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TANNAKIAN CATEGORIES IN POSITIVE CHARACTERISTIC

KEVIN COULEMBIER

ABSTRACT. We determine internal characterisations for when a tensor category is (super) tan-
nakian, over fields of positive characteristic. This generalises the corresponding characterisa-
tions in characteristic zero by P. Deligne. We also explore notions of Frobenius twists in tensor
categories in positive characteristic.

INTRODUCTION

For a field k, a tensor category over k is a k-linear abelian rigid symmetric monoidal cat-
egory where the endomorphism algebra of the tensor unit is k (contrary to some authors we
do not require objects to have finite length). The standard example is the category RepG of
finite dimensional algebraic representations of an affine group scheme G over k. An affine group
scheme over an algebraically closed field is determined (up to inner automorphism) by its repre-
sentation category, so tensor categories can be seen as a generalisation of affine group schemes.
This motivates looking for internal characterisations which determine when a tensor category is
equivalent to such a representation category. By combining results in [Dell, [De2l [De3|, we have
the following theorem in characteristic zero.

Theorem A (Deligne). Let k be an algebraically closed field of characteristic zero and T a
tensor category over k. The following are equivalent.

(i) As a tensor category, T is equivalent to RepG for some affine group scheme G/Kk.
(ii) For each X € T there exists n € N such that A" X = 0.

It is known that the same statement does not hold true for fields of positive characteristic,
see [BEL [GK|, [GM]. Fix a field k of characteristic p and a tensor category T over k. Since the
group algebra kS,, is not semisimple when n > p, we need to distinguish between the symmetric
power Sym"X = Hy(S,,,®"X) of X € T, which is a quotient of ®”X, and the divided power
I'mX = H°(S,,®"X), which is a subobject of ®"X. For j € N, we define the object Frif)X in
T as the image of the composite morphism

X < @”X - Sym” X.
The choice of notation FrSf) is motivated by the fact that for a vector space V', the space FrSZ)V
is canonically identified with the j-th Frobenius twist V) of V. Using this construction, we
can now formulate our first main result, proved in Theorems [6.1.1] and [6.4.1l For a definition of
the exterior power A" we refer to Section [L.3]

Theorem B. Let k be an algebraically closed field of positive characteristic and T a tensor
category over k. The following are equivalent.

(i) As a tensor category, T is equivalent to RepG for some affine group scheme G/Kk.
(ii) For each X € T
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(a) there exists n € N such that A" X = 0;
(b) we have A" X =0 when A"FrSf)(X) =0, for j,n € N.

In Theorem 621 we prove a similar characterisation of the representation categories of
affine supergroup schemes among all tensor categories. In characteristic zero, such an internal
characterisation follows from the main result of [De2], which states that any tensor category ‘of
sub-exponential growth’ is equivalent to such a representation category.

The assignment X — Frg_l)X actually yields an additive functor Fry : T — T. The following
is proved in Theorems and [3.2.4] and Proposition E.1.3l

Theorem C. Let k be a field of characteristic p > 0 and T a tensor category over k. The
following are equivalent.

(i) The functor Fry : T — T is exact.
(i1) For each filtered object X € T, the canonical epimorphism Sym®(grX) — gr(Sym®X) is
an isomorphism.
(iii) For each monomorphism 1 — X, the induced morphism 1 — SymP X is non-zero.
(iv) There ezists an abelian k-linear symmetric monoidal category C and an exact k-linear
symmetric monoidal functor F : T — C which splits every short exact sequence in T.

Property C(ii) is relevant in the study of the p-adic categorical dimensions Dimy : ObT — Z,
as defined in [EHO]. If it (or hence any other property in Theorem C) is satisfied, the p-adic
dimensions are additive along short exact sequences.

As explained above, in this paper we study when a tensor category is equivalent to the rep-
resentation category of an affine (super)group scheme. In |Osl Conjecture 1.3], Ostrik proposed
a different conjectural extension of the results in [Dell [De2]. The conjecture states that tensor
categories over algebraically closed fields of characteristic p which are of sub-exponential growth
are equivalent to representation categories of affine group schemes in the ‘universal Verlinde cat-
egory’ Very,. In [Os| this conjecture is proved for symmetric fusion categories. The proof relied
in an essential way on a generalisation of the classical Frobenius twist to fusion categories. We
prove that our functor Fr, is a direct summand of a functor Fr which, when applied to fusion
categories, recovers the functor in [Os]. We hope that our generalisation of Ostrik’s Frobenius
twist to arbitrary tensor categories might be useful in the exploration of [Os, Conjecture 1.3].

The rest of the paper is organised as follows. In Section [Il we review some properties of
tensor categories. In Section [ we study (modular) representation theory of finite groups in
abelian categories. This will be used later on to deal with the representations of the symmetric
group, and its subgroups, which originate from the symmetric braiding on tensor categories.
In Section [8] we define and study ‘locally semisimple’ tensor categories, which are the ones in
which the equivalent conditions in Theorem C are satisfied. We also derive abstract criteria
for existence of tensor functors to semisimple tensor categories. In Section Ml we study the
Frobenius twists. In Section [f] we give internal characterisations for objects which are ‘locally
free’, that is objects which become isomorphic to (super) vector spaces after internal extension
of scalars. As a consequence of those results we obtain internal characterisations of (super)
tannakian categories (as defined in [[L5.6)) in Section [6l We also show that each tensor category
has a unique maximal (super) tannakian subcategory. Finally we prove the result, announced in
[De2], that over algebraically closed fields, super tannakian categories are always representation
categories of affine supergroup schemes, by adapting an unpublished argument from Deligne in
[Ded] using some results of Section [3

1. PRELIMINARIES AND NOTATION

Unless further specified, k denotes an arbitrary field. We set N = {0,1,2,...}.
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1.1. Symmetric and cyclic groups. For a finite group G we denote by Rep, G the category
of finite dimensional kG-modules.

1.1.1. The symmetric and cyclic group. We denote the symmetric group acting on {1,2,...,n}
by Sp. This defines a canonical embedding S,,, < S, for m < n.

We denote by C,, the cyclic group of order n and we fix the embedding C,, < S,, which maps
the generator of C, to the cycle (1,2,...,n) € S,,. Assume that char(k) = p > 0. We denote
by M; the indecomposable kC,-module of dimension i, for 1 <+¢ < p. In particular M; ~ k and
M, ~ kC,. Every object in RepC,, is a direct sum of these modules.

1.1.2. Wreath products. Fix a prime number p and a € Z~(. We define subgroups of Sy«
ta:Spa—1 <> Spe and 1 : Sy <> Spa,

as follows. For every i € {1,...,p"}, there are unique 1 < m < p®! and 1 < n < p such that
i=m+ (n—1)p®'. Then ¢,(S,) acts on n € {1,...,p} and 14(Sye-1) acts on m.

For j € Zsq, we define the subgroups P; < S,; and Q; < S, iteratively. We set Pi = Cp,
Q1 =S, and let Pjy; be generated by L;+1(Cp) and P; interpreted as P; < S,; < Sp;+1, with
the latter inclusion as in [LT.Il Similarly, Q11 is generated by Q; and L;— +1(Sp). In other words

Py :=P1C = PP xCp and  Qji1:=Q;1S, = Q" xS,

Lemma 1.1.3. The group P; is a Sylow p-subgroup of S
NSpj (PJ)

pi, and Q; contains its normaliser

Proof. That P; is a Sylow subgroup is well-known, see [Be], and follows immediately from
Legendre’s theorem on the prime factorisation of factorials. We set N; := Nspj (Pj). Tt is also

proved loc. cit. that |[Nj : Pj| = (p— 1)7. In the proof of N; < Q; we will freely use the fact
that the images of ¢; and L;» are commuting subgroups which generate a copy of Sp;—1 X S, in
Spi, and that ¢;(Qj-1) < Q;j > ¢4(Sp).

We define iteratively subgroups M; < Q;. We set M; = Ny, so |[Ni| = p(p — 1), and
M;j = 1;(M;-1) x ;(N1). By construction, M; normalises P; (meaning M; < N;) and satisfies
|M;| = (p(p—1))’. By Lagrange’s theorem, the group generated by M, and P; has order divisible
by (p — 1)7|P;| = |N;|. Hence the group coincides with N; which concludes the proof. O

1.2. Monoidal categories.

1.2.1. Categories. When clear in which category we are working, we will denote the morphism
sets simply by Hom, End or Aut. For k-linear categories A and B, we denote by A ®x B the
k-linear category with objects (X,Y) for X € A and Y € B and the space of morphisms from
(X,Y) to (Z,W) given by A(X,Z) @ B(Y,W). Then we denote by A Ky B, or A X B, the
Karoubi envelope of A®gB. The object (X,Y) as considered in AXB will be written as X XY

An abelian k-linear category in which the endomorphism algebra of each simple object is k is
called schurian. A semisimple schurian category is thus equivalent to a direct sum of copies of
the category vecy of finite dimensional vector spaces. If A and B are k-linear abelian with B
semisimple schurian, then A X B is again abelian.

An object X in an abelian category with subobjects

0=XycXicXoC---CXy=X
will be called an object with filtration of length d. The associated graded object is
grX = @legriX, with gr, = X;/X;_1.
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Following, [AGV], §1.8.2], for a locally small category C, we denote by IndC the full subcategory
of the category of functors C°P? — Set consisting of ind-objects.

1.2.2. We will work with symmetric monoidal categories (C,®, 1,~) where

(i) C is k-linear abelian (with 1 # 0);
(ii) — ® — is right exact and k-linear in both variables.

Here v refers to the binatural family of braiding morphisms yxy : X @Y = Y ® X which satisfy
the constraints of [DM], §1]. For X € C and n € Z>;, we write

n

"X =XRX®@---®X and @"X = 1,

and use similar notation for morphisms. An object X in C is flat if X ® — : C — C is exact.

1.2.3. Let C be as in For an object X € C, a dual XV is an object equipped with
morphisms coy : 1 - X® XY and evy : XV ® X — 1 satisfying the two snake relations in [De2),
(0.1.4)]. Following [De2, §1.4], we then have bi-adjoint functors (— ® X, —® XV). In particular,
dualisable objects are flat. For dualisable X,Y € C, there is an isomorphism

HOIH(X, Y) :> HOIH(YV,XV), f — ft = (eVy ® IdXv) o (Idyv ® f ® Idxv) o (Idyv ® COX).

A direct summand of a dualisable object is also dualisable, see [De2l §1.15].

1.2.4. Following [De2, Del], C as in [[.2.2] is a tensor category over k if additionally it is
essentially small and

(iii) the canonical morphism k — End(1) is an isomorphism;
(iv) every object in C is dualisable.

Now let T be a tensor category. By [L23l the functor — ® — is bi-exact and by [DM| Propo-
sition 1.17], the unit object 1 is simple. If every object has finite length, then every morphism
space is finite dimensional, see [De2l Proposition 1.1]. If k is algebraically closed and every
object in T has finite length, T is therefore schurian.

1.2.5. A right exact k-linear functor F' : C — C’ between two categories C and C’ as in [[.2.2]is
a tensor functor if it is equipped with natural isomorphisms ¢k : F(X)® F(Y) = F(X®Y)
and F(1) = 1 satisfying the compatibility conditions of [Dell, §2.7], see also [DM], Definition 1.8].
In particular tensor functors are symmetric monoidal functors. We will usually just write F' for
the tensor functor, rather than (F, e ). The following lemma, see [Dell, Corollaire 2.10], is a
straightforward consequence of the definitions and the fact that 1 is simple in a tensor category.

Lemma 1.2.6. Consider a tensor functor F : C — C'. If X € C has a dual X" then F(XV)
is a dual of F(X). Any tensor functor out of a tensor category is exact and faithful.

1.2.7.  For categories C,C’ as in and tensor functors F,G : C — C’, a natural transfor-
mation F' = G is one of tensor functors if it exchanges the monoidal structures as in [Dell, §2.7].
As pointed out loc. cit., for such n : F = G and dualisable X € C, the morphisms nx and
(nxv)! are mutually inverse. In particular, a natural transformation of tensor functors out of a
tensor category is automatically an isomorphism, see also [DM| Proposition 1.13].
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1.2.8. For C as in We denote the category of commutative algebras in C by algC. Such
an algebra is a triple (A, m,n), with A an object in C and morphisms m : A ® A — A and
n: 1 — A satisfying the traditional commutative (with respect to 7) algebra relations.

For non-zero A € algC, we denote the category of A-modules in C by C,. Then (Cy,®4,A)
is a monoidal category as in with right exact tensor product — ® 4 —, as the coequaliser of
—®A®— = —® —, introduced in [Dell, §7.5]. For an algebra morphism A — B we have the
corresponding tensor functor B ®4 — : C4 — Csg.

1.2.9. For the remainder of this subsection, fix a tensor category T. By [Dell, §7.5] the category
IndT is again naturally a symmetric monoidal category satisfying (i)-(iii) above. Furthermore,
the functor —® — is bi-exact (and cocontinuous), even though only objects in the subcategory T
are dualisable. The latter claim can easily be proved by showing that dualisable objects must be
compact, or by an immediate generalisation of the proof in [De2l §2.2] of the special case where
all objects in T have finite length. We abbreviate the notation of [.2.8] as AlgT = algIndT and
Mod, = (IndT)y4, or Mod} when there is risk of ambiguity. We have a tensor functor

(1) FA:A®—2T—>MOdA.

For the tensor category vec = vecy, we have that Vec = Indvec is the category of all vector
spaces and Algvec is the category Alg;, of commutative k-algebras.

A non-zero algebra A is simple if its only ideal subobjects are 0 and A itself. This is equivalent
to A being simple as an object in Mody.

Lemma 1.2.10. Every non-zero algebra A in AlgT has a simple quotient.

Proof. Since T is essentially small, IndT has a generator and the class of subobjects of any
object in IndT forms a set. By Zorn’s lemma, A contains a maximal ideal subobject .J. The
algebra B = A/J is simple. a

1.2.11. Tensor subcategories. A full subcategory T’ of T is a tensor subcategory if it is closed
under the operations of taking subquotients, tensor products, duals and direct sums. In par-
ticular TV is replete in T and a tensor category itself. For E a collection of objects or full
subcategories of T, we denote by (F) the minimal tensor subcategory of T which contains all
objects in E. We say that T is finitely generated if T = (X), for some object X € T.

We denote by F%,, or simply I'ts, the right adjoint to the inclusion functor IndT’ — IndT.
In other words, I'rv is the left exact lax monoidal functor which sends an object in IndT to its
maximal subobject in IndT".

If T and V are tensor categories where V is semisimple schurian, then TX'V is again a tensor
category. We can and will identify T and V with tensor subcategories of TX V.

The following observations are standard, see e.g. [De2l §2.11].

Lemma 1.2.12. Consider a tensor subcategory T C T.

(i) If A is in AlgT, then I'mvA is a subalgebra, and hence an object in AlgT’.

(i) For X € IndT and Y € T', the natural morphism I't/(X) @ Y — I';(X @ Y) is an
isomorphism.

(i1i) For A € AlgT, set R := T'prA. The laxz monoidal structure of T'ps : IndT — IndT induces
one as a functor I'p : Mod;rl — Mod%l via the universality of the coequaliser — ®¢ —.
Furthermore,

Ip/(M) @ I/ (N) — T (M @4 N)
is an isomorphism if M ~ A ® My and N ~ A ® Ny for My, Ng € T'.

1.3. Symmetric and divided powers. Let C be a symmetric monoidal category as in [.L2.2]
and fix X € C.



6 KEVIN COULEMBIER

1.3.1. We define A%2X as the image of the morphism yxx — 1 in End(®2X). By definition, A2X
is a subobject of ®2X. If 2 # char(k), then A2X is a direct summand. If C admits countable
coproducts, the symmetric algebra

Sym*X = @SymiX € algC
1€N
is the maximal commutative quotient of the tensor algebra of X. It is therefore the quotient
with respect to the ideal generated by A2X. Concretely, for n € N, Sym™X is the cokernel of

n—1
(2) P o XeA’Xoe!X "X, o Pe"X - e"X,
a+b=n—2 i=1

where the used endomorphisms of ®"X are @ 11X ® (yxx — 1) ® @71 X.
Dually we define the divided power ' X by the exact sequence
n—1
0= I"X - "X » Pe"x
i=1
using the same endomorphisms of ®"X. Equivalently we can set Sym"X = Hg(S,, ®"X) and
X = H%S,,®"X), with notation as in Section 2.1
If X is dualisable and Sym™X is flat, Sym" X is dualisable with dual I"™(X"). This follows
from (2]) and the following lemma.

Lemma 1.3.2. If the cokernel C of u : A — B is flat for dualisable A,B € C, then C is
dualisable with dual given by the kernel K of v :=u!: BY — AV.

Proof. Tt follows by definition of v that the composition K ® B — BY ® B = 1 factors as
K®B - K ®C = 1, for some morphism e. The flatness of C' allows to conclude that the
bottom vertical arrow in the diagram

1 0 B BY

: i

CK— > C® BY

is a monomorphism. The existence of a morphism 0 to create a commutative diagram then
follows as for €. That € and § satisfy the snake relations now follows from construction. For
instance, the commutative diagram

BY ®co

BB E° _pvegpgpy 0

B\/

K® B® BY

K®co
K®C®BY

> K®6

eQK <
K

KeCe®K K

ensures that one of the snake relations is inherited from (ev, co). O
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1.3.3. Skew symmetric powers. For n € N, we define A" X as the image of the anti-symmetriser
Zaesn(—l)wa : Q"X — ®"X. The essential properties for us are A1 = 0 for n > 1, that
A"Z = 0 implies A"t1Z = 0, and

n
(3) AMX oY) ~ PHATX @ AY,

i=0
which is satisfied whenever A7 X and A7Y are flat for 1 < j < n, or when X = 1.

Now assume char(k) # 2. Then we could alternatively use H(S,,,sgn ® "X ) or Hy(S,,sgn ®
®"X), with notation of Section [2] as notion of skew symmetric power and all our results remain
valid with these alternative definitions. These two powers satisfy (B]) without any flatness con-
dition. Note that already for C = svec (see [[L42]) with char(k) > 2, these (co)invariants differ
from the A®-definition.

1.4. Semisimplification and the universal Verlinde category.

1.4.1. Semisimplification. For a tensor category T, let N denote the ideal of negligible mor-
phisms, see [AK] §7.1], which is the unique maximal tensor ideal. We have a canonical symmet-
ric monoidal k-linear functor X + X from T to the quotient T := T /N, which maps an object
to itself and a morphism to its equivalence class. As a special case of [AK|, Théoreme 8.2.2], we
find that Rep(G is abelian semisimple, for a finite group G. We stress that X — X is in general
(for instance in the example RepC, — ver), below) not exact, so not a tensor functor.

1.4.2. The category of super vector spaces. Assume char(k) # 2. The monoidal category svec
is defined as the category of Z/2-graded vector spaces, or equivalently as RepCs. The braiding
is defined via the graded isomorphisms

yww: VorW — WV, vw— (—1)‘””“’|w®v,

where |v| € Z/2 denotes the parity of a homogeneous vector. We denote the one-dimensional
super space concentrated in odd degree by 1.

1.4.3. Verlinde category. Assume that p := char(k) > 0. In [Os, Definition 3.1}, the universal
Verlinde category is defined as ver), := RepC,. With notation as in [[LI.I} the simple objects of
ver,, correspond, up to isomorphism, to M;, for 1 <i < p. If p > 2, by [EVO, Proposition 2.4],
we have

4) Pt (M;) = SymP Y (M;) = 0, foralll<j<p.
1.5. Fibre functors. For the entire subsection we consider tensor categories T,V, with V

schurian and semisimple. Sometimes we will require the additional assumption, satisfied for
instance by svec and ver), that

(5) for every simple object V 3 S 2 1 there exists N € N for which Sym”" S = 0.
We recall the following definition from [De2| §3.1].

Definition 1.5.1. Assume that V satisfies (). A fibre functor of T over R, for a non-zero R
in AlgV, is a tensor functor T — Mod}{.

Lemma 1.5.2. If 'V satisfies (Bl), then every simple algebra A in AlgV is a field extension of
k, interpreted in IndV D Vec.
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Proof. In order to find a contradiction, we assume that there exists a simple subobject S % 1
of A. Denote by J the ideal generated by S, meaning the image of

ARS < AA B A.

Since the n-fold multiplication ®"A — A factors through Sym"A we find by (@) that J is
nilpotent in the sense that any subobject in 'V of J is sent to zero when multiplied (inside
A) with itself enough times. In particular, J does not contain the image of n : 1 — A, so
J # A, which means J = 0, a contradiction. In conclusion, A is contained in Vec and hence a
commutative simple k-algebra. O

Remark 1.5.3. Consider tensor categories T1, To and non-zero algebras R, R’ € AlgTy with an
algebra morphism R — R’. The composition of any tensor functor F' : T; — 1\/Iod£2 with

R’ @5 — yields, by definition, a tensor functor T; — Mod%,z.

Lemma 1.5.4. If T admits a fibre functor as in Definition .51 then we have the following.

(i) Each object in T has finite length.
(i1) There exists a tensor functor T — V' for V' the semisimple tensor category over K, for
some field extension K/k, given by V' = vecy Xy V.

Proof. Part (i) is a direct consequence of part (ii) and the fact that fibre functors are faithful,
see Lemma Now we prove part (ii). Assume we have a fibre functor T — ModY. By
Remark [[L5.3] and Lemmata [L2Z10] and [[L5.2] we can replace R by a field extension K/k. It
follows quickly that Mod}: ~ IndV’. Since the only dualisable objects in IndV’ are in V’, the
lemma follows. O

Remark 1.5.5. In [De2, §3.1] the condition that V be semisimple is not required, but it is
assumed that all objects in T and V have finite length. By Lemma [[L5.4)(i) we thus find that
our notion of fibre functor is a special case of the one loc. cit.

1.5.6. In case we take V = vec in Definition [[.5.1] we recover the classical notion of a fibre
functor of [Dell, § 1.9]. A tensor category with such a fibre functor is a tannakian category,
see [Dell, §2.8]. When the k-algebra R is simply k, meaning we have a tensor functor to vec, the
category is neutral tannakian. A tensor category admitting a fibre functor over an algebra in
V = svec is a super tannakian category, see [De2 §0.9]. Neutral super tannakian categories
are defined similarly.

1.5.7.  For the reader’s convenience we recall some essential facts about the (neutral) tannakian
formalism from [Dell, §8], in our limited generality. We need a couple of definitions first. An
affine group scheme in T is a functor

G: AlgT — Grp,

which is representable by a commutative Hopf algebra k[G] in IndT. For a tensor functor
F: T — T to a second tensor category T’, the group functor Aut®(F) sends an algebra R in
AlgT’ to the group of automorphisms of the tensor functor (R® —)o F' : T — Mod};/, and is an
affine group scheme in T’ represented by the co-end algebra of F(—)V ® F(—): T x T — T".
As an example, we have the ‘fundamental group’ 7(T) = Aut®(Idr).

Lemma 1.5.8 (Deligne). Consider a tensor functor wp: T — V.

(i) Consider the group scheme G := Aut®(wp) with the canonical homomorphism p : (V) —
G. Let Rep(G,p) be the category of representations of G in V which restrict to the evalu-
ation action of m(V) under p. We have a tensor equivalence T = Rep(G,p), which yields
a commutative diagram with wy and the forgetful functor Rep(G,p) — V.
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(ii) There exists a tensor equivalence T X'V = RepG, which yields a commutative diagram
with w: TRV — V induced from (wo,Idv) and the forgetful functor RepG — V.

Proof. Part (i) is [Dell Théoreme 8.17], using [Dell (8.15.1)]. Part (ii) is [Dell Proposition
8.22]. O

We end this section with a result which is implicit in Sections 3 and 4 of [De2].

Proposition 1.5.9 (Deligne). If k is algebraically closed, V satisfies ([B) and T is finitely
generated, then any two fibre functors T — V are isomorphic.

Proof. As proved in [De2l, §3], for two fibre functors F,G : T — V, the co-end
XeT
A = / G(X)' ® F(X) € IndV

inherits the structure of an algebra in V. Furthermore F, G become isomorphic as tensor functors
after composition with R ® —, for R € AlgV, if and only if there exists an algebra morphism
A — R. Now if T is finitely generated, so is the algebra A.

By Lemma [[L.2Z10, A has a simple quotient A, which by Lemma [[.5.2]is a field extension K of
k. However, since A is finitely generated, so is K, which means K = k. In particular, we have
an algebra morphism A — k = 1. This means that ' and G are indeed isomorphic. O

2. REPRESENTATIONS IN ABELIAN CATEGORIES

We fix an abelian category A, finite groups H < G and a field k.

2.1. Definitions. We will interpret groups as categories with one object where all morphisms
are isomorphisms.

Definition 2.1.1. A G-object in A is a functor G — A. The abelian category of such functors
is denoted by Rep(G, A), the morphism groups by Homg and the forgetful functor by Res? :
Rep(G,A) — A.

Concretely, a G-object is of the form X = (Xp, ¢x), with X = Res¥(X) € A and ¢y : g —
¢% a group homomorphism G — Aut(Xy). A morphism X — Y in Rep(G, A) is a morphism
f:Xo— Yy in A such that fo¢% = ¢f o f for all g € G. We obtain a group homomorphism

(6) G — Aut(Res®) : g ¢9,  with (¢9)x = ¢% for all X € A.

For X,Y in Rep(G, A), the morphism group Homg (X, Y') can thus be interpreted as the invari-
ants Hom(X, Yp)?, for the adjoint G-action. We have a fully faithful exact functor

ta : A= Rep(G,A), Y (Y,¢y) with ¢§, :=idy for all g € G.
We will often omit the functor Res® and the similarly defined Resg to simplify notation.
Ezample 2.1.2. We have Rep(G, vecg) = Rep,G.

Definition 2.1.3. Assume that A is k-linear. For (M, p) € Rep, G with d = dimy M and X €
Rep(G, A), we define Y := M ® X as an object in Rep(G, A) with Y := @le Xéi) for objects
Xoi) in A with fixed isomorphisms o; : Xo = X(gi). Furthermore, we write endomorphisms of
Yy in A as matrices and set

¢y = (P(g)ij(ai o ¢ oaj!

where p(g);; € k are the matrix elements of p with respect to some fixed basis of M.

)>1gi,j§d’
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Alternatively we can define M ® X as the object in Rep(G, A) representing the functor
(M* ® Hom (X, —))® : Rep(G,A) — Ab.
We then easily find
(7) Homg(M ® X,Y) ~ Homg(X,M*®Y).
If A is k-linear, there is a fully faithful k-linear functor
A X Rep,G — Rep(G,A), XK M— M®ia(X).
If A is also semisimple and schurian then this functor is clearly an equivalence.
Definition 2.1.4. (i) The right and left adjoint functors of to are denoted by
H°(G,—) : Rep(G,A) - A and Hy(G,—):Rep(G,A) — A.

Concretely, H’(G, —) maps X to the maximal subobject of Xy on which each ¢% acts as
the identity, for all g € G, and Ho(G, —) is defined dually. In symbols this gives

HY(G,X) = () ker(Idx, — ¢%).
geG

(ii) Applying the unit and counit natural transformations, and using Res*G owa =~ Id, yields
natural transformations of functors Rep(G, A) — A:

HY(G,—) = Res? = Hy(G, ).
We denote the image of the composite by Trivg : Rep(G, A) — A.

Ezample 2.1.5. In RepyG, the subquotient Trivg(M) of M € RepyG is isomorphic to the
maximal direct summand of M which has trivial G-action.

2.1.6. Consider the set I = G/H of left cosets and pick a representative r; € G for each i € I.
For each g € G and i € I we then have some g¢(i) € I and h{ € H such that gr; = Tg(4) h!. We
now also assume that for each Xy € A we have a fixed set of isomorphisms

(B :xy 3 x)|iery inA.
Definition 2.1.7. The functor
Ind% : Rep(H,A) — Rep(G, A)

maps an object X in Rep(H,A) to Y = (Y, ¢y ) with Yy = @,; Xéi) and

¢y = (6i,g(j> X0 o gt o (@XO)*)

i,jEI‘
For a morphism f from X to Z in Rep(H, A) we have Ind%(f) = (@ZO ofo (55(0)_1) K
1€

As in the classical case, the functor Indg is left and right adjoint to Resg.
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2.2. Elementary properties. For g € G we denote by H9 the subgroup gHg~ ' < G. Since
H ~ HY we can interpret H-representations as HY-representations. Concretely, for X €
Rep(H, A), we denote by X9 the object in Rep(HY, A) which has same underlying object in A,

1
but has action given by gbghg = ¢l
Lemma 2.2.1 (Mackey’s theorem). For a subgroup L < G, we have natural isomorphisms

Res¢ oInd% X 5 EB Ind%. ;e o Rest ;. X5, for X € Rep(H, A).
seL\G/H

Proof. The classical proof, see e.g. |Al, Lemma III1.8.7], carries over verbatim. O

Lemma 2.2.2. For X in Rep(H, A), the morphisms in A given by (ﬁ;xo)ie[ : X — Ind% X and
((BZ?XO)_l)Z-e[ :Ind$ X — X, induce isomorphisms

H(H,X) 5 HYG,Ind$X)  and  Ho(G,Ind%X) = Ho(H,X).
Proof. We prove the first property, as the second is similar. Take a trivial G-representation Z
in Rep(G, A), i.e. an object in the image of to. A morphism f from Z to Ind% X in A is of the
form (f;)ier for some f;: Z — XO(Z). Then f € Homg(Z, Ind% X) if and only if
Bg(] qﬁX (ﬁon)_l ofj = fg), foralljelandged.

Fix an arbitrary ig € I. The above equation for j = 4y and arbitrary g € H"o implies
that ¢ = (550(0)—1 o fi, is in Homy(Z, X). The equation for j = ip and g = r;r; ! for all
i € I then shows that f; = ﬁiXO o for all « € I. We have thus showed that composmg with
(@XO)Z-E[ X = Ind%X in A induces an epimorphism

Homp (Z, X) — Homg(Z, Ind% X).

Since we compose with an monomorphism in A, the above epimorphism is also a monomorphism.
The fact that composition with (BZ-XO)Z- induces an isomorphism for each such Z concludes the
proof. O

Corollary 2.2.3. Assume A is k-linear.

(i) If the image of |G : H| in k is zero, we have Trivg o Ind% = 0.

(ii) If |G : H| is zero and |G : L| is invertible in k, for L < G, then Trivy o Res$ o Ind$ =
(i) If |G : H| is invertible in k, then Trivg o Ind$ ~ Trivy.

Proof. Lemma [2.2.2] implies that there exists a commutative diagram in A
HY(H, X) — H°(G, Ind(fX\A Hy(G,Ind% X) —— Hy(H, X)
Xc Ind$ X

such that the composition of the lower horizontal line is |G : H| times Idx. The morphism from
H(G,Ind% X) to Hy(G,Ind%X) defining TrivgInd% X is therefore, up to composition with
isomorphisms, equal to |G : H| times the corresponding morphism from H°(H, X) to Ho(H, X).
This proves parts (i) and (iii).

Now we prove part (ii). By Lemma2.21] the functor Res$ oInd% is a direct sum of inductions
to L from subgroups L' < L which are isomorphic to subgroups of H. By assumption and
Lagrange’s theorem we know that |L : L’| is zero in k, which implies we can apply part (i) for
the group L. O
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Lemma 2.2.4. (i) The object TrivgX is a subquotient in Trivg X .
(ii) If H is a normal subgroup of G, then
HO(Gv _) = HO(G/Hv HO(Hv _)) and HO(Gv _) = HO(G/H7 HO(H7 _)‘
(iii) Trivy X is canonically a G/H-object and TriveX is a subquotient in Triveg, g Trivy X.

Proof. Part (i) follows from the commutative diagram

(8) HY(H, X) Trivg X Hy(H, X)
HO(G, X) Hy (G, X),

where the image of the lower horizontal morphism is Trivg X.

Now assume that H < G is normal. Part (ii) is obvious. Clearly the map H(H, X) —
Ho(H, X) is G/H-equivariant. Part (iii) then follows by definition and extending diagram ()
to include HY(G/H, Trivy X) and Ho(G/H, Trivy X). O

Example 2.2.5. Already for A = vecy, the subquotient Trivg X will in general not be isomorphic
to Trivg g Trivg X, for H < G. An example is given by k a field of characteristic 2 and G' =
So X So. Indeed, let X be a 3-dimensional indecomposable G-representation and H one of the
copies of Sg. Then we find Trivg X = 0 but Trivg, g Trivg X ~ k.

Recall the natural automorphisms ¢9 of ResC in equation (6l).

Lemma 2.2.6. Assume that A is k-linear and that n := |G : H| is invertible in k.
(i) The natural endomorphism f =13, ¢" of Res? restricts to h : H(H, —) = H(G, —).
(ii) The natural endomorphism f':= 13", o) of ResC yields h' - Ho(G,—) = Ho(H, —).
(iii) The functor Trivg is a direct summand of Trivy.

Proof. We fix an arbitrary X in Rep(G, A). First we prove part (i). We define the morphism
m in A by the commutative diagram

HO(H,Res% X )—————— Res¢' X

\ lfx

H(G, X) & Res¥ X.
It then follows by direct computation that ¢% om = m for all g € G, which implies that m
factors through H(G, X). Part (ii) is proved similarly.

Now we claim that the morphisms hx and hy as defined in parts (i) and (ii), yield a commu-
tative diagram, natural in X,

GX<—>X—»HOGX
[k

1d HOHX;)X—»HOH
b

HO(GX)%X—»HOGX

where the unlabelled morphisms are from diagram (8)). That the left upper square is commutative
follows from the observation that f’% restricts to the identity on HY(G, X). The lower left square
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is commutative by part (i). Furthermore, since fx o f} restricts to the identity on H(G, X), the
composite of the two morphisms in the left column is the identity, which implies in particular
that hx is an epimorphism. The arguments for the right-hand side of the diagram are identical.

By commutativity, the morphisms in the right column restrict to morphisms between the
respective subobjects TrivgX and Trivg X. In particular, Trivg X is a retract of TrivgX. By
naturality, this proves part (iii). O

Lemma 2.2.7. If A is k-linear and |G : H| invertible in k, then the identity functor on
Rep(G, A) is a direct summand of Indg o Res%.

Proof. We have a morphism

-1
(850 0 ¢\ Nier + X — MdGResf (X)
and a similarly defined morphism in the other direction which compose to |G : H| times the

identity. O

The following proposition can be thought of as a very incomplete categorical generalisation
of Green’s correspondence, see e.g. |Al, Chapter III].

Proposition 2.2.8. Assume that A is k-linear and that p := char(k) > 0. Let P denote a
Sylow p-subgroup of G and L = Ng(P) its normaliser. If H contains L, then

Trivg ~ Trivgy.

More precisely, the canonical morphism H°(G,—) = Trivy is an epimorphism and Trivy =
Ho(G, —) is a monomorphism.

Proof. 1t suffices to prove the claim for H = L, the claim for any intermediate group L < H < G
then follows from diagram (8)). We will prove that H°(G, X) — Trivy (X) is an epimorphism, for
every X in Rep(G, A). The dual claim for Hy is proved identically. By Lemma 2.2.7] it suffices
to consider only X := Ind¥Y for Y € Rep(L, A). Consider the diagram

H(G, Ind¥Y)—— HO(L,Res¢Ind{Y) —= Trivy (Res¢Ind{Y)

| | |

HY(L,Y) =—=H°(L,Y) Trivy(Y),

where the left isomorphism is given in Lemma and the two downwards vertical arrows
are induced from the projection onto the direct summand Y in ResIndY corresponding to the
identity coset in G/L. By construction, the right square is commutative and it follows from the
definition in Lemma that also the left square is commutative.

By Sylow’s theorems, all Sylow subgroups are conjugate. Since P <1L, it is the unique Sylow p-
subgroup of L. By Lemma [2.2.T], the complement of the above direct summand Y in Resflnde
is an object Z in Rep(L,A) which is a direct sum of objects induced from L* N L to L, where
s € G is such that P® # P. Consequently, L®* N L does not contain the Sylow p-subgroup of L.
Corollary 22.3[(i) then implies Triv,Z = 0. In other words, the right downwards arrow is an
isomorphism.

The required epimorphism can now be read off from the commutative diagram. O

Lemma 2.2.9. Assume A is k-linear and take M € Rep,G and X € Rep(H,A). We have an
isomorphism in Rep(G, A)
M ®@IndGX = nd%(M ® X).

Proof. This follows from the adjunction between Ind% and Res$ and equation (). O
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2.2.10. Consider a symmetric monoidal category C as in [L2.2l For every X € C and n € N
the braiding 7 defines a group homomorphism S,, — Aut(®"X). The permutation (1,2) is for
instance sent to yxx ® (®" 2Idy). We can thus interpret ‘®™" as a (non-additive) functor

(9) X — ®"X, C— Rep(S,,C).

Lemma 2.2.11. The object Trivs,, ("1 X) is a subquotient of Trivs, (®"X) ® X. Conse-
quently, Trivs, (®R"X) = 0 implies that Trivs (®"X) =0 for all r > n.

Proof. This is a special case of Lemma Z2.4(i), together with the fact that Trivs, x1(®"T1X) is
a quotient of Trivs, (®"X) ® X (where the quotient map is an isomorphism if X is flat). O

2.3. Semisimplification of representation categories. In this subsection we assume that k
is a splitting field for G. By this we mean that every indecomposable module of kG is absolutely
indecomposable. Equivalently, the radical of Endg (M) is of codimension 1, for every indecom-
posable kG-module M. Every algebraically closed field is thus a splitting field for any finite
group. Recall the semisimplifcation RepG — RepG, X — X of [L4.1l

Lemma 2.3.1. Consider arbitrary indecomposable M, N in RepG.

(i) The object M is simple or zero. Set nyr = 0 when M =0 and ny; = 1 otherwise.
(ii) If M ~ N then either M ~ N or M =0 = N.
(iii) For dprn defined by opyn =1 if M ~ N and dprn = 0 otherwise, we have

dim]k TriVG(M* & N) = (5MNnM.
(iv) The category RepG is schurian.
Proof. For the entire proof, let M, N € RepG be indecomposable kG-modules. By construction,

End(M) is a quotient of the local algebra Endg (M) and thus local or zero. Consequently, M
is either indecomposable or zero. Since RepG is semisimple, part (i) follows. Part (iv) follows
from part (i) and the assumption that k is a splitting field for G.

Now assume that M, N are not isomorphic and fix a morphism f : M — N. For any morphism
g: N — M we have that go f is not invertible in Endg(M). Since Endg (M) is a local and finite
dimensional algebra, g o f is thus nilpotent. It follows that the morphism go f of the simple (or
zero) object M is nilpotent and hence zero. This proves part (ii).

Now let M, N be arbitrary again. As a special case of part (ii), the only indecomposable
module in RepG which is mapped to 1 in RepG is the trivial one. By Example 2.5 we get
isomorphisms of vector spaces

Trivg(M* @ N) ~ KO NI Hom(M, N).
Part (iii) then follows from parts (ii) and (iv). O
Remark 2.3.2. Tt is easy to see that M = 0 precisely when dimy M is divisible by p.

2.3.3. For each isomorphism class of indecomposable modules M in RepG with ny; = 1 (as
defined in Lemma 2.3.T((i)) we choose one representative. We denote the corresponding set by
BG C ObRepG. We can interpret BG as the canonical basis of the Grothendieck group of RepG.

Definition 2.3.4. Assume that kG is of finite representation type and A is k-linear. We define
the semisimplification functor

Sc: Rep(G,A) - AXRepG by X — @ (TrivG(M*®X)®M).
MeBG
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Proposition 2.3.5. Assume that A is semisimple and schurian. Then the composite of
AXRepG = Rep(G,A) °§ A K TRepG
is just the product of the identity functor on A and RepG — RepG : M — M.

Proof. For simplicity we consider an indecomposable module N € RepG and some object X €
A. The composite is then
Xo®N = NoXyg = P (Trivg(M* @ N) @ Xo) XM = X, KN,
MeBG
by Lemma 2.3.1] O

3. LOCAL SEMISIMPLICITY AND FREENESS
We fix an arbitrary field k for the entire section.
3.1. Definitions. For this subsection we fix a monoidal category C as in
3.1.1. For a morphism « : 1 — X in C and n € N, we define
o € Hom(1,Sym"X) as the composition 1 Loy gnX — Sym"X.
We can define o™ also as o™ = Hy(S,, ®"«), or via the algebra morphism
a® = Ppa”: Sym*l — Sym*X.

3.1.2. Fix a short exact sequence X in C

:0->U—-V W =0,

with U and V flat. This filtration of length 2 on V induces a filtration of length n + 1 on
®"V with gr(®"V) ~ @"(grV’). The quotient Sym™V of ®™V is thus also filtered and we get a
canonical graded epimorphism

05, : Sym"(grV) — gr(Sym"V).

If 2 < char(k) < n, then 6% need a priori not be an isomorphism, since Hy(S,, —) is then only
right exact.

For a monomorphism « : 1 — X with X flat, the morphism «o” of B.1.1]is the degree 1
component of 63 composed with the inclusion gr{Sym"X < Sym"X.

3.2. Locally semisimple categories.

Definition 3.2.1. A tensor category T is locally semisimple if there exists a symmetric monoidal
category C as in[[L2.2] and a tensor functor F' : T — C which maps every short exact sequence
¥ in T to a split short exact sequence F'(X).

By Lemma [[5.4ii), all tensor categories which admit fibre functors in the sense of Defi-
nition [[L5.1] are locally semisimple. We can characterise locally semisimple tensor categories
internally as follows. We freely use the notation and definitions of Subsection [3.I] and the tensor
functor Fy = A® — from (Il). Some related results can be found in [Scll, Proposition 5.3.4].

Theorem 3.2.2. A tensor category T is locally semisimple if and only if one of the following
equivalent properties is true.

(i) For every short exact sequence ¥ in T, the epimorphism Oy, is an isomorphism.
(ii) For every X € T, n € N and non-zero « € Hom(1, X), the morphism o™ is non-zero.
(iii) For every short exact sequence 2 in T there exists a non-zero A = Ay, in AlgT such that
A ® X splits in Mod.
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(iv) There exists non-zero A € AlgT such that for every short exact sequence ¥ in T, the
sequence A ® X splits in Mody.

Remark 3.2.3. (i) If char(k) = 0, Theorem B.2.2)(i) shows that all tensor categories are locally
semisimple, see also [Dell Lemme 7.14]. If char(k) > 0, we will improve Theorem B.2.2](ii)
to Theorem [3.2.41

(ii) For p = 2, an example of a tensor category which does not satisfy the properties in
Theorem is given in [EHO| Example 3.3], see also [BE]. For p > 2, such tensor
categories will appear in future work of Benson, Etingof and Ostrik and of the author.

(iii) If char(k) # 2, just as in the proof of Theorem B.2.2(i), we can show that the canonical
monomorphism gr(I'(1nyX) < I'(1ny(grX) is always an isomorphism for a filtered object X
in a locally semisimple tensor category. The theorem thus shows that in case 6 is always
an isomorphism, so is ‘¢_" in [EHO| Question 3.5].

Theorem 3.2.4. A tensor category T over a field k with p := char(k) > 0 is locally semisimple
if and only if for each non-zero a: 1 — X in T, the morphism of : 1 — SymP X is non-zero.

We fix a tensor category T and start the proof of the theorems with some preparatory results.
The following lemma is essentially a reformulation of [Dell Exemple 7.12].

Lemma 3.2.5. Consider a short exact sequence
Y: 013X -5Y =0

in T. For (A,m,n) € AIgT, the sequence A ® ¥ splits in Mody if and only if we have an
algebra morphism Sym®*X — A yielding a commutative diagram of algebra morphisms

Sym*® X A

‘N

Sym'l —2——~1

where p restricts to the identity Sym'1l = 1 in degree 1.
Proof. For any algebra A we have a commutative diagram
Homy(A ® X, A) —— Hom(X, A) —— Hom,;,(Sym* X, A)

\L—o(Idﬂ(@a) l—oa l—oa'

Homy (A, A) — = Hom(1, A) —— Homyg,(Sym°1, A),

see [Dell Example 7.9]. A morphism f € Homy4(A®X, A) splits A®Y if and only if (Idg®@a)of =
Idg. With g € Homg,y(Sym®*X, A) the image of f under the isomorphisms, this condition
becomes commutativity of the diagram

Sym® X

a.
nop

Sym®1

A,

which concludes the proof. O

Corollary 3.2.6. If for a short exact sequence X as in Lemma we have o™ # 0 for all
n € N, there exists non-zero A € AlgT such that A @ X splits in Mody.



TANNAKIAN CATEGORIES 17

Proof. By Lemma [3.2.5]it suffices to prove that the pushout in AlgT
Sym®X Ugymer I =~ Sym*X ®gypeg 1 =: B

is non-zero. By construction, in IndT we have B = h_n)lSym"X , where the morphisms in the
direct system are given by the composites

Sym"X &% (Sym"X)® X — Sym"*lX.

Consequently, the collection of monomorphisms {a” : 1 — Sym"X} yields a monomorphism
1 — B, which proves that the pushout is non-zero. O

Proof of Theorem[3.2.2. Assume we have F' : T — C as in Definition B.2.I1 We then have
F(0%) = Opn(x). Since F(X) splits, clearly 0p(x) is an isomorphism. Since F is faithful, see
Lemma [I.2.6] it follows that 0y, is an isomorphism as well. Hence a locally semisimple tensor
category satisfies (i).

Property (i) contains (ii) as a special case. That (ii) implies (iii) follows from Corollary B.2.6]
and the isomorphism between Ext!(X,Y) and Ext!(YV ® X, 1), for X,Y € T, see e.g. [Dell,
proof of Lemme 7.14].

If (iii) is true, then for every short exact sequence ¥ in T we have an algebra Ay, in AlgT
which splits 3. Since T is essentially small we can take a set T of short exact sequences such
that every short exact sequence in T is isomorphic to one in 7. Then

A=Ay = @@AZ € AlgT,
xeT S xes
where S ranges over all finite subsets of T', satisfies condition (iv).

If (iv) is satisfied, the tensor functor Fy = A ® — from (I]) makes T locally semisimple. [

Proof of Theorem [3.2.4] One direction is a special case of Theorem [B.2.2(ii). Now assume that
aP is never zero for non-zero « and pick one such « : 1 — X. By iterating j times, we find that
the morphism

1 — Sym”(Sym”( - - Sym”(X)---))
is non-zero. By iteration of Lemma[2.2.4(ii), the above morphism can be written as Ho(Q;, P a),
for Q; < S, as in Since 1 = ®”'1 is in particular @;-invariant, we actually find that
Trive, (&% a) # 0. By Proposition 2228 and Lemma [[L1.3] we thus find that Trivs ; (&% o) # 0,

so in particular o = Ho(spj,®pjoz) #£0, for all j € N. Since o™ = 0 implies a"*! = 0, we thus
find that o™ # 0 for all n € N. The conclusion now follows from Theorem B.2.2{ii). O

3.3. Locally free objects and splitting algebras. For the entire subsection, we consider
tensor categories T and V, with V schurian and semisimple.

Definition 3.3.1. An object X € T is locally V-free if there exist a non-zero A € Alg(T X V)
and Xy € V such that A® X ~ A ® X; in Mod%gv.

Lemma 3.3.2. (i) If X,Y € T are locally V-free, then so are X @Y, X @Y and XV.
(ii) If V is pointed, then the locally V-free objects form a tensor subcategory of T.
(iii) If T is locally semisimple, any extension of two locally V -free objects is again locally V -free.
(i) If V is pointed and T is locally semisimple, the tensor subcategory of T in (ii) is a Serre
subcategory.

Proof. The first observation is straightforward. To prove (ii) it thus suffices to show that any
subquotient of a locally V-free object is again locally V-free. Consider a locally V-free object
X € T. By Lemma [[.2.T0] we may assume that there exists A € Alg(T X V), simple in Mody,
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and Xo € V such that A® X ~ A® Xj. Since every simple object S € V satisfies S ® SV ~ 1,
it follows that A ® S is also simple in Mody. Consequently A ® X is semisimple and for any
subquotient Y of X, the subquotient A ® Y of A ® Xy must be of the form A ® Y for some
Yy C Xo.

To prove (iii) consider a short exact sequence ¥ : 0 - X — F — Y — 0in T where X and YV’
are locally V-free. By Theorem [3:22.2(iii) and assumption, there exists an algebra Ay, @ Ax @ Ay
which ensures E is locally V-free. Claim (iv) is just the combination of (ii) and (iii). O

Definition 3.3.3. A V-splitting algebra A for T is a non-zero A € Alg(T X V) such that
A splits every short exact sequence in T (or equivalently in T X V) and for every X € T (or
equivalently, for all X € T X V) there exists Xy € V for which A ® X ~ A ® X; in Mody.

When V = vec, we say ‘splitting algebra’, rather than ‘vec-splitting algebra’. Recall from
Lemma that, for A € Alg(T X V), the object I'yvA is an algebra in IndV and that
I'v interpreted as a functor Mod:®V — Mody is canonically lax monoidal, for an algebra

isomorphism R = I'vA.

Proposition 3.3.4. Fiz R € AlgV. Consider the full subcategory of the category of R-algebras
a:R—=AinIndT RV (the coslice category (R | AlgT K V)) for which A is V-splitting and
I'v(a) is an isomorphism. There is a fully faithful functor from this category to the category of
tensor functors T — Mod}{, given by

A Opi=Tvo(A®—).

Proof. For an arbitrary algebra A over R, we can define a left exact and lax monoidal functor
®, :=Tyo(A®—) from T to Mod;{. In case A satisfies the further conditions in the proposition,
then @4 is monoidal, as follows from Lemma [[L2Z.12](iii), and exact since I'y is additive. Hence
in this case ®4 is a tensor functor, which means that ® is well-defined.

There exists a commutative diagram (up to isomorphism) of functors

M Ty (M®-)

Ind(TX V) Functg (T, IndV)

\ lF:—N{X&V»—)Hom(V,FXV)}

Functg ((T X V)°P, Vec),

where the diagonal arrow is the ordinary (fully faithful) embedding of ind-objects in the category
of all k-linear presheaves. It is easy to see that the downwards functor is an equivalence, so the
horizontal functor is fully faithful.

In particular, for R-algebras algebras a : R — A and b: R — B in Alg(T X V), we have an
isomorphism

Hom(A,B) = Nat(lyv(A® —),Iv(B® ), f—o/ =Tv(f®-).

To conclude the proof it suffices to show that f : A — B is an R-algebra morphism if and only
if 9 is a natural transformation of lax monoidal functors to Modg. Indeed, it then suffices to
apply this to the full subcategory of (R | AlgT X V) in the proposition.

It follows easily (and similarly to the next paragraph) that v/ is a natural transformation
of functors to Mody if and only if f is a morphism of R-modules (for the canonical R-module
structure on A and B). From now on we only consider such f.

If f : A — B is an algebra morphism it follows immediately that 1)/ respects the lax monoidal
structures of ® 4 and ®5. Now we prove the reverse implication. If foa # b (which is equivalent
to T'v(f o a) # T'v(b)), then ¥/ will not yield the required commutative diagram for ®4(1) «
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R — Pg(1). If fomy # mpo(f® f), then there exist U,V € V and X,Y € T with morphisms
XVXU - Aand YYXV — A, such that the corresponding compositions

X'RU)® (YYRV) s A®A = B
are not equal. It then follows easily that application of ¥/ leads to a non-commutative diagram
Pu(X)RrPa(Y) =2 P3(X®Y)
and hence 1/ is not a morphism of lax monoidal functors. This completes the proof. O

Proposition 3.3.5. Assume that every object in T is locally V-free and V satisfies ().

(i) The tensor categories T and T RV are locally semisimple.
(i) There exists a 'V -splitting algebra for T.
(iii) The tensor category T admits a fibre functor T — Mod}{ over some algebra R € AlgV.

Proof. For (i) it suffices to prove that T/ := TV is locally semisimple. As every object in T’ is
locally free, by taking an (infinite) tensor product over the set of isomorphism classes of objects,
we obtain B € AlgT’ such that for every X € T’ there exists Xy € V such that B X ~ B® Xj.
Now take a monomorphism « : 1 < X in T'. We will show that a™ # 0 for all n > 1, so the
conclusion in (i) will follow from Theorem B2.2(ii).

Observe that any tensor functor F' : T/ —7 is faithful and satisfies F(a)” = F(a"). In
particular, we have o™ # 0 if and only if (B ® «)™ # 0. We compose B ® « with an isomorphism
between B X and BR X for some Xy € V, which exists by assumption, to get a monomorphism

ap: B—B® Xy in Modsg.

We must show that off # 0. Although this can be shown in general, for convenience we will
replace B by a simple quotient, as we can do by Lemmata [L2.10] and 5.3

We claim that the simplicity of B implies that Homg (B, B & S) = 0 for simple S € V when
S # 1. By duality we can equivalently consider a non-zero morphism B ® S — B for such S,
which is automatically an epimorphism. Since — ®3 — is right exact this yields an epimorphism
between the respective n-th tensor powers, for all n € N. Since ®%B = B = SymzB and
Hy(Sy, —) is right exact, we thus find epimorphisms

B ®Sym"S ~ Symz(B®S) - B, forallneN.

This is contradicted by assumption (5). Hence the monomorphism g is the embedding of the
simple direct summand B of B ® Xj. It follows that «af # 0.

By part (i) we have an algebra A € Alg(T X V) as in Theorem B.2.2)(iv). The tensor product
A ® B is V-splitting for T, proving (ii). Furthermore, (ii) implies (iii) by Proposition B34l O

3.4. Neutrality. As in the previous subsection we consider tensor categories T and V, with V
schurian and semisimple.

Definition 3.4.1. A neutral V-splitting algebra A for T is an algebra (A, m,n) in Alg(TXV)
for which I'v(n) is an isomorphism and such that for each X € T there exists X € V for which
AR X ~A® Xp.

By the following lemma, this definition is consistent with Definition 3.3.3]

Lemma 3.4.2. If A is a neutral V-splitting algebra, then
(i) A is a V-splitting algebra;
(ii) we have a symmetric monoidal equivalence Mod}fgv ~ IndV.
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Proof. We start by proving (ii), via the symmetric monoidal functor
F: IndV "% ModT®V.

It follows easily from I'v(A) = 1 that F' is fully faithful. As for any algebra in T X V, every
A-module is a quotient of a direct sum of ‘free modules’ A ® Z with Z € T X V. By the
assumptions in B.4.1] any object in Mod, thus has a presentation by objects in the image of
F. Since F is fully faithful and right exact, it follows it is dense and therefore an equivalence.
By (ii), the target of A ® — : T — Mod, is semisimple, so clearly the functor A ® — splits
every short exact sequence. This proves (i). d

Theorem 3.4.3. We have an equivalence from the category of neutral V-splitting algebras A
for T with the category of tensor functors T — V, given by

A @q:=Tyo(A®-).

Proof. By Proposition B.34] it suffices to prove that the assignment yields a dense functor.
Consider a tensor functor F' : T — V. By Lemma [[.5.8]ii), we can interpret T X'V as the
category of representations of an affine group scheme G in V, represented by some O € AlgV.
Furthermore, the functor w : TV — V| induced from (F,Idy) is to be interpreted as the
functor forgetting the G-action

Denote by O the right regular O-comodule, which is an object in Alg(T X V). It follows
from the standard properties of Hopf algebras that O is a neutral V-splitting algebra for T. We
sketch a proof below.

For any M € T XV, composition with the counit of O yields a natural isomorphism

(10) Hom(M,O) ~ Hom(w(M),1).

We will freely use that the canonical inclusion ¢ : V < TV satisfies wor ~ Idy. Equation (I0)
thus implies in particular that I'v(O) = 1. Furthermore, since V is semisimple, (I0) shows that
QO is injective in Ind(T X V). Therefore O ® — splits every short exact sequence in T X V.

Finally, (I0) shows that O ® X ~ O ® w(X), for any X € T.
In conclusion, the tensor functor F' is isomorphic to ®p =TIy o (O ® —). O

The proof of Theorem [3.4.3] and Lemma [[.5.8 yield the following examples.

Ezample 3.4.4. (i) The neutral splitting algebras for T are the algebras in AlgT isomorphic
to k[G], under an equivalence T ~ RepG with G/k an affine group scheme.
(ii) If p # 2, the neutral svec-splitting algebras for T are the algebras in Alg(T X svec)
isomorphic to k[G], under an equivalence T X svec ~ RepG with G an affine supergroup
scheme.

Corollary 3.4.5. Let A be a neutral V -splitting algebra for T, and T C T a tensor subcategory.

(i) The algebra Tpogy A is a neutral V-splitting algebra for TY.
(ii) For a neutral V-splitting algebra A° for T°, we have ®4|po ~ ® 40 as tensor functors if
and only if there exists an algebra morphism A° — A.

Proof. Lemma [L2.12(ii) shows that (i) is true and that @410 = ®r_,__(4)-

Theorem [3.4.3 and the above paragraph show that ®4|po ~ ® 4o if and only if A° ~ I'pogyA.
The fact that the category of tensor functors T® — V is a groupoid, see [[2.7] together with
Theorem [B.4.3, shows that A% ~ I'pogyA if and only if there exists an algebra morphism
A% = I'pogyA, which is the same as an algebra morphism A% — A. ([l

4. FROBENIUS TWISTS IN TENSOR CATEGORIES

Consider an arbitrary field with p := char(k) > 0 and a monoidal category C as in [[.2.2]
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4.1. The symmetric twist.

4.1.1. Recall the functor ®” : C — Rep(S,;,C), X — &P X from @.

Pl
Definition 4.1.2. The j-th symmetric Frobenius twist is the functor
Frg) = Trivspj o@” . C = C.
We also write Fr := Frg_l). For an exact (for instance out of a tensor category) tensor functor
F: C — D, the diagram

J)
Frj

C C
L
FrJ
D hi D

(11)

commutes up to natural isomorphism.

Proposition 4.1.3. For a tensor category T, the following are equivalent:
(i) The tensor category T is locally semisimple.

(ii) The functor Fry : T — T is exact.

(iii) The functor Fr(]) T — T is exact for every j € N.

Before proving the proposition, we return to the more general case of monoidal categories C

as in [.2.2] and prove that Frgf) is always additive. It can even be made k-linear by adjusting
the k-linear structure on the target category, but we will omit this interpretation.

Lemma 4.1.4. The functor Frsz) is additive. So, for all X,Y € C, we have
Frg)(X eY) ~ Frg)(X) @ Fr(])(Y), for j € N.
Proof. For f,g € Hom(X,Y) with X,Y € C and n € N, we have
"Frg) = )Y Idgs (8°)® (%)

at+b=n

For n = p’, the index [S,, : S, x Sp| is given by the binomial coefficient (?/ ) If a ¢ {0,p7},
this index (pa] )=t d (p] 1) is divisible by p. By Corollary 2:2.3(i), we thus have

a \a—1
. j . j . j
Trivs , (@7 (f +g)) = Trivs (& f) + Trivs (&"g),
which demonstrates that the functor is additive. O

Proof of Proposition [{.1.5 Assume first that T is locally semisimple via the tensor functor F :

T — C. By Lemma [£T.4] and the assumption that F' map every short exact sequence to a split

() G)

one, the composition Fr’ o F' is exact. Hence F'oFr}’ is exact by commutativity of (III). Since

F is exact and faithful, the functor Frgf) : T — T is also exact. This proves that (i) implies
(iii). Furthermore, property (iii) includes (ii) as a special case.

Now consider a monomorphism « : 1 — X in T. We observe that o as defined in[B.1.T]is given
by Trivs,(®Pa) = Fry () composed with the monomorphism Trivs, (®PX) < Sym? X. Now if
Fry is exact, then Fry(a) : 1 — Fry(X) is a monomorphism and thus not zero. Consequently
aP is not zero and we apply Theorem [B.2.4] to show that (ii) implies (i). O
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Example 4.1.5. Assume that k is perfect. Take V' € vec, consider the corresponding algebraic
group GL(V) and the category of algebraic representations T := Rep,GL(V). We have that
'™V, respectively Sym"™V, is isomorphic to the Weyl module V' (ne;), respectively dual Weyl
module H%(ne;), see [Jnl, §11.2.16]. It follows from [Jn, Propsition I1.4.13] that the image of a
nonzero morphism from V(ne;) to H%(ne;) is the simple module of highest weight ne;. By [Jnl,
Corollary 11.3.17] we thus find FrSf)V ~ V), where VU is the classical j-th Frobenius twist of
V in RepGL(V).

From Lemma T4 and equation (@) we find the following examples. The first example
demonstrates in particular that Fr, which is the image of a natural transformation from a lax
monoidal to an oplax monoidal functor, is not a monoidal functor when p # 2.

Ezample 4.1.6. (i) If p# 2, for T = svec and V =V & Vj € svec, we have Fr V ~ V.
(ii) More generally, for X in ver,, we have Fr X ~ 1910,
(iii) If p = 2, let D be the triangular Hopf algebra of [EHO, Example 3.3] and T the category
of finite dimensional D-modules. Then Fry D = 0, for D the regular D-module.
(iv) The condition that k be perfect is required in Example For instance, if k = F,(¢)
and V =k, then dimy VM) = p but dimy Fr,V = 1.

For j € Z~q, we denote by Fri : C — C the composition Fry oFry o---oFry of j factors
FI'+.

Lemma 4.1.7. For all X € C, the object Frg)(X) is a subquotient of Frﬂ_(X).

Proof. By Lemma [.T.3] and Proposition 2.2.8 we have FrSf)X ~ Trinj(®ij), with Q; < S,
introduced in The lemma thus follows by iteration of Lemma 2.2.41iii). O

For the rest of the subsection, fix a tensor category T and X,Y € T.
Lemma 4.1.8. The object Fr4(X) @ Fro(Y) is a subquotient of Fry (X ® Y) in T.
Proof. We have
Fro(X)®Fr (V) ~ Trivs, xs, (" X) @ (®PY)) and Fri(X®Y) ~ Trivs, ((®PX)® (®"Y)).
The conclusion thus follows from Lemma [2.2.4(i) for the diagonal embedding S, < S, xS,. O
Remark 4.1.9. (i) If we have p =2 and X € T, we have a short exact sequence
0= A2X 5 T%X 5 Fry X — 0

and one can check directly that Fry is a symmetric monoidal functor.

(ii) By Example .I.5] the commutative diagram (II]) and Lemmata £.I.8 and [[2.6, we find
that in tannakian categories we have Fry(X) @ Frp (V) ~Fry (X ®Y).

(iii) Example AT6lii) and Lemma [A.1.7 similarly show that in tensor categories which admit a

fibre functor over an algebra in ver,, we have FrSZ) ~ Fr’..

Lemma 4.1.10. Let X and S be self-dual objects, where S is simple. If [®ij 28] =1=
[Sym” X : S, then [FrSZ)X :S]=1.

Proof. By self-duality we also have [’ X : S] = 1. Since [®ij : 8] =1, it follows that the
unique subquotient isomorphic to S must be a subquotient of the image of I'”” X — Sym” X. O

4.2. The skew symmetric and internal twist.
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4.2.1. For X € C we can restrict the Sp-action on ®”X to the subgroup C, < S,, yielding
C — Rep(C,,C), X — @PX.
Definition 4.2.2. The internal Frobenius twist is the functor
Fri, = Trive, o ®”: C — C.
Lemma 4.2.3. The functor Fr;, is additive. Moreover, a tensor category T is locally semisimple
if and only if Fryn : T — T is exact.

Proof. Additivity follows as in Lemma [£T.4] using Corollary 2:2.3(ii). Now consider a tensor
category T. By Lemma [2.2.6[iii), the functor Frj, contains Fr; as a direct summand. Hence
Proposition [£.1.3] shows that if Frj, is exact, T must be locally semisimple. The claim in the
other direction follows as in the proof of Proposition £.1.3] O

For the rest of the subsection we assume that p > 2.

Ezample 4.2.4. Set T = svec and take V € svec. We have Fri, (V) = V() ~ V, the ordinary
Frobenius twist of V' as a k-module.

Definition 4.2.5. For j € N, the j-th skew symmetric Frobenius twist is the functor
Fr) = Trivs ; o (sgn®) o g’ :C=>C, X Trivs ; (sgn ® (®ij)).
The following lemma follows from the definition and as above.

Lemma 4.2.6. Take j € N.
(i) Fr% is additive.
(ii) Fr(_J) is exact if C is a locally semisimple tensor category.
(i1i) In C X svec we have
FrY(X)RT ~ e (X R 1)
Question 4.2.7. Let T be a tensor category.
(i) If p = 3, one finds Frj, = Fry & Fr_. Is the same equation true for p > 37
(ii) If p = 3, is Frj, monoidal? Closely related, if p = 3, is Frj, ~ Fr, with Fr as in Defini-
tion [4.3.1] below?
(iii) Do we have Frp oFr_ =0 =Fr_oFry?
4.3. The external twist. Recall the semisimplification functor S from Definition 2:3.4] and the
Verlinde category ver, = RepC, in [[.4.3]
Definition 4.3.1. The external Frobenius twist is the functor
p—1
Fr=Sc,0®": C—» CRyver,, X — @) Trive,(M; ® (27X)) B M;.
i=1
Note that we have Fr, ~ Fr if char(k) = 2.

Lemma 4.3.2. The functor Fr is additive. If T is a tensor category, then Fr is exact if and
only if T is locally semisimple.

Proof. That Fr is additive follows as in the proof of LemmalZ.1.4] using additionally Lemma[2.2.9
The statement about locally semisimple tensor categories follows as in Lemma [£.2.3] O

Proposition 4.3.3. If T is semisimple and schurian, then Fr coincides with the similarly
denoted functor in [Os, Definition 3.5].

Proof. This follows by comparing the definitions and applying Proposition 2.3.5] O
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5. CHARACTERISING LOCALLY FREE OBJECTS

We fix a field k with p := char(k) > 0 and a tensor category T over k. We will provide
internal characterisations for locally V-free objects for V equal to vec and svec.

5.1. Locally free objects. By locally free objects in T we refer to locally vec-free objects.
We will also replace T X vec by the equivalent T in all definitions. Since A ® X ~ A%®* for
X € T and some cardinality « implies that « is finite, by Lemma [L2.6] there is no need to
specify to ‘locally free objects of finite rank’.

Definition 5.1.1. For X € C, with C a monoidal category as in [[.L2.2] we define
[X]1 = sup{n € N]A”(Frﬁf)X) #0, forall j e N} € NU{oo}.

Theorem 5.1.2. An object X € T is locally free if and only if one of the following equivalent
conditions is satisfied:
(i) [X]1 e Nand A" X =0 if r > [X]z1.
(ii) (a) there exists n € N such that A"X =0, and
(b) if A"Frsz)(X) =0 for some j,n € N, then also A"X = 0.
(iii) There exists a symmetric monoidal category C as in[L2.2, a tensor functor F : T — C
and m € N such that F(X) ~ 1™ in C.
Example 5.1.3. If A2X = 0 and X # 0, then X is locally free of rank 1. Indeed, by Theo-
rem [1.T2)(ii) it suffices to check that FrSZ)X # 0 for all j € N. This follows from the assumption
A%2X = 0 which implies that Sym"X = ®"X = I'"X for all n, so in particular FrSf)X ~ P X.
We will show in Lemma [E.I.10] below that, at least for p = 2, characterisation B.I.2(ii) is
strict in the sense that one cannot restrict to finite a number of j € N. Theorem B.I.2(iii) is also
proved, in slightly different generality, in [ScIl Proposition 4.3.8]. Before proving the theorem,
we derive some properties for a monoidal category C as in
Lemma 5.1.4. ForY,Z € C, we have
(i) [TeY]i=1+[Y];
(iii) [Y]1 = 0 if and only if there exists k € N such that FrSf)Y =0 for all j > k.

Proof. Part (i) follows from Lemma T4l and equation (B]). Part (iii) follows from Lemma 2217l
Part (ii) follows from part (iii) and Lemma T4 O

The following result is in the proof of [De2, Lemme 2.8]. This is precisely the part of the
proof which does not rely on the assumption of characteristic zero.

Lemma 5.1.5 (Deligne). Assume that C admits countable coproducts which are preserved by
—® — and let M € C be dualisable. For any (A,ma,na) € algC, we have that A is a direct
summand of AR M in Cg if and only if there exists an algebra morphism

Sym®*(M) ® Sym* (M) Loa with focon =nq.
Lemma 5.1.6. Consider a dualisable object V in C with quotient V 5 W and dualisable
subobject U 4 V. The composition o  is zero if and only if (T @ () o coy is zero.

Proof. The canonical isomorphism
Hom(U, W) = Hom(1,W ®UY), g+ (g@U")ocoy,

maps 7o ¢ to (7 ®!) o coy. O
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Corollary 5.1.7. Assume that C admits countable coproducts which are preserved by — ® —
and let M € C be dualisable with Sym™(M") flat (and hence dualisable) for all n € N. There
exists a non-zero A € algC for which A is a direct summand of A @ M in Cyg if and only if
[M]]L > 0.

Proof. We start from Lemma Like all algebra morphisms, any f as in Lemma [(B.1.5] is
assumed to satisfy f on = nu with 7 the unit of the algebra Sym®(M) ® Sym®*(M"). The
existence of A is thus equivalent to the quotient of Sym®(M) ® Sym®(M") with respect to the
ideal generated by (17 — cops)(1) being non-zero. As argued in the proof of [De2, Lemme 2.8]
this is equivalent to the composition

®"cops

1 =" (@"M)® (@"MY) - Sym"(M)® Sym"(M")
being non-zero for all n € N.
By Lemma this is equivalent to the composition
H(S,,,®"M) = T™"(M) < ®"M —» Sym™M = Hy(S,, " M)

being non-zero. The latter just means that Trivs, (®™M) is never zero. By Lemma 2.2.1T] the
condition is thus equivalent to FrSZ)M # 0 for all j € N. g

Proposition 5.1.8. For X € T and d € N, we have [X|1 > d if and only if there exists a
non-zero A € AlgT and N € Mody such that

A X ~ A% @ N, in Mody.
Proof. We start by observing that for any non-zero R € AlgT, we have
(12) R® X]y = [X]1, for X €T,

since R ® — is a (faithful exact) tensor functor. If A®? is a direct summand of A ® X, then
Lemma [5.T.7)(i) and equation (I2) imply that [X]3 > d.

To prove the other direction, we apply induction on d. If d = 0 there is nothing to prove.
Assume that the claim is true for d — 1. Hence, if [X]; > d we know that there exists B in AlgT
and M in Modg such that

BoX ~ B g
By Lemmal[5.1.4)(i) and equation (I2)) we have [M]; > 0. By construction, Symf (M) is a direct

summand of B ® Sym™(X") and therefore dualisable, so in particular flat. By Corollary (.1.7]
for C = Modsg, there exists A in algModg, which we can also interpret in AlgT, for which

ARX ~ ARg (BeX) ~ A oAy M ~ A% @ N,
which concludes the proof. O
Proof of Theorem [5.1.2. Take X as in (i) and set d := [X]1. By Proposition [5.1.8] there exists

A € AlgT such that A ® X is of the form A®? @ N. By assumption and (B)), we have

d d
0~ A AMIY ~ AFL(AgX) ~ @) (AFN)0)
=0
which implies N = 0. Hence (i) implies that X is locally free. If X is locally free, it clearly
satisfies (iii). That (iii) implies (ii) follows from the fact that F' is a (faithful exact) tensor
functor. That (ii) implies (i) is straightforward. O

Lemma 5.1.9. For X, Y € T with [X]1,[Y]1 € N we have [X ®Y]1 = [X]1 + [Y]1.
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Proof. By Proposition [5.1.8] there exists a non-zero A € AlgT such that
A X ~ A g M and AgY ~ ANVl g N,

for M, N in Mod,. By Lemma B5.1.4{(i) and equation (I2)) we find that [M]; = 0 = [N];. By
Lemma [5.1.4)i) and (ii) we then find [A ® (X @ Y)]1 = [X]1 + [Y]1 and the conclusion follows
from equation (12)). O

Lemma 5.1.10. Assume k is algebraically closed with char(k) = 2. For each n € Z~q there
exists a tensor category T,, with X,, € T, such that A>X,, =0 and

ArePx, =0 = AX,=0, foraldeN andj<n,
but X, is not locally free.

Proof. For n € N, let T, be the tensor category Ca;, of [BEL Theorem 2.1], which contains Co,,—o
as subcategory if n > 0. For X,, we take the similarly named self-dual simple object in [BE,
2.1(iii)], so X, = 0 if and only if n = 0. It follows from [BEl 2.1(vi) and (ix)] that

(13) [®2an : Xp—j] =1 and [®2an : Xp—j] =0, fori<j<mn.
By [BE, 2.1(iii) and (vii)] we have A2X,, = 1 and A3X,, = 0, if n > 0. The former of the two

equations implies [Sym? X, : Xn—j;] =1, by equations (2] and (I3). By Lemma A.T.I0| we thus
have [FrU)X,, : X,,_;] = 1 for j < n. It follows easily from [BE] 2.1(xi)] that Fr/ X,, = X,,_; for

j <n. By Lemma LT we thus have Fr) X, = X,,_; for j < n. O

5.2. Locally super free objects. In this subsection we assume that p # 2.

Definition 5.2.1. For X € C with C as in [[.2.2] we define [X]|; € NU {oc} as
[X]; = sup{n e N|T"(Fr¥X) #£0, for all j € N}.

Proposition 5.2.2. For X € T and d,d’" € N, we have [X|1 > d and [X]|; > d' if and only if
there exists non-zero A € Alg(T K svec) and N € Mody such that

A9X ~ A2 (1% 1%) @ N, in Mody.
Proof. This is proved similarly to Proposition [5.1.8] using Lemma [£.2.0](iii). O

Following [Sc2, §3.3], for a,b € Z-g, we consider the element ¥*° in the group ring ZSg
of the symmetric group which is the (unnormalised) Young symmetriser corresponding to the
partition (a®). For an object X in a symmetric monoidal category C as in [L2.2] we have the

corresponding endomorphism Eg(’b of ®® X . In particular, A”X is the image of Z;{L.

Theorem 5.2.3. An object X € T is locally svec-free if and only if ([X]1,[X];) € Nx N and
sXl+LXJ+1 _
X =0.

Proof. One direction of the claim follows from [Sc2, Lemma 4.2.5]. Now assume that (m,n) :=
([X]1,[X]1) is as in the theorem. By Proposition [5.2.2] there exists non-zero A € Alg(T Ksvec)
for which
A X ~ A (19" 1%") @ N.
[X]g+1,[X]1+1

By [Sc2, Proposition 3.3.6], the fact that X = 0, and hence E£4® % =

X]3+1,[X]1+1 0
implies that N = 0. O

Example 5.2.4. If Sym?X = 0 then X is locally svec-free of rank 0|1.
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6. INTERNAL CHARACTERISATIONS

6.1. Tannakian categories. Fix a field k of characteristic p = char(k) > 0. The following
generalises [Dell, Théoréme 7.1] to fields of positive characteristic.

Theorem 6.1.1. For a tensor category T the following conditions are equivalent:

(i) T is tannakian.
(ii) For every X in T,
(a) there exists n € N such that A" X = 0;
(b) if A”Frgz)(X) =0 for some j,n € N, then also A" X = 0.
(iii) Every X in T is locally free.

Proof. First we prove that (i) implies (ii). If T is Tannakian, it admits a tensor functor to vecg
for some field extension K/k, by Lemma [[L5:4l The properties in (ii) are satisfied in vecg,
since the objects A" X and FrSZ)X are the same for vecy considered as a K-linear or k-linear
category. By Lemma and diagram (IJ), they are thus satisfied in T as well. Theorem
states that (ii) implies (iii). Proposition B.3.5((iii) shows that (iii) implies (i). O

Proposition 6.1.2. Any tensor category T has a unique mazximal tannakian subcategory, the
tensor subcategory of locally free objects. If T is locally semisimple, the latter is a Serre subcat-

egory.

Proof. By Theorem [6.1.1]it suffices to prove that the full subcategory of locally free objects is a
tensor subcategory, respectively a Serre subcategory. These are special cases of Lemma[3321 [

Remark 6.1.3. (i) By Lemma [B:32)(ii), we can simplify Theorem as follows. A tensor
category T is tannakian if and only if T = (F) for a set E of locally free objects in
T. In particular, if T is finitely generated, T = (Y) for Y € T, it suffices to check
condition [6.1.TI(ii) on Y.

(ii) In subsequent work in [CEL Proposition 7.2], it is shown that if p > 2 and k is algebraically
closed, the condition that T be locally semisimple is redundant for the maximal tannakian
subcategory to be a Serre subcategory. Note that for p = 2, the condition is necessary, see
[EHO, Example 3.3] or [BE].

6.2. Super tannakian categories. Fix a field k of characteristic p = char(k) > 2.

Theorem 6.2.1. For a tensor category T, the following conditions are equivalent:

(i) T is super tannakian.

(ii) For every X € T, we have that (m,n) := ([X]1,[X]7) € N x N and E}H’mﬂ =0.
(iii) Every X in T is locally svec-free.

Proof of Theorem [6.2.1l That (i) implies (ii) is proved as in the proof of Theorem That
(ii) implies (iii) is in Theorem [(.2.3] That (iii) implies (i) is in Proposition O

Proposition 6.2.2. Any tensor category T has a unique mazximal super tannakian subcategory.
If T is locally semisimple, the latter is a Serre subcategory.

Proof. Mutatis mutandis Proposition [6.1.2] d

Ezample 6.2.3. Let V be a semisimple pointed tensor category. In particular, for simple S € V,
the object ®@"S is simple, for all n € N. We thus either have Sym?S = 0 or A%2S = 0. By
Examples B.1.3] and £.2.4] S is locally svec-free. It follows from Theorem that V is
super tannakian. If p = 2 one shows similarly that any pointed semisimple tensor category is
tannakian, since then I'?X = 0 implies A2X = 0, see Remark .1.9(i), and thus X = 0.
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6.3. Affine group schemes. In order to proceed to the last section on neutrality of tannakian
categories we need a short interlude on affine group schemes. We refer to [Wa] for the basic
notions and to [Ma] for the corresponding results for supergroup schemes. We prove some facts
which are presumably well-known, but for which we did not find references.

Consider an affine supergroup scheme G with homomorphism p : Z/2 — G inducing the
grading on k[G], see [Dell §8.19]. We denote by Rep(G, p) the category of G-representations
in svec which yield the canonical Z/2-action on super spaces via p. As a special case, we can
consider an affine group scheme as an affine supergroup scheme and set p to be the trivial
homomorphism. Then Rep(G,p) corresponds to the ordinary category of G-representations in
vec. For a closed sub(super)group H < G we denote by Rep(G, p)¥ the tensor subcategory of
all representations for which H is in the kernel.

Theorem 6.3.1. Consider an affine supergroup scheme G with p : Z/2 — G as above. There
is a bijection between closed normal subgroups N <A G and tensor subcategories of Rep(G,p):

N — Rep(G,p)N.

Furthermore, the essential image of the canonical tensor functor Rep(G/N,p) — Rep(G,p) is
precisely Rep(G, p)V.

Proof. The statement about the essential image follows immediately from the existence of the
quotient G/N in [Wal, Theorem 16.3] and its universality, see [Wal Theorem 15.4].

For any tensor subcategory T C Rep(G,p), composition of the inclusion functor and the
forgetful functor Rep(G,p) — svec yields a fibre functor T — svec. By Lemma [[L5.8|(i), there
exists a super group scheme H under Z/2 with a tensor equivalence Rep(H,p) ~ T. Since the
functor Rep(H,p) ~ T — Rep(G, p) admits a commutative diagram (up to isomorphism) with
the forgetful functors to svec, it follows from Lemma [[5.8](i) that it induces a homomorphism
G — H under Z/2, which in turns induces the functor Rep(H,p) — Rep(G,p), up to isomor-
phism. By [DM]| Proposition 2.21(a)], the morphism k[H] — k[G] is injective, so by definition
in [Wal §15.1], H is a quotient of G and hence of the form G/N for a closed normal subgroup
N, see [Wal, Corollary 16.3].

By the first paragraph, the above assignment of a normal subgroup to a tensor subcategory
is a two-sided inverse of the function in the theorem. O

Corollary 6.3.2. Suppose that under the bijection in Theorem [6.3.1], we have N1 — Ty and
Ny — Ty, for closed normal subgroups N1, No <<G. Then we also have N3N Ny — (T4, Ts) and
NiNy — T NTs.

Proof. By construction, the bijection is order reversing, for the inclusion orders on both sets.
The partially ordered sets are actually lattices, so the join and meet will be interchanged. [

Corollary 6.3.3. For p:7Z/2 — G as in Theorem [6.3.1] and T = Rep(G, p), the following are
equivalent:

(i) T is finitely generated as a tensor category;
(ii) every tensor subcategory of T is finitely generated;
(i1i) G is algebraic, i.e. k|G| is finitely generated as an algebra.

Proof. For brevity we leave out reference to ‘super’. Condition (iii) implies that the topological
space underlying the scheme G = Speck|G| is noetherian. As the poset of closed normal sub-
groups is a sub-poset of the poset of all closed subspaces, the implication (iii) = (i7) follows from
Theorem [6.3.Tl Clearly (ii) implies (i). That (i) implies (iii) is in [DM) Proposition 2.20(ii)]. O
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Proposition 6.3.4. Let G be an affine supergroup scheme and N1, Ny closed normal subgroups
with N1 N No = 1. The canonical homomorphism

G — G/Nl X G /N1 N2 G/N2
18 an isomorphism. Equivalently, we have k|G/N1| ® k[G/N5] S Kk[G].
P q Y, [ K[G /N1 Na)]

Proof. For brevity we write the proof only for groups. For a closed normal subgroup N < G,
denote by D]C\*; the quotient of G and N as functors Alg, — Grp. By definition of G/N, see
[Wal, §16.3], D]C\*; is a subfunctor of G/N. We clearly have an isomorphism of group functors

G = DS x DS .
Ny D%1N2 No

As spelled out in [Wa, Theorem 15.5], D§ is a ‘fat subfunctor’ of G/N. It follows as an
easy exercise that the right-hand side of the above equation is therefore a fat subfunctor of
G/N1x¢g /NN, G /N2 and consequently that the homomorphism in the proposition is the inclusion
of a fat subfunctor. However, since G is itself a sheaf for the fpqc topolgy on (Alg;)°P, see [Wa,
§15.6], such an inclusion of G must be an isomorphism. O

Lemma 6.3.5. Ifk is algebraically closed, G is an algebraic supergroup over k and N a closed
normal subgroup, then the canonical left exact sequence

1 — N(k) — Gk) - G/Nk) —1
18 exact.

Proof. For groups, this is [Wal Theorem 15.2]. For supergroups, the result is a consequence of
the former and [Mal, Theorem 3.13(3)]. O

6.4. Neutrality over algebraically closed fields. Fix an algebraically closed field k of ar-
bitrary characteristic. Deligne announced in [De2] that over k all tannakian categories are
neutral. However, the proof was deemed ‘too painful’ to add. In his letter [De3], Deligne
sketched the argument, and it was written out in more detail by the author in [Appendix A,
arXiv:1812.02452v2]. In this section we present a variation of this argument based on the notion
of splitting algebras.

Theorem 6.4.1. Ifk =k then any (super) tannakian category is neutral. Moreover, any two
tensor functors to vec or svec from a fixed tensor category are isomorphic.

For finitely generated tensor categories, Theorem [6.4.T]is proved in [Dell, Corollaire 6.20] and
[De2, Proposition 4.5].

Lemma 6.4.2. Let T be a finitely generated (super) tannakian tensor category.

(i) T admits a neutral (svec-)splitting algebra, unique up to isomorphism.
(i1) For a neutral (svec-)splitting algebra A for T and a tensor subcategory T' C T any algebra
endomorphism of I'm A lifts to one of A.

Proof. By Theorem [B.4.3] part (i) is a reformulation of the claim that every finitely generated
(super) tannakian category is neutral (as we observed above) and that fibre functors to vec or
svec are unique up to isomorphism, see Proposition [[.5.9

By Theorem [3.4.3], endomorphisms of a neutral splitting algebra correspond to the auto-
morphisms of the associated fibre functor. By Lemma [[.5.8], the are the rational k-points of
the corresponding affine (super)group scheme. For T, this group scheme, say G, is algebraic
by Corollary By Theorem [6.3.1] the subcategory T’ corresponds to a normal subgroup
N <G and algebra endomorphisms of I'p A are to be identified with k-points of G/N. Part (ii)
is therefore a reformulation of Lemma d
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Lemma 6.4.3. Consider a tensor category T with tensor subcategories T1 and To such that
(T1,T2) =T and Ty is finitely generated.
(i) If A1 and As are neutral (svec-)splitting algebras of respectively T1 and Ty, then there
exists an algebra morphism Ao := I'r, A1 — Aa. For any such morphism the associated
A = A1 ®4,, Az is a neutral (svec-)splitting algebra for T.
(ii) For a meutral (svec-)splitting algebra A for T, any endomorphism of T'p, A lifts to A.

Proof. We leave out ‘super’ from the proof for brevity. We will freely use that morphisms between
splitting algebras (for a fixed tensor category) are always isomorphisms, by Theorem 3431

We prove part (i). Since T and T are (neutral) tannakian, T = (T, Tsg) is also tannakian,
by Lemma B.32)(ii) and Theorem We also observe that Ty N T is finitely generated by
Corollary

First we consider the special case where T is finitely generated as well. Then the tannakian
category T is also finitely generated, so of the form RepG, for an algebraic group G/k. By
Theorem [6.3.1] we can associate normal subgroups N; << G to T; € T. By Corollary 6.3.2] we
have N1 N Ny = 1. By the uniqueness of neutral splitting algebras for T; in Lemma[6.4.2((i) and
Example B.4.4] we find the left and right vertical isomorphisms in the diagram

Ay A2 Aa

|- |- -

k[G/N1] =<———k[G/N1 No| ———k[G/N,].

The horizontal morphisms are the inclusion of the subalgebra A5 C A; and the Hopf alge-
bra morphisms induced from G/N; — G/(N1N2). By [Wal §16.3], k[G/N1N2] is the maximal
submodule of k[G/N1] on which Ny Ns/N; acts trivially. Theorem thus yields the middle
vertical isomorphism which makes the left square commutative. We then choose the morphism
A1 — Ao which creates another commutative square in the above diagram. By Proposi-
tion [6.34] the algebra A; ®4,, A2 is then isomorphic to k[G] and hence indeed a splitting
algebra. Now assume we take a different algebra morphism A5 — As. It must be a composite
A1z = I'p Ay — Ao, where the first arrow must be an isomorphism. This means that our new
A12 — As is equal to our first choice, up to precomposition with an automorphism of A;5. This
automorphism lifts to A; by Lemma [6.4.2](ii). This lift yields a canonical isomorphism between
the two algebras of the form A; ®4,, A2, hence the second is also a neutral splitting algebra.

Now we consider the general case of part (i), meaning that T need not be finitely generated.
Take the set {T{} of all finitely generated tensor subcategories of Ty which contain Ty N Ty,
and set A7 :=I'reAy. By definition, we have Ay C A{. Since T1 = U, T, we have

A~ lim AT,
o
By Corollary B.4.5](i), the algebra A{, respectively Ao and I'r, A, are neutral splitting algebras
for T¢ respectively T1 N Ty. Since T1 N To is finitely generated, Lemma [6.4.2)(i) allows to

choose an algebra morphism A2 = I'p,As < As. By the previous paragraph and the fact
T¢ N Ty =T; NTy, each A} ®4,, A2 is a neutral splitting algebra for (T{, T32) and hence

A = A1 ®qp, Az ~ hﬂ( (11®A12 Az)

is a splitting algebra for T = U, (T{, T2). By definition of IndT, 1 is compact, so
Hom(1,A) ~ lim Hom(1, AT ®4,, A2) ~ k,

and A is neutral.
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For part (ii), we consider the canonical morphism
(14) I W ®FT1mT2A I, A — A

By part (i), the left-hand side is again a neutral splitting algebra, so the morphism is an isomor-
phism. Any automorphism of I't, A restricts to an automorphism of I't,~T,A and the latter
lifts to an automorphism of I'r, A by Lemma [6.4.2(ii). Hence any automorphism of I'r, A lifts
to the left-hand side of (I4]). Since the isomorphism (I4) is canonically under I'r, A, claim (ii)
follows. O

Proof of Theorem [6.4.1] For brevity we leave out reference to ‘super’ in the proof. Let T be
a tannakian category. We consider the set ObT/~ of isomorphism classes of objects in T.
By the well-ordering theorem we can choose a well-order < on ObT/~ and we denote by
O = (ObT/~, <) the corresponding well-ordered set which we interpret as a category in the
canonical way. For each X € O we choose a (unique up to isomorphism by Lemma [6.4.2]i))
neutral splitting algebra Ax of (X) C T, which we consider as an object in AlgT.

Now we define a functor

A: 0 — AlgT

with the properties:

(a) For every X € O, the algebra A(X) is a neutral splitting algebra for (< X).

(b) A(Xop) = Ax,, for the unique minimal element Xy € O under <.

(c) If we have a cover Y < X in =, then A(X) = A(Y)®r , a(y)Ax for some algebra morphism
LixyA(Y) — Ax as in Lemma [6.43](i). The morphism A(X) — A(Y') is the canonical one.

(d) If X has no predecessor in O, then we consider B := li V<X A(Y'), which by construction
is a neutral splitting algebra for (< X). Furthermore, we set A(X) := B ®@r,p Ax for
some algebra morphism I' xy B — Ax as in Lemma 6.43(i). We have canonical morphisms
A(Y) — A(X) (which factor through B), for all Y < X by construction.

That such a functor exists follows from the principle of transfinite recursion (and the axiom of
choice). Now it follows that T admits a neutral splitting algebra li_n)l@ A, so by Theorem B.4.3],

T is neutral tannakian.

Now consider a tensor category T with two neutral splitting algebras A! and A2?. We have
corresponding functors O — AlgT given by X — I'4 X>Ai. Using transfinite recursion as
above, together with lemmal6.4:3)(ii), we can construct a natural transformation between the two
functors, which yields an algebra morphism between their colimits A" and A?. By Theorem [3.4.3]
the above observations show that between any two tensor functors T — vec there exists a natural
transformation of tensor functors (hence an isomorphism). O

Remark 6.4.4. Together with [DM| Theorem 3.2(b)], Theorem [6.4.1] demonstrates that an affine
group scheme G over an algebraically closed field k admits no non-trivial torsors over k (principal
homogeneous spaces). For the special case with G an algebraic group, this is demonstrated in
[Wal, §18.4].
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