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SERRE DUALITY FOR THE COHOMOLOGY OF
LANDAU-GINZBURG MODELS

MU-LIN LI

ABSTRACT. Let V and F be holomorphic bundles over a complex manifold M,
and s be a holomorphic section of V. We study the cohomology associated
to the Koszul complex induced by s, and prove a generalized Serre duality
theorem for them.

1. INTRODUCTION

The Serre duality theorem is a fundamental result in complex manifold, which
establishes a duality between the cohomology of a complex manifold and the coho-
mology of with compact supports, provided that the  operator has closed range in
appropriate degrees. In this paper we extend the Serre duality to the cohomology
of Landau-Ginzburg models.

Let V' be a holomorphic bundle over a complex manifold (usually noncompact)
M with rankV = dim M = n, and s be a holomorphic section of V' with compact
zero loci Z := (s7%(0)). Let VV be the dual bundle of V, then s induced the
following Koszul complex

(1.1) 0— A"VY L s I AZYY YV B C 0,

where ¢, is the contraction operator induced by s.
Let F' be another holomorphic bundle over M, we have the following complex

from ()

s®1 Ls®1

(1.2) 0 A"VY @ PS8 2V g FEBlyY o FESF 0.
Denote by H*(M; V, F) the hypercohomology associated to the above complex. We
will, somewhat abusively, write ts ® 1 as ts. Because (LZ) is exact outside the
compact set Z, the cohomology H®*(M;V, F) is finite dimensional over C. The
study of this type cohomology origins to the mathematical interpretation of the
Landau-Ginzburg models, which had been widely studied in the following papers
[1H3, [, 7).

Let ¢ € T'(M,det V ® det Q37) be a holomorphic section, where 2,/ is the holo-
morphic cotangent bundle of M. There is a canonical pairing

(=, =)y :H(M;V,F) x H*(M;V,F") — C,
see (324). Then we have the following duality theorem.

Theorem 1.1. Let V, F be holomorphic bundles over the complex manifold M
with rankV = dim M = n, and s be a holomorphic section of V' with compact zero
1
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loci Z = s71(0). Assume that ¢ € T'(M,detV & det Q) is nowhere vanishing.
Then the above pairing (—, —)y is non-degenerate. Thus for —n < k <n,

HE(M;V,F) = H *(M;V,FV)Y.

This is a generalization of the non-degenerate theorem of |5, Theorem A] and
[10, Theorem 1.2].

Let V = T be the holomorphic tangent bundle of the compact complex mani-
fold M, and F be a holomorphic bundle over M. Let s be the zero section of Ty,
and ¢ = c € I'(M,Op) = T'(M,det Tay ® det Qps) be a nonzero constant, then we
recover the classical Serre duality theorem.

Corollary 1.2. Let F be a holomorphic bundle over a compact complexr manifold
M, then

HP(M, F) = H" 7" 9(M, FV)V.

Let V = Qs be the holomorphic cotangent bundle of a small open ball M =
{z € C"||z| < €}, and F = Oy. Let s = df be a holomorphic section of V', where
f is a holomorphic function on M. Let ¥ =dz; A--- Adz, ® e1 A -+ A ey, where
{zi} is the coordinate of C™ and {e;} is the holomorphic frame of Q. Assume
that s = df = fie; + -+ fuen and Z = s71(0) = 0, then using Theorem [[.1] and
the proof of |10, Theorem 1.3] we have

HO(M;V,F) = T(M,On)/(f1 - s fn); HE(M;V,F)=0, k#0.
For g,h € T(M, Oypr), let ' = ghy. By ([B.31)), we have

(—27i)™ Res ﬂ

n(n+41
g 4 mit )

(g:h)y = (=1)

where Res w—l is the virtual residue associated to ¢’ and s, the symbol [242] is

the greatest integer less than or equal to ";3 The virtual residue, which had been
constructed by Chang and the author in [3], coincides with the Grothendieck residue
up to a sign. Therefore Res equals to the Grothendieck residue resq(g,h) =

f‘ fil=e W up to a 51gn, see formula ([@6]). Thus we recover the following

local duality theorem, see |6, Page 659].

Corollary 1.3. Let V = Qs be the holomorphic cotangent bundle of a small open
ball M = {z € C"||z| < €}, and F = Oypy. Let s = df be a holomorphic section of V.,
where f is a holomorphic function on M. Let Y = dzy A---Adz,®e1 A+ - -Ney, where
{zi} is the coordinate of C™ and {e;} is the holomorphic frame of Qpr. Assume that
s=df = fies +- -+ fnen and Z = s71(0) = 0. Then

TreSg F(M7OM)/(flu 7fn) XF(M7OM)/(f17 7fn) _>(C
is non-degenerate.
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2. COHOMOLOGY WITH COMPACT SUPPORT

In this section, we study different types of hypercohomology associate to the
exact sequence (L2). It is similar to Section 2 in [10]. As before let V, F be
holomorphic bundles over a complex manifold M with rankV = dim M = n, and
s is a holomorphic section of V' with compact zero loci Z = s71(0). Let V" be the
dual bundle of V.

Let A% (A'VY ® F) be the sheaf of smooth (i,7) forms on M with value in
AVY @ F. Let QUID(AVY @ F) := T(M, A% (A'VY @ F)) and assign its element
a to have degree oo =i+ j —[. Let

QUEDN(AVY @ F) == {a]a € T(M, A% (A'VY @ F))  with compact support}.
Then

B:= ;0" (A\VY @ F)
is a graded commutative algebra with the (wedge) product uniquely extending
wedge products in Q°, A*V"Y and mutual tensor products. Denote

ck= @ ¢y cB  with Oy := Q0N VVQF)=T(M A% (NVY®F)),
k

1—j=
and
Cky= o C% with  C"), := {a € C}/| a has compact support}.
’ i—j=k © '

Let Cp := EB;CC]@ and C¢ v := EBkayM. For a € Cpy we denote o ; to be its com-
ponent in C’}\j Clearly, Cy; is a bi-graded C°°(M)-module. Under the operations
9:Cy — Oy and 1, Oy — CY7!
the space C};" becomes a double complex and C?y; is a subcomplex. We shall
study the cohomology of C3, and C? ), with respect to the following coboundary

operator _ _
OJs := 0 + ts.

One checks 55 = 0 using Leibniz rule of 9 and 0s = 0. Denote by

HY(M; V. F) = HY(C}),
and

HE(M; V. F) = HY(CZ )

Fix a Hermitian metric hy on V. For a nonzero s on U := M \ Z, we can form

the following smooth section

5:= % eI'(U, A (VY @ F)).

It associates a map
SA:T(U, A% (NVY @ F)) - T(U, ANV @ F)).
To distinguish it in later calculation, we denote Ty := 3A : Of* — Cp* ' | where
Cl*=T(U, A" (A VY ® F)).
The injection j : U — M induces the restriction j* : C3;° — Cp;°. Let p be a
smooth cut-off function on M such that p|y, =1 and p[yy, = 0 for some relatively
compact open neighborhoods Uy C Uy C Uy of Z in M.

We define the degree of an operator to be its change on the total degree of
elements in Cp/(Cy). Then 0 and T are of degree 1 and —1 respectively, and
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[0, Ts] = 0T + Ts0 is of degree 0. Consider two operators introduced in [3, (3.1),
(3.2)] or [12, page 11]

_ 1 .
(2.1) T,:Cn — Comr Tp(a) = pa + (30)Tsm0 @)
and

1
2.2 R,:C C R =(1— —— (% ).
(2.2) o Cu — Cir p(a) == ( p)Tl—i-[a,Ts] (%)

Here as an operator

OME%

[8T

is well-defined since [0, T;])*(a) = 0 whenever k > n. Clearly T, is of degree zero
and R, is of degree by —1. Also R,(Cc,pr) C Cear by definition.

Lemma 2.1. [05,R,] =1—T, as operators on Cy;.
Proof. 1t is direct to check that []
(2.3) [ts,Ts] =1 on Cy.

Moreover,
[Pv [57 7;]] =0
for P being ts,0 or T5. Therefore, we have

_ _ 1 _ 1
85,R = 85,1— ﬂf*_k 1— 85,7;f'*
[0s, R)] [ ?) 1+[8,7;]] (1—=p) ]H[&TS]J
_ 1
= (O Te———* + (1 — p)j*
(9p) 1+[8,7;]J +(1—p)j
_ 1
- () T—— l—p)=1-T,.
( p)Tl+[6,7;] +(1—p) b

O

Proposition 2.2. The embedding (Cear,0s) — (Car,0s) is a quasi-isomorphism.
Thus for —n < k < n,

Hy (M;V, F) = HM(M; V, F).
Proof. By Lemma 21 H*(Cas/Ce.ar,0s) = 0, and thus the proposition follows. [

1 As a notation convention, we always denote [,] for the graded commutator, that is for
operators A, B of degree |A| and | B|, the bracket is given by

[A,B] = AB — (—1)|41IBI B4,
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3. NON-DENGENERACY

First we recall the definition of operators on wedge products of vector bundles
over M, see [3, Appendix]. Let Q@) (APV @ AlVY) := T'(M, A% (A*V @ A'VY)) be
the smooth differential forms valued in AFV @ AlVV. Let

B = @i,j7k7lﬂ(i’j)(/\kv ® /\le)
be a graded commutative algebra extending the wedge products of Q®, A*V and
A*VVY. The degree of a € QU (AFV @ AVVY) is ta := i + j + k — 1. We briefly
denote A°(AFV @ AVY) = QOO (AFY @ AlVY).

Set # : B — Q° which sends w(e ® ¢’)(for w € Q) e € APV, e’ € AVVY) to
wle, €'y, where (-,-) is the dual pairing between AFV and AFVV, and (e,e’) = 0
when k # [. We further extend the pairing by setting {(a, 8) := k(af) for a, § € B.
It is direct to verify

3.1) da., B) = (9o, B) + (—1)**(a, DB).

We now define different types of contraction maps. Given u € Q) (AFV) and
k > 1, we define

(32) Ul Q(Pv‘Z)(/\lVV) —y Qlptisati) (/\k—lv)
where for § € QP9 (A'VY), the uf is determined by

1(1—1)

(uaf, v*) = (=1)EFDFEHDIETZ220, g A ™) Wt e AA(ATIYY),
Given o € A°(V), we define

(3.3) Lo : QD (AFYY) — QD (AR V)
where for w € Q7)) (AFVV), the 1, (w) is determined by
(3.4) (v, 1o (w)) = (a A v,w), Vv € A9(AFTY).

For above a, 6 and w one has to(w A 0) = to(w) A0+ (=1)8w A 14(6).
Given v € A%(VV), we define

(3.5) by 2 QED(ARY) — QD (AR-1Y)
where for v € Q) (AFV), the 1, (v) is determined by
(3.6) (ty(V),w) = (v, vy A w), Yw € AS ARV,

We have the following identities.

Lemma 3.1 ([3]). Given u € QU (A™V), and 0, o, v as above, one has
a A (usb) = us(ea(d)), ty(usf) = ua(y A 6).
Lemma 3.2 ([3]). For u € QWD (AFV), € QPO (AVY), k > | and a smooth
form a € Q@Y (M), we have
aA(uif) =us(af) and O(usf) = (—1)*(Ju).6 + ua(56).

Denote by 2P4(A'V @ FV) the space of A'V ® FV-valued (p, q)-current, which
is the dual of the space QP P"~¢(A'VY ® F). There is a naturally pairing
(3.7) (=, )N : 2" NNV @ FY) x QYN VY @ F) — C,
where

(0, ) = /M<a,ﬁ>.
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Denote

D= @ DY with DY =2 (NVeFY).
i+j—n=~k

The coboundary map d, of D3, is defined as follows

(3.8) Ssa=da + (=) s Aa, for a€ PNV @ FY).
By @I) and @),
(3'9) (avgsB)N + (_1)ua(6saaﬁ)N =0.

Thus (D}, (—1)**1,) is the dual complex of (C2,,,9s). Let

. k k+1
(3.10) HE MV, V) e KOs D,ﬁ{f Dy ).
Im (65 : Dy, " — D%))

Because the complex (D%, (—1)*14,) is quasi-isomorphic to the complex (D3, d,),
the pairing (3.7 induces a pairing on the hypercohomologies which we denote by

(3.11) (=, —)n : H(M;V,FY) x H(M;V, F) — C.

Theorem 3.3. Let V, F be holomorphic bundles over the complex manifold M
with rankV = dimM = n and s be a holomorphic section of V with compact
zero loci Z = s71(0). Then the above pairing (3.11) is non-degenerate. Thus for
—n<k<n
HE(M;V, F) = HF(M;V, FY)Y.

Proof. Because H¥(M;V, F) is finite dimensional and the complex (D%, (—1)*+14,)
is the dual complex of (CC')M,ES), by applying [11, Theorem 1.6] and [11l, Corollary
1.7], we obtain the theorem. O

Remark 3.4. By the Dolbeault-Grothendieck Lemma [4, 3.29] for current, H*(M;V,F")
(up to a shift on degree) is the hypercohomology of the following complez,

(3.12) 2 .

0 — det Q@ FY =% det QuaVeorY 25" L CUY gt oy oA Ve FY o,

which is quasi-isomorphic to the complex
(3.13) 0 = det Qu@FY - det Qu@VRFY =5 - 25 det QA" Ve FY — 0.
Let (D}, d5) be the complex with

Dy= @ Dy where Dy = 9O (NVY @ FY),
i—j=k

and the coboundary map SS is defined as follows
(3.14) Seav = Do+ (—1)" 1y for a € PPUNVY @ FY).

By the Dolbeault-Grothendieck Lemma [4, 3.29] for current, the complex (D3, 05)
is the Dolbeault resolution of the following complex

(3.15) 0 APV @ Y T L (e v g pv O v g,
Denote by
~ =k —=k+1
—e Ker(ds : Dyy — Dy )
(3.16) H*(D},) == e

Im (65 : D)y, —>5]]€w)
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the cohomology of the complex (D, bs).-
Let ¢ € T'(M,det V @ det Qps) be a holomorphic section which is nowhere van-
ishing. It induces a bundle isomorphism

Yo AV @ FY 5 det Q@ VIV @ FVY.

Thus
(3.17) ZUINVY @ FV) = 9™ A"V @ FY).

By Lemma 3] Lemma B2l and ([B8]), the map

Yo : Dy — DYy

is a complex isomorphism. Therefore for —n < k <n
(3.18) H*(D),) = H*(M;V, FY).

The complex ([B.I3) is quasi-isomorphic to
(3.19) 0= A"VVRFY Ly o I YVVe FY X FY 50,

and we denote this quasi-isomorphism by ®. It induces the following hypercoho-
mology isomorphism

(3.20) H*(®) : H*(M;V,FY) =~ H*(D3,).

Thus we have

(3.21) H*(M;V, FV) = H*(M;V, FV).
Combining (B11]) and [B21)), there is a pairing

(3.22) (=, =), s H(M; V, FY) x H3(M; V, F) > C,

where (a,ﬁ);} = (Vu(H*(P)(a)), B)N-
From (2I) and Theorem B3] we obtain the following statement.

Corollary 3.5. Let V, F be holomorphic bundles over the complexr manifold M
with rankV = dim M = n and s be a holomorphic section of V' with compact zero
loci Z = s71(0). Assume that ¢ € T'(M,det V ® det Qpy) is a holomorphic section

which is nowhere vanishing. Then the pairing (—, _)2/; is non-degenerate. Thus for
—n<k<n
(3.23) HE(M; V, F) = H*(M;V,FV)Y.

We define the following pairing
(3.24) (= =)y : H(M; V, F¥) x H*(M; V, F) - C,

such that (a, B)y := ([a, [8])}, where [a] and [B] are the image of «, 5 under the
isomorphic H*(M;V, F) = H(M;V,F) and H*(M;V, FV) =2 H*(M;V,FY). The
pairing ([8.24) is well defined because it does not dependent on the compact support
representation. Therefore

Corollary 3.6. Under the conditions as in Corollary [30, the pairing (—, —)y is
non-degenerate. Thus for —n <k <n

(3.25) HE(M;V,F) = H *(M;V,FV)Y.
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Let V = Qs be the holomorphic cotangent bundle of a small open ball M =
{z € C"||z| < €}, and F = Op;. Let s = df be a holomorphic section of V', where
f is a holomorphic function on M. Let ©» =dz; A--- Adz, ® e; A -+ A ey, where
{zi} is the coordinate of C™ and {e;} is the holomorphic frame of Q. Assume
that s = df = fie1 + -+ + faen and Z = s71(0) = 0, then using Corollary 3.6 and
the proof of [10, Theorem 1.3]

HO(M;V, F) 2= T(M,On)/(f1,-+, fn);  HF(M;V,F) =0, k#0.
On the other hand s induced the following complex
_ 25 —1)"s
(326) 0= detQy —> det Q0 V0 N TN Gt 0y @ ATV 5 00,

As in the definition of BI0), let H*(M;V,Op) be the hypercohomology of
B20), and H2(M;V,Opr) be its hypercohomology with compact support. By |[3,
Proposition 3.2]

(3.27) HE(M;V, Opp) = HE(M;V,00),

for —n <k <n.
Because ¢ = dzy A --- Adz, ® e1 A -+ A e, is nowhere vanishing. It induces a
bundle isomorphism
Yo AVY = det Qpr @ APV
So is the Dolbeault resolution of the two complex (II]) and (3:26).
For g, h € T(M,Opr), let [g], [h] be the images of g, h under the isomorphism
HO(M;V, F) 2 HY(M;V,F). By 3.217), 322) and (3.24) the pairing

@y = [ () lgu )

+3

— (1"
(-1) ANW“”
= ()PEEE [ (ghy))

M
Let p be a smooth cut-off function on M such that p|y, = 1 and p|ypp, = 0 for
some relatively compact open neighborhoods U; C Uy C U of 0 in M. By Lemma

211 we have

0s,R)) =1—T,.
Therefore
(3.29) [ @k = [ (ghu)uiz,,
M M
For the nonzero s on U := M\ Z, the smooth section 5 := (o)ny ¢ (U, A (vY))

(s,5) hy,
induces a contraction

1 : DU, AY(NV)) — T(U, A% (A1),

Denote
Ch= @ CH  with Ch :=QO)(AV)=TD(M,A%(NV)),
itj=k
and
CN?,M = @ CN’Z\/[ with CN'ZV[ ={ae C*;ﬂ « has compact support}.

i+j=k
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Let CNM = @k(?]@ and CNQM = @k5§7M. Let 7 : U — M be the injection. We can
form the following operator by using the contraction ¢z

- - ~ _ 1 .
(3.29) T,:Crv — Cemr T,(a) == pa+ (0p)rs——=—(5" ).
1+ (9, Lg]

Because v is holomorphic, by Lemma [B.1]

(3.30) /M(ghw)J[T,,l] - /M T, (ght).

Denote ¢’ = ght, and applying [3, Proposition 3.3] to ¢’ and s = df, we have
n n(n+1)
(3.31) (e = (0PI [ (g iz
M
n+3 n(n+1) ~
= (e [ g ghy)
M
/
= (DI (o) Res 2,
s

where Res %/ is the virtual residue associated to ¢’ and s, it coincides with the
Grothendieck residue ress(g,h) = le:E_ W up to a sign, see formula
(H). Thus we recover the local duality theorem, see |6, Page 659].

Corollary 3.7. Let V = Qs be the holomorphic cotangent bundle of a small open
ball M = {z € C"||z| < €}, and F = Oypy. Let s = df be a holomorphic section of V.,
where f is a holomorphic function on M. Let vy = dzy A---Adz,®ei A+ - -Aey,, where
{zi} is the coordinate of C™ and {e;} is the holomorphic frame of Qp. Assume that
s=df = fiex + -+ fnen and Z = s71(0) = 0. Then

ress F(M70M>/(f1a 7fn) XF(MvoM)/(flv"' 7fn) —C

is non-degenerate.

4. APPENDIX

In this appendix we recall the construction of the virtual residue given by Chang
and the author in [3], and prove the relation between the virtual residue and the
Grothendieck residue when the zero loci is zero-dimensional.

Let V be a holomorphic bundle over a compact complex manifold M with
rankV = dimM = n. Let s be a holomorphic section of V, and Z = s71(0)
be the compact zero loci.

Let U := M \ Z, and let Viy be the restriction of V over U. Since s is nowhere
zero over U, the following Koszul sequence is exact over U

0— Ky -5 Ky V-5 DKy o AWy 25 Ky @ AWy — 0.
The exact Koszul sequence induces a homomorphism
(4.1) H(U, Ky @ A" V) — "YU, Kyy).
One also has a canonical Dolbeault isomorphism

(4.2) H" YU, Ky) = HR" ().
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Applying @I)) and [@2)) to the holomorphic section ¢ € I'(M, Kj; @ det V), and
using that every (n,n — 1) form is d-closed, one obtains a (unique) De-Rham coho-
mology class

(4.3) ny € H*"H(U,C).

Then the virtual residue is defined as

Yo Ly
(4.4) RGSZE = (271_\/__1) /N’IM, e C,

where N is a real (2n — 1)-dimensional piecewise smooth compact subset of M that
surrounds Z, in the sense that N = 9T for some compact domain T C M, which
contains Z and is homotopically equivalent to Z.

When M = {z € C"||z| < €} is a small open ball, and V = Qs with the
standard Hermitian metric hy. Let F' = Oy and s = df, where f is a holomorphic
function on M. Let {z;} be the coordinate of C", and {e;} be the holomorphic
frame of Qps. Assume that s = df = fie1 + -+ + fuen and Z = s71(0) = 0.
Let 5 = <s,s>,:é S, fier, where e} is the dual basis of VV. Then we have the
following equalities on U

B =3 (< afi fﬁ(s,s)h\/)%j’

S, 8y <s,s>,2w
and
INe s fid{s,$)ny _ Os,8)ny N~ g _
(<S, S> ‘i ;fZLef)(Z WLB:) = —m(<s,s> é ;fiLe;«)Q =0.

Let g, h be holomorphic functions on M. Then ¢ = ghdzi A---Adzp, @ e1 A+ Nep
is a holomorphic section of I'(M, Kjs ® det V'). Therefore

ne = (8,850 fite:)(Ous)" 10
- (s,s),:é(z fibez)(z < ?J;ihv Lej{)nilw

\4
= ()T o gn Y (1)
=1
RPN I RN TSN NN SV
) hy

Let N be a small sphere around 0, the virtual residue
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o - () o
- e (=) [ DYC

fi

— EﬁA-~-A5\ﬁA-~-A3andz1AmAdzn.
(s,s)hv

By Lemma in [6, Page 651] and the definition of ress(g, k) in [6, Page 659], we have

(.

10.
11.

12.

n(nt1)

6) ReSZ% = (=1)" 2 ress(g,h).
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