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LINEAR CONVERGENCE OF DISTRIBUTED DYKSTRA’S
ALGORITHM FOR SETS UNDER AN INTERSECTION
PROPERTY

C.H. JEFFREY PANG

ABSTRACT. We show the linear convergence of a distributed Dykstra’s algo-
rithm for sets intersecting in a manner slightly stronger than the usual con-
straint qualifications.
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1. INTRODUCTION

Let G = (V, E) be an undirected graph. For all ¢ € V, let C; C R™ be closed
convex sets, and ; € R™. For a closed convex set C, let dc(+) be its indicator
function. Consider the distributed optimization problem

min Y [6c, (@) + 3|l — z;]]?], (1.1)
TER™ ey
where communications between two vertices in V' occur only along edges in E. In
Remark 23] we explain that we can assume that all Z; are equal to some T without
losing any generality. The problem is therefore equivalent to projecting & onto
Nicy C; in a distributed manner.

1.1. A review of the distributed Dykstra’s splitting. In our earlier paper
[PaniRa], we considered the more general problem than (L.I]) where d¢, () can be
general closed convex functions instead. We proposed a deterministic distributed
asynchronous decentralized algorithm based on dual ascent for (II]) that converges
to the primal minimizer, and call it the distributed Dykstra’s algorithm. Our ap-
proach was motivated by work on Dykstra’s algorithm in [BDS&5, [GMS9,
[HD97]. See also [Han88]. We also remark that the dual ascent idea had been dis-
cussed in [CDV10, [ACP*17]. We refer to the introduction in [Pani8a) for
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more historical summary of these methods. Part of the contribution in [Panl8a]
was to point out that the dual ascent idea leads to a desirable distributed opti-
mization algorithm. We give more details of the distributed Dykstra’s algorithm in
Section 21

1.2. Linear convergence of Dykstra’s algorithm. A well known algorithm for
solving (L)) is Dykstra’s algorithm. The primal problem and its corresponding
(Fenchel) dual are typically written as

2

— 2. 05,(2)

eV

min gz —z[* + 3 dc,(¢) and _ max_ 3[z]* — 3 _
eV

zER™ e 2z ER™ i€

respectively, and solved by block coordinate maximization on the dual problem.
(See |[BD85, Han88 [GMS&9]). (Note that this dual is different from (24)).) In
the case when C; are halfspaces, linear convergence of Dykstra’s algorithm was
established in [[P90], with refined rates given in [DH94]. We extended the linear
rates to polyhedra in [Pan17].

A linear convergence rate of Dykstra’s algorithm assures that a high accuracy
solution can be obtained in a reasonable amount of time. This would then allow the
algorithm to be used as a subroutine of other optimization algorithms. For exam-
ple, the distributed optimization algorithms [AH16] [TSDS18] (and perhaps many
others) make use of the averaged consensus algorithm as a subroutine. (The linear
convergence rate of averaged consensus is used in the convergence proof of the main
distributed optimization algorithm.) Since averaged consensus is a particular case
of the distributed Dykstra’s algorithm with all C; being R™, it is plausible to make
use of the distributed Dykstra’s algorithm to help solve constrained distributed
problems.

1.3. Contributions of this paper. Even though we have observed linear con-
vergence rates of the distributed Dykstra’s algorithm in [Pan18b] in our numerical
experiments for the case when some of the terms are indicator functions of closed
convex sets, it seems that there is no theoretical justification yet of linear con-
vergence for both Dykstra’s original algorithm and for the distributed Dykstra’s
algorithm beyond the polyhedral case. As is well-known, the intersection N;cy C;
can be sensitive to the perturbation of the sets C; [Kru06], so additional constraint
qualifications are needed for the linear convergence of the method of alternating
projections (see for example [BB96]).

In this paper, we prove the asymptotic linear convergence of the distributed
Dykstra’s algorithm when the functions are indicator functions of sets that are not
necessarily polyhedral. We assume that the sets satisfy a property on systems of
intersections of sets stronger than what is typically studied in the method of alter-
nating projections. We also make assumptions that are closely related to conditions
used to prove linear convergence in proximal algorithms.

1.4. Notation. Variables in bold, like x and z;, typically lie in the space [R™]!V!,
while variables not in bold, like x and y, typically lie in R™. All norms shall be
the 2-norm. We often use “"” to represent the unit vector in a given direction. For

0
example, 29 = oy
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2. PRELIMINARIES

In this section, we lay down the preliminaries of the paper.
For each i € V, let f; : [R™]IV] — R U {cco} be defined by

fi(x) = dc, ([x])- (2.1)
For each (i,j) € E, define the halfspaces H; j) to be
He ) = {x € R™V]:x; = x5}

Since the graph is connected, the intersection of all these halfspaces is the diagonal
set defined by

D:=NeepH,={xec RV :x; =%, = = Xy} (2.2)

For each e € F, define f. : [R™]IVl — R by f.(x) = dg,(x). The setting for the
distributed Dykstra’s algorithm that is easily seen to be equivalent to ([L.IJ) is

min_ Zllx — x|+ Y £i(x) + X 6m.(x), (2.3)
x€[Rm]IV] i€V €€l

where x € [R™]!V] is such that each component of [X];, where i € V, is equal to Z.
Let the dual variables be z = {24 }acvur, where each z, € [R™]!VI. The (Fenchel)
dual of (23)) can be calculated to be

2

— 206, (z) = 2 0, (ze). (2:4)

eV eclk

X— Y Z,

acVUE

max %H)_(H2 —
zo €[R™]IVI aeVUE

1
2
Proposition 2.1. (Sparsity) If the value in 24) is finite, then

(1) Ifi € V, then z; € [R™)IV] is such that [z;]; = 0 for all j € V\{i}.

(2) If (i,5) € E, then z( ;) € [R™IVI is such that [z ;)] = 0 for all k €

V\{i,j}, and [z )i + [2(i,5)]; = 0.

Proof. The proof is elementary and exactly the same as that in [Pani8al. (Part (1)
makes use of the fact that f;(-) depends on only the i-th coordinate of the input,
while part (2) makes use of the fact that 1 ()= 5H(; ; (-), and (5H(¢_ ; (z(i,5)) <0
if and only if the conditions in (2) hold.) ’ , O

In view of Proposition 21 the vector z; for all i € V' are such that [z;]; = 0 if
j #i. Letting z; := [z];, we let the dual function F : [[R™]IVI)IVVEl & R be

2
F(z) :22521,(21-)—1—25?{6(%)—1—% X— Y Za

eV ecE acVUE

(2.5)

=X

It is clear to see that F(z) differs from (24]) by a sign and a constant. It is known
that strong duality between (2Z3]) and (24]) holds (even though a dual minimizer
may not exist). Minimizing F'(-) allows one to find the optimal value to (2Z4]), and
also the optimal solution to (23). It turns out that the only variables that need
to be tracked are z; € R™ for all i € V and x € [R™]IV] as marked above. We
shall prove that x converges linearly to the optimal primal solution under some
additional assumptions. We refer to the i-th coordinate of x as x;. Also, if z*, the
projection of & onto N;ey C;, were to be zero, then F(z) takes the minimum of zero
when x is the primal optimal solution and {z;};,cv are optimal multipliers.
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Here are the first set of assumptions we need to prove our linear convergence

result.

Assumption 2.2. Suppose that the following assumptions hold:

(1)
(2)
(3)

(4)

(8)

Let x* € R™ be the optimal solution to (LI). We assume that x* = 0.

The Z; are all equal for alli € V.

(Ezistence of dual minimizers) There exists {z; }icv such that z; € N¢, (x*)
and Yoy zi = |V]Z.

(Regularity of the sets C;) The sets satisfy a nondegeneracy constraint qual-
ification: There is a neighborhood U of x* and parameters Mpyax > 1 and
Muin > 0 such that if the multipliers {z;}iev and points {x;};cv are such
that x; € U and z; € No,(x;) for alli € V and [X =) cyip2al; €U for
all j €V, then

Muin < ||2i]] € Mmax for alli € V. (2.6)

Let H; be the hyperplane {x : 2F'(x — x;) = 0} for alli € V. Assume that
for all x € R™, there is some constant k1 > 0 such that d(x,N;ey H;) <
k1 max;ey d(z, H;).

(Graph connectedness) The (undirected) graph G = (V, E) is connected.
(Semismoothness) The sets satisfy the semismoothness property of order 2
at x*: For a point x; € 0C; near x*, let a supporting hyperplane to x; at C;
with normal z; € N¢,(z;) be H;. Then we have d(xz*, H;) = O(||x — x*||?).
[We know that all convex sets satisfy the property if O(||z — x*||?) were
replaced by o(||x — z*||).] Suppose z; € Ng,(x;). Since d(z*, H;) = 2] x;,
there is a ko > 0 such that

0z, (z1) = (zi, wi) = llzill {2y, i) < mollzillll2:]*. (2.7)

(First order property on normals) There is a neighborhood U of x* and
kg > 0 such that for all i € V, if x € UNC;, and z € N¢,(x)\{0}, then
there is a 2" € N¢, (z*)\{0} such that

(A linear regularity property on the normal cones) Define the set M C
[R™|IVI of optimal multipliers to be M := My N My, where

’g kslz — 2. (2.8)

=z 2
=l Tz"1]

My := Ng, (%) x - X Ne,, (x*) (2.9a)
and My := {z e R™MVI: g = |V|:E}. (2.9)
eV

Assume there is a kg > 0 such that
d(z, My N Ms) < k4d(z, M2) for all z € M. (2.10)

We remark about Assumption 22E]). The linear regularity property is usually
stated as d(z, My N M) < rymax{d(z, M1),d(z, M2)} for all z, but we state a
weaker version of it in Assumption 2ZZ2®) because that is what our proof needs.
The stronger linear regularity is satisfied whenever the normal cones N¢,(z*) are
polyhedral (see for example [BB96, Corollary 5.26]), so this assumption is quite
reasonable.

Assumption Z2H]) is stronger than the usual transversality condition typically
studied in the method of alternating projections. Now that we are working with
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an optimization problem (LI]) rather than a feasibility problem, it may be more
appropriate to compare to the Robinson constraint qualification. We seek to study
this assumption further in future work.

We make the following remark.

Remark 2.3. (On Assumption 222[2)) We now show that Assumption [Z22]) does
not lose any generality. Suppose that the Z; are not all necessarily the same. Note

1 = 1 15 1 1 =
that 32cy 5llo—2il1? = Xiey (Glz—al®+ 3117l = 5llall®), where a = 7 30,y 2.
Thus all the z; can be replaced by a. Note that this does not mean that the primal
iterate x needs to be such that all its coordinates are a at the start.

We now state Algorithm 24 which minimizes F(-) by block coordinate mini-
mization.

Algorithm 2.4. (Distributed Dykstra’s algorithm) Our distributed Dykstra’s algo-
rithm is as follows:

01 Let

. z}’o € [R™VI be a starting dual vector for £;(-) for each i € V so that

[2}°]; = 0 for all j € V\{i}.
o zzzf)oj) € [R™]VI be a starting dual vector for each edge (i, ) so that [z j)]i+
[z(i.5)]; = 0 and [z j)]e =0 for all i’ € V\{i,j}.
02 Forn=1,2,...
03 Forw=1,2,...,w
04 Choose a set Sy C EUV such that Sy, # 0.
05 Define {2 }aes, .. by

2
{20 Faes,. = argmin% X— D wt T = ) |+ D i),

za;aesn,w

adSn w a€Sn,w a€Sn,w
(2.11)
06 Set z0% 1=z~ for all a & Sy -
07 End For
08  Letz'"19 =2 foralla € VUE.
09 FEnd For

To provide some intuition to Algorithm[2.4] we mention that minimizing only one
z; at a time for some i € V' (i.e., Sy, = {i}) reduces (ZII) to a standard proximal
problem. Minimizing only one z; ;) for some (i,j) € E (i.e., Spx = {(4,7)}) has
the natural interpretation of averaging the i-th and j-th components of x.

Let the function f, : [R™]Vl — R U {oo} to be defined to be f.(-) = 65 (). Let
x* be the optimal solution of (2Z3)). Before we prove the result, we note that using
a technique in [GM89], the duality gap between the primal and dual pair (23] and
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4] satisfies

2

sl =[P+ > fa(x*) —5l%P+ 3% - > za

+ 2 fi(za)

acVUE acVUE acVUE

2

- I [fa<x*>+f::<za>]—<x, > za>+% S 7
acEUV acBEUV acEBEUV

Fenchel duality 2

> %||x*—x||2+<x*, > za>—<x, > za>+%

acEUV acEUV

Zza

acBEUV

2
e ,
= 3

3 [l — x|

X=X+ Y zo
acEUV

The strategy behind our linear convergence proof is to show that the duality gap in
the first line of (ZI2)) converges linearly to zero, which will force the last formula
of (ZI2) to converge linearly to zero, which in turn shows the linear convergence
of x to x*. Note that since x* = 0, £*(z.) = 0 throughout, and f,(x*) = 0 for all
a € V UE, the first line of (ZI2) can be simplified to be the F(z) in (Z.3]).

We make another set of assumptions on Algorithm 2.4 that will allow us to prove
our linear convergence result.

Assumption 2.5. For Algorithm [2], we assume that:

(1) For allao € VUE and n > 1, there is a wy, o such that o € Sy,
(2) Sp1=V.

Wn, o *

Out plan is to prove the main result in Section Bl with Assumption 252 first,
then remove it in Section [l

3. MAIN RESULT

In this section, we state and prove the main theorem on linear convergence of
the distributed Dykstra’s algorithm. Our proof is split into three cases. For the
first two cases, the proof in this section does not rely on Assumption Z5|2]). For
the third case, we first prove our result by first assuming Assumption 25|[2). We
then show how to lift this assumption in Section Ml

Theorem 3.1. (Linear convergence of dual value) Suppose Assumptions[Z.2 and
hold. For Algorithm there is a constant r € (0,1) such that F(z"T+9) <
rF(z"10). Together with ZI2), this implies that the distance {||z]"° — x*||}n>1
converges linearly to zero for alli € V.

We need positive parameters €, §p and 0z to be small enough so that they satisfy
€V (262 Mmax+1) < 1, c2(07,0p,0) > 0 and (3:29), where ¢(-) and cy(-) are defined
in (3:26) and ([@350), and the other constants are described in Assumption and
in the course of the proof. It is easy to see that the parameters €, p and 0z can
be chosen to satisfy these conditions.

The first two cases of the proof of Theorem [3T]are easier than the third case. To
simplify notation, we let z»" to be written simply as z¥ for all w € {0,1,...,w}
and a € V U E, and the dropping of “n” appears in all other variables as well. Let
z¥ be the i-th coordinate of x*, and let z}* be [z];, the i-th coordinate of z. If
Sy = {i} for some i € V, then ¥ and zF are the solutions to the primal dual pair

(2.12)
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of subproblems
mind| (5~ + 2E71) — o2 + b, (2) (3.1a)
and maxgllaf "+ 2P = Gl T+ AT = 27 - 0, (2). (3.1b)
By adjusting (3.IL)), we can easily check that zf is the minimizer of

ming||(zf " + 27 = 2] + 5, (2). (3-2)

Proof of cases 1 and 2 of Theorem[31l The proof is split into 3 cases:
Case 1: ||X°[]* <€),y 08, (27)
Let i* be argmax;cv {0 (27)}. We have

Case 1
S RCO T S A ORI (3.3)
eV
Also,
€ Case 1,[33) 1 1 1
—(1+2)65 (22 < —— (X 65 (29) "= ——F 4
(1+5)0e.GR) < g (5 > &) B P 34

We can assume that at index k, we have S, = {i*} and i* ¢ S, i for all ¥’ < k.
We have 2 cases.
1 *
Case la: ||I’ ||2 S m(sc ( ZO*),
In this case,

@D, Zf* ENc, (zf*)

0¢,. (25) + gl |12 (m2llzll + 3) )12

Z3)
S (K2Mmax + %) ||£L'i€*

P 505, () < 305, () + 5l P(3.5)

Recall that 22 = 2571, Since S, , = {i*}, we also have 2F = 2F~* for all i # i*
and ¥ = z¥~1 for all i # i*. We have

€3 «
F(z) =" 3 (65, (=5) + 3 l1f11%) (3.6)
eV
< ; (68, (=5) + 5llef ) + 50, (20) + gllaf 1P
2Z3),E5) B3R, F (=" H<F(z")
< F(zF 1) — %661 (2%) < (1 - m) F(z°).

Note that 5 ||331 2isan estunate of the decrease of the dual objective value.
We choose € > 0 so that €|V|(2/$2Mmax +1) < 3. We have

Case 1b
< €|V|5a»* () < @VI(2raMmax + D2k |? < 2. (3.7)

— 3

[Ea

1
1

- 11%
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We then have

(8300 Case 1b
ok — Q12 2 (el — 2002 = Hah]2 T2 0t (22):
(3.8)
Then
u K k' —1)2 1 u K k-1 ? 11,0 k(|2
Sl -2 (5 et a7 2 ek -aklP 69
We then have
(25 .
F(") = >0 05, (2F) + 5 [1xF|1?
iev
@1 % k ’ k' —
< 365, (20) + 51x0012 = X0 gl — 2P
iev k=1
23,63, B3
< F(2°) ~ ssmmin . (%)
(53
1 0
< (1 - 4@(2nzMn,ax+1)(2+g)|V\) F(2"). (3.10)

Case 2: [|X°[|* = €3 ey 65, (27), and || Ppox?||* = 6p|x°|1.

Case 2
In this case, note that d(x°,D) = ||Pp.x°|| > @p|x°||. Since D €2

NecpHe and H, are hyperplanes, there is some xp > 0 such that max.cg d(xo, H,) >
+=d(x% D). Let e* be such that d(x%, He-) = maxcep d(x%, He), and let k be such
that x* € H,-, which exists by Assumption Z5(1). We then have

I =) Ao, H) 2 ded, D) S L) (31)
= y et ) Z B ) = kD D . .
Now,
Case 2 . @3)
G+3 RS 30+ S () B P, (3.12)
1€

2
k i P— k i i —
We have § 30, [ =712 > o (S0, I —x 1)) > g lx® —x¥|]%, so

— 2w

k . .
32 X = x P < F(2f) — o[l — %P2 (3.13)

.
®
=

g i

=
X
|

lsme) ]
< F() - sl 0p|x0)2 < (1-@9[,%%2)1?@0).

Pl
2wk,

Hence we are done. O

This leaves us with Case 3, i.e.,
Case 3: ||x°||? > €2 ey 08, (29), and ||Pp.x°|]? < Op|x°|%.
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By the definition of D in (22, all [V/| components of Ppx° are equal to some
value, which we call a. Then we have the inequalities

Case 3
| PoxO? = 572 — [ P22 (1= 0p) %2, (3.14)
Case 3 (m OnlV
et = al = 1?2 S T OplI? TS 2 1 Pox | = 120 al
1€
(3.15)
Vlllall? = [ Pox’]? < %] (3.16)
We have
GI)
la?ll < llall+ 129 —al "< (14 /25 1V1) llall (3.17a)
GID
and |20 > [llall = o9 = all| =" (1- /2 1V]) llall. (3.17b)
and

_gD —9D —OD

GIH) E1Tm) -1
la—adl "< /2 Vilell < (-3 1V1) VIl (3.18)

We now show that there is a constant &3 > 0 such that [|2) — 27| < &s||z?|.

om) o
We have |20 — 27| < kg%, where & = &7 P19 and p(n — 1,i) is the

index such that ¢ ¢ S,,_q for all k£ such that p(n — 1,7) < k < w. If we have
127 = 271l > Rsll2?|l, then

) ~ z3) N N <2
Fan1ro-19) 2 Y S 1 - e = S
2

R2 0p|V
& (1-VE) hare
2 2
&2 0plV]) 1-6 oz &2 &2 0plVI\ 1-6p = 0
& (1-VEE) e S 4 (1- VD) Rpahre),

2
This would then give us F(z"~19) > %% (1 — 4/ GlDle‘;) 6o ¢ p(z7+1.0). The

I\/E I\/E

V] 24€
parameter i3 can be chosen large enough so that the coefficient of F(z"T19) is
greater than 1, which once again leads to the conclusion in Theorem Bl Therefore,
we shall assume
129 = 271l < Rsllaf | (3.19)
throughout. We now assume Assumption Z5IZ), and let ;" and z;” be x} and 2z}
respectively.

Proof of case 8 of Theorem[Z1. We consider {z{}icv and {2}icv, where 2/ =
PNCi(I*)(z?). Recall M C [R™]V! defined as the set of optimal multipliers defined
in Assumption Z2®). Let (27, ... ’ZIPVI) € [R™IVI be

(zf,...,z‘pvl) = PM((zf,...,z‘TVI)), (3.20)

where (z,...,2[y) € [R™VI. Let Z be span({zF}icv). Let d be the direction
Py a. There are two subcases to consider.
Case 3a: ||Pza|? < 0z||a|?
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Since d = Py.a € Z*, we have
dl 2zl forallieV. (3.21)

We would be projecting 29 + 2z onto C; for all i € V. Let an outer approximate of
Ci be

b= {z: (2))"z < ¢, (2F) 2 <0}, where ¢; := 05, (£)). (3.22)
Since C; C P;, we have dp,(-) < d¢,(+), and so 0%, () > 65, (-). By the design of P,
we have 6}, (20) = 65, (27). Since d € Z+ and Z € Z, we have d'Z = 0. Proposition
Z1)(2) implies that Y°,., > cx[25]i = 0. So we have

0T (20 4 20) PRI T (00 4 20+ Y 20)) B i Sz =0 (3.23)
=% eV acl eV

Hence there is some 7 such that

Gz
AP +20) < o. (3.24)

Then we move ahead with this ¢ (without labeling it as i* to save notation).
Since d = Py a, we have d'a = a” P;1a = a” P;1 P;1a = ||P;.al|*>. Note that

Case 3a
ldl* = | Pz+al® = [lal* = |Pza]* > (1 —6z)]al? (3.25a)
9 9 Case 3a 9
and [|d — a|® = [[Pzall® < 0z|all", (3.25b)
SO
d'a} = d"a+d"(z} —a) > || Pzral® — ||d|l[|2} - af (3.26)
E25E), (T 9D|V|
> ldll | V1—0z— /- i llall
7 -1
B17a) D
> dll (\/1 —0z — ) ( T |V|> 2.
c(0z,0p)

Let ¢(fz,0p) be the formula marked above. Let d = d/||d||. We have

. o\ (.G, @)
d720 = oy (A7 (@9 + 20) — dTa?) < —el0200) 0| (3.27)

We then project z¥ + 2{ onto P;. Suppose 2!

2 — 22|| < 3. Then

is close enough to 2P so that

R R R (IZED
EN)T2) = (BT + (&7 = 2T 2 12N = 187 = 220) > 5Muin. (3.28)

If we assume that z{ is close enough to z* so that ||z?| < 1Mmm, then (27)T29 >
=127 1122] = —||11??|| > — 3 Mpin, and so

B28)
1 1 1
(Zp) (I + 2 ) > _§Mmin =+ §Mmin - ngin > 0.
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This means that 2 + 2 does not satisfy the second inequality in the definition of
P; in (3:22)), so at least one of the inequalities there must be active at Pp, (2) + 29).
We let the point Pp, (20 + z9) be &

Claim. Recall that limg, ¢,y (0,0) ¢(0z,0D) 1. Let k5 be M +

min

Fs3, which is checked to be greater than 1. Suppose 0z,0p > 0 are chosen small
enough so that the following conditions hold:

0
N 1+ D_|v
2r4|V|(MmaxFk3+1) 1-9p Vi

Mrnin op
1- 179Divi

—1 -1
05|V 9 |V\ 95|V VI=07¢(62,6p) .
(1— —15—’9,3) ( 2o T 0z )_ (1+ 1E—)9D) Mo S T

+ :‘%3 < K5, (3.29&)

(3.29Db)

c(0z,0p) > 72Mm1axn5' (3.29¢)
Then [[of — & || > gz — [l2?l-

We now prove the claim. For ] = Pp, (20 + 27), there are three different cases.

Case 3a-1: Only the constraint (29)Tz <0 in B22) is active at ;"
If that active constraint 1s (27)Tz < 0, then by the KKT Condltions #1 would
be of the form ;" = 29 + 29 — A2 and hence

G20, @2
dTsr =d (2 + 20 -T2 <. (3.30)
Then
G.28), @30
|2 —zF| 2 d" ) 7)) = e0z.0p)20 > i Ml
Case 3a-2: Both constraints in (3:22) are active at & .
Step 1: Bounding ||2) — 27|.
For all 7 € V, we have
1o = 2 <N ) = a2l (3:31)

Assu 2Z21®)
@d((zf,...,zrw),M) < K4d((ZI,.-.7Z|TV|),M2)-

The projection of (27,...,2[,) onto My is (2 — 6,25 — d,..., 2y, — 6), where My
is as defined in (2.9D) and § = \_x1/|(zz‘ev zI' — |V|z). This means that

d((=1,- 52y, M) = VIV = =

For the parameters (z7,.. .,Z‘Tvl) we note from Proposition 2] that 2{ = [2Y];,
[Z?]j =0 for aHj }é 7 and ZjEV[ZOzEE a] O which gives

T |V|z (3.32)

Saovie RS-0+ 2[2z2+2z?—x]j

1% eV JjeEV LacE eV

= S(er =29 = S af (3.33)

eV eV
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Recall that 2] = Py, (o+)(2]), and Assumption Z2A[). This gives |2} — 27|
R3l|2?|| and

- 0, 28).GIN _
27 =201l = d(z], No, («)) < ||20 =27 12001 = 122127 =221 < MumaxRslla?]l.
(3.34)
So
B33)
Y —ViE| < Xl =2+ Xl (3.35)
i€V i€V iev

E39)
< Z%/(Mmaﬂ% + 1)”330” <NV [(Mmaxfs + 1)||XO||-
S

Hence, for all ¢ € V', we have

T )
I = = < VI(ManaxRs + 1)1x]. (3.36)
Also,

12 =2 < ’ T IIZPII ‘J“ Hz”ll (4] ‘ (3.37)

=2l = 122

= gl = 2+ = e

0D 2rcy o/ [VI(Minaxis+1)
< ”zp” ||Z 2r + ﬁ”z? — 27 < Ka |0 R3 ” OH

Since 2 = Png, (2+)(2; 9), Assumption Z2[T) shows us that |22 — 27| < ks||2?]].
Note that for any i € V,

2
(snva) 2 @I 1/ 205
12212 < <012 < V] (14 /2 a2 TS V| o | 2?12
i 1-6p 0
1— DIV
T—0p
(3.38)
We thus have
129 = 22| < 1129 — 271l + 112 — 27 < ksl |l (3.39)

Step 2: Showing ||z9 — || is large enough.

Since both constraints in P; (see (3:22)) are tight at #;, the projection of 29 + 2!
onto P, is equivalent to the projection of F;ry. (2?4 29) onto {z: (Prrys (% ))T;p =
€;}. We have

R R @391) .
[Pirys (B = 1Pery (22 = 2D)I < 180 = 2Pl < sl — 27| (3.40)

Note that by the KKT conditions, Pzry1 (2)) = 20 — A2} for some A € R. So
(Ewan) E2D)
dT(Perys (29)) = dT (20 — M2P) "= dT20 < =0zfp) 0 e < 0. (3.41)

Then we have
T 20
a7 (Ppy1 () @AD,@ED, terms<0 5

TP, GO < “Moaxrs (3.42)
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Also,
@) Piry () (@-d)"Pury1 () n d"Pry1 (2)) (3.43)
e fMPery L GOI T M Pry L GO 1128Pery L D '
(2 —a)+(a=d) " P oy 1 (£7) ldl dTP(z»p)L(io)
N leF 1 Ppy 1 G [ESANEIIES P)L( Bl
B2 laf—all | Jad| _ e(6z.6p) | Ja]
- [ES [EH Muaxros [lall [[2?]]
EIR), G2 -1
< 1— /%I 9plVI) | g, llal _ c(0z.0p) VI-Oz|al
= 1-6p 1-0p 2N ™ Mumaxris 201
G170, E.290) 1
< 1
- 2Mmaxks
Note that #; is the deflection of 2 along the normal PisryL(2 20, ie., & = a9 +
AP f A>0.M R (R C G
(2 P)L( ) or some oreover, we nave m T, = m

since the two constraints in the definition of P; in (IB_._ZZI) are tight. The distance of

# must be at least

Ppy1(2)) T
7T — o0 > G- ~+ _ .0
”iEz Z; || = (“P(z*?_’)l-(il)”) (fﬁl Ii)
GBI ; 0 0
I e ( szam) 1221 = sxr s 1271

which concludes the proof for this case.

Case 3a-3: Only the constraint (2))Tz < ¢; in [3:22) is active at 7

We now show that this case is impossible by showing that (2; )T f=¢>0and
(BEED oIV

(2")T# < 0 cannot hold at the same time. We have |29 — al| =g llall-

By the nonexpansiveness of the projection operation, we have
[Pzry- (22) — d| =S l2f = dll < [|2? —all + [|d — al]
TR (V) 10 T i (VI ) a0
Define z/ to be the point such that o} = 2? + A2) and (2F)T2} = 0. Note that
0.

P(if)L(,'ElQ) is of the form z¥ + \2P with ( f) AP)J.( 9) = 0. Further arithmetic
gives us

T = T — Gy 29 and P(ﬁiP)L(I‘ZQ) =29 — [(2")Tal)2P. (3.45)

sy
()72 = (1) (29 —d) + (2N Td < ||2f —d|| < =2 ( iDGVDwrez) l1d]|.

V-0,
(3.46)
~0 AP
Also, Hﬁéo —zP (%) Since ||2? — 2?|| can be made ar-
‘ _ P2
bitrarily small by (BI9) and ( i ) = (; Py 2Z”p ”1'2 —zlliil“’—i”HQ))’ we can assume
4 7 7 7
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that there is an «y; such that H (zo)%zpélo — 2

G |, . . || BZ8
I = Pepy @I = 1217 9] || amrar 20 — 2 \/117‘,2(\/?[_"9‘;+\/_9z>71||d||-

(3.47)

By the KKT conditions, the point #; has the form & = 29 + \2? for some

A > 0. We show that points of the form 29 + A2, where A € R, cannot satisfy both

DT (2 +229) > 0 and ()T (2 + A2Y) < 0 at the same time. Since z?¥ — 2/ is a
multiple of 20, we can prove our results for points of the form z} + Az?. Now,

GO (@) = (Pren2) + Pery i)
= (Pren ) ) + (Paryc 20)7 (2 — d) + (Pery 1 20)7(d)
c(07.6
<0+ [[Peny 2 — dl| — S92 || Py 20] ||d) .

- Mmaxrs
I view of [laf — d| < & — Prary: (eO)l| + [ Prary- (o9) — dl, @A) and @ID),
and the fact that limg, 6,)-(0,0) C(HZ,HD) = 1, we can choose 6z,0p > 0 small
enough so that (29)T () < 0. So if (N7 (z} + )\z?) > 0, then A > 0, which implies
that (27)7 (2} + A20) = A(2F)T20 > 0. This completes the proof of the claim. A
Let the minimizer of &[|(z) + 20) — -||* 4+ 63 (-) be Z. It is standard to obtain
7+ 2z =29 + 29, We have

. (,0) EZD .
2ll(a? +20) = 217 + 05, (1) =7 5l (2l + 20) = 27 + 05 (D)

Ej minimizer 1 ~+ . 1 -
> sll@? +20) = 2712 + 05, (57) + g ll20 — 711

55, ()205,()
>

sl +20) = 27017 + 0, (B5) + g llaf — 272

zj minimizer

ST @0 2 — 2 8 () + Blle? — 7 (3.48)
Note that a9 2 (1- /20 ) fall =" (1- /B2 /I Ao,
20|12 (1332221) F(z%). Therefore
Fa) B 5 (0, + 1) (3.49)
B (00 + HatIP) — d? — 52 2 P@) - 4af — a7

eV

Claim 2
0 1 9 1-0p & 0
< F(z") - I(Muaxris)? (1 —\/ 1265 |) 4B s (2").

This once again leads to linear convergence.
Case 3b: ||Pzal?® > 0z]al?.
For each i € V, define the hyperplanes H;, H; o and H}, by

Hi = {z: (57)"2 = 6¢,(57)}, Hip = {a: (27)"e =0} and Hf == {z: (2])"z = 0}.

Recall that by Assumption 2.2(4), 29 are big enough so that 29 + z¥ is always
outside Cj, so that Pg, (2 + 2?) is onto the boundary of C; (and not in the interior
of C;). Recall that the dual vectors after the projection are {z; };c. The term
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V) in the definition of H; implies that H; is a supporting hyperplane of C; at

05, (2]
o with normal vector 2;". Due to the fact that the dual function is decreasing, we
have 67, , (= D+ sllzh 2 <65, (20) + 3|2 ]|? for all i’ € V, so

Z/

Case
o3 1I? < 26¢, (=) + ||z ||2<2Z5* L)+ X0 < (1+ DI (3.50)

If a point x‘f is on Cy/, then the distance of the supporting hyperplane of C;: at

4 to the origin is o(||z} ||) o([|x°]|) by Assumption Z2(3). (We actually
have O(||Ix°(1?), but o(||x°|]) is enough for this part of the proof.) So we have

d(0, H;) = o(|[2?]]). Since [|29] € ©O(||al)), the term 6%, (2) is o(||al]), for any

€1 > 0, we have & ||al| > d(0, H;) for all i € V if x° is close enough to x*, which
gives

d(a, H;) > d(a, H; o) — € ||a|| for all i € V. (3.51)
We have
Case 3b
d(a,Niev HY o) = d(a, Z+) = |Pzall > Bz|al. (3.52)

We have [(27)Tal < |(35)Tal + 127 — 21 ||||all. Also, d(a, Hip) = |(2)Tal and
|21 Ta| = d(a,HLO), Wthh leads us to d(a, H;o) > d(a,HfO) —||2F — 2f||||a||
Recall ||27 — 29|| can be arbitrarily small by (3:39). Note also that ||z) — 27 || =
|29 — 2|, and the latter can be arbitrarily small. Also, by Assumption 22(4),
1220, 125711 > Muin so |29 — 2| can be arbitrarily small. Thus we can make
127 = £Fl < & So

d(a, Hio) = |(¢7)"al > [(2))"al = |12} — 2F |llall = d(a, H},) — Ellall.  (3.53)

Next, by Assumption 2.2(1), we have

N AssuZ2(1) B352)
(2 Tal = d(a, HYy) > Ed(a,njevHY,) > 22|, (3.54)
We have
@30, @53 =D
dla, ) = d(a, HY) = 2@ lall > (¥ - 221) Jal. (3.55)
We have
IjEHi
llag — o | > d(z?, H;) > d(a, H;) — ||z} — al| (3.56)
6m.Em [0, Op|V|
2 —— =2t — /57— | llal
K1 1 9D

BI5) 0 Op|V 1-46
= V02 _ o [ 201V D 1.
D 14

c2(0z,0p,€1)

Since 0z,0p,é > 0 are chosen so that ¢3(8z,60p,€1) > 0, we have

(BED B12)
TP > e(0z,0p,&)°x°1° > (3+€) 'ea(bz,0p,&)°F(2°).
This leads to linear convergence like in the last three lines of ([B.49). O

|29 — 2
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4. LIFTING ASSUMPTION [Z5|[2)

In this section, we show how to adjust the proof of the main result in Section [3]
so that Assumption Z5([2) can be lifted. We let ;7 and ;7 be what they were in
the proof of Theorem [BIlin Section Bl We shall treat case 3a first, and then explain
the similarities in case 3b.

We can assume that there is an index k such that ¢ ¢ Sy, 5 forall &’ € {1,...,k—
1} (which implies 20 = 2F7!) and S, = {i}. Let the operator T : R* — R™ be

T(2') = argmin, 3|2’ — z||* 4+ 0p, (z). Define ¥ as

B =Ty 42 =T +2)),

Note also that #;7 = T'(z9 + 2{). Since ddp,(+) is a monotone operator, the operator
T(-) is nonexpansive (see for example the textbook [BCII]), which gives ||ZF -7 || <
l2F~1 — 29 We have

- k— k— ~k ko~ k— k— ~k
o —&F || < llaf —af A+ [l =251+ 12 — &1 < 2012 — 2 | + |2 — 2.
(4.1)

Then

k=1 . 1 [ o . 3
kZIIIX’“ —xF T 1—$fll22k21||$§ —a; TPl - 2|

k=1 LN\ ? L
> oy (£ ot =¥ )+ lat -t (42
> oip(lef ™ = 2l + i~ = &)%)

@D
> k— k=1 _ =~ -
7 ag(lzi ™ = ol + et = 3D > ggllad - 3%
The same steps as [B.48) leads us to
@™ + 277 = 2P o () (4.3)
> Gl 2 — 2P+ 6, (2F) + gl - 2%

Once again, the steps similar to ([8.49) gives
_ k— -
F(2* 1) = gllay ™ = 2f)?

k—1 , . 1
F(2%) - kZ 1L i R | Al
=1

F(2%) = 55 lla? — 2]

Claim 2 _
1 [ 1-6 € 0
< (1 ~ B0 (Manrs)? (1 —\/ 1205 |V|) v 2+é) F(z%).

The adjustments for case 3b is similar, except that the set P; is set to be C;, and
50?' and #¥ can be replaced by :10{Ir and ¥ respectively.
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