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NEF CONE AND SESHADRI CONSTANTS ON PRODUCTS OF
PROJECTIVE BUNDLES OVER CURVES

RUPAM KARMAKAR AND SNEHAJIT MISRA

ABSTRACT. Let X = P(F;) x¢ P(E3) where C is a smooth curve and let F4, E2 be vector
bundles over C. In this paper, we extend the results in [KMR] by computing the nef cone of
X without restriction on the rank or semistability of F; and FEs. We also study the Seshadri
constants of ample line bundles on X. We calculate the Seshadri constants in some cases and
give bounds in some of the remaining cases.

1. INTRODUCTION

The nef cone Nef(X) C N'(X) of nef divisors on a projective variety X is an important
invariant which gives useful information about the projective embeddings of X. The nef cones
of various smooth irreducible projective varieties have been studied by many authors in the last
few decades ( See [Lazl] (Section 1.5), [Miy], [Ful], [BP], [MOH], [KMR] for more details ). In his
paper [Miy], Miyaoka found that in characteristic 0, the nef cone of P (FE) is determined by the
smallest slope of any nonzero torsion free quotient of F. Then, [Ful] generalized this to arbitrary
co-dimension cycles showing that the effective cones of cycles ( and their duals ) on Po(FE) are
determined by the numerical data in the Harder-Narasimhan filtration of E. [BP] studied the
nef cone of divisors on Grassmann bundles Gry(FE) and flag bundles over smooth curves and
extended Miyaoka’s result to characteristic p. In [KMR], nef cones Nef(Po(E;) x¢ Po(E2)) of
divisors are computed under the assumption that E; and E, are semistable bundles over a
smooth curve C' and in few other cases e.g., rank(E)) = rank(E,) = 2. Note that in [KMR],
the cones are 3-dimensional while the literature abounds with 2-dimensional examples (e.g.,
Nef(Po(E)) or Nef(Grs(E)) etc.). In this paper, we extend the results in [KMR], by computing
Nef(Pc(Er) Xo Po(F2)) without restriction on the rank or semistability of F; and Es.

Let X be a smooth complex projective variety and let L be a nef line bundle on X. The
Seshadri constant of L at z € X is defined as

. L-C
e(X,L,x):= ;relg {m}
where the infimum is taken over all irreducible curves in X passing through z having the
multiplicity mult, C' at x. One can easily check that it is enough to take the infimum over
irreducible and reduced curves C'. The Seshadri criterion for ampleness says that L is ample iff
e(X, L,x) >0 for all z € X. The Seshadri constant (X, L, z) of a nef line bundle L at a point
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x € X is an interesting invariant of L that measures local positivity around z in several ways:
some numerical, some cohomological via asymptotic jet separation, and even via differential
geometry or from arithmetic height theory.

If L is an ample line bundle, then e(X, L, z) < Y/Ln for all z € X, where n is the dimension
of X and L" is the n fold self-intersection of L. Hence, e(X, L, z) € (0, 3/L"]. Usually, Seshadri
constants are very hard to calculate and most of the time, one tries to give bounds which
sharpen the above mentioned bounds. To get an overview of the current research on Seshadri
constants, see [BDHKKSS].

For an ample line bundle L on X, we define

e(X,L,1) :=sup {e(X, L, x)}

zeX
e(X,L) := inf {e(X,L,2)}

so that 0 < e(X, L) < e(X, L,z) < e(X,L,1) < /L" for every point z € X.

Miranda (See [Lazl], Example 5.2.1) constructs examples on surfaces where Seshadri con-
stants are arbitrarily small. More precisely, he showed that given a positive real number § > 0,
there is an algebraic surface X ( which is obtained by blowing up the projective plane P?
at suitably chosen points ) and an ample line bundle L on X such that (X, L,z) < § at a
particular point z € X.

Seshadri constants on ruled surfaces Po(FE) (rank(E) = 2) over a smooth curve C have
been studied by many authors (see [Gar], [Sy|, [HM] etc. ). More generally, [BHNN] computes
the Seshadri constants of ample line bundles on the Grassmann bundle Gr,(FE) over a smooth
curve C' under the assumption that F is an unstable bundle on C'. In particular, under some
suitable conditions on the Harder-Narasimhan filtration of F, [BHNN|] computes the Seshadri
constants of ample line bundles on Pc(FE), whenever E is an unstable vector bundle over a
smooth curve C. Some bounds for the Seshadri constants of ample bundle on ruled surfaces
Po(E) over smooth curve C' are known due to [Gar|. However, the Seshadri constants of ample
line bundles on P (E) are not completely known in the general set up.

Let E be a semistable bundle of rank r and degree 0 over a smooth curve C. Then,
Nef(Pc(E)) = {aé +bf | a,b € Ry}, where £ and f denote the numerical classes of Op,,(g)(1)
and a fibre of the projectivization map respectively. For any point € Pc(E) and any ample
line bundle numerically equivalent to a& +bf, it is known that e(P¢(E), a4+ bf, x) > min{a, b}.
If a = min{a, b}, then the Seshadri constants can be computed by a line through x in the fibre
f and e(a& + bf,x) = a. But the case, b = min{a, b} is not known.

Most of the research on Seshadri constants is focused on smooth surfaces X ( e.g.; K3
surfaces, surfaces of general type etc.) as well as on smooth projective varieties having Picard
rank 2 (‘e.g.; Po(E), Gr.(F) ). Also, not much is known for higher dimensional varieties with
Picard rank more than 2. Motivated by this, in this paper, we have calculated the Seshadri
constants of ample line bundles on X = P(FE;) x¢ P(Es), where E; and Es are vector bundles
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over a smooth irreducible curve C of rank r; and ry respectively, under some assumptions on
FE; and Es, and have given bounds in some other cases.

2. PRELIMINARIES

All the algebraic varieties are assumed to be irreducible and defined over the field of complex
numbers, C.

2.1. Definitions. A line bundle L ( a Cartier divisor D ) on an irreducible smooth projective
variety X is said to be nef, if L-C > 0 ( D - C > 0 respectively ) for all irreducible curves
C C X. The nef cone Nef(X) is the convex cone of all nef R-divisor classes on X.

Let X be a smooth projective variety and Ny(X) be the real vector space of k-cycles on
X modulo numerical equivalence. For each k, Ny(X) is a finite dimensional real vector space.
Since X is smooth, we can identify Ny(X) with the abstract dual N"=*(X) := N, _4(X)V via
the perfect intersection pairing Ni(X) X N,_r(X) — R . In particular, N;(X) is the space of
curves and N'(X) is the real Néron-Severi group.

For any k-dimensional subvariety V of X, let [V] be its class in Ni(X). A class a € Ni(X)
is said to be effective if there exist subvarieties Vi, Vo, -« -+ , Vin and non-negative real numbers

N1, Ny, ..., Ny such that a can be written as a = > n;[V;]. The pseudo-effective cone Effy,(X) C
i=1
Ni(X) is the closure of the cone generated by the classes of effective k-cycles in X.

Note that, Eff;(X) is the closed cone of curves, which is also denoted by NE(X) in the
literature.
Let, D be a Q-divisor on X. The stable base locus of D is

B(D) := (] Bs(| mD |)ea,

meN
where the intersection is taken over all m such that mD is an integral divisor and the base
locus Bs(|D|) of a complete linear system |D| of Cartier divisors on X is the set of common
zeros of all sections of the associated line bundle L(D).
The restricted base locus of a R-divisor D on X is defined to be

B_(D):=|JB(D+ 4),

where the union is taken over all ample divisors A such that D + A is a Q-divisor.
A vector bundle E of rank 2 over C is said to be normalised ( in the sense of [H]) if H°(E) # 0,
but for all line bundles L on C with deg(L) < 0, H(E ® L) = 0.

2.2. Geometry of fibre product of projective bundles over a smooth curve. Let F; and
E5 be two vector bundles over a smooth curve C' of rank r{, o and degrees d;, ds respectively.
Let P(E)) = Proj (®g>0Sym?(E;)) and P(FE,) = Proj (©a=0Sym?(FE,)) be the associated
projective bundles together with the projection morphisms 7y : P(E;) — C and w5 : P(Ey) —
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C' respectively. Let X = P(E;) x¢ P(E3) be the fibre product over C. Consider the following
commutative diagram:

X =P(Ey) x¢c P(Ey) —2— P(E,)
l’” lm
P(E,) L y O
Let fi, fo and F' denote the numerical equivalence classes of the fibres of the maps 7, 7o and
1 0 P = Mo © pp respectively. Note that X = P(n7(E,y)) = P(73(E1)). We first fix the following
notations for the numerical equivalence classes,

m = [Ope)(1)] € NYP(EY)) , 02 = [Opmy(1)] € NY(P(E)),

We here summarise some results that have been discussed in [KMR] ( See Section 3 in [KMR]
for more details) :

F=p5(fi) =pi(fe) . F?=0, NY(X)=R(pin) ®R(psm) @ RF ,
(pime)™ - F =0, (pin)™"'=0, (psn)"-F=0, (psm)**' =0,
(Pom)"™ = (deg(E1))F - (pym)™ ", (pime)"™® = (deg(E2))F - (pim2)™ ",
(Pem)™ - (pim)" " = deg(E1) , (pin2)™ - (psm)" ™' = deg(E») -
Also, the dual basis of Ny(X) is {01, d2, 3} where,

S =F-(psm)" 72 (pim2)>™" , Sa=F - (pym)™ 1 (pime)™ 2,
03 = (psm)" - (pim2) > — deg(EL) F - (psm)™ 2 - (pime)™ ' — deg(Ea) F - (pym)™ " - (pin2)" 2.

3. NEF CONES OF FIBRE PRODUCT

Let C be a smooth curve over the field of complex numbers C and let E be a vector bundle
over C. The slope of E is defined as

w(E) = de%E ceQ
A vector bundle E over C is said to be semistable is p(F) < u(E) for all subbundle F' C E.
For every vector bundle F, there is a unique filtration
E=FDF,D---DE_1DE =0

called the Harder-Narasimhan filtration, such that E;/FE;.; is semistable for each i € {0,1,- -
=1} and p(E;/Eiv1) > p(Eioy/E;) for all i € {1,2,--- 1 —1}. See [HL] for more details on
semistability.

Let FE; and F5 be two vector bundles of rank r; and ro and degree d; and ds respectively
over a smooth curve C.

Let E; admits the unique Harder-Narasimhan filtration

Ey :EIO D FE;1 D ... DEul =0
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with Q1; := E—1)/E1; being semistable for all 7 € [1,1; — 1]. Denote ny; = rank(Q1;),

dli = deg(Qh) and M1y = M(Qll) = :ﬁz for all 3.
Similarly, let F5 also admits the unique Harder-Narasimhan filtration

E2:E20 D FEoy D ... DE212 =0

with Qg; := Ea—1)/Es; being semistable for ¢ € [1,ly — 1]. Denote ny; = rank(Q2;),
dgi = deg(ng) and Mo; = M(QQZ) = Ziz for all 3.

Theorem 3.1. Let Ey and Es be two vector bundles on a smooth complex projective curve C
and let X = P(Ey) x¢ P(Es) as discussed earlier. Then,

Nef(P(E1) xc P(E»)) = {am + brs + ¢F | a,b,c € Rxo}.

where T = (pym) — p1 F and 7o = (pine) — par F' and pyy and poy are the smallest slopes of any
torsion-free quotients of 1y and Ey respectively, with the same notation as above.

Proof. By the result of [Ful], Nef(P(E;)) = {ai(m — i fi) +bifi | ai, by € Rzo} fori =1,2.
Since pullback of nef line bundles are nef, we get , 71 = (psm1) — p11F, 72 = (pin2) — o1 F' and
F" are nef.

Now, from the Harder-Narasimhan filtration of E;’s (i = 1,2) as described above, we get
the following short exact sequences

O—)Ezl—)EZ—)Qzl—>0

fori=1,2.

Let j; : P(Q;1) — P(E;) denote the canonical embeddings for ¢ = 1, 2.

We now proceed along the lines of [Section 2, [Ful]]. The result in [Example 3.2.17, [Fult]]
adjusted to bundles of quotients over curves shows that

[P(Qu)] = 0" "™ + (diy — di)n* ™" fi € Nay, (P(EY))

and
[P(Q21)] = 152" + (do1 — do)n5? " " fo € Npyy (P(E2))

where ny; = rank(Q11), noy = rank(Qoa1), dy; = deg(Q11) and dy; = deg(Qa1).
As (m1 — a1 fi1) and (e — po1 f2) are both nef divisors, we have
O = [P(Qn)} : (771 - ,unfl)nu_l
= {n{l_"ll + (d11 — d1)ﬂ{1_"11_1f1} : (771 — ,1111f1)n11_1 c Eff,(P(E)))
and
0o = [P(Qzl)} : (772 - ,Uzlfz)nm_l
= {np7" + (dor — do)ny> " 7 o} - (2 — M21f2)n21_1 € Eff1(P(E,)).
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Note that, p; and p, are proper, flat morphisms, and as the base space is smooth, py, ps
are also smooth. Hence, numerical pullbacks of cycles are well defined and the flatness of p;
and po ensure that pullbacks of numerical classes preserve the pseudo-effectivity. We consider
D :=p3(011) - pi(021), which is equal to

3 [P(Qll)} P [P(Qzl)} ) {(PS%) - MllF}nn_l ) {(P’f772) - leF}n21_1
By using the above descriptions of ;; and 65;, D can be written as
D = {(psm)" ™ + (diy —dy) F - (psmn) " - { (0im2) 27"+ (dgy — do) F - (pig) "2 7 -
{(psm) — MllF}nu_l {(pin2) — /~L21F}n21_1
={(p3m)" 7+ (pa1 — do)F - (psm)" 2} - {(0in2)> ™ + (pa1 — do) F - (pim)™ 2}
= ()™ (pim2)" A (i —da) B (p3m)™ =2 (i)~ + (pa1 — do) - (p112) ™2 (p3m )™

which is clearly a 1-cycle in X. Now, p} [P(Qll)] P} [P(le)} = [P(Qll) Xc IP’(Q21)] is an
effective cycle in X , and (pin1) — p11 F, (pin2) — por F are nef divisors in X. Hence, D € Eff;(X).

Since 7 - D = {(pznl) —,ullF} D =0,79-D = {(p”{m) —,uglF} D =0and F? =0,
71, T2, I are in the boundary of Nef(X).

If amy + by + cF is any element in Nef(X), then (am + b + ¢F') - D > 0, which implies
that ¢ > 0. Also, F'- 772752 and F -7~ ' - 75272 are intersections of nef divisors. Now

-2 -1 -1 -1 -2 -2 -1
(amy +bry+cF)-(F -1 -2 Y =aF -7 m2  bF -7 2 2 B2

= aF - (psm)" " (Pim2)"™ " 4+ bF - (phm)™ % - (Pim2)™ + 0

=a+0+0
=a
and
(amy +bry +cF) - (F - ) =aF -7 1> 2 4 bF -7 o e P2 e
=b+040
=b
Since, ary + by + ¢F € Nef(X), we have a > 0,b > 0. This completes the proof. O

Corollary 3.2. Assume that the hypotheses of Theorem 3.1 holds. Then, the closed cone of
curves of X is given by

NE(X) = {pd1 + ¢bs + 7(03 + p1161 + p12162) | p,q,7 € Rxo}.

Remark 1. If £ and E; both are semistable bundles in Theorem 3.1 , then for each i € {1,2},
P(Qi1) C P(E;) becomes an equality and by putting py and po, (p; = p(E;), i = 1,2) in place of
p11 and pgy in the description above, we recover an earlier result in [KMR] ( see Theorem 4.1
in [KMR]). Similar alterations can be made if one of the vector bundles is semistable and the
other 1s unstable.
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4. SESHADRI CONSTANTS

In this section, we will compute the Seshadri constants of ample line bundles on X =
P(E)) x¢ P(E,) in certain cases and will give bounds in some other cases. See the introduction
for the definition of Seshadri constant.

Theorem 4.1. Let E, and E, be two vector bundles on a smooth curve C' with (1, and pio
being the smallest slopes of any torsion-free quotient of Ey and FEs respectively and let X =
P(E1) xc P(Es). Let L be an ample line bundle on X which is numerically equivalent to at +
bry + cF € NYX). Then, the Seshadri constants of L satisfy,
e(X, L,z) > min{a, b, c}, Vr € X.

Moreover,

(4.1.1) if a = min{a, b, c}, then e(X,L,x) = a, Yz € X

(4.1.2) if b = min{a, b, c}, then (X, L,x) =b, Yz € X.

Before going into the proof of the Theorem 4.1, we will prove the following useful lemma.

Lemma 4.2. Let L be an R-divisor of type (a,b) on P™ x P™, with a,b € Rs¢. Then,
e(P" x P, L, p) = min{a, b} Vp € P" x P™
Proof. Let B be an irreducible curve in P" x P™. Then, B can be written as B = z(1,0)""! +

y(0,1)™! for some z,y € Rsq. Also, for any p € P" x P™, we have deg B > mult,, B. Hence,

L-B ay + bx
— > min{a. b -
mult, B mult, B ~ min{a, b}

y+x .
> b
mult, B — min{a, b}

Now, for any point p € P x P™ write p = (p1, p2), with p; € P" and p, € P™. Then, p € p; X I3

and p € l; X pg, where [; and [y are classes of lines in P" and P™ respectively. This gives us

L. l L-(l
5(anpm7L,p)§y:a and 5(P”me,L,p)§M:b
which implies e(P™ x P, L, p) < min{a, b}. This proves the lemma. 0

Proof. of Theorem 4.1 : By Theorem 3.1 and Corollary 3.2,
Nef(X) = {am + br2 4+ ¢F | a,b,c € Rxo}
and
NE(X) = {pb1 + ¢62 + 105 € Ni(X) | p,q,7 € Rxo},

where 83 = 03 + p1101 + fi2105.
Let B be a reduced and irreducible curve passing through x € X with multiplicity m at
x € X. Then B can be written as B = pd; + ¢dy + 703 € NE(X) C Ny (X) . Two cases can

occur :
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Case I. Assume that B is not contained in any fibre of the map (7 o ps) over the curve C.
Hence, by Bézout’s Theorem :

(1) F-B>mult, B=m

This implies, r > m. Since L is ample, a,b,c > 0. Hence,

L-B L B (a7'1+b7'2—|—cF)-(p51+q52—|—r<5_3)
mult, B m m

b
:ap+ q+c-LZC-LZC-
m m m

Case II. Assume that B is contained in some fibre F' of the map (m o ps) over the curve
C'. Hence, F' - B = 0 which implies » = 0. We know that the fibres of the map (7 o ps) are
isomorphic to P1—1 x Pr2—1, Since B is curve in P! x P"271 passing through x of multiplicity
) mult B > mm{a b}

Combining both cases, we have, e(X, L, x) := 1nf {LC

m, then from Lemma 4.2.
&t > min{a,b,c} , Vo € X.

mult 2 C

Now, a point = € X can be written as z = (x1, x3), where x; € P(E)), z2 € P(FE,). Take
the class of a line [5 in the fibre f5 of my passing through x,. Then,
r e xr X l2 = (51{: F- (p;’fh)rl_2 . (pTT]Q)TQ_l} in Nl(X) SO,

L6
e(X,L,z) < 7 L=

When a = min{a, b, ¢}, using the above inequality and the fact that ¢(X, L, ) > min{a, b, c},
we conclude that e(X, L, z) = a.
Similarly, take the class of a line [; in the fibre f; of m; passing through x;. Then,
T €l X a9 =0{=F-(piym)*1- (pin)22} in N1(X). So,
L6y
1

e(X,L,z) < — b

So, if b = min{a,b, c}, the above inequality and (X, L,z) > min{a,b,c} implies that
e(X, L,z) = b. This proves (4.1.1) and (4.1.2). O

In the above theorem if ¢ = min{a, b, ¢} more can be said about the Seshadri constants of
ample line bundles on P(E;) x P(E;). These results are explained in the following two theorems.

Theorem 4.3. Let Ey and Ey be two unstable vector bundles over a smooth curve C of rank ry
and ry respectively and X = P(Ey) x¢ P(FEy). Let L be an ample line bundle on X numerically
equivalent to aty + bry + cF € NY(X). When ¢ = min{a, b, c} the Seshadri constants of L have
the following properties.
(i) Assume c < a <b, rank(E;) =2 and E; is normalised.
If x is a point outside B_(p5m), then (X, L,z) =
If x belongs to B_(pim ), then c < e(X,L,x) <a
(ii) Assume ¢ < b < a, rank(Es) = 2 and Ey is normalised.
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If z is a point outside B_(pins), then (X, L,z) = b.
If x belongs to B_(pine), the ¢ < e(X,L,x) <b.
(iii) If z is on some curve whose class is proportional to 83, then €(X, L, x) = ¢, where
b3 = 03 + p1101 + 2102

Proof. Let B C X be a reduced and irreducible curve passing through x € X and m be the
multiplicity of B at x. Let B = pd; + qds + 703 € NE(X) C N (X), where p, ¢, are in R>( and
b3 = 03 + 11101 + fi21 62

First, assume that ¢ < a < b. Let x be a point outside of B_(p3n;). Then, B is also not
contained in B_(pjn;). Hence, pin - B > 0 i.e,

pam - (pd1 + qda + 1d3) > 0.

which implies, p + ru; > 0.
Now if B is not contained in the fibre, then by Case(I) in the proof of Theorem 4.1, we get
r > m. Hence,

ap+bg+cr _ v bg

.
e(X,L,x) = m(c —apr) + p. > E(C_ apnr) > (¢ —apnr) > —ap > a.

v

m
( since rank(FE;) = 2 and Ej is normalised, u(Q11) = 11 = deg(Q11) < —1).

And if B is contained in the fibre, then by Case (II) in the proof of Theorem 4.1, we get,
(p+ q) > m. Hence,
P AL/ apta .,

m m

as our assumption is b > a > ¢. We already know that (X, L, z) < a from the proof of (4.1.1).
So, (X, L,x) = a. If x belongs to B_(p3n;), then it is obvious that ¢ < ¢(X, L, z) < a. This
completes the proof of (7). A similar kind of argument will prove (ii).

e(X,L,x

To prove (iii), observe that L - d3 = c. So,

Lo
e(X,L,z) < i< S <o
mult, 03~ mult, d3

Therefore, by the above inequality and first part of theorem 4.1, we get, (X, L, x) = c. O

Corollary 4.4. Assume the hypotheses of Theorem 4.3 holds and let L be an ample line bundle
on X numerically equivalent to aty + bty + cF € N (X). Then, we have,

(i) (X, L) =min{a,b, c}.

(i) e(X,L,1) < min{a, b}.
Proof. Since (X, L, z) > min{a, b, c}, for all z € X, we have,

e(X,L) = 1£1)f( e(X,L,x) > min{a, b, c}.

Now, if min{a,b,c¢} = a, e(X,L,z) = ¢(X,L) = min{a,b,c¢} = a,Vr € X. Similarly, if
min{a,b,c} = b,e(X, L,z) = ¢(X, L) = min{a, b, ¢} = b,Vz € X. Also, when min{a,b,c} = ¢,
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then, (X, L,x) = min{a, b,c} = ¢ > (X, L), if x is on some curve of class proportional to Js.
Therefore, combining all three cases, we have, (X, L) = min{a, b, c}.

In the proof of Theorem 4.1 we have showed that for all x € X, (X, L, x) < min{a, b}. So,
this implies that (X, L, 1) < min{a, b}. O

Theorem 4.5. Let E; be a semistable vector bundle of rank r1 and FEs be an unstable vector
bundle of rank ro over a smooth curve C' and let X = P(Ey) xcP(Es). Let L be an ample bundle
on X numerically equivalent to at, + bty + cF € NY(X). When ¢ = min{a, b, c} the Seshadri
constants of L have the following properties.

Assume that ¢ < b < a, rank(Es) = 2 and FEy is normalised.

(i) if x is a point outside B_(piny), then (X, L, x) = b.

(11) if x belongs to B_(pine), then ¢ < e(X, L,x) < b.

Proof. The proof is similar to the proof of the Theorem 4.3. ([
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