.2.7) Lemma. Lete =n—m+1 and set g, := priTam @ pryOpn(—d). Then

Cec:Ln,+1(pr§ [Q1.] — [Eam]) is equal to:

i TL+1*] n—1 e—i—k * e—j—k
2.1 ( i—j ><m—1+k:>d ¢iPrisk(Tam)t™™
where 0 <i<e, 0<j<iand0<k<e—i, and si(Tam) is the k*" Segre class.

Proof. In order not to make the formulas below notationally too heavy, we will
suppress the apexes for the equivariant Chern classes. We have:

ce(pr3[Qpn] — [Eam]) = {pr3c(Qpn)s(Eam)},

= Z prici (Qpn)se—i(Ea.m)
i=0
The Euler exact sequence implies that ¢(QL,.) = ¢(EY ® pr3O(—1)). From | ,
Sec. 3.2], we know that:

i . 1— o
B wpr0-1) = S0 (" e
=0

Applying the formula for the Segre class of a tensor product of a vector bundle with
a line bundle (see [ , Sec. 3.1]), we get:

n—i e—i— * e—i—
Se— z 5dm Z (m 1 + k)d kpr18k(771,m)t k
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Putting all together, we get the desired expression. O

(2.2.8) Proposition. We have:

. aifn+1—3j n—1
Xsmg — 1 m—Il+1 n .
AR e sk (Tam) em—t(Tam )T 77

where 0 <1 <e, 0<j <4, 0<k<e—tand0<]I<m.

Proof. Tt easily follows from the proofs of Lemma 2.2.4, Lemma 2.2.6 and Lemma 2.2.7.
O

(2.2.9) Corollary. We have:

Da] = (n_fH(—l)i (Y d) o

=0

+a! <n§+1(1)“r1 (?) (7:;_11) d”*l_i> c1

where « is equal to two if the characteristic of the base field is two and n — m is
even, and is equal to one otherwise.

Proof. From (2.2.3) we know that prl*[XZfI;lg] = a[Dg,m]. Using Proposition 2.2.8,

we can write
n+1

[Xcsli,;g] = Z Eqt?
q=0

where the coeflicients &, are polynomials in ¢;, $k(7q,m) and c,(7q,m). Using the

relation:
n+1

Z Citn+1_i = 0

i=0
we deduce that pry, [X;if:f] =&, —&nricr. To explicitly compute the coefficient &,,
we have to look at the addends in the summation of Proposition 2.2.8 where one
and only one among the classes c1, $1(7q,m) and ¢1(Tq,m) appears. Then, to obtain
the desired formula, we have to use the fact that ¢1(7) = —s1(T) =: s; and the
Pascal identity. O

Let 7q,m(c1,s1) be the expression appearing in Corollary 2.2.9. Then we have:

(2.2.10) Theorem. Pic(Gy,,) = Z{c1, s1)/(ra,m(c1,51)).

Proof. Tt follows from Corollary 2.2.1, (2.2.2) and Corollary 2.2.9. O
(2.2.11) Remark. There is a unique way to express [X;i?f] as a polynomial in ¢ of
degree n. Denote the coefficients of this polynomial as ’Q-, where 0 < 7 < n: these
cycles can be seen as polynomials in the generators of the GL,,1-equivariant Chow
ring of Uq,, and can be explicitly computed using Proposition 2.2.8.

Then the cycles (i, ..., (, gives relations in the Chow ring of G7,,: we may ask
ourselves, just as we have done in Remark 1.2.8, if these relations actually generate
the whole ideal of relations of this Chow ring.



PICARD GROUP OF MODULI OF CURVES OF LOW GENUS IN POSITIVE CHAR. 13

3. PICARD GROUP OF MODULI OF SMOOTH CURVES OF LOW GENUS

The results obtained so far are applied in this section in order to compute the
Picard group of M, the moduli stack of smooth curves of genus g, for g = 3,4, 5.
The main results are Theorem 3.1.5, Theorem 3.2.5 and Theorem 3.3.4. Moreover,
we also easily deduce, using this machinery, an explicit expression of some geomet-
rically meaningful divisors on these stacks in terms of the generator of the Picard
group. Namely, in Corollary 3.1.6 we compute the cycle class of the substack of
hyperelliptic curves of genus three, in Corollary 3.2.7 we compute the cycle class
of the substack of smooth curves of genus four with an even theta characteristic
and in Corollary 3.3.5 we compute the cycle class of the stack of trigonal curves of
genus five.

We recall here a technical result that will be frequently used throughout the
section:

(3.0.1) Lemma. Let 7 : C — S be a smooth and proper morphism whose fibres
are non-hyperelliptic genus g curves, and let w, denote the relative dualizing sheaf.
Then:

(1) 7wy s a locally free sheaf of rank g and its formation commautes with base
change.
(2) The canonical morphism T*m.wy — wy s surjective.

Proof. Tt follows from the cohomology and base change theorem: the proof of
[ , Sec. 8.4] works also for this case, after changing the tricanonical sheaf
with the canonical one. (I

3.1. Genus three case.

(3.1.1) Let M3 be the moduli stack of smooth curves of genus three, and let
Hs be the substack of hyperelliptic curves, and define Us := M3 \ Hs. Thanks
to Lemma 3.0.1, we can consider the category fibred in groupoids over the site of
schemes whose objects are triples (7,4, 3) where:

e 7 :(C — S is an object of Us.

o i :C — P(m.m*wy) is a closed embedding.

e (3 is an isomorphism between i*O(1) and w¢/g.
There is an obvious morphism U4 — Us. We also have a morphism in the opposite
direction: indeed, given a smooth family of genus three, non-hyperelliptic curves 7 :
C — S, by Lemma 3.0.1 we have a canonical, surjective morphism m*m.w, — wx,
which in turn induces a canonical embedding ¢ : C' < P(m,.w,) and an isomorphism
B:1*O(1) ~ wy. Aseverything is functorial, we get the claimed morphism Us — Uj.
It is almost immediate to check that the two morphisms are equivalences of stacks.

(3.1.2) Let G}, be the stack introduced in (2.1.1). We can consider the following
invertible sheaf:

Lim:(V — 8,X CP(V))+— pr.(det(Zx|x) ® Ox(mn)) @ det(V)
where pr : P(V) — S is the projection. The sheaf appearing on the right is locally
free by cohomology and base change theorem. Denote as Py, the associated Gy,
torsor. More precisely, the objects of P}, are triples (V — S, X C P(V),7), where
the pair (V — S, X C P(V)) is an object of G, and v is a trivializing section of
pr,(det(Zx|x) ® Ox(mn)) ® det(V).

(3.1.3) Proposition. Set n = 2. Then we have Us ~ P3 ;.
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Proof. From (3.1.1) we see that we can equivalently show that U4 is isomorphic to
P3 . First we construct a morphism U5 — P7 ;. Recall that the canonical model of
a family 7 : C' — S of smooth, non-hyperelliptic curves of genus three is a smooth
quartic, thus given an object (, 4, 3) of Us the pair (V(m.wz) — S,i(C) C P(m.wy))
is an object of G4 1.

The isomorphism 3 can be seen as a global, everywhere non-vanishing, section
of i*O(—1) ® w,. We have the following chain of easy identifications:

HY(C,i*O(—1) @ wr) = HO(P(mownr), ix (i*(O(—1) @ Ity @ Wp(r.w,))))
= HO(]P)(W*WW),I%/‘ ® wIP’(Tr*wﬂ)(il))

Using the canonical isomorphism wp(r,.,) =~ O(=3) ® det((mwx)"), we deduce
that the isomorphism [ can actually be regarded as a trivialization v of the in-
vertible sheaf 7, (i*(Zo(4))) ® det(mswsy), so that the triple (V(mw,) — S,i(C) C
P(m.wx),7) is an object of P} ;. As everything is functorially well behaved, this
defines a morphism U5 — P3 ;.

To construct the inverse morphism, consider an object (V — S, X C P(V),~)
of ’Pilz with the same argument used before, we see that the trivializing section
induces an isomorphism 3 : i*O(1) ~ wx/g, that pushed forward to S allows us to
identify V' with pr|x.wx/g, using the canonical isomorphism pr,O(1) ~ V. We use
this identification to define the closed embedding i : X C P(V) ~ P(pr|x.wx/s)-
Therefore, we can construct the morphism fpf_; — U} by sending a triple (V —
S, X Cc P(V),~) to the object (pr|x,1, ).

It is immediate to check that the two morphisms that we have defined are equiv-
alences of stacks. O

(3.1.4) From | , pg. 638] we know that there is a surjective morphism:
p* : Pic(Gq,,) — Pic(Pg,,)

whose kernel is generated by the first Chern class of the invertible sheaf Ly ,,. This
relation may be computed using Proposition 2.1.3: indeed, the pullback of L4 n,
along the GL, 11 torsor Ugm \ Dam — ggﬁm is the equivariant invertible sheaf

pr|x, .« (det(Zx, . x,..) @ praO(mn)|x, ,,) @ det(Enq1)

where Xgm — Ugm \ Dd,m is tautological family of smooth global complete inter-
sections of three quadrics and E, 41 is the standard representation of GL;, 1.

Recall that Zx, . |x,.,. ~priT @ pr3O(—d)|x, ., where T is the universal sub-
sheaf defined over Gr,,(Wy). Putting all together, after a straightforward compu-
tation, we deduce:

Pic(P&m) ~ Pic(ggm)/(cl —$1)

where s7 is the first special Schubert cycle, i.e. the first Segre class of 7. We are
ready to prove the main result of this subsection:

(3.1.5) Theorem. Let Ay be the first Chern class of the Hodge bundle over Ms.
Then the Picard group of Ms is freely generated by A1, without any assumption on
the characteristic of the base field.

Proof. Putting together Proposition 3.1.3; (3.1.4) and Theorem 2.2.10 we deduce
that:

Pic(Us) = Z{c1)/{9¢1)
Consider the localization exact sequence:
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From this we see that the cycle class of Hs in Pic(M3) is equal to 9 ¢; and Pic(M3)
is generated by c;.

Consider the category fibred in groupoids Mg whose objects are pairs (7 : C —
S, a), where 7 : C'— S is an object of M3 and « is an isomorphism between 7wy
and 0?3.

We see that M3 is a GL3-torsor over Mg, thus it induces a morphism p : M3 —
B(GL3). By construction, if we denote £ = [E/GLj3] the universal GLs-torsor over
B(GL3), we have that p*& = Mg.

Therefore, the cycle ¢ is equal to the first Chern class of the locally free sheaf of
rank three associated to the torsor Mvg, which is precisely the Hodge bundle. This
shows that ¢; = A1 and it concludes the proof. O

(3.1.6) Corollary. We have [H3] = 9.

3.2. Genus four case.

(3.2.1) Let My be the moduli stack of smooth curves of genus four, and denote
U, the open substack of non-hyperelliptic curves. Observe that the complement
of U, has codimension two, thus Pic(My) ~ Pic(Uy). Thanks to Lemma 3.0.1, we
can define a fibred category Uj over the site of schemes whose objects are triples
(m,i,3), where:

e 7 :(C — S is an object of Uy.
e i:C = P(mwy) is a closed embedding,.
e (3 is an isomorphism between i*O(1) and w;.

There is an obvious morphism U — Uy. We also have a morphism in the opposite
direction: indeed, given a smooth family of genus four, non-hyperelliptic curves  :
C — S, by Lemma 3.0.1 we have a canonical, surjective morphism n*m.w, — ws,
which in turn induces a canonical embedding i : C' — P(m.w,) and an isomorphism
B :i*O(1) ~ wy. Aseverything is functorial, we get the claimed morphism Uy — Uj.
It is almost immediate to check that the two morphisms are equivalences of stacks.

(3.2.2) Observe that there is an invertible sheaf defined over the stack F';, func-
torially defined as follows:

Laop: (V— 8, X CP(V)) — pr|x.(det(ZTx|x) ® Ox(a+ b)) @ det(V)

where pr : P(V') — S is the canonical projection. The fact that the sheaf on the right
is invertible easily follows from the cohomology and base change theorem. Let QZ b
be the G,-torsor associated to L, . By definition, the objects of Qp , are triples
(V= 5,X c P(V),v), where 7 is an isomorphism between pr|x.(det(Zx|x) ®
Ox(a+ b)) ®det(V) and Og.

(3.2.8) Proposition. We have that Uy ~ Q3 5.

Proof. From (3.2.1), we see that we can equivalently show that U} ~ Q;g. We
construct a morphism U — Q;S as follows: given an object (m, 1, 3) of U}, we send
it to the object (V(mewy) = 5,i(C) C P(mswr),7), where V(rm,.w,) denotes the total
space of the vector bundle associated to the locally free sheaf m,w,. We are using
here the well known fact that i(C) is a family of smooth complete intersections of
bidegree (2,3). The element ~ is constructed as follows: the isomorphism S can be
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seen as a global, everywhere non-vanishing, section of i*O(—1) ® w,. We have the
following chain of easy identifications:

HO(C; i"O(—1) @wy) = HO(P(T"*WW)a i (" (O(=1) ®IE/~ ® wP(ﬂr*wﬂ))))
= HO(]P)(W*Wﬂ—),Ig‘ & wIP’(Tr*wﬂ)(il))

Using the canonical isomorphism wp(r, ., ) ~ O(—4)®@det((m.wx)"), we deduce that
the isomorphism [ can actually be regarded as a trivialization v of the invertible
sheaf 7, (i*(Zc(5))) ® det(miwy). As everything is functorial, we have defined a
morphism U — Q%ﬁg.

To define the inverse morphism Q3 ;3 — Uj, observe that given an object (V —
S,i: X CP(V),y) of Q%B, we can obtain an isomorphism /3 : i*O(1) ~ wx/g from
~ by simply going backward in the chain of identifications above. Pushing forward
f to S, we obtain an isomorphism between V' and pr|x.wx,s. Thus it makes sense
to define a morphism Q3 5 — U} by sending a triple (V — S,i : X C P(V),v) to
the triple (pr[x : X — S,i: X < P(V) ~ P(pr,wx/s), ). It is easy to see that
the two morphisms that we have defined are equivalences of stacks. O

(3.2.4) From | , pg. 638] we know that the pullback morphism:
p* : Pic( ;b) — Pic(QZyb)

is surjective, with kernel equal to the first Chern class of £, ;. Recall from Proposition 1.1.6
that we have an isomorphism between ', and [Uap \ Dap/GLs]. Call w: Cop —

Ug,p the universal family of complete intersections of bidegree (a,b): by definition

it is a closed subscheme of U, X P3. If Zc, , denotes its sheaf of ideals, then we

have:

Lap > [me(det(Ze, ,|c,,) @pr;0(a+b)|c, ,) @ det(E))/GLy4]
Recall that:

Zc, ey = (PriO0paw, ) (—1) @ pr5Ops(—a)) @ (priOpv, ,)(—1) @ pr3Ops(—b))|c, ,

Therefore det(ICa,b |Ca,b) Y PT§O(G + b)lca,b = prT(OP(Wa)(_l) Y OP(Va,b) (_1))|Ca,b
and we deduce:

Pic( wp) =~ Pic(}';b)/@l —u— )
where u = ¢1(Op(w,)(1)) and v = ¢1(Op(y, ,)(1))-

(3.2.5) Theorem. Let A1 be the first Chern class of the Hodge bundle over My.
Then the Picard group of My is freely generated by A1, without any assumption on
the characteristic of the base field.

Proof. From (3.2.1) and Proposition 3.2.3 we know that:
Pic(My) = Pic(F3 4)/{c1 — u —v)
Applying Theorem 1.2.7 when a = 2, b = 3 and n = 3 we obtain:
Pic(F3 ) = Z{c1,u, v)/(33u + 34v — 42¢1)

Therefore we get that Pic(My) is freely generated by ¢;. By definition ¢; is the
first Chern class of the vector bundle associated to the GL4-torsor fgg that we
introduced in the proof of Proposition 1.1.6. If we pull back this torsor along the
morphism Uy — F3 3 that we have constructed in (3.2.1) and Proposition 3.2.3,
we get exactly the GLy4-torsor associated to the Hodge bundle. This implies that
c1 = A1 and concludes the proof. O
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(3.2.6) Let M$§" denote the closed substack of M, that parametrizes those curves
having an even theta characteristic. It is well known that M has codimension
one. Therefore, to compute the class [M$"] in the Picard group of My, we can
equivalently compute the class of its restriction to Pic(Uy).

Recall that a family of smooth curves of genus four having an even theta charac-
teristic is canonically embedded as a complete intersection of a rank three quadric
and a cubic. Let Ay denotes the divisor in P(W2) parametrizing rank three quadrics:
then it follows that, in order to compute [M}™"], we only have to determine the
cycle class of Ay in Pic®“ (P(13)) and then use the relations 33u 4 34v — 42¢; = 0
and ¢; —u — v = 0 to reduce the expression that we had found to a multiple of
CcC1 = )\1.

Applying | , Pr. 4.3] we obtain that [As] = 4u — ¢;. Putting everything
together, we deduce the following result of Teixidor i Bigas (see | , Pr. 3.1]).

(3.2.7) Corollary. We have [M5¥] = 34\;.
3.3. Genus five case.

(3.3.1) Let Mj5 be the moduli stack of smooth curves of genus five and let 75
denotes the closed substack of trigonal curves. It is well known that this closed
substack has codimension one. Let Us be the complement of 75 in Ms, i.e. the
moduli stack of smooth, non-trigonal curves of genus five.
Again by Lemma 3.0.1, we can consider the fibred category Uf over the site of

schemes whose objects are triples (7,1, #), where:

e 7 :(C — S is an object of Us.

e i:C < P(mwy) is a closed embedding.

e (3 is an isomorphism between i*O(1) and w;.
Using the same argument of (3.2.1) we see that the two stacks Us and U! are
equivalent.

(3.3.2) Recall from (3.1.2) that there is a G,-torsor P, over G, whose objects
are triples (V' — S, X C P(V), ), where the pair (V — S, X C P(V)) is an object
of G ,, and 7 is a trivializing section of pr,(det(Zx|x) ® Ox(mn)) @ det(V).

(3.3.3) Proposition. Set n = 4. Then we have Us ~ P 5.

Proof. From (3.3.1) we see that we can equivalently show that U is isomorphic to
P3 5. First we construct a morphism U — P 5. Recall that the canonical model
of a family 7 : C' — S of smooth, non-trigonal curves of genus five is a smooth
complete intersection of three quadrics, thus given an object (m, i, 3) of UL the pair
(V(mwwr) = S,i(C) C P(mowx)) is an object of Gy 5.

Moreover, using the same argument of the proof of Proposition 3.2.3 we see
that the isomorphism £ induces a trivializing section of . (det(Zc|c) ® Oc(6)) ®
det(mywy). As everything is functorially well behaved, this defines a morphism
U, — Py 5.

To construct the inverse morphism, consider an object (V' — S, X C P(V),~) of
P§,31 as in the proof of Proposition 3.2.3, the trivializing section 7 induces an iso-
morphism 3 : i*O(1) ~ wx/g, that pushed forward to S allows us to identify V' with
pr|x«wx/g, using the canonical isomorphism pr,O(1) ~ V. We use this identifica-
tion to define the closed embedding i : X C P(V) ~ P(pr|x«wx/s). Therefore, we
can construct the morphism P35 — U by sending a triple (V — S, X C P(V),~)
to the object (pr|x,1, 5).
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It is immediate to check that the two morphisms that we have defined are equiv-
alences of stacks. O

We are ready to prove tha main theorem of this subsection:

(3.3.4) Theorem. Let A1 be the first Chern class of the Hodge bundle over M.
Then the Picard group of Ms is freely generated by A1, without any assumption on
the characteristic of the base field.

Proof. Putting together Proposition 3.3.3; (3.1.4) and Theorem 2.2.10 we deduce
that:

PIC(U5) = Z<c1>/<8c1>
From the exact sequence
Z - [T5] — Pic(M35) — Pic(Us) — 0

we easily conclude that Pic(Ms) is freely generated by c¢;. The cycle ¢; comes from
the Picard group of g§13: in Proposition 2.1.3 we showed in particular that ggﬁg hasa
GLs-torsor over it, which is the scheme Us 3\ D3 3, that can be described as the stack
in sets whose objects are triples (V' — S, X C P(V), a) where (V — S, X C P(V)) is
an object of ggﬁg and « is an isomorphism between the locally free sheaf associated

to V and 0?5.
The cycle ¢ is the first Chern class of the locally free sheaf associated to this
GLs-torsor. This locally free sheaf can be described as the functor:

V—8XCPV)) +— (V—209)

It is immediate to check that if we pull back this sheaf along the morphism U — gg, 3
that we constructed in the proof of Proposition 3.3.3 we recover the Hodge bundle
restricted to Uy, thus ¢; = Ay. This concludes the proof of the theorem. O

In particular, from the proof above we can retrieve a particular case of | , pg.
24):

(3.3.5) Corollary. We have [T5] = 8)A;.

REFERENCES

[AC8T7] Enrico Arbarello and Maurizio Cornalba, The Picard groups of the moduli spaces
of curves, Topology 26 (1987), no. 2, 153-171, DOI 10.1016/0040-9383(87)90056-5.
MR895568

[Ben12] Olivier Benoist, Degrés d’homogénéité de l’ensemble des intersections complétes sin-
guliéres, Ann. Inst. Fourier (Grenoble) 62 (2012), no. 3, 1189-1214 (French, with
English and French summaries).

[DL18] Andrea Di Lorenzo, The Chow ring of the stack of hyperelliptic curves of odd genus,
arXiv:1802.04519 [math.AG] (2018).

[EF08] Dan Edidin and Damiano Fulghesu, The integral Chow ring of the stack of at
most 1-nodal rational curves, Comm. Algebra 36 (2008), no. 2, 581-594, DOI
10.1080,/00927870701719045. MR2388024

, The integral Chow ring of the stack of hyperelliptic curves of even
genus, Math. Res. Lett. 16 (2009), no. 1, 27-40, DOI 10.4310/MRL.2009.v16.n1.a4.
MR2480558

[EG98] Dan Edidin and William Graham, Equivariant intersection theory, Invent. Math. 131

(1998), no. 3, 595-634, DOI 10.1007/s002220050214. MR1614555

[Fab90a] Carel Faber, Chow rings of moduli spaces of curves. I. The Chow ring of Ma, Ann.
of Math. (2) 132 (1990), no. 2, 331-419, DOI 10.2307/1971525. MR1070600

, Chow rings of moduli spaces of curves. II. Some results on the Chow ring of

My, Ann. of Math. (2) 132 (1990), no. 3, 421-449, DOI 10.2307/1971526. MR1078265

[EF09]

[Fab90b]




PICARD GROUP OF MODULI OF CURVES OF LOW GENUS IN POSITIVE CHAR. 19

[Ful98)

[FV18]

[Har83]

[HMS82]

[1za95]

[Kre99]

[Mor01]

[Mum65]

[Ols16]
[PV15]

[SGA VII]

[TiB88]

[Tot99)]

[Vis89)]

[Vis98]

William Fulton, Intersection theory, 2nd ed., Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Math-
ematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics],
vol. 2, Springer-Verlag, Berlin, 1998. MR1644323

Damiano Fulghesu and Angelo Vistoli, The Chow ring of the stack of smooth plane
cubics, Michigan Math. J. 67 (2018), no. 1, 3—29, DOI 10.1307/mmj/1516330968.
MR3770851

John Harer, The second homology group of the mapping class group of an ori-
entable surface, Invent. Math. 72 (1983), no. 2, 221-239, DOI 10.1007/BF01389321.
MRT700769

Joe Harris and David Mumford, On the Kodaira dimension of the moduli space of
curves, Invent. Math. 67 (1982), no. 1, 23-88. With an appendix by William Fulton.
E. Izadi, The Chow ring of the moduli space of curves of genus 5, The moduli space of
curves (Texel Island, 1994), Progr. Math., vol. 129, Birkhduser Boston, Boston, MA,
1995, pp. 267-304. MR1363060

Andrew Kresch, Cycle groups for Artin stacks, Invent. Math. 138 (1999), no. 3, 495—
536.

Atsushi Moriwaki, The Q-Picard group of the moduli space of curves in
positive characteristic, Internat. J. Math. 12 (2001), no. 5, 519-534, DOI
10.1142/S0129167X01000964. MR1843864

David Mumford, Picard groups of moduli problems, Arithmetical Algebraic Geome-
try (Proc. Conf. Purdue Univ., 1963), Harper & Row, New York, 1965, pp. 33-81.
MR0201443

Martin Olsson, Algebraic spaces and stacks, American Mathematical Society Collo-
quium Publications, vol. 62, American Mathematical Society, Providence, RI, 2016.
Nikola Penev and Ravi Vakil, The Chow ring of the moduli space of curves of genus
siz, Algebr. Geom. 2 (2015), no. 1, 123-136, DOI 10.14231/AG-2015-006. MR3322200
Groupes de monodromie en géométrie algébrique. II, Lecture Notes in Mathematics,
Vol. 340, Springer-Verlag, Berlin-New York, 1973. Séminaire de Géométrie Algébrique
du Bois-Marie 1967-1969 (SGA 7 II); Dirigé par P. Deligne et N. Katz.

Montserrat Teixidor i Bigas, The divisor of curves with a vanishing theta-null, Com-
positio Math. 66 (1988), no. 1, 15-22.

Burt Totaro, The Chow ring of a classifying space, Algebraic K-theory (Seattle, WA,
1997), Proc. Sympos. Pure Math., vol. 67, Amer. Math. Soc., Providence, RI, 1999,
pp. 249-281, DOT 10.1090/pspum/067/1743244. MR1743244

Angelo Vistoli, Intersection theory on algebraic stacks and on their moduli spaces,
Invent. Math. 97 (1989), no. 3, 613-670, DOI 10.1007/BF01388892. MR1005008

, The Chow ring of Ma. Appendiz to “Equivariant intersection theory” [In-
vent. Math. 131 (1998), no. 3, 595-634; MR1614555 (99j:14003a)] by D. Edidin and
W. Graham, Invent. Math. 131 (1998), no. 3, 635-644, DOI 10.1007/s002220050215.
MR1614559

SCcUOLA NORMALE SUPERIORE, P1AZzA DEI CAVALIERI 7, 56126 P1sA, ITALY
E-mail address: andrea.dilorenzo@sns.it



	Introduction
	1. Picard group of moduli of smooth complete intersections in Pn of codimension two.
	2. Picard group of moduli of smooth equidegree complete intersections in Pn
	3. Picard group of moduli of smooth curves of low genus
	References

