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THE GEODESICS IN LIOUVILLE QUANTUM GRAVITY ARE NOT
SCHRAMM-LOEWNER EVOLUTIONS

JASON MILLER AND WEI QIAN

ABSTRACT. We prove that the geodesics associated with any metric generated from Liouville
quantum gravity (LQG) which satisfies certain natural hypotheses are necessarily singular with
respect to the law of any type of SLE,. These hypotheses are satisfied by the LQG metric for
v = \/% constructed by the first author and Sheffield, and subsequent work by Gwynne and
the first author has shown that there is a unique metric which satisfies these hypotheses for each
~v € (0,2). As a consequence of our analysis, we also establish certain regularity properties of LQG
geodesics which imply, among other things, that they are conformally removable.

1. INTRODUCTION

Suppose that D C C is a domain and h is an instance of the Gaussian free field (GFF) h on D.
Fix v € (0,2]. The v-Liouville quantum gravity (LQG) surface described by h is the random
Riemannian manifold with metric tensor

(1.1) e7h(2) (da:2 + dy2)

where dz? + dy? denotes the Euclidean metric tensor. This expression is ill-defined as h is a
distribution and not a function, hence does not take values at points. The volume form associated
with (1.1) was constructed by Duplantier-Sheffield in [13] (though measures of this type were
constructed earlier by Kahane [25] under the name Gaussian multiplicative chaos; see also [22]). The
construction in the case v € (0,2) proceeds by letting for each z € D and € > 0 with B(z,¢) C D,
he(z) be the average of h on dB(z,¢€) and then taking

1.2 Y — Qi €77 /2e7he(2)
(1.2) py = lime? Fe dz

where dz denotes Lebesgue measure on D. The construction in the case v = 2 is similar but with
the normalization factor taken to be \/loge=1e? [11, 12]. The limiting procedure (1.2) implies that
the measures :“Z satisfy a certain change of coordinates formula. In particular, suppose that h is a

GFF on D, ¢: D — D is a conformal transformation, and
7 2
(1.3) h=hoyp+Qlogl|y| where Q:7+%‘
~y

If ,u% is the 7-LQG measure associated with k, then we have that 1 (p(A)) = M%(A) for all Borel

sets A C D. The relation (1.3) is referred to as the coordinate change formula in LQG. Two
domain /field pairs (D, h), (15, h) are said to be equivalent as quantum surfaces if h, h are related as
n (1.3). A quantum surface is an equivalence class with respect to this equivalence relation and a
representative is referred to as an embedding of a quantum surface.

The purpose of the present work is to study the properties of geodesics for v-LQG surfaces and
their relationship with the Schramm-Loewner evolution (SLE) [35]. Since the GFF is conformally
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invariant and satisfies the spatial Markov property, one is led to wonder whether the geodesics in
~v-LQG should satisfy Schramm’s conformal Markov characterization of SLE (see Section 2.2 for a
review) and hence be given by SLE-type curves (see [3, Problem 3, Section 5] as well as Sections 2
and 4 from the open problems from [1]). As pointed out by Duplantier [1, Section 4], evidence in
support of the relationship between SLE and LQG geodesics is given by the fact that the exponent
for having k geodesics connect a pair of points in a random planar map [5] matches the exponent for
having k disjoint self-avoiding walks on a random planar map connect a pair of points [9, 8] (and
self-avoiding walks on random quadrangulations were proven to converge to SLEg/3 [14]). Since a
geodesic is necessarily a simple curve, it can possibly be an SLE, curve only for x € (0,4], as SLE,
curves with k > 4 are self-intersecting [34]. The main result of the present work is to show that the
geodesics in v-LQG are in fact singular with respect the law of any type of SLE.

Prior to this work, the metric space structure for LQG had only been constructed for v = 1/8/3 in
[31, 32, 33, 30]. In this case, the resulting metric measure space is equivalent to that of a Brownian
surface, the Gromov-Hausdorff scaling limit of uniformly random planar maps. The first result of
this type was proved by Le Gall [27] and Miermont [29] for uniformly random quadrangulations
of the sphere. The works [27, 29] have since been extended to the case of uniformly random
quadrangulations of the whole-plane [6], the disk [4, 18], and the half-plane [2, 15]. The type of
Brownian surface that one obtains from the 1/8/3-LQG metric depends on the type of GFF h.
Following this work, the metric for v-LQG was constructed for v € (0,2) in [19, 17], building on
[20, 16, 7] and some ideas from the present work. The results of this article in particular apply to
the LQG metric for all v € (0,2) but we emphasize that this work is independent of [31, 32, 33, 30]
and precedes [19, 17].

We will first look at a metric 9, in C associated with a whole-plane GFF instance h which satisfies
the following assumption. We let By (z,7) denote the open metric ball under ?j centered at z with
radius r > 0.

Assumption 1.1. We assume that 0y is an h-measurable metric which is homeomorphic to the
Fuclidean metric on C and which satisfies:

(i) Locality: for all z € C and r > 0, By(z,r) is a local set for h.
(ii) Scaling: there exists a constant B > 0 such that for each C € R we have that 3,4+ (z,y) =
eﬁcoh(xa y) .
(i1i) Compatibility with affine maps: if ¢: C — C is an affine map (combination of scaling and
translation) and h = ho ¢ + Qlog|¢| then 05 (z,w) = 0p(p(2), p(w)) for all z,w € C.

(We will review the definition of GFF local sets in Section 2.1.) Since the whole-plane GFF is
only defined modulo an additive constant, to be concrete we will often fix the additive constant
by taking the average of the field on 9D to be equal to 0. Recall that a metric space (X,d) is
said to be geodesic if for every x,y € X there exists a path in X connecting x to y with length
equal to d(z,y). The metric space (C, ) is geodesic, due to the Hopf-Rinow theorem and the fact
that it is complete and locally compact being homeomorphic to the Euclidean whole-plane. We
emphasize that the geodesics of 9, are the same as those of 951 by part (ii) of Assumption 1.1, so
the particular manner in which we have fixed the additive constant is not important for the purpose
of analyzing the properties of geodesics.

Note that Assumption 1.1 was shown to hold in the case v = /8/3 in [31, 32, 33]. After the
present article, it was established in [19, 17] that there exists a unique metric satisfying (an equivalent
form of) Assumption 1.1 for each v € (0,2). We also expect there exists a unique metric satisfying
Assumption 1.1 for the case v = 2, though this is not proved in [19, 17].
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Given a metric space (C,0p) satisfying Assumption 1.1, for any general domain D C C, we
can define a metric space (D, p) where 9p, p is the internal metric on D induced by 9y, i.e.,
for any x,y € D, 9, p(x,y) := inf, £(n) where the infimum is taken over all dj-rectifiable curves
n connecting x and y that are contained in D and ¢(n) is the dj-length of n. Recall that (X,d)
is said to be a length space if for every ¢ > 0 and z,y € X there exists a path n connecting x
and y with length at most d(x,y) + €. By definition, (D,d) p) is a length space. Note that the

metric 0y, p is entirely determined by By (z,r) for all z € D and r € (0,92, 0D)), hence part (i) of
Assumption 1.1 implies that 05, p is measurable with respect to the restriction of h on D, denoted
by h|p. Finally, we can also consider a GFF h on D with more general boundary conditions, for
example piecewise constant or free. For any domain U C D with positive distance to 0D, the law of
h|y is equal to h|y plus a (possibly random) continuous function in U, hence one can define (D, ;)
from (D, 0, p) by part (ii) of Assumption 1.1.

In the present article, we will work with D = C and a whole-plane GFF h. However, the a.s.
properties that we will establish for geodesics in this work for the whole-plane GFF transfer to
the setting of the GFF on a general domain D C C (or to the other types of quantum surfaces
considered in [10]) by absolute continuity. To explain this point further, suppose that D C C and h
is a GFF on D. Suppose that U C D is open, bounded and has positive distance from 9D. We fix
the additive constant for h so that its average on a circle which is disjoint from U is equal to 0. (As
we mentioned above, the particular manner in which we fix the additive constant is for technical
convenience and does not change the a.s. properties of the geodesics.) With the additive constant
for h fixed in this way, the law of E\U is mutually absolutely continuous with respect to the law of
h|y. Consequently, if x,y € U then on the event that 9;(z,y) is less than the d;-distance from z to
OU we have (Theorem 1.2) that there is a.s. a unique 0;-geodesic connecting x and y whose law
is absolutely continuous with respect to the law of the a.s. unique 9, geodesic connecting = and
y. As all of our other theorems are a.s. results, they thus apply to this geodesic on this event. On
the event that 05 (x,y) is larger than the 0;-distance of z to JU, it is possible that a d;-geodesic
from x to y can hit OU. However, the proofs of our main results in fact apply to all geodesics
simultaneously for the whole-plane case and so similar absolute continuity type arguments allow us
to make statements about d;-geodesics whenever they are away from the domain boundary.

Our first main result is the a.s. uniqueness of geodesics connecting generic points in our domain.

Theorem 1.2. Suppose that h is a whole-plane GFF with the additive constant fixed as above and
that x,y € C are distinct. There is a.s. a unique 0p-geodesic 1 connecting x and y.

We note that Theorem 1.2 was shown to hold for v = 1/8/3 in [31, 32, 33] when z, y are taken
to be quantum typical (i.e., “sampled” from puy,). Taking z, y to be quantum typical corresponds to
adding —vlog | - | singularities at deterministic points z, y (see, e.g., [13]). The proof of Theorem 1.2
given in the present work applies to this setting for v = 1/8/3, but is also applicable in greater
generality. Theorem 1.2 will be important because it allows us to refer to the geodesic connecting
generic points x,y. We emphasize that Theorem 1.2 does not rule out the existence of exceptional
points between which there are multiple geodesics, which are known to exist in the case v = /8/3.

Our next main result answers the question mentioned above about the relationship between LQG
geodesics and SLE. Recall that whole-plane SLE is the variant which describes a random curve
connecting two points in the Riemann sphere, so it is the natural one to compare to LQG geodesics.

Theorem 1.3. Suppose that h is a whole-plane GFF with the additive constant fixed as above and
that x,y € C are distinct. Let n be the a.s. unique geodesic from x to y. The law of n is singular
with respect to the law of a whole-plane SLE, curve from x to y for any value of k > 0.
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FIGURE 1.1. Left: A metric ball constructed using a discretization of /8/3-LQG
together with all of the geodesics from the outer boundary of the ball to its center.
The different colors indicate the distance of the points to the center. Right: Only
the geodesics from the outer boundary of the ball to its center are shown.

As mentioned above, the proof of Theorem 1.3 applies in other settings as well. For example, the
same technique applies to show in the case where D C C is a simply connected domain that the
law of a geodesic between distinct boundary points (resp. a boundary point to an interior point) is
singular with respect to chordal (resp. radial) SLE.

We will prove Theorem 1.3 by analyzing the fine geometric properties of geodesics in LQG. In
particular, we will show that geodesics in LQG are in a certain sense much more regular than SLE
curves. As a consequence of our analysis, we will obtain the following theorem which serves to
quantify this regularity (in a reparameterization invariant manner).

Theorem 1.4. Suppose that h is a whole-plane GFF with the additive constant fixed as above.
Almost surely, the following is true. For any dp-geodesic n (between any two points in C) and
for any parameterization of n with time interval [0,T], for each 6 € (0,1) there exists a constant

C(6,m) > 0 so that
(1.4) diam(n([s, t])) < C(&,n)|n(t) —n(s)|*=°  for all s,t e [0,T).

Let us point out that the regularity condition in the theorem above a.s. holds for all 9;-geodesics
simultaneously, even though the statement in Theorem 1.3 holds a.s. only for fixed z,y € C (since
in the latter setting, one has to choose a geodesic, before comparing its law with SLE).

An important concept in the theory of LQG is conformal removability. Recall that a compact set
K C C is said to be conformally removable if the following is true. Suppose that U O K is an open
set and ¢: U — V is a homeomorphism which is conformal on U \ K. Then ¢ is conformal on U.

Theorem 1.5. Suppose that h is a whole-plane GFF with the additive constant fized as above. Then
almost surely, any 0p-geodesic is conformally removable.
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The conformal removability of a path in LQG is important because it implies that a conformal
welding in which the path arises as the gluing interface is uniquely determined (see, e.g., [39, 10, 28]).
In the case v = 1/8/3, the conformal removability of geodesics is especially important as it is shown
in [30] that metric balls in the Brownian map can be decomposed into independent slices obtained
by cutting the metric ball along the geodesics from its outer boundary to its center (see Figure 1.1).
Theorem 1.5 implies in the context of 1/8/3-LQG that the conformal structure associated with a
metric ball is uniquely determined by these slices. We also note that the conformal removability of
geodesics in the case v = \/% was posed as [32, Problem 9.3] and Theorem 1.5 solves this problem.
We will prove Theorem 1.5 by checking that a sufficient condition for conformal removability due to
Jones-Smirnov [24] is necessarily satisfied for the geodesics in LQG using Theorem 1.4 and an a.s.
upper bound on the upper Minkowski dimension for the geodesics in LQG (see Proposition 4.8)
which is strictly smaller than 2.

We finish by mentioning that there are many other sets of interest that one can generate using
a metric from LQG. Examples include the boundaries of metric balls (see Figure 1.1) and the
boundaries of the cells formed in a Poisson-Voronoi tessellation (see [21]). We expect that the
techniques developed in this paper could be used to show that these sets are both not given by any
form of SLE curve and also are conformally removable. This leaves one to wonder whether there is
any natural set that one can generate from a metric for LQG which is an SLE.

Outline. The remainder of this article is structured as follows. We begin in Section 2 by reviewing
a few of the basic facts about the GFF and SLE which will be important for this work. Next, in
Section 3, we will prove the uniqueness of the dj,-geodesics (Theorem 1.2). Then, in Section 4, we
will analyze the regularity of the 9j-geodesics, thus establish Theorems 1.3 and 1.4. Finally, in
Section 5, we will prove the removability of the d5-geodesics (Theorem 1.5). In Appendix A, we will
estimate the annulus-crossing probabilities for SLE curves.

Theorem 1.3 (as well as Theorem 1.4) will be established by showing that the geodesics in LQG
are in a certain sense much more regular than SLE curves. In particular, we will show that the
probability that a geodesic has four (or more) crossings across an annulus B(z,¢€) \ B(z,€e) for
a > 1 and € > 0 decays significantly more quickly as ¢ — 0 than for SLE, for any value of x > 0.

Acknowledgements. JM was supported by ERC Starting Grant 804166 (SPRS). WQ acknowledges
the support by EPSRC grant EP/1.018896/1 and a JRF of Churchill college. We thank an anonymous
referee for helpful feedback on an earlier version of the article.

2. PRELIMINARIES

2.1. The Gaussian free field. We will now give a brief review of the properties of the Gaussian
free field (GFF) which will be important for the present work. See [38] for a more in-depth review.

We will first remind the reader how the GFF on a bounded domain is defined before reviewing
the definition of the whole-plane GFF. Suppose that D C C is a bounded domain. We let C§°(D)
be the space of infinitely differentiable functions with compact support contained in D. We define
the Dirichlet inner product by

(2.1) (F.9)v = 5 [ VH@) Vool for f.g€ CFD).

We let || - ||¢ be the corresponding norm. The space H} (D) is the Hilbert space completion of
C§°(D) with respect to (+,-)v. Suppose that (¢,) is an orthonormal basis of H} (D) and that ()
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is an i.i.d. sequence of N(0,1) variables. Then the Gaussian free field (GFF) h on D is defined by
(2.2) h=> andn.
n=1

Since the partial sums for h a.s. diverge in HJ (D), one needs to take the limit in a different space
(e.g., the space of distributions).

In this work, we will be mainly focused on the whole-plane GFF (see [39, Section 3.2] for a review).
To define it, we replace Hj(D) with the closure with respect to (-, )y of the functions in C§°(C)
whose gradients are in L?(C), viewed modulo additive constant. The whole-plane GFF is then
defined using a series expansion as in (2.2) except the limit is taken in the space of distributions
modulo additive constant. This means that if & is a whole-plane GFF and ¢ € C§°(C) has mean-zero
(ie., [ ¢(z)dz = 0) then (h, ) is defined. There are various ways of fixing the additive constant for
a whole-plane GFF so that one can view it as a genuine distribution. For example, if ¢ € C°(C)
with [ ¢(z)dz =1 then we can set (h,¢) = 0. If ¢ € C5°(C) with [¢(z)dz = 1, then we set

(hﬂ/)) = (h71/} - ¢) + (h7¢) = (hﬂﬁ - ¢)

Note that (h,¢ — ¢) is well-defined as 1) — ¢ has mean zero. This definition extends by linearity
to any choice of ¢ € C§°(C). It can also be convenient to fix the additive constant by requiring
setting the average of h on some set, for example a circle (see more below), to be equal to 0.

Circle averages. The GFF is a sufficiently regular distribution that one can make sense of its
averages on circles. We refer the reader to [13, Section 3] for the rigorous construction and basic
properties of GFF circle averages. For z € D and € > 0 so that B(z,e) C D we let he(z) be the
average of h on 0B(z,¢).

Markov property. Suppose that U C D is open. Then we can write h = hy + he where hy (resp.
hs) is a GFF (resp. a harmonic function) in U and hq, hy are independent. This can be seen by
noting that H{ (D) can be written as an orthogonal sum consisting of H}(U) and those functions in
H} (D) which are harmonic on U. The same is also true for the whole-plane GFF except hy is only
defined modulo additive constant.

We emphasize that hg is measurable with respect to the values of h on D\ U. To make this more
precise, suppose that K is a closed set and § > 0. We then let .7-"?( be the o-algebra generated by (h, ¢)
for ¢ € C§°(D) with support contained in the J-neighborhood of K and then take Fx = ﬂ5>0]-"§§(.
Then hgy is Fx-measurable and h; is independent of Fr with K = D\ U.

Local sets. The notion of a local set of the GFF serves to generalize the Markov property to the
setting in which K = D\ U can be random, in the same way that stopping times generalize the
Markov property for Brownian motion to times which can be random (see [36] for a review). More
precisely, we say that a (possibly random) closed set K coupled with & is local for h if it has the
property that we can write h = hy + ho where, given Fx, h; is a GFF on D\ K and hsg is harmonic
on D\ K. Moreover, hs is Fx-measurable.

Conformal invariance. Suppose that ¢: D — D is a conformal transformation. It is straight-
forward to check that the Dirichlet inner product (2.1) is conformally invariant in the sense that
(fop,gop)v = (f,g)v for all f,g € C3°(D). As a consequence, the GFF is conformally invariant
in the sense that if h is a GFF on D then ho ¢ is a GFF on D.

Perturbations by a function. Suppose that f € H}(D). Then the law of h + f is the same as the
law of h weighted by the Radon-Nikodym derivative exp((h, f)v — || f]%/2). Consequently, the laws
of h+ f and h are mutually absolutely continuous. This can be seen by writing f = > Bn¢n
where (¢,,) is an orthonormal basis of H (D), noting that the Radon-Nikodym derivative can be
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written as [[°2; exp(ay B, — B2/2) and weighting the law of oy, by exp(an, 8, — 82/2) is equivalent
to shifting its mean by [3,,.

2.2. The Schramm-Loewner evolution. The Schramm-Loewner evolution SLE was introduced
by Schramm in [35] as a candidate to describe the scaling limit of discrete models from statistical
mechanics. There are several different variants of SLE: chordal (connects two boundary points),
radial (connects a boundary point to an interior point), and whole-plane (connects two interior
points). We will begin by briefly discussing the case of chordal SLE since it is the most common
variant and the one for which it is easiest to perform computations. As the different types of SLE’s
are locally absolutely continuous (see [37]), any distinguishing statistic that we identify for one type
of SLE will also work for other types of SLEs.

Suppose that 7 is a simple curve in H from 0 to oo. For each ¢t > 0, we can let H, = H \ n([0, ¢])
and ¢¢ be the unique conformal transformation H; — H with ¢:(z) — 2 — 0 as z — co. Then the
family of conformal maps (g;) satisfy the chordal Loewner equation (provided n is parameterized
appropriately):

2
8t.gt(z) gt(z) — Ut,
Here, U: [0,00) — R is a continuous function which is given by the image of the tip of n at time ¢.
That is, Uy = g+(n(t)).

SLE, for k > 0 is the random fractal curve which arises by taking U; = /kB; where B is a
standard Brownian motion. (It is not immediate from the definition of SLE that it is in fact a curve,
but this was proved in [34].) It is characterized by the conformal Markov property, which states the
following. Let Fy = o(Us: s <t) =o(n(s):s <t)and f; = g — Uy. Then:

e Given F;, we have that s — fy(n(s+t)) is equal in distribution to 7.
e The law of 7 is scale-invariant: for each o > 0, t — a~'n(a?t) is equal in distribution to .

go(z) = z.

We recall that the SLE curves are simple for k € (0, 4], self-intersecting but not space-filling for
k € (4,8), and space-filling for k > 8 [34].

Since this work is focused on geodesics which connect two interior points, the type of SLE that
we will make a comparison with is the whole-plane SLE. Whole-plane SLE is typically defined in
terms of the setting in which 0 is connected to co and then for other pairs of points by applying a
Mobius transformation to the Riemann sphere. Suppose that U; = \/kB; where B is a two-sided
(i.e., defined on R) standard Brownian motion and we let (g;) be the family of conformal maps
which solve

el z
(2.3) Ahgi(z) = gt(z)eilf’ft%7 go(2) = 2.
The whole-plane SLE, in C from 0 to oo encoded by U is the random fractal curve n with the
property that for each t € R, ¢ is the unique conformal transformation from the unbounded
component of C \ n((—o0,t]) to C\ D which fixes and has positive derivative at co.

We will prove in Appendix A the following proposition, which is the precise property that will
allow us to deduce the singularity between SLE and 05,-geodesics.

Proposition 2.1. Fix k > 0. Suppose that n is a whole-plane SLE, in C from 0 to co. For each
n € N there exists a > 1 such that the following is true. There a.s. exists ¢g > 0 so that for all
€ € (0,€q) there evists z € B(0,2) \ D such that n makes at least n crossings across the annulus
B(z,€) \ B(z,€%).

We will in fact deduce Proposition 2.1 in Appendix A from the analogous fact for chordal SLE,
by local absolute continuity between the different forms of SLE.
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Proposition 2.2. Fiz x > 0. Suppose that n is a chordal SLE, in H from 0 to co. For each
n € N there exists a > 1 such that the following is true. There a.s. exists g > 0 so that for all
€ € (0,¢e0) there exists z € [—1,1] x [0,1] such that n makes at least n crossings across the annulus

B(z,€) \ B(z,€%).

2.3. Distortion estimates for conformal maps. Here, we recall some of the standard distortion
and growth estimates for conformal maps which we will use a number of times in this article.

Lemma 2.3 (Koebe-1/4 theorem). Suppose that D C C is a simply connected domain and
f: D — D is a conformal transformation. Then D contains B(f(0),|f'(0)|/4).

The following is a corollary of Koebe-1/4 theorem, for example see [26, Corollary 3.18].

Lemma 2.4. Suppose that D, D C C are domains and f:D— Disa conformal transformation.
Fiz z € D and let Z = f(z). Then

dist(Z,8D)

_ Adist(, aD)
4dist(z, 0D)

<GS gsc.0D)

The following is a consequence of Koebe-1/4 theorem and the growth theorem, for example see
[26, Corollary 3.23].

Lemma 2.5. Suppose that D, D C C are domains and f:D— Disa conformal transformation.
Fiz z € D and let z = f(z). Then for all v € (0,1) and all |w — z| < rdist(z,0D),

4w — z| dist(Z, 0D) _

dist(Z, 0D).
1—7r2 dist(z,0D) — 1—1r2 ist(%,0D)

[f(w) = 2] <

2.4. Binomial concentration. We will make frequent use of the following basic concentration
inequality for binomial random variables.

Lemma 2.6. Fiz p € (0,1) and n € N and let X be a binomial random variable with parameters p
and n. For each r € (p,1) we have that

(2.4) P[X >rn] < (1 :fj)n(u) (§>m _ expl—cpom).

Similarly, for each r € (0,p) we have that

(2.5) P[X <rn] < G :1;>n<1_r> (2%)” _ expl—cpy).

We emphasize that for fixed r, ¢,, — 00 as p — 0 and also as p — 1.

Proof. We will prove (2.4). The proof of (2.5) follows by replacing X with n — X, p with 1 — p, and
r with 1 — r. For each A > 0, we have that

P[X >rn] < e_)‘mE[eAX] = (1 —p+pet)te .

Optimizing over A > 0 implies (2.4). O
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FIGURE 3.1. Illustration of the proof of Theorem 1.2. The quantum balls By (z,r)
and Bp(y,u) are drawn in grey. We cover 0By (z,r) by balls of radius €/2. We
investigate the probability that there are two geodesics from x to y that respectively
intersect B(z;,€/2) and B(xj,€/2) such that B(z;,28) N B(z;,2¢) = 0.

3. UNIQUENESS: PROOF OF THEOREM 1.2

See Figure 3.1 for an illustration. Fix x,y € C distinct. For any r > 0, let Bp(z,r) be the 0
metric ball centered at x of radius r and let s := inf{t > 0: By(z,7) N Bp(y,t) # 0}. Note that if
r < p(x,y), then s =0y (z,y) — r. To prove the theorem, it suffices to show that for any r > 0, on
the event {r < 0 (z,v)}, OBp(x,r)NIBy(y, s) a.s. contains a unique point. Indeed, if 7 is a geodesic
from z to y, then we can continuously parameterize n by ¢t € [0,0,(z,y)] so that 0,(n(t),z) = t,
since 0y, is homeomorphic to the Euclidean metric. In particular, for all r € [0,05(x,y)], we have
n(r) € 0Bp(x,r) N OBy (y, s). If for every r > 0, on the event {r < d;(z,y)}, 0Bn(x,r) N IBy(y, s)
a.s. contains a unique point, then for any two geodesics n and 7 from z to y, we a.s. have that
n(r) = n(r) for all rational r € [0,0,(x,y)] simultaneously. This can only be the case if we a.s. have
that n = 1.

From now on, fix 7, > 0. We will argue that on the event {r < d;(x,y)}, dBp(x,r) N IBy(y, s)
a.s. does not contain points which have distance more than 8¢ from each other. This will imply the
desired result as we have taken r,& > 0 to be arbitrary. For R,¢,0 > 0, we define E(R,¢,0) to be
the event that

(1) Bh('rv ah(.fU, y) U Bh(yvbh(xa y)) - B(()? R)7
(ii) for all z € B(0, R), the dj-diameter of B(z,¢€) is at most equal to the infimum of d,(a, b) over
all a,b € B(0, R) with |a — b|] > §/2;
(iii) for all a,b € B(0, R) with |a — b| < 24, any geodesic from a to b has Euclidean diameter at
most &.

Since we have assumed that 0, induces the Euclidean topology, it follows that the probability of (i)
tends to 1 as R — oo. For the same reason, for fixed R and &, as 6 — 0, the probability of (iii) tends
to 1. Moreover, for fixed R and 4, as € — 0, the probability of (ii) tends to 1. Therefore, we can
choose R, €, in a way such that € < § < £ and the probability of E(R,¢,0) is arbitrarily close to 1.

Let 21,..., 2y be a collection of points on OBy (x,r) so that 0By (z,r) C Uj_; B(zj,¢/2). We aim
to prove that, conditionally on {r < 9,(z,y)} N E(R,¢€,0), there a.s. do not exist two geodesics 7
and 7 from x to y such that 7 intersects B(z;,€/2) and 7 intersects B(xj,€/2), where 4,5 € [1,n]
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are such that B(x;,26) N B(z;,2¢) = (. This implies that any two intersection points of 9By, (z,r)
and 0B(y, s) must have distance at most 8¢ from each other. Since the probability of E(R,¢,d) can
be made arbitrarily close to 1, this will complete the proof.

From now on, we further fix R, ¢, and work on the event E := {r < d,(z,y)} N E(R,€,0). We
also assume that the additive constant for h is fixed so that its average on 0B(R+ 2, 1) is equal to 0
(recall that the dj,-geodesics do not depend on the choice of additive constant; the choice here is
made so that the circle is disjoint from B(0, R) but is otherwise arbitrary). Fix ,j € [1,n] such that
B(xi,2§)NB(xj,28) = 0. Let u := inf{t > 0 : By (y,t)NB(z;,¢/2) # 0 and By(y,t)NB(z;,€/2) # 0}.
If u > s, then obviously there do not exist two geodesics n and 77 from x to y such that 7 intersects
B(z;,€/2) and 7 intersects B(xj,€/2).

On EN{u < s}, for any £ € {i,j}, due to (ii), the dp-shortest path from 9By (y,u) to By (z,7) N
B(xzg,€/2) must have one endpoint in By, (y,u) N B(xy,d) (and the other endpoint is in OBy (z,7) N
B(xzg,€/2)). For £ € {i,j}, we let Xy be the infimum of d;-lengths of paths which connect a point on
OBp(x,r) N B(xy,0) to a point on OBy (y,u) N B(xy,d). We are going to prove that on EN{u < s},
we have X; # X; a.s. This will imply that, on the event F, there a.s. do not exist two geodesics n
and 77 from z to y such that 7 intersects B(x;, €/2) and 7 intersects B(xj, €/2), which will complete
the proof.

Let us now work on F N {u < s}. We will further condition on the sets By (z,r) and By (y,u)
(which are local for h by Assumption 1.1). It suffices to show that under such conditioning,
X; # X; as. On E(R,€,0), due to (iii), for £ € {i,j}, any geodesic which connects a point on
OBp(z,7) N B(xy,d) to a point on By, (y,u) N B(xy,d) is contained in B(xy, £). By the locality of
0y, Xy is determined by By (x,r), By(y,u), and the values of h in B(zy, ). Let ¢ be a non-negative
C§°(C) function with support contained in U; = B(w;,2€) \ (Br(z,7) U By(y, w)) with the property
that every path from 0By (z,r) N B(x;,d) to 0By, (y,u) N B(x;,0) contained in B(x;,{) must pass
through ¢~1({1}). We emphasize that we can choose ¢ as a deterministic function of By(z,7),
By (y,u) and x4, 2;,&. For o € R, we let X be the infimum of 9, 44-lengths of paths which connect
a point on OBy (x, )N B(x;,d) to a point on By (y, u) N B(x;,d) and which are contained in B(x;,§).
We note that X? = X;. Observe that X is strictly increasing and continuous in « by part (ii) of
Assumption 1.1. Thus if we take A to be uniform in [0, 1] then the probability that X = X j is
equal to 0. Since the conditional law of h + A¢ in U; given the values of h outside of U; is mutually
absolutely continuous with respect to the conditional law of A in U; given its values outside of U;, it
follows that the joint law of (XiA, X;) is mutually absolutely continuous with respect to the joint
law of (X;, X;). In particular, the probability that X; = X is also equal to 0. O

4. REGULARITY

In this section, we will give the proofs of Theorems 1.3 and 1.4. The first step is carried out in
Section 4.1, which is to show that (with high probability) the whole-plane GFF at an arbitrarily
high fraction of geometric scales exhibits behavior (modulo additive constant) which is comparable
to the GFF with zero boundary conditions. We will then use this fact in Section 4.2 to show that
(with high probability):

e At an arbitrarily high fraction of geometric scales (depending on a choice of parameters),
the shortest path which goes around an annulus is at most a constant times the length of
the shortest path which crosses an annulus (Proposition 4.6) and that

e There exists a geometric scale at which the former is strictly shorter than the latter
(consequence of Lemma 4.7).
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The first statement is the main ingredient in the proofs of Theorems 1.3 and 1.4 since it serves to
rule out a geodesic making multiple crossings across annuli. The second statement will be used to
prove an upper bound for the dimension of the geodesics (Proposition 4.8) which will be used in the
proof of Theorem 1.5 in Section 5.

Throughout, we let h be a whole-plane GFF. For any z € C and r > 0, let ., be the o-algebra
generated by the values of h outside of B(z,r). By the Markov property for the GFF, we can
write h as a sum of a GFF h,, on B(z,r) with zero boundary conditions and a distribution b, ,
which is harmonic on B(z,r) and agrees with h outside of B(z,r). Note that b, , is measurable
w.r.t. F,, and Ez,r is independent of F, ,. Let h,(z) be the average of h on 0B(z,r). Note that

h.r(2) = hr(2) since b, is harmonic in B(z,r). Let ?LZ’T :=h— h.(2).

4.1. Good scales. In this subsection, we will first define the M-good scales and show in Lemma 4.1
that they are important because on such scales the law of a whole-plane GFF and the law of a
GFF with zero boundary conditions are mutually absolutely continuous with well-controlled Radon-
Nikodym derivatives. Then we will prove the main result of this subsection, which is Proposition 4.3,
which says that an arbitrarily large fraction of scales are M-good with arbitrarily large probability
provided we choose M large enough.

Fix a constant M > 0. Fix z € C and r > 0. We say that B(z,r) is M-good for h if:

sup |hz,r(w) - hz,r(2)| <M.
w€eB(z,151/16)

Let E% be the event that B(z,r) is M-good and note that E » is F, p-measurable.

Lemma 4.1. Fiz z € C and r > 0. The conditional law given F,, of hz,r restricted to B(z,7r/8)
is mutually absolutely continuous w.r.t. the law of a zero-boundary GFF on B(z,r) restricted to
B(z,7r/8).

Let Z,,(-) (resp. W, (-)) be the Radon-Nikodym derivative of the former w.r.t. the latter (resp.
latter w.r.t. the former). (Note that Z,, (resp. W, ) is itself measurable w.r.t. F,, and takes as
argument h., rlB,7/8) (Tesp. hZT\B(Z 7/8))-) On EM v» for all p € R, there exists a constant c(p, M)
depending only on p and M such that

E[ZZ,T(%Z,’I"B(z,7/8) )p ‘ Fz,r] < C(pv M) and E[(Wz,r(ﬁz,r’B(zj/S)))p ‘ Fz,r] < C(pa M) a.s.

Note that E[Zz,r(ﬁz,r‘B(z,W/S))p |Fz7r] and E[(Wz,r(ﬁ s
w.r.t. Fop.

)P | F.r] are both measurable

Proof of Lemma /.1. Note that when restricted to B(z, ), hz,r admits the Markovian decomposition
Doy = oy + b.., where hzr = bz,r — hy(2) is harmonic in B(z,7). Fix ¢ € C5°(B(z,29r/32)) with
?lB(, 7r/8) = =1landletg= []z r®. Then h r+gis equal to h 2 in B(z,7r/8). Moreover, if we take the
law of hz,r and then weight it by the Radon-Nikodym derivative 22, (ﬁw) = exp((ﬁw, 9)v—llgl%/2),
then the resulting field has the same law as ﬁz,r +g. Therefore Z, , is given by integrating ZS,T over
the randomness of iNz” in B(z,7)\ B(z,7r/8) given F,,. Conversely, if we take the law of ﬁz,r +g
and weight it by the Radon-Nikodym derivative

(1) exp((ey + 9, ~g) + I91%/2) = ex((Fer,~9)5 19l /2) = xp((Ber, ~)v — gl%/2),

then the resulting field has the same law as Ez,r.
Note that the second equality in (4.1) holds because h, differs from h,, by a function which
is harmonic in B(z,r) and g is supported in B(z,r). Since h, + g and h,, agree on B(z,7r/8),



12 JASON MILLER AND WEI QIAN

we get that if we take the law of ﬁzﬂn and weight it by W2, = exp((ﬁz,r, —g)v — |lg|[4/2), then the
restriction of the resulting field to B(z, 7r/8) has the same law as the corresponding restriction of
Ez,r- Therefore W, , is given by integrating ng over the randomness of ﬁw in B(z,r)\ B(z,7r/8)
given F, .. This proves the mutual absolute continuity.

Now suppose that we are working on the event E22. Then \62r| < M in B(z,15r/16). Recall the
following basic derivative estimate for harmonic functions. There exists a constant ¢ > 0 so that if
R > 0 and w is harmonic in B(z, R) then for w € B(z, R) we have that

(4.2) \Vu(w)| < e(dist(w,dB(z,R))™" sup |u(v) —u(z)|.

veEB(z,R
Applying this with u =, R = 15r/16, and w € B(z,29r/32) we see that |[...]|2 (with the norm
computed on B(z,29r/32)) is bounded by a constant which depends only on M. Therefore the
same is true for ||g||%. The second part of the lemma follows because for all p € R,

(4.3) E|(20,(her)? | o | = BIOVL, ()| Fe] = exp((0” = p)gl3/2).

In particular, on E%, the above quantities are bounded by a constant which depends only on p
and M. The same is therefore true for Z, , and W, , by Jensen’s inequality, which completes the

proof. O
Now let us mention a few consequences of this lemma and its proof that we will use later on.

Remark 4.2. Fiz p > 1 and let ¢ > 1 be such that p~' 4+ ¢! = 1. For any GFF h° defined
on B(z,Tr/8), let E(h°) be an event which is determined by h°. Then Lemma /4.1 combined with
Holder’s inequality implies that there exist constants c1(p, M), ca(p, M) depending only on p, M so
that on EM we have

(4.4) |

P[E(hZ,T|B(z,7r/8)) |-7:Z,r] =P [ZZ,r(hz,r|B(z,7r/8))lE(Ez,TIB(NT/g)) |]:z,r:|

~ p 1/p ~ ~
<B|(Zer(harlperm) | For] " PIEGrarlnemm)]? < e1(p, MYPIEGha ] 7e/m)) 1,
(4.5)
P[E(hz,r‘B(z,W/S))] = E[Wzvr(hw’3(2777"/8))1E(i§z,r\5(z,7r/8)) ‘]:z,'r]

1/q

1/p ~
} < ca(p, M)P |E(hr|B(zy7r/8)) | For

]1/q

<E |:WZ77’(EZ/’"B(Z,77'/8))p ’Jrz,r p {E(ﬁzm|3(z,7r/8)) |J:Z,T

Now let us show the main result of this subsection.

Proposition 4.3. Fiz z € C and r > 0. For each k € N, we let 1, = 27%r. Fiz K € N and
let N = N(K,M) be the number of 1 < k < K so that B(z,ry) is M-good. For every a > 0 and
b e (0,1) there exists My = M (a,b) and co(a,b), so that for all M > My we have

P[N(K,M) < bK] < co(a, b)e K.

One main input into the proof of Proposition 4.3 is the following bound for the probability that a
given ball is not M-good.

Lemma 4.4. There exist constants c1,co > 0 such that for any z € C, r > 0, and M > 0, we have
P[(E%)C] < cle_CQMQ.
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Proof. By the scale and translation invariance of the whole-plane GFF, the quantity P [(E%)c] is
independent of z and r, hence we will choose z = 0 and » = 1. We are going to bound the supremum
of [ho,1(w) — ho,1(0)] when w € B(0,15/16) and show that it has a Gaussian tail.

Let p be the Poisson kernel on B(0,31/32). Then there exists an absolute constant C' > 0 so that
p(w,y) < C for all w € B(0,15/16) and y € 0B(0,31/32). Letting dy denote the uniform measure
on 0B(0,31/32), we have that for all w € B(0,15/16)

ho,1(w) = bo,1(0)] =

/ (B0 () — bo1 (0))p(w, y)dy
9B(0,31/32)

< / 80,1 () — bo.1(0)p(w, y)dy
9B(0,31/32)

<C 1ho,1(v) — bo,1(0)|dy.
8B(0,31/32)

Therefore by Jensen’s inequality, we have that
exp (a sup [ho,1(w) — bo,1(0)|2> < / € o1 @) =ho.1 (O)F gy
weB(0,15/16) dB(0,31/32)

We note that ho 1(y) — ho,1(0) is a Gaussian random variable with bounded mean and variance. It
thus follows that by choosing a > 0 sufficiently small we have

E |exp (a sup |ho,1(w) — h071(0)|2>] < 0.
weB(0,15/16)
The result therefore follows by Markov’s inequality. O

Remark 4.5. The same reasoning applies to the zero-boundary GFF. Let L be a zero-boundary
GFF in B(0,1). For allr € (0,1), let ho, be the field which is harmonic in B(0,r) and agrees with

h in B(0,1)\ B(0,r). We can similarly deduce that there exist ¢y, ¢y > 0 such that for all v € (0,1)
and M > 0 we have

(4.6) P

sup ]Ho,r(w) — HO,T(O)‘ > M| < cle*CQMQ.
weB(0,157/16)

Proof of Proposition 4.3. By the translation and scale-invariance of the whole-plane GFF, the
statement is again independent of z and r, hence we will choose z = 0 and r = 1 so that rj, = 27,
Our strategy is to explore h in a Markovian way from outside in and to control (using Lemma 4.4)
the number of scales we need to go in each time in order to find the next M-good scale.

We start by looking for the first kg € N for which B(0,r,) is an M-good scale. Let

R=  sup [|ho1(w)—bo1(0)].
weB(0,15/16)
Lemma 4.4 implies that there is a positive probability pys that R < M. In this case, we have kg = 0.
With probability 1 — pas, one has R > M. In this case, conditionally on Fy; and on {R > M}
(which is measurable w.r.t. Fo 1), we continue to look for the first ky > 1 for which B(0,ry,) is an
M-good scale. For some C' > 0 that we will adjust later, we aim to find £ € N such that

(4.7) sup  |ho,1(w) — ho,1(0)] < C,
weB(0,r¢)
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and then to estimate the goodness of the scale B(0,7,). By applying the derivative estimate (4.2)
to the harmonic function hg; we see that there exists ¢ > 0 such that if we choose ¢ = c[logy(R)],
then (4.7) is satisfied. Lemma 4.4 implies that P[R > #] < cie=" for constants cy,cs > 0.
Consequently,

P[¢ > q] < Pllogy(R) > q/c — 1] < P[R > 29/¢] < ¢ exp(—¢2229/°).

Now let us estimate the following quantity, which represents how good B(0, 1) is:

ﬁ = sup ‘ho,w (w) - hO,W (0)|
weB(0,157,/16)

Note that o, (w) = ho,1(w) + EOM (w), where HOM is harmonic in B(0,r¢) and agrees with a
zero-boundary GFF in B(0, 1) outside of B(0,r,). Therefore, combining with (4.7), we have that
(4.8) R<  sup  [hos(w) —bor, (0) +C.

weB(0,157,/16)

Note that f)o e is independent of Fo 1. Applying (4.6)—(4.8), we know that there exist ¢1,c3 > 0
(depending only on C') such that P[R >t | Foillrsm < Cire —@t* In particular, it implies that the
conditional probability of R < M is at least some py;c > 0. We emphasize that py;c depends
only on M and C and can be made arbitrarily close to 1 if we fix C' > 0 and choose M > 0
sufficiently large. From now on, we will fix C' and reassign the values of ¢1, c2, par, €1, €2, pavr,c S0
that ¢ = ¢1,¢0 = C2,PM,C = PM-

If B(0,7¢) is M-good, then ko = ¢. Otherwise we continue our exploration, conditionally on Fg .,
and on the event {R > M} N {R > M} (which is measurable w.r.t. For,)- Similarly to (4.7), we
define ¢ = c[logy(R)] so that

sup |h0,7“z (w) — Bo,r, 0) <C.

wEB(O,rz+Z>

Therefore, the goodness of B(0,r, +l7> has the same tail bound as R. Hence we know that the

probability that B(0, TK_M) is M-good (i.e., ko = ¢+ Z) is also at least pys,c and that otherwise we

can look at the next scale B (0, T, +2€> We can thus iterate.

The above procedure implies that

G
<> A
i=1

where the A;’s are i.i.d. random variables with P[A; > t] < cle_c2t2 and G is a geometric random
variable with success probability pps. Moreover, the A;’s and G are all independent. It thus follows
that kg has an exponential tail. Indeed,

i T e

Since A; has a Gaussian tail, E[e’\Al] is finite for any A > 0. We also know that pj; can be made
arbitrarily close to 1 as M — oo. Therefore, for each A > 0 we can choose M big enough so that

(4.9) E [e”ﬂ <1.
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Once we find the first good scale kg, we can repeat the above procedure to find the next good
scale ko + k1. As a first step, instead of going c[logy R] or c[log, R] further (for R, R > M), we
just need to go c[logy M| further (and then repeat the same procedure). We therefore get that k;
is stochastically dominated by ky. Moreover, k1 is independent of ky. Therefore, for any b € (0, 1)
and A > 0, we have

(4.10) P[N(K,M) <bK] <P

bK
ZkizK],

i=1
where the k;’s are i.i.d. and distributed like ky. For any a > 0, by Markov’s inequality, the right
hand-side of (4.10) is less than or equal to

e~ Elexp(ako)]’X .

Then it completes the proof due to (4.9). O

4.2. Annulus estimates. We now proceed to establish the main estimate which will be used to
prove Theorems 1.3 and 1.4.

Proposition 4.6. Fiz z € C and r > 0. For each k, we let rj, = 27 %r. We also let Ly, be the
infimum of Op,-lengths of paths contained in B(z,7ry/8) \ B(z,7/2) which separate z from oo and
let Loy, be the dp-distance from 0B(z,7ry/8) to 0B(z,r;/2). Fix K € N, ¢ > 0, and let N(K,c) be
the number of k € {1,..., K} with the property that Ly < cLa . For each a1 > 0 and by € (0,1),
there exist c1(ay,b1),ca(ar,by) > 0 such that for all ¢ > ¢i(a1,b1), we have

P[N(K, C) S blK] S cz(al,bl)e_“lK.
The following lemma is the main input into the proof of Proposition 4.6.

Lemma 4.7. Fiz z € C and r > 0. Let L1 be the infimum of 0p,-lengths of paths contained within
the annulus B(z,7r/8) \ B(z,r/2) and which separate z from oco. Let Lo be the 0y distance from
OB(z,Tr/8) to 0B(z,r/2). On EM. for all ¢ > 0, there exists co > 0 depending only on M such
that for all ¢ > ¢y and all z € C and r > 0, we have

(4.11) Pl >cLy | F.;] <q a.s.

Let Sy be the infimum of 0p,-lengths of paths contained in B(0,7r/8)\ B(0,3r/4) and which separate O
from co. We also let Sy be the vy, distance from 0B(0,5r/8) to 0B(0,r/2). There exists p € (0,1)
depending only on M so that on EM.| for all z € C and r > 0, we have

z,r
(4.12) P[Si < S2| Fopl > p as.
Proof. By part (iii) of Assumption 1.1, if we apply the LQG coordinate change formula (1.3) using

the transformation w + r~!(w — z) which takes B(z,7) to B(0,1), then the lengths of the geodesics
are preserved. Therefore, we can take z = 0 and r = 1. Note that the events {L; > cLs} and

{S1 < S2} depend only on the restriction of ﬁ(),l to B(0,7/8), hence we can apply Remark 4.2 and
deduce that on Eé\ﬁ, it suffices to prove the following statement: Let h be an instance of the GFF
on B(0,1) with zero boundary conditions.
(I) Let Ly be the infimum of 05-lengths of paths contained in B(0,7/8)\ B(0, 1/2) which separate 0
from oo and let Lo be the 9; distance from 9B(0,7/8) to dB(0,1/2). Then

(4.13) P[L; > cLy] — 0 as ¢ — oo.
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(II) Let S; be the infimum of 05-lengths of paths contained in B(0,7/8)\ B(0, 3/4) which separate 0

from oo and let Sy be the 05 distance from 9B(0,5/8) to 9B(0,1/2). Then there exists
€ (0,1) such that

(4.14) P[S) < S5 > p.

Note that (4.13) together with (4.4) implies (4.11) and (4.14) together with (4.5) implies (4.12).

Since we have assumed that the 97 metric is a.s. homeomorphic to the Euclidean metric, it follows
that L; and Ly are both a.s. positive and finite random variables. It therefore follows that (4.13)
holds.

Let us now prove (4.14). Let ¢ be a non-negative, radially symmetric C§° function supported
in B(0,3/4) and which is equal to 1 in B(0,5/8). Then adding c¢ to I does not affect Sy but it
multiplies S, by e’¢ where 8 is as in part (11) of Assumption 1.1. Since Sl, Sy are a.s. positive
and finite, it follows that by replacing h by h+ c¢ and taking ¢ > 0 sufficiently large we will have
that 51 < 5’2 with positive probability. This completes the proof as h + c¢ is mutually absolutely
continuous w.r.t. h. O

Proof of Proposition 4.6. Fix z € C and r > 0. Let E(K,b) denote the event that the fraction of
ke {1,...,K} for which B(z,r) is M-good is at least b. Proposition 4.3 implies that for any
b e (0,1) and a > 0, there exists M > 0 sufficiently large so that

(4.15) P[E(K,b)] =1 — O(e %),

We thereafter fix a,b and M so that (4.15) holds.

Let Ly, Lo be as in Lemma 4.7 for B(z,7). Lemma 4.7 implies that for each ¢ > 0 there
exists ¢ > 0 so that at each M-good scale B(z,ry), we have P[Ly > cLa | F.r,] < q a.s. Note
that both L;, and Ly are measurable w.r.t. F.,, . , hence we can explore h according to the
filtration (F, . )k>0. More precisely, if we explore h from outside in, then each time we encounter
a new good scale, conditionally on the past, the probability of achieving {L; 1 < cLoy} for that
scale is uniformly bounded from below by 1 —¢. For each k, let gi be the index of the kth good
scale. It thus follows that the number N (K, c) of k € {1,...,bK} that we achieve {L1 4, < cLag,}
is at least equal to a binomial random variable with success probability 1 — ¢ and bK trials. By
Lemma 2.6, this proves that for any b; € (0,b) and a > 0, if we make g > 0 sufficiently small and a
sufficiently large, then we have

(4.16) P[N(K,c) < b1 K] < ca(a, by )e .
Therefore
P[N(K,c) < b K] =P[N(K,c) < K, E(K,b)] + O(e™ %) (by (4.15))
< P[N(K,¢) < bi K]+ O(e™)
— O(e™ ) (by (4.16))
where a1 = a A a. Since we can choose @ and a to be arbitrarily large, a1 can also be arbitrarily
large. Also note that we can choose b arbitrarily close to 1 and b; arbitrarily close to b. ([l
Finally, let us deduce the following upper bound for the Minkowski dimension of a geodesic
using (4.12).

Proposition 4.8. There exists d € [1,2) so that almost surely the upper Minkowski dimension of
any Op-geodesic is at most d.
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We will make use of Proposition 4.8 in the proof of Theorem 1.5 where it will be used to control
the number of elements in a Whitney cube decomposition of a given size in the complement of a
geodesic.

Proof of Proposition /.8. Fix z € C and r > 0 and also consider the event E(K,b). Fix a,band M so
that (4.15) holds. Let S; j be the infimum of d5-lengths of paths contained in B(z, 7ry/8)\ B(z, 3ry/4)
which separate 0 from co. We also let Sy i be the 9y, distance from 0B(z,511/8) to 0B(z,r;/2). Let
gr and E(K,b) be as in the proof of Proposition 4.6. Let F'(K,b) be the event that Sy 4, > S 4, for
every k € {1,...,bK} and let F/(K) be the event that S; ; > Sy, for every k € {1,..., K}. Then
we have that

P[F(K)] = P[F(K), B(K,b)] + O(e™*¥) (by (4.15))
< PIF(K,b)] + O(e ™)
(1= O R) (by (112).

Fix € > 0 small and K = [logye ']. Then we have shown that P[F(K)] = O(¢%) where § =
min(alogy e, —blogy(1 —p)) > 0.

Fix d € [1,2). We will set its precise value later in the proof. For each pair of disjoint compact
sets Hy, Hy C C and compact set A C C containing Hy, Ho, we let G(Hj, Ho; A) be the set of
all 0y-geodesics with one endpoint in H; and the other endpoint in Hy and which are contained
in A. We aim to prove that almost surely, every d,-geodesic in G(Hj, Ho; A) has upper Minkowski
dimension at most d. As we can take Hy, Hy, A to be squares centered at rational points with
rational side lengths, the union of the sets G(Hy, Ha; A) covers the set of all 05-geodesics. This
will imply that the event that the upper Minkowski dimension of every 0j-geodesic is at most d
has probability 1, since we can write it as a countable intersection of events which all occur with
probability 1.

Fix a € (0,1) and €,r > 0 and assume that r < dist(Hy, H2)/2. Then we can cover H; and H»
by balls of radius r centered at points in rZ?. For every x,y € rZ? with B(z,7) N H; # § and
B(y,r) N Hy # 0, let G(x,y,r; A) be the set of all dj,-geodesics from B(z,r) to B(y,r) which are
contained in A and let U(z,y,r; A) be the union of all 9j,-geodesics in G(z,y,r;A). Fix z € A
and r > 0 such that B(z,r) N (B(z,r) U B(y,r)) = 0. In the notation of the first paragraph of
the proof, if S < Sz for some k € {1,..., K}, then it is impossible for any dj,-geodesic with
endpoints outside of B(z,r) to hit B(z,275r), hence also B(z,er/2); see the left side of Figure 4.1.
It then follows that for any r > 0 the number of balls of radius er/2 that one needs to cover
U(z,y,r; A)\ (B(x,2r)U B(y,2r)) is dominated from above by the number N of z € ((er/2)Z%)N A
for which F(K) holds. We emphasize that this upper bound does not depend on z or y. Now fix
¢ > 0 and take r = (%, ¢ = (=% Then E[N] = O(¢°(*=%=2). On the other hand, the number of
balls of radius (/2 that one needs to cover U(z,y, (% A) N (B(z,2¢(%) U B(y,2¢%)) is at most Cp¢?2
where Cp > 0 is a constant which does not depend on z,y or (. Let d = max(2 — (1 —a),2 — a).
We have proved that the number of balls of radius (/2 that one needs to cover U(z,y,(%; A) is at
most N + Co¢(~?. Since this upper bound does not depend on z, y, it follows that every geodesic in
G(H, H2; A) can be covered by at most N + Co¢ ™% balls of radius ¢/2. Since this is true for all
small ¢ > 0 and E[N] = O(¢°0~9=2) = O(¢~9), it follows that every geodesic in G(Hy, Hy; A) has
upper Minkowski dimension at most d. This completes the proof. [l

4.3. Proof of Theorems 1.3 and 1.4.
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FIGURE 4.1. We draw the successive scales. Left: We show in red (resp. blue) the
path which realizes the minimal length Sy j, (resp. Sy ). If for some k € {1,..., K},
one has S j < Sy, then any geodesic with both endpoints outside of B(z,r) cannot
enter B(z,7;41). Right: We show in red (resp. blue) the path which realizes the
minimum length Ly j, (resp. Lo). If Ly < Lo, then any geodesic cannot make more

than four crossings across the annulus B(z,r) \ B(z,7x+1). In both pictures, the
dashed curves represent configurations of geodesics which are impossible, since the
red curves are shortcuts.

Proof of Theorem 1.5. Fix z € C,e > 0,¢ > 1. Let Ly be the dj,-distance from 0B(z, €¢) to IB(z, €).
Fix K = [logy €' ~¢]. For k € [1, K], let L1 and Ly be as in Proposition 4.6 for r; = 27 ¥e. See
Figure 4.1 (right). Note that

K
Ly>> Loy
k=1

Consequently, the fraction p of k € {1,..., K} for which
C1

4.17 Lo < —L

(4.17) 2k < L2

is at least 1 — 1/¢;. We will chose ¢; = 100 so that p > 99/100.
By Proposition 4.6, for any a > 0, we can choose a value of ¢co > 0 large so that the fraction of
k € [1, K] with

(4.18) Ly <coLlay

is at least 99/100 with probability 1 — O(e~*K) =1 — O(e*(¢~D1°g2¢) On this event, there must
exist ko for which both (4.17) and (4.18) occur. We then have that
C1C9

Lyg, < coloy, < 7L2.

We emphasize that the values of c¢1, co do not depend on €. Therefore by choosing € > 0 sufficiently
small (hence K is big), we have that Ly, < Lo. This implies that it is not possible for a geodesic

to have more than four crossings across the annulus B(z,¢€) \ B(z,€¢) because in this case we have
exhibited a shortcut. See the right side of Figure 4.1. Therefore, the probability for a geodesic
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to have more than four crossings across the annulus B(z,€) \ B(z, %) is at most O(e(¢—1logz¢)
where the exponent a(¢ — 1)log, e can be made arbitrarily large, since a can be made arbitrarily
big. In particular, it implies that if 7 is a geodesic from 0 to any point outside of B(0,2), then by
the Borel-Cantelli lemma there a.s. exists €y > 0 so that for all € € (0,¢) and all z € B(0,2) \ D, 7
does not make more than four crossings across the annulus B(z,€) \ B(z,¢$). However, this same
event has probability zero for any whole-plane SLE,; curve (provided we choose ¢ > 1 sufficiently
close to 1 depending on k), by Proposition 2.1. Therefore, the law of the geodesic 7 is singular w.r.t.
the law of a whole-plane SLE curve. We have thus completed the proof. O

Proof of Theorem 1.4. Fix § € (0,1) and R > 0. Let n be any geodesic contained in B(0, R). Since
R can be arbitrarily large, it suffices to prove the result for n. Let Ny = (27%Z)? N B(0, R). The
proof of Theorem 1.3 implies that there a.s. exists kg € N so that k > kg implies that the following
is true. The geodesic 1 cannot make four crossings across the annulus B(z, 2(1*5)(1*]“)) \ B(z,217F)
for z € Nj.

Fix times 0 < s < t. If [n(s) — n(t)| > 2%, then we can choose C(8,7) = diam(n) 2k0(1—9)
n (1.4). Otherwise, we can find k > kg so that 27%~1 < |n(s) — n(t)| < 27%. Then we have that
n(s),n(t) € B(z,2'7%) for some z € Ny. If n([s,t]) were not contained in B(z,2-(=9%) then 7
would make four crossings from 0B(z,2'%) to AB(z,201=90=k)) Therefore ([s, t]) is contained in
B(z, 2_(1_5)k), which completes the proof. O

5. CONFORMAL REMOVABILITY

In this section, we aim to prove Theorem 1.5, i.e., almost surely any geodesic 7 is conformally
removable. We will rely on a sufficient condition by Jones and Smirnov [24] to prove the removability
of n, which we will now describe. Let W be a Whitney cube decomposition of C \ . Among other
properties, W is a collection of closed squares whose union is C \  and whose interiors are pairwise
disjoint. Moreover, if @) € W then dist(Q,n) is within a factor 8 of the side-length |Q] of Q. Let
¢: D — C\ n be the unique conformal transformation with ¢(0) = co and lim,_g z¢(z) > 0. We
define the shadow s(Q) as follows (see Figure 5.1). Let I(Q) be the radial projection of ¢~1(Q)
onto OD. That is, I(Q) consists of those points e for # € [0, 27) such that the line e, r € [0, 1],
has non-empty intersection with ¢=1(Q). We then take s(Q) = ¢(1(Q)).

It is shown by Jones and Smirnov in [24] that to prove that 7 is conformally removable, it suffices
to check that

(5.1) > diam(s(Q))? < oo.
QeWw

This is the condition that we will check in order to prove Theorem 1.5.

Lemma 5.1. For each 0 € (0,1) there a.s. exists a constant C(d,n) > 0 so that the following is
true. For each Q € W with |Q| = 27" we have that

diam(s(Q)) < C(8,n)27 (179,

Proof. Fix Q € W with |Q| = 27". By the definition of the Whitney cube decomposition, we have
that dist(Q,n) € [27"73,27"3]. Let w be the center of Q. See Figure 5.1 for illustration.

By Lemma 2.5, for all » € (0,1) and all z such that |z — w| < rdist(w, n), we have
4ar

—3 dist(¢ ! (w), D).

[P () — T w)] < 7
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FIGURE 5.1. We depict the conformal map ¢ from D onto C \ 1, where 7 is a
geodesic from x to y shown on the right. On the right, we show one Whitney cube
@ centered at w and its shadow s(Q) in red. The blue arc L is used in the proof of
Lemma 5.1. The pre-images of @, s(Q) and L under ¢ are shown on the left.

This implies that ¢ ~1(Q) is contained in a ball centered at ¢ ~!(w) with radius at most a constant
times dist(p~!(w),dD). This implies that there exists ¢y > 0 such that

(5.2) diam(I(Q)) < codist(¢ (w), D).

Let us parameterize 7 continuously by ¢ € [0,1] so that 7(0) = 2 and n(1) = y. Let ¢; be the first
time ¢ that ¢ — dist(n(t), Q) achieves its infimum. We then let ¢y (resp. t2) be the first (resp. last)
time ¢ before (resp. after) ¢; that dist(n(t),w) = 271~ Let I = n([to,t2]). By (1.4), there exists

C(6,m) > 0 such that
diam(/) < 5(57 n)g—"(1—5)2 < 5(5777)2—71(1—26).

To complete the proof, it suffices to show that s(Q) C I.

Let L be the connected component of dB(w, 2~™1=9))\  which together with 7 separates w from
oo. The Beurling estimate implies that the probability that a Brownian motion starting from w
exits C\ (nU L) in L is O(27"9/2). By the conformal invariance of Brownian motion, we therefore
have that the probability that a Brownian motion starting from o~!(w) hits ¢~!(L) before hitting
oD is O(27"9/2), If ¢~ (L) had an endpoint in I(Q), then due to (5.2), this probability would be
bounded from below. Therefore this cannot be the case, so ¢~ 1(I) must contain I(Q). That is, I
contains s(Q). O

Proof of Theorem 1.5. As we have mentioned above, it suffices to show that the sum (5.1) is a.s.
finite.

Proposition 4.8 implies that there exists d € [1,2) and ng > 0 such that for all n > ng, one
can cover 1 with a collection of O(2"?) balls of radius 2~". We denote by C, the collection of the
centers of these balls. For any Q € W with |Q| = 27", since dist(Q,7n) € [27"73,27""3], Q must be
contained in B(z,2 ") for some z € C,. Since all the cubes in W are disjoint, a ball B(z,27"%4)
can contain at most 2'° cubes in W of side length 27". This implies that the number of cubes in W
of side length 27" is O(2"%).

On the other hand, Lemma 5.1 implies that the diameter of a shadow of a cube in W with side
length 27" is O(2-"(1=9). Therefore the total contribution to (5.1) coming from cubes of side
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length 27" is O(2727(179) x 297) We can take ¢ € (0, 1) small enough so that d — 2(1 — &) < 0 so
that the sum over n is finite. This completes the proof. O

APPENDIX A. SLE ALMOST SURELY CROSSES MESOSCOPIC ANNULI

The purpose of this appendix is to prove Propositions 2.1 and 2.2. We will begin by proving a
lower bound for the probability that chordal SLE, makes k crossings across an annulus (Lemma A.1)
and then use this lower bound to complete the proof of Propositions 2.1 and 2.2. Throughout, we
will assume that we have fixed k > 0 and that n is an SLE, in H from 0 to oo.

Lemma A.1. There exist constants co,c3 > 0 depending only on k so that the following is true. For
each z € D with Im(z) > 1/50 and € € (0,1/200), the probability that n makes at least k crossings

from OB(z,€) to dB(z,1/100) before exiting B(0,2) is at least coesh”

We believe that the exact exponent in the statement of Lemma A.1 should be equal to the interior
arm exponent for SLE. This was computed in [40] but in a setup which we cannot use to prove
Propositions 2.1 and 2.2. We will give an elementary and direct proof of Lemma A.1.

Before we give the proof of Lemma A.1, we will first recall the form of the SDE which describes
the evolution in ¢ of 7 times the harmonic measure of the left side of the outer boundary of 7([0,¢])
and R_ as seen from a fixed point in H. Let U = \/kB be the Loewner driving function for 7, fix
z € H, and let

Zi(z) =Xi +iYe = q(2) — Uy and ©, = arg Z;.
Then O, gives 7 times the harmonic measure of the left side of the outer boundary of ([0, ]) and
R_ as seen from z. Let © be given by © reparameterized according to log conformal radius as seen
from z. Then (:)t satisfies the SDE

K

where B is a standard Brownian motion (see, for example, [23, Section 6]).

Proof of Lemma A.1. Let ¢ be the unique conformal transformation from H to the half-infinite
cylinder € = R4 x [0, 27 (with the top and bottom identified) which takes z to oo and 0 to 0. See
Figure A.1. Since z € D and Im(z) > 1/50, we note that the distance between 0 and p(c0) in €
is bounded from below. We will consider 77 = ¢(n) in place of n and we will define an event for 7
which implies that 7 makes at least k crossings from 0B(z,€) to 9B(z,1/100) before exiting B(0, 2).
We can choose a universal constant ¢y > 0 large enough such that the following holds simultaneously
for all z € D with Im(z) > 1/50:

(A.2) loge ™t + co,00) x [0,27] € @(B(z,€)) and [0, %] x [0,27] C o(H\ B(z, 155))-
We then define a deterministic path I' as follows. For 0 < j < k, let

1 2) 1 2]
Ty = — - ljzl + 71— Thj+1 = loge™" +co+1—,
€0

k’ L
1 25+ 1 1 2j+1
$4]+2 - loge + Co +ZT7 x4j+3 = % +Z k .

Let I" be the path which visits the points xq, ..., T4 in order by:

traveling from x4; to 24541 linearly to the right,
from w4541 to 24542 counterclockwise along an arc connecting 4511 and 442,
from w4542 to 24543 linearly to the left, and

[
[
[ ]
o from x4;43 to w4544 clockwise along an arc connecting 4543 and x4j44.
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We parameterize I' at unit speed and we choose the arcs in the definition of I' so that it is a C?
curve. In particular, we can arrange so that the second derivative of I" is O(k). The rest of the

27

p(c0) e )
)

(

0 )

1/¢o loge ! + ¢

F1GURE A.1. The cylinder ¥ = Ry x [0, 27] and the path I' (in red). We will show
that 77 stays in the 01_3/ 2(21<:)_1—1aeighborhood of I' (in grey) with probability at least
czec3k2 for some ¢y, c3 > 0.

proof will be dedicated to proving that the following event holds with probability at least coesk? for
some co,c3 > 0:

(A.3) 77 reaches distance (2cok) ™! of x4y, before leaving the (2¢ok) ™ -neighborhood of T

Note that this will complete the proof, since the event (A.3) implies that n makes at least k crossings
from 0B(z,¢€) to 0B(z,1/100) before exiting B(0,2).

Recall that we have parameterized I' at unit speed. Let [0, 7] be the time interval on which it is
defined and note that T < kloge . Let 0 =ty < t; < --- < t, = T be equally spaced times with
n = |c1k*loge!| where ¢; > 0 is a large constant we will adjust later. For each 1 < j < n, we let
y; = I'(t;). Note that the spacing between the y; is of order cl_lk_l. Let D; be the sector formed by
the two infinite lines with slopes 0;19/64 and —0;19/64 relative to the tangent of I' at I'((t;—1 +¢;)/2)
(see Figure A.2). Let 7; = inf{t > 7;_1 : 7j(t) € dD;}. Let ©] be the harmonic measure of the left
side of the outer boundary of 7([0,¢]) and ¢(R_) as seen from y;. We inductively define events E;
as follows. Let Ep be the whole sample space. Given that Ep, ..., E; have been defined, we let E;4q
be the event that E; occurs, 7j41 < oo, and

o @{+1|[Tj77j+1} differs from 1 by at most 01—17/64 and
° @JT:I differs from % by at most 01_19/64.

Let us first prove by induction that the following statement is true for all 1 < j < n:

(I;) On the event Ej, 7([0, 74]) is contained in the 01_3/2(2k:)_1—neighborhood of T

Note that (Ip) is obviously true. Suppose that (I;) holds, let us prove that (I;;1) also holds. It
suffices to prove that 7([7;, 7j4+1]) is contained in the cf3/2(2k:)_1—neighb0rhood of I'. Suppose that

it is not the case, so there exists ¢ € (7, 7j41] such that the distance between 7(t) and I is equal to
01_3/2(2k)_1. Then the harmonic measure of the left side of 7([0,¢]) and ¢(R_) as viewed from y;41
would differ from % by at least a constant times 01—1/ 4 (which comes from (01_3/ k1 J(cT )2,

which is impossible since we are on Ej; ;. This completes the induction step, hence (I;) is true for
all1 <5< n.
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) D; a (2k)‘101_77/64 Dj+1
“ >
Tj
J A,b T J
Ay b jo—1,19/16

1

FIGURE A.2. Tllustration of the definitions of the points y; = I'(¢;), the sectors D;,
the stopping times 7; and the sets A,, A, and A, .

As a consequence, it suffices to show that P[E,] > chC?’kQ for some constants co, cg > 0, in order
to complete the proof of the lemma.
Let us first prove the following fact for all 1 < j <mn —1:

— 1 _
(A.4) On the event Ej, @g_rl differs from 3 by at most ¢ 9/82+o(1)

Let B! (resp. B?) be a Brownian motion started at yj (resp. y;j+1) and stopped upon hitting

7([0,75]). Let T (vesp. T?) be the first time that B (resp. B?) hits 9D;. We will work on the

event that B! (resp. B?) stops in D; N B(y;, k_lcl_lg/64) (resp. D; N B(yj+1,k_1c1_19/64)) which

happens with probability 1 — 0(01_45/ 128) by the Beurling estimate (since 01_45/ 128 01_9/ 32, we can
restrict ourselves on this event provided we have chosen ¢; > 0 large enough). On this event, we
can think as if 77([0, 7;]) is contained in D;. Indeed, 7([7j—1,7;]) is by definition contained in D; and

D;NB(yj;, k_lcl_lg/64) contains the tube of width (2k)_1cl_3/2 around I'([0, 7j_1]) N B(yj;, k_lcl_lg/64)

provided we choose ¢; > 0 large enough (recall that I' is a C? curve with O(k) second derivative, so
it differs at distance = from the linear approximation corresponding to the tangent line by O(kz?)
and this error term is at most a constant times 01_19/ %42 for = < kilcl_lg/ 64 provided we choose

c1 > 0 large enough). Let a and b be points respectively on the upper and lower boundary of D;

such that the distances between a,b to I'((t;—1 +t;)/2) are k‘lcl_lg/m. The points a, b divide 0D;

into 3 parts: one finite part that we denote by A, and two infinite half-lines with endpoints a and
b that we denote by A, and A;. See Figure A.2.

Let fi (resp. f2) be the conformal map from C\ D; onto H which sends oo to oo, the tip of D;
(i.e., T((tj—1 +¢;)/2)) to 0, and such that Im(y;) = 1 (resp. Im(y;4+1) = 1). For £ = 1,2, fy is a
map of the form w — ag(w — by)? where ¢ > 1/2 and ay, by € C are such that |as| < (kc1)?. The
exponent ¢ — 1/2 as ¢; — o0, since the slope of 9D; tends to 0. Therefore for £ = 1,2, the length
of fo(Aap) is

ci/z+o(1)(CI19/16+0(1))1/2 _ 0;3/32+o(1) as ¢ — oo,

On the other hand, since the curve I' is C? with O(k) second derivative, the distance between y;¢—1
and f; (i) is O(k)O(k=2¢;?) = O(k~'e;?). Noting that the derivative of fy at f, (i) is O(ke1),
we have that Re(fe(yj1e-1)) = Re(fe(yjre—1) — 1) = O(ke1)O(k™ ey ?) = O(cy ) which is less than

cl_S/ 8240 hig implies that the harmonic measure of A, seen from y;4,_1 is 01_3/ 3240 for c1
large enough.

Note that we have the following facts for B’ for i = 1, 2:
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e The event that BY(T*%) € A, U A, has probability 1 — 01_3/ 82+o(1) Conditionally on this

event, the probability that B’ stops on the same side of 77([0, 7;]) as B(T"%) is 1 — O(cl_lg/M).
Indeed, on Ej, by (I; ) we know that 7(7;) is in the ¢, /2(2k)_1—neighborhood of I', hence has
77/64/2 to I'((¢j—1 +tj)/2). We condition on the point B{(T*) and
19/16

distance at most k™
let d; denote the distance between B*(T") and I'((t;—1 + t;)/2). Note that d; > k™ 'c
Since the slope of the lines which make the two sides of 0D; is ¢, 19/ o1 Bi(T?) is at dlstance

16 4 7([0,74]). In order for B to stop at the other side of 7([0, 7;]), it
_1 —T7/64
€1

at most 2d;c,

has to travel distance at least d; — (2k) before hitting 7([0, 7;]). Consequently,
conditionally on Bi(Ti), the probability that B stops on the other side of 7([0, 7j]) as B(T")

e The event that B’(TZ) € Agp has probablhty 4 /32401 as ¢; — 0.

Recall that on the event Ej, the probability that B' stops on the left side of 7([0, 7;]) (We denote

this event by Bl ) differs from 1/2 by at most O(c; 19/ 64) On the other hand, P[BL;] is also equal
to

P[BY(T") € AJP[BLy | BH(T") € Al + P[BY(TY) € A)P[BL;, | BH(TY) € Ay
+P[BY(T") € Aqp|P[Byy | B (T") € Agy)
=P[BY(T") € AJJ(1 - O(c; /™) + P[BY(T") € 4,)0(c; /™)
+P[BY(T") € Aqp|P[Byy, | BN (T") € Agy)
=P[BY(T") € A, U A4)/2+ O(c; /%) + P[BN(T) € Auy|P[Blyy | BAT") € Ay
=1/2+ 0(c; ") + P[BUTY) € Aup) (P[Bly | BHTY) € Agp) — 1/2)
=1/2+ 0(c; /%) + . /P (PBLg | BUTY) € Aup) —1/2).

Since the above should be equal to 1/2 + O(c, 19/ 64) we must have
(A5) P[BLy | BNTY) € Agy] — 1/2 = O(c; 10173/ 40l)y < (13/61FoD),

We can further express P[BL;, | BY(T!) € A, ) as an integration w.r.t. the position of B!(T") on
Aup- Note that conditionally on the event that BY(T!) hits A, p, the point fi(B(T?)) is distributed
according to a measure on fi(Aqp) which has Radon-Nikodym derivative at least 1 — 0;3/ 16+0(1)
w.r.t. the uniform measure on fi(Aqp). (Indeed, fo(yjie—1) = i+0(cl_1) and the density at z € R of
the harmonic measure in H seen from i is a constant times 1/(1 + 22) = 1 + O(«?). Moreover, every
T3/3240) a5 01 — 00.) The same is true for B* and T? and f2(A,p). Note
that the image under fs o ff of the uniform measure on fi(A,4) is equal to the uniform measure
on fg( ab)s since fi = cfy for some ¢ > 0. This implies that P[B2;, | B*(T?) € A, differs from
P[BL; | BH(T") € Aup) by at most ¢ 3/16%o(1) , hence by (A.5) it also differs from 1/2 by at most

;3/16+0( ). This implies that P[BZ;,, B*(T?) € Ay differs from P[B?(T?) € A,p]/2 by at most

_3/32+0(1) _3/16+0(1) = _9/32+0(1) On the other hand, we know that P[BZ,, B*(T?) € A, U Ay
dlffers from P[BQ(TQ) € A U Ap]/2 by O(c, 1976 %) which is smaller than 01_9/32+0(1). Hence (A.4) is
true.

x € A,y satisfies |z] < ¢
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Recall that W@i+1 evolves according to (A.1) and its drift term tends to 0 as @{—H tends to 1/2.
By (A.4), at time 7, &*isina cf9/32+0(1)
po to remain in the (larger) 0(0;17/64)-neighborhood of 1/2 for t € [1,7j41) and then stop in the
0(01_19/64)—neighborhood of 1/2 at t = 7j41.

Let Fy := a(nljo,q)- It follows that for all 1 <j <n — 1, we have

-neighborhood of 1/2, hence it has a positive probability

P[E]+1 ’ij]lEj 2 pO]-Ej'
This implies that P[E,] > p§. Since n = c1k*loge™!, this completes the proof. O

We will prove Proposition 2.2 by iteratively applying Lemma A.1 as 7 travels from 0 to dD. Let
mq, mo > 0 be constants that we will adjust later. For any € > 0 and j € N, we define the stopping
times

oj = inf{t > 0: n(t) € IB(0, (my + my)je)}.

Let us first prove the following lemma.

Lemma A.2. Fiz C > 0. Let n(e) = ((m1 +ma)e)~t. There exist constants €y, c1,c2 > 0 and
qo € (0,1) so that for all € € (0, ¢€y), we have

(A.6) P[lm(n(o;)) < Ce  for more than a qo fraction of 1< j < n(e)] < cre /"

Proof. Let Fy = o(n(s) : s <t). We will establish (A.6) by showing that there exists a constant
po > 0 so that

(A.7) P[Im(n(oj41)) > Ce| Fy;] > po  for each j.

Indeed, (A.7) implies that the number of 1 < j < n(e) for which Im(n(o;)) > Ce is stochastically
dominated from below by a binomial random variable with parameters p = pg and n(e). Thus (A.6)
with gg = 1 — pg follows from Lemma 2.6.

To see that (A.7) holds, fix a value of j € N and let 6; = arg(n(o;)). Let 0; (resp. 6;) be such
that [0, 0] is the set of 6 € [0, 7] so that the imaginary part of (j + 1)e'? is at least 2Ce. We then
let z; be the point on dB(0, (my + ma)(j + 1)€) with argument (6; V 8,) A 6;. We note that the
harmonic measure as seen from z; of the part of 0H,, which is to the left (resp. right) of n(c;) is at
least some constant ag > 0. Moreover, if Im(n(c;41)) < Ce, then the harmonic measure seen from
z; of either the part of 9H,, , which is to the left or right of 77(0;+1) will be at most some constant
a; > 0. We note that from the explicit form of (A.1) that there is a positive chance that © (with
w = z;) in the time interval [0}, 0;11] starting from a point (ag,1 — ap) ends in (a;,1 —a;). On this
event, Im(n(o;41)) > Ce, which completes the proof of (A.7). O

We let (0j,) be the subsequence of (o) so that Im(n(c;)) > Ce. For each k, let 2, € 9B(0, ((m1 +
ma)ji + mi)€) be the point with the same argument as n(cj, ). Let ¢5 be the unique conformal
transformation H,; — H which sends (0, ) to 0, co to co and such that Im(¢y(2x)) = 1/10. See
Figure A.3.

Lemma A.3. Fiz a > 1. We can choose my = C big enough so that there exists cg > 0 such that
whenever € is small enough, for all k € N, we have

(A.8) B(n(21), coe®™ ) C 9r(B(2k, %)) C ¢r(B(2k,€)) € B(r(2),1/100).
With this value of mi = C' chosen, there exists v > 0 such that for all k € N, we have
(A.9) or(zK) € B(0,7) N H.
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Zk
€
<—>. <>
(m1 + ma)jre mie M€

FicUre A.3. TIllustration of the setup for the proof of Proposition 2.2

We can finally choose mg big enough so that whenever € is small enough, for all k € N,
(A.10) B(0,2r) NH C ¢4(B(0, (m1 4+ m2)(j + 1)) N H).

Proof. Let us first prove (A.8). Lemma 2.4 implies that |¢) (2x)| is within a factor of 4 of
dist(¢r(zx), OH)/dist(zx, 0H,, ). By definition, dist(¢x(zx),0H) = 1/10. On the other hand,
if we choose C' = my, we have dist(zy, 0H,, ) = mie. It follows that |}, (2x)] € (471107 m e !, 4.
10~ mte™1). By the Koebe 1/4 theorem (Lemma 2.3), this implies B((z1), coe®™ 1) C dr(B(2k, €))
for co = my /40 and ¢y (B(z1,€)) € B(¢r(2x),r0) for ro = 4m7'/10. We can choose m; > 40 so
that 79 < 1/100. This completes the proof of (A.8).

Let us then prove (A.9). For a Brownian motion started at z; and stopped upon exiting ngk,
the probability that it hits the right hand-side of 1[0, 0, ] or R (resp. the left-hand side of [0, 0}, ]
or R_) is bounded below by some constant ¢ > 0. Since we have imposed Im(¢x(z;)) = 1/10, it
follows that there exists r > 0 such that |Re(¢r(zx))| < r, because otherwise the harmonic measure
seen from ¢y (zy) of either R_ or R will be less than ¢. This completes the proof of (A.9).

Finally let us prove (A.10). For any § > 0, we can choose ms big enough (with m; fixed) so that in
B(0, (m1+m2)(jr+1)e) "H,, , the harmonic measure seen from 2, of 0B(0, (m1 +m2)(jx +1)e)NH
is at most 6. After applying the conformal map ¢, we have that the harmonic measure seen from
or(z1) of ¢r(0B(0, (m1 + m2)(Jx + 1)e) NH) is at most 6. By choosing § small enough, we can
force B(0, (m1 + ma)(ji + 1)e) to stay out of B(0,2r). This completes the proof of (A.10). O

Proof of Proposition 2.2. Fix a > 1. We will adjust its value later in the proof. By Lemma A.1 and
Lemma A.3, the conditional probability given F; that 1 makes n crossings across B(zk, €)\ B(zy, €*)
before exiting B(0, (my + m2)(ji + 1)€) is at least c1e2™” (=1 for constants c1, ¢y > 0. Since this
is true for all k, by combining with Lemma A.2 we see that the probability that » fails to make
n such crossings for all & with o, before 7 first hits 0D is at most (1 — 01602”2(0‘_1))1/(‘105). This
tends to 0 as e — 0 provided we take o > 1 sufficiently close to 1, which completes the proof. [

Proof of Proposition 2.1. This follows from Proposition 2.2 and the local absolute continuity between

whole-plane and chordal SLE, [37]. O
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