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Periods of complete intersection algebraic cycles

ROBERTO VILLAFLOR LOYOL

Abstract

For every even number n, and every n-dimensional smooth hypersurface of P"*! of degree

d, we compute the periods of all its F-dimensional complete intersection algebraic cycles.

Furthermore, we determine the image of the given algebraic cycle under the cycle class map
inside the De Rham cohomology group of the corresponding hypersurface in terms of its
Griffiths basis and the polarization. As an application, we use this information to address
variational Hodge conjecture for a non complete intersection algebraic cycle. We prove
that the locus of general hypersurfaces containing two linear cycles whose intersection is of
dimension less than 5 — ﬁ, corresponds to the Hodge locus of any integral combination of
such linear cycles.

1 Introduction

Consider X any smooth degree d hypersurface of P"*! and let us denote by § € H»(X) N
H?(X,7) its polarization. From Lefschetz hyperplane section theorem it follows that the image
of the cycle class map for codimension k algebraic cycles is generated over Q by 6* for k # 5. In
the case n is even, it remains to determine the image of the cycle class map for 5-dimensional
algebraic cycles in X. The Hodge conjecture claims that this image corresponds to the space
of Hodge cycles Hz2 (X) N H™(X,Q). Since the cycle class map of an algebraic cycle captures
the cohomological information of the cycle, to describe its image is equivalent to determine
all its periods. In order to compute the periods of an algebraic cycle, we restrict ourselves to
the subgroup of CHZ (X)) generated by the algebraic subvarieties Z C X that are complete
intersections inside P"*!. Our main result is the following:

Theorem 1.1. Let X C P! be a smooth degree d hypersurface of even dimension n given by
X = {F =0}. Suppose that Z :={f1 =---= f%“ =0} C X is a complete intersection inside
P+ and

I(Z) == <f1, e ,f%+1> Q (C[$0, e ,ﬂj‘n+1].

Write
F=figi 4+ for19241,
and define
H = (ho,...,hnt1) = (f1,91,- - foi1,9241)-
Then

_deg(Z) ,n 2! det(Jac(H))Q 22 nn
2] = deg(X)o2 deg(X) res Fatl € Hz22 (X)),

where Q = S (1) adag A - - dz;- - Adzni1 is the generator of HO(P™, Qgﬂl (n+2)).

The previous result follows from a direct computation of all the periods of the algebraic cycle
Z over a set of generators of the De Rham cohomology group of X, therefore is a consequence
of the following result:
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Theorem 1.2. Under the hypothesis of Theorem I, let J¥' = (2E _9F ) C Clzg,..., Tni1]

Oxo? """ Dxnta
be the Jacobian ideal associated to F'. Then, for every homogeneous polynomial P € Clxg, ..., Tpi1]
of degree deg(P) = (d —2)(§ +1)

(1) /Z< = > _@rDE gy,

o+1 n)
2 ok

where ¢ € C is the unique number such that
P -det(Jac(H)) = c - det(Hess(F)) (mod JF).

It is implicit in the statement of Theorem [[2 that P - det(Jac(H)) € J¥ + (det(Hess(F))).
In fact if we denote the Jacobian ring by RY := Clxg,...,znp1]/JF, it satisfies Rf:i—2)(n+2) =
C - det(Hess(F)). This is consequence of a classical theorem due to Macaulay (see §2, Theorem
2.1)), which implies that R is an Artinian Gorenstein algebra of socle (d — 2)(n + 2). We will
briefly discuss Artinian Gorenstein algebras and ideals in §21

The advantage of working with periods instead of considering directly the cohomology classes
is that the period equation (Il) depends continuously on the parameters H = (hg, ..., hn11) (see
§5 Proposition [B.1). And so, we can perturb the pair (Z, X) in order to reduce ourselves to
the case where Z is also smooth. After this reduction, the main idea in the proof of Theorem
is to construct a chain of smooth projective varieties Z = Zy C 27 C --- C Z%H = prtl
where each Z; is a hypersurface of Z;,1 given by the intersection of Z;1; with a very ample
divisor of P**!. Then using an explicit description of the coboundary map in Cech cohomology
associated to the Poincaré residue sequence, we relate the periods of Z; with the periods of Z; 1
(see ¥4, Proposition €4]). And so, the period computation is reduced to a computation of an
integral of a top form over P"*1, which is computed in §, Corollary In §8 we produce some
applications of Theorem [Tl and Theorem [[.2] getting computable formulas for the intersection
of two g-dimensional complete intersection algebraic cycles inside X, in terms of their defining
equations (see §8 Corollary [B1]).

In Deligne’s work on absolute Hodge cycles [Del82], he showed that the periods of algebraic
cycles belong to the field of definition of the variety and the corresponding algebraic cycle.
Providing necessary conditions on the periods of Hodge cycles in order to satisfy the Hodge
conjecture. Periods of algebraic cycles played a central role in the study of components of the
Noether-Lefschetz locus by means of the infinitesimal variations of Hodge strucutres, leaded
by Voisin [Voi88), [Voi89, Voi90, Voi9l], Green [Gre88| [Gre89], Harris [CGGHS3|, [CHMS&8] and
many others [Lop91], Kim91l [Otw03], Mac05l [Klo07, Dan17]. In 2014, Movasati reconsidered the
problem of computing explicitly the periods of algebraic cycles. In [Mov17b], Movasati exposed
several possible applications of these computations, among them a computational approach to
certain special cases of variational Hodge conjecture. These ideas gave place to the computation
of formulas for periods of linear cycles inside Fermat varieties appearing in [MV18, Theorem 1]
(these formulas can be deduced from Theorem [[L2] see §8 Corollary B4). On the other hand, a
parallel approach was considered by Sertéz in [CS18|, where he implemented an algorithm for
approximating periods of arbitrary Hodge cycles inside hypersurfaces.

Following [Mov17b], we used the period formulas in [MV1S§| to handle variational Hodge
conjecture for a non-complete intersection algebraic cycle inside the Fermat variety. Variational
Hodge conjecture is a major conjecture proposed by Grothendieck in 1966, as a weak version
of Hodge conjecture (see [Gro66, page 103]). While Hodge conjecture claims that every Hodge
cycle inside a smooth projective variety is an algebraic cycle. Variational Hodge conjecture
claims that in all proper families of smooth projective varieties with connected base, a flat
section of its de Rham cohomology bundle is an algebraic cycle at one point if and only if it is an
algebraic cycle everywhere. In 1972, Bloch proved variational Hodge conjecture for deformations



of algebraic cycles supported in local complete intersections which are semi-regular inside the
corresponding smooth projective variety (see [Blo72]). Semi-regularity is a strong condition,
difficult to check in concrete examples (see [DK16] for a discussion about examples of semi-
regular varieties). In 2003, Otwinowska considered variational Hodge conjecture for algebraic
cycles inside smooth degree d hypersurfaces X of the projective space P"*1 of even dimension
n. In this context, she proved (among several other remarkable results) that variational Hodge
conjecture is satisfied for algebraic cycles supported in one 5-dimensional complete intersection
Z of P"! contained in X, for deg(X) > 0 (see [Otw03]). An improvement of this result was
presented by Dan, removing the condition on the degree (see [Danl7]). Despite Otwinowska
and Dan’s result, it is not known if the complete intersection subvarieties are semi-regular inside
the corresponding hypersurface. The first explicit non-complete intersection algebraic cycle
considered in high dimension hypersurfaces was treated in [MV18, Theorem 2] with computer
assistance. Several Z-combinations of two linear cycles inside Fermat varieties where considered,
but only some of them were proved to satisfy variational Hodge conjecture (by means of a first
order approximation of the Hodge locus).

In the same spirit of [MV18], we use Theorem in order to analyze variational Hodge
conjecture for cycles obtained as Z-combinations of two linear cycles inside a hypersurface. We
separate our analysis depending on the dimension of the intersection of the considered linear
cycles. We generalize [MV18], Theorem 2| (providing a theoretic proof) to arbitrary degree and
dimension in the following way:

Theorem 1.3. Let X C P"*! be the Fermat variety of even dimension n and degree d. Let
P3,P2 C X be the two linear subvarieties such that Pz NP2 = P™ given by

P*" = {xp_om — (2dTn—2m+1 = -+ = Tpn, — C2dTnt+1 = 0},
P2 := {x) — (a1 = - - = Tp—2m—2 — (2dTn—2m—1 = 0} NP"",
~n n—2m-— -
P2 :={zo — (oz1 =+ = Tp_om—2 — (g " “Tp—gm-1 =0} NPT,

where Coq € C is a primitive 2d-root of unity, and ag,q,...,0n—9m—2 € {3,5,...,2d — 1}.
Then, form < % — -4 a,b e Z\ {0} and § :=a-P2 +b-P2 € CH2(X) we have

Vig) = V[]P%} n V[P%}’

and the Hodge locus Vi5 s smooth and reduced (see {71, Definition[71], for the definition of the

Hodge locus). In particular, variational Hodge conjecture holds for [6) € H™(X,Z) N H%'3 (X)
in these cases. On the other hand, for m > § — d%‘lw the Zariski tangent space of V|5 has

dimension strictly bigger than the dimension of V[]P%} N V[]F%} (which is smooth and reduced, see
49, Proposition [9.1).

We remark that [Mac05, Theorem 2] covers the case (n,d) = (2,5). The main ingredient
missing from [MV18] that allows us to prove Theorem [[3] is the explicit computation of the
cycle class map given in Theorem [[.1l After the algebraicity of the locus of Hodge cycles proved
by Cattani, Deligne and Kaplan [CDKO95], we can state variational Hodge conjecture in the
following local analytic format: “If 6 € H™(Xo,Z) N H32(Xy) is the cohomological class of
an algebraic cycle, then 6 € H™(Xy,Z) N H%’%(Xt) is the cohomological class of an algebraic
cycle for every t € Vi,.” This version of variational Hodge conjecture is the one we are always
referring to, in particular in Theorem [L3l Finally, by a simple argument informed by Movasati,
we can deduce from Theorem [I.3] the following result confirming variational Hodge conjecture
for combinations of linear cycles inside general hypersurfaces containing such cycles.



Theorem 1.4. Let m: X — T be the family of smooth degree d hypersurfaces of P*T1, of even
dimension n. Consider

Wy :={t € T : X; contains two linear cycles PZ ,P% with Pz NPZ = P™}.
Ifm<5— d%'lQ, then for all a,b € Z\ {0} variational Hodge conjecture holds for the Hodge cycle
[6] = a[Pz] + b[P2] € HM( X, Z) N H22 (X,), for t € W, general.

2 Artinian Gorenstein algebras

As part of the algebraic background we need, we will state in this section some results about
Artinian Gorenstein algebras. We begin with a classical result due to Macaulay (for a proof see
[Voi03], Theorem 6.19]).

Theorem 2.1 (Macaulay [Macl16]). Given fo,..., fnt1 € Clzo,...,zn+1] homogeneous polyno-
mials with deg(f;) = d; and

{foz...:fn+1:O}:@an+l.
Zoy---y Tptl
R:=—F——.
<f07”’7fn+1>

Then for o := Y1 (d; — 1), we have that
(i) dimc Ry =1.
(ii) For every 0 < i < o the multiplication map
R; x Ro—; — Ry
s a perfect pairing.
(iii) Re =0 fore > o.

Definition 2.1. Let n € N, and I C Cl[xy,...,x,+1] an ideal. We say that the quotient ring
R := Clzo,...,zn41]/I is an Artinian Gorenstein algebra if it satisfies items (i), (ii), (iii) of
Macaulay Theorem 2] for some o € N. We say o is the socle of R and denote it 0 = soc(R).

Notation 2.1. Despite the Artinian Gorenstein property is reserved for algebras, we will also
say that I is Artinian Gorenstein of socle o, when R = Clxq, ..., xn11]/I is.

Remark 2.1. An elementary observation is that if I is Artinian Gorenstein of socle o, and
P € Clzo, ..., Znt1]y \ Iy, then the quotient ideal

(I:P):={Q €Clxg,...,xp41]: PQ € I},

is Artinian Gorenstein of socle ¢ — u. Is also elementary that if Iy C Is are two Artinian
Gorenstein ideals of the same socle, then Iy = I5.

We end this section with a proposition we will use in the proof of Theorem [[.3]



Proposition 2.2. Consider the ideal I := <xg_1, . ,xgr__lﬁ C Clzog,...,xor—1]. Let d >3, and
b1, B2, c1,c0 € C* with By # B. Fori=1,2, define

Ri:=c¢ - ﬁ (29525 — (Biwaj—1)* )
o (22j-2 — Bim2j-1)

Jj=1

Then
(2) (I:R1)en(I:Re)e=(I: R+ Ra)e,
if and only if e £ (d —2) - r.
Proof First of all, note that (I : Ry), (I : Re) and (I : R; + R2) are Artinian Gorenstein ideals
of socle (d — 2) - r. In consequence,
(L:R)N(L:Re) # (I Ra+ Ro).
Otherwise, we would have (I : Ry + Rg) C (I : R;), which implies
([:R)=(: R+ Ry)=(I:Ry),

a contradiction. Therefore, in order to prove the proposition, it is enough to prove (2]) for
e# (d—2)-r. If e > (d—2)-r, the equality (2)) is trivial since (d — 2) - r is the socle of the
three ideals. If e < (d — 2) - r, we claim (2]) reduces to the case e = (d —2) - r — 1. In fact, if we
assume (2)) fails for some e < (d —2) - 7, we can choose

(3) pE ([ Ry + Rg)e \ ([ : Rl)e-

Since (I : Ry) is Artinian Gorenstein of socle (d — 2) - r, the perfect pairing property implies
that we can find a degree (d — 2) - 7 — e monomial 2* = z° - - - 25| such that

(4) zt- pE (I R+ Rg)(d_g),r \ (I : Rl)(d—2)-r-

Since deg(z") > 0, there exist some i; > 0, then (@) and (@) imply that

IEi
— p€(l: R+ Ro)g2yr—1 \ (I : R1)a-2)r—1

Ly
and so (@) would fail for e = (d — 2) - r — 1, as claimed. Therefore, we just consider the case
e =(d—2)-r—1. It is enough to show that (I : Ry + Ra)e C (I : R1)e N (I : R2).. Take
p € (I : Ry + Ry).. Without loss of generality we may assume it can be written as

d—3
1 _d—3-1
p= 2 D ki P
k even =0
where each py,; does not depend on xj, and x4, and is a C-linear combination of monomials of
the form o - @ @) 2 - wgr ) with dgj_o 4 igj_1 = d — 2, for all j € {1,...,r}\ {§ +1}.
For every k and [, and ¢ = 1,2, there exist a constant a;; € C such that

RZ o (xo o e x27‘_1)d_2
pk,l d—2 d—3 d—2 - ak,li d—2 9
(zy “ oy (Biwgr1) + - + (Bivgs1)?72) (TRwpg1)
d—1 d—1 _d—1 d—1
modulo (zg™", ..., 23,7 5, .-+, T 1). Then
1 d—3 1 d—3
_ d—2 I+1 I
o= o 3 (LS it LS i),
k even k120 k+1 75,
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modulo I. Since p - (R; + R2) € I we conclude that

d—3 d—3 d—3 d—3

1+1 I+1 ! I
> a1 BT Y D ara 285 =D akiaBl+ D akiafs =0.
1=0 1=0 1=0 1=0

Since 1 # B2, this implies
d—3 d—3
! !
D apiBl = ar285 =0,
=0 =0

and so pR; € I fori=1,2. |

3 Cycle class map and periods

Let us explain what we mean by periods of algebraic cycles inside smooth hypersurfaces. Let X
be any smooth projective variety of dimension n, and Z € CHF (X) a codimension k algebraic
cycle of X. The cycle class map can be factored as

[]: CHM(X) & HiR™ (X)" ~ Hig(X)

where the second map is given by the perfect pairing in De Rham cohomology induced by
the integration over X of the wedge product (divided by (2my/—1)"), and the former map

corresponds to
1 2n—2k

Note that for £ = 1 the cycle class map corresponds to the first Chern class.

Definition 3.1. Given an algebraic cycle Z € CH¥(X), we say that the complex numbers 77 (w)
are the periods of Z, for all w € Hiﬁ_%(X).

Remark 3.1. In general, for X any smooth projective variety we have natural maps H?*(X,Z) —
H?*(X,Q) — H*(X,C) ~ H2k(X). In spite the first map H?*(X,Z) — H*(X,Q) is not in
general injective, we will always denote by H?*(X,Z) the cohomology with Z-coefficients modulo
torsion. Thus we will identify them without further mention as a chain of abelian groups

H*(X,7) C H*(X,Q) C H*(X,C) = H3(X).

Under this identification we will say that some w € Hgﬁ(X ) is an integral (respectively rational)
class, denoted w € HK(X) N H*(X,Z) (respectively w € H3&(X) N H?**(X,Q)), if it only has
integral (respectively rational) periods over Hop(X,Z), i.e.

1
——— |weZ, Vi€ Hy(X,Z).
(2my/—1) /5 2(X, 2)
Recalling Griffiths” work [Gri69], in the case X = {F = 0} C P"*! is a smooth hypersurface
of even dimension n given by a homogeneous polynomial with deg F' = d, each piece of the
Hodge filtration of HJy (X )prim is generated by the differential forms

PQ _
wp :=res <m> c Fm quR(X)prima

for P € Clzo, . .., Tnt1]ag+1)—n—2, Where  := LGjolx.i(dl’o/\‘ AdTpyq) = Z?:Jrol(—l)ixic@,

Yoz,

and res : HifH (P \ X) — HPp (X) is the residue map.

6



Notation 3.1. Whenever we are considering a set of 1-forms {y; : i =1,...,k} we will use the
notation

This notation will be highly used in §5l

We are interested in computing the periods of all F-dimensional algebraic cycles Z C X.
Notice that, since Z is a projective variety of positive dimension, it intersects every divisor of
X, so it is impossible to find an affine chart of X where to compute the periods of Z. Since
we are integrating over an algebraic cycle (consequently a Hodge cycle) we just care about the

(5, 5)-part of wp. Thus, we will fix ¢ = 5, and we will work with wp as an element of the

quotient F'3 Hip (X)/F2 1 H (X) ~ H22 (X) ~ H2 (X, Q)%) After Carlson-Griffiths’ work
[CG80, page 7], we know

non 1 [ PQ n n
(5) (wp)2z'2 :n_l{F—J} €H2(Z/{,Q)2().
2 7 Jig=n
Where U is the Jacobian covering of X. For J = (jo, ... ,j%), Fj:=Fj, - FJ%, where F; := g—i
for every i =0,...,n+ 1, and
(6) Qri=t o (10 (Q)-)= (—1y 5 ) S 1y i,
*j T30

w3

=0

for (ko,..., k:%_l) the multi-index obtained from (0,1,...,n + 1) by removing the entries of J.

We will usually write (wp)%’% in Cech cohomology as in (&), but we will denote the period
by abuse of notation as |, ,wp € C, letting it be understood that we are working under the

identifications F3 H2 (X)/F3 T HY (X) ~ H3 (U, Q%) ~ H35 (X) C Hly (X).

4 Preliminaries on periods

In this section we prove some preliminary results about periods. We begin by computing pe-
riods of top forms over the projective space P"*!. By a top form we mean an element of
H Lt (Pt seen as an element of the Cech cohomology group H™ (U, Q5T 1) with respect
to some affine open cover U of P"*1.

Proposition 4.1 (Periods of top forms over the projective space). Let | > 0, and consider a
collection of degree | homogeneous polynomials fo, ..., fn+1 € Clxo, ..., Tni1];, such that

{fo="-= fap1 =0} =2 C P
They define the finite morphism f : PPTt — P given by
flxo:tanr) = (for-- farr)

Let Uy = {Vi}?jol be the open covering associated to f, i.e. V; ={f; # 0}. Then the top form

Q Z’-‘fol(—l)ific/lﬁ 1
= == € H™ ™ Uy, Qptlh),
for- fanr for- fanr Uy i)

has period

/ Yy [l (_1)(”?)(277\/—_1)"“.
P

vt Foo o ot



Proof The form mO"27L+1 € Hnti(prtl, Qg,ﬂl) corresponds to a global top form w € Hgﬁ”([?"“).

We determine this element via the natural isomorphism in hypercohomology

Hn—l—l(]P)n—l—l’ ngtrll) ~ H2n+2 (]P)TH_I, ];erl) ~ H2n+2 (]P)TH_I, Epn+1)oo) ~ Hg'lr:z{—i& (Pn—l—l)’

where Ql&mﬂ)m denotes the sheaf of C* differential k-forms over P"t1. Let {a,-}?jol be a partition

of unity subordinated to the standard covering {Ui}?jol of P"1. Computing w in terms of this
partition of unity, we see that

Suppw CUgN---NUpy1.

In fact, taking the standard coordinates of Uy given by (z1,...,2n+1) = (;—(1), e %) e cnt!
we can write

dz dz
/ w:(n+1)!(—1)"+1/ dag A+ Adappy A — A A 2L
P+l CnA+1 zZ1 Zn+1

Furthermore, we can assume that ay,...,a,+1 are C* functions defined in C™*1 such that

o 0 if’Z,"Sl
BTV a2 205 < WVie{l,...n+1}\ {i}

and
ai+--+appr =1ifFje {1,...,n+1} |2z > 2.

Applying Stokes theorem several times we obtain

/ e (—1)(”32)/ NN X Y G ISV s LA
prt+1 L0 - T

© T4l n+l 2] Zn+1

Pulling back this form by f, it follows that
Q Q n+2
/ L = deg(f)- / ——— =deg(f) - (-2 2ry 1)+,
pr+l fO"'fn—l—l Prt+l T« Tl

Since f is defined by a base point free linear system, the fiber of f is generically reduced and
corresponds to ["T! points by Bézout’s theorem. |

Remark 4.1. The sign appearing in the formula comes from the identification

Hn+1 (Pn—l-l, Q;;Lll ) ~ H2n+2 (Pn—l-l, ITM+1 ) ~ H§ﬁ+2 (]P)n—l—l).

We have adopted Carlson and Griffiths’ convention for the total complex differential

D:=(d+ (—1)k5)|CQ"+2*’“(1P’”+179§

n+1)’

associated to the Cech-de Rham double complex C* (P!, O3n41), see [CG8O, page 9]. This sign
was already pointed out by Deligne in [Del82 page 6]. The previous proposition can also be
found in [CG80, Remark (2), page 19].

Corollary 4.2 (Periods of top forms over the projective space II). For every homogeneous
polynomial Q € Clao, ... #ns1)a-1)(ns2).

/ fﬂ =c- ln+2 . (_1)(’1;2)(27_‘_\/_—1)714-17
pr+1 JO

”fn—i—l

where ¢ € C is the unique number such that



Q = c-det(Jac(f)) (mod (fo,..., fns1))

Proof Using Euler’s identity one easily sees that
(7) Qp = 1" det(Jac(f))L,

is the Jacobian matrix of f. The rest follows from item (i) of

ofi
where Jac(f) = (8£j>o<ij<n+1

Macaulay’s Theorem [2.1] and Proposition [4.1] [ |

Remark 4.2. Corollary implies in particular that the top form Bt € H" (U, Q;:{ +11)
(with respect to the standard open cover U of P"*1) integrates (— 1)( )(271'\/ 1)"*!. This can
also be deduced from the fact that the polarization § € H' (U, Qpnﬂ) is given by 0;; = de; _ 4;

and so applying several times the twisted product formula we get

T4 z;

gt — ()&
Zo " Tptl

Proposition 4.3. Under the hypothesis of Proposition [{.1. For every top form
w e H™ Wy, )

there exist explicit polynomials Q1,...,Qk € Clxg, ..., xnt1] of degree (I —1)(n + 2) such that

/]P’”Hw B Z/nﬂ fo- fn+1

Proof In general, any element of H" " (U, Qgﬂl) is of the form

PQ

= ap Qn419
0o " fn+1

where g, ..., 41 € Zsg with - (g +- - -+ apt1) = deg(P)+n+2. Using Macaulay’s Theorem
2T applied to (fo, ..., fnt1) C Clzg,...,Zpt1], we obtain that

P= > e

1(Bo+++Bn+1)=deg(P)—l(n+2)

with deg(Pg) = (I —1)(n+2). This reduces the problem of computing periods of top forms over
P+ with respect to the cover Uy, to forms

P50
(8) a0 o
0 n+1

e H" ™ Uy, Qitl),

with ag, ..., on41 € Z such that ag+ -+ + apy1 = n+ 2 and deg(P3) = (I — 1)(n +2). If some
«; is non-positive, (§) represents an exact top form of P"*!. Therefore, the following are the
forms which may have non-trivial periods

QN
for+ fog1

with deg(Q) = (I — 1)(n +2). [

e Hn—l—l(u Qn-‘rl)

]P>7L+1



In order to compute periods of complete intersection algebraic cycles, we will compute periods
of smooth hyperplane sections of a given projective smooth variety X (by hyperplane section,
we mean that in some projective embedding it corresponds to the intersection of a hyperplane
with X). In fact, for Y < X a smooth hypersurface given by {F = 0}, we will give an explicit
description of the isomorphism

H"(Y, Q%) ~ H"H(X Q)

W = w

together with the relation between periods, i.e. the number a € C such that

Ja=afw

For this purpose recall the long exact sequence
o g (X) = HgH(U) 55 Hig(Y) 5 Hg®(X) = -
induced by Poincaré residue sequence
0— Q% = Q%(ogY) == 5.0 — 0.
Since HEEH(U ) = H§§+2(U) = 0, the coboundary map is an isomorphism
HR(Y) = Hip(X).

Noting that these vector spaces are one dimensional, and that 7 induces an isomorphism of
Hodge structures of weight (1,1) (since it is nothing else than the wedge product with the
cohomological class of Y inside X, i.e. its first Chern class), we obtain the desired isomorphism

(9) H™(Y,QF) & H"FY(X, Q).

Proposition 4.4 (Coboundary map (@) and periods). Let X C PN be a smooth complete
intersection of dimension n + 1, and Y C X a smooth hypersurface given by {F = 0} N X,
for some homogeneous F € Clxg,...,xn]q. Let U be an affine open cover of X and let w €
H"Uly, Q). Take any @ € C™(U, Vs (log Y)) such that res(w) = w. Define

w:=0@) € C"THU, Q),

where § is the Cech differential. Then & € H™" (X, Q%) and

(10) La:2wﬁLw.

Proof The map defined in the statement of the proposition is the coboundary map 7, i.e.
7(w) = w. It is known that the long exact sequence associated to the Poincaré residue sequence
corresponds to the Thom-Gysin sequence and so 7 corresponds to @ = w A [Y]. Therefore (I0)
corresponds to Poincaré duality. |
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5 Proof of Theorem

Let X C P""! be a smooth degree d hypersurface of even dimension n. Given the complete
intersection Z C X of dimension 7, we construct a chain of subvarieties

Z=20C 721 CZC  C Znyy =P,

where each Z; is the intersection of Z; ;1 with a very ample divisor of P**!. In order to prove
Theorem [[2] we will apply inductively the coboundary map, to reduce the computation of the
period of Z to the computation of a period of P**1.

Proposition 5.1. Both sides of the periods equation ({l) depend continuously on the parameters
ﬂ—l—l

(fl7glu s 7f%+17 g%-l—l) S @7,2:1 (c[x07 o 7xn+1]di 2] (c[x(h o 7xn+1]d—di7 such that F':= flgl +

ot frignga

Proof Consider

541
U:= (f1791,~~-7fg+179g+1) € @C[x]di @C[x]d—di :
i=1

X={figg+--+ foiignin = 0} is smooth and
Z={fi=fo=-= f%H = 0} is a complete intersection} .

Let 0 := (d — 2)(§ + 1) and fix any P € C[z],. For (fl,gl,...,fgﬂ,ggﬂ) € U, we know
that the Jacobian ideal JI' := <g—£), ey 65511) (where F' := fig1 + -+ + fri19z41 € Clz]q) is

Artinian Gorenstein of soc(JI) = 20, and that det(Hess(F)) € Clz]ay \ JI (by Corollary E2).
Therefore there exists a unique number ¢ € C such that

P-det(Jac(f1, 91, .-, f241,9241)) = c- det(Hess(F))  (mod J.
We claim that this number ¢ depends continuously on

A= (fl7gla"'7 %L-i-l?g%-i-l) eU.

In fact, consider the C-vector space V := C[z]s,. For every A\ € U define the hyperplane
V)= Jf; C V, we claim that V) varies continuously with respect to A in the space of hyperplanes
of V, in fact, each V), is generated as C-vector space by the vectors

oF

V\ = <a AT :i=0,...,n+ 1, 2" monomials with |I| = 20—d—|—1>,
Ty

where F\ == F = figm +---+ f 2419241, and each of these vectors depend continuously on

A € U (here we are using the non-trivial fact that we know a priori that the generated spaces

are hyperplanes). In consequence, there exists a continuous map

p: U —= PV

such that V) = Ker p). Now we can compute c¢ in terms of continuous functions depending on

AeU as
_ oa(P -det(Jac()N)))

 pa(det(Hess(Fy)))

11



Proposition [B.1] implies that it is enough to prove Theorem for a general (f1,91,...,
g+1,g%+1). This is why we may assume each Z;_; is a smooth hyperplane section of Zj, for
I=1,...,5 +1, as in the hypothesis of Proposition 4.4l

Let P € Clxy, ... ,xn+1](d_2)(%+1), U be the Jacobian cover of P**! and

W =wpc H%(U‘X,Q)%),
as in (). Using Proposition [4.4] we construct inductively

w® = w|z € H>(U|z,Q2) and Z, := Z.

Then for [ =1,...,5 + 1 we define
wl) = W=D € 5P Uz, 037" and Z; == {fr1 = - = fa 11 = 0} CPL,

Observe that Zn ;= P

Lemma 5.2. Forl e {0,...,5 +1} andJ:(jo,...,j%H),0§j0<---<j%+l§n+1,

n

(_1)(7;2)+j0+'“+jg+zpdld1 . d

o -
w =
(@) T F
! dgm *n 6l
m—1 m t
m=1 r=0 t=1
— \ dg \ df
1 s 7 t
+(—1) g(—l)pxkps/z\l d /\d.%'kp /\t:/\ld—t

where K = (ko, .. .,k%_l) is obtained from (0,1,...,n + 1) by removing the entries of J (the

notation %m = dTgll A ---dng RA %, and analogously for d/x;p and g—;, was already set in
Notation [31).

Proof We proceed by induction on I:
Computing Q2 (as in (@) we get

(_1)(%;2)—1—]'0—1-"'—1-]'%}, 2

2 Fy

@iy = @)y = (~1)a, dow,

p=0

12



Assuming it is true for [, then we can take WJ € C%H(Zlﬂ, QQ+

m (_1)(7;2)+j0+~~~+jg+lpdld1 . dl—i—l
J =

gl Fy- fz+1
I I+1

Z(_l)m_l dgm /\d kr/\dft
71 l I+1

A/\dft

1 5 —
n dgy . dF dfq . dfia

—1)zt! E A — N dzp. N =LA
Hhe s 7,/:\0 T dg  di+1

( n+l+1f[ Z dgu /\ dﬂ?kf dfu

Applying the Cech differential § we get

7L+2 7, In
w(l+1) _ (_1)(72 )+J0+ -H?H“Pdldl-'-dl_i_l
/ gl Fy fin
! — gHi+l 51 I+1
_1 dg df
> =y 15777177”A Z by, dxj, /\ dx k/\ '
m=1
dgs dft
DD Bay, /\ : /\ da, /\
p=0 s=1
g t
D ST (<P, dsA Z F; dx;, /\dxkp -
p=0 s=1 r=0 =1t
I - S+ 5—l-1 —
n dgg , dF dfy  dfita
+1 q . . _q +
+(—1) 2 Z 7 A\ 7 A Z Fjpdflfjp dxkr A d dl+1
q=1 p=0 r=0
1+1 d/g\ FHI+1 2-l-1 Ef\
+1 u U
H LY SR A YD Fday, deg, A"
u=1 p=0 r=0

13

Zi., (ogZp)) given by



(_1)(%;2)+j0+"'+j%+l+1Pdl+ld1 .

_ diq
Q"Fj'fl—l—l
l dg 7L 1 + f
>, B A,
m=1 — _
! 51 I+1
dgs dft
1)
F /\ y /\ da /\
i l—l l I+1
dgs ~dF dfy
I+1
+(—1)H (1), /\ A Ade kp A%
p=0 s=1
I z—i-1
n dgg dF dF df dfrr
B DR Y= iyt drg. A =L A
+(=1)2 i TN N\ e d, " diey
q:l r=0
I+1 —— F—i-1
n dg dF df
—1)2+it L dxy, N —=
+(—1)2 fz+1u§::1 y g T/:\O he N

Replacing F' = fig1+---+ ng gz in the first three sums above we obtain the claimed equal-
ity. |

Proof of Theorem Let P € Clxg,...,2n+1] be an homogeneous polynomial of degree
= (d—2)(5 +1), and let
PQ
W = Wp = res <W> .

In order to compute the period of w over the complete intersection cycle

Z={fi=-=fa =0} CP"

we apply Proposition [£.4] several times. Recall that by Proposition 5.1l we can reduce ourselves
to a general choice of polynomials f,..., f%H, and so we can assume each

Zy:={fiy1 == fry1 =0} P

is a smooth hypersurface of Z; 1, for each | = 0,..., 5. The result of this iterative application
of Proposition .4l was computed in Lemma It follows that for [ = & + 1 we have

(—1)(§;1)Pd%+1d1 crdng Z+1

Z(_ m—l d.gm /\ dft

(wE+HD)

0-ntl = 21 Fy- - Fupa
7L+
n+1 223 dgq dF dfq

q

14



Replacing F = fig1 + -+ f%+1g%+1 on the above equation we obtain

(-0 PasHidy - dy

B Fy-- Fpa
241
d—dy\  dgy df
>t () g, 2 /\ t
m=1
5+1 5+1
n dgs dfq
H(-1)3 S (~1) Ae

n+2 n+1
_ (—1)( 2 ) Pey - ent1 i( 3 hkdhk
gl Fo- Fop ek

k=0
n+1 Oh. n+1 Oh:
where e = deg(hy). Replacing e;h; = JZ:% 83:;- -x; and dh; = JZ:% 87;_d:nj we get
(w(E+D) _ (=1)2"'P - det(Jac(H)) ni:l(_l)kx don
0-ntl = T Fo o Fon 2 kAT

Corollary 2 tells us what is the period of w(211) above, and Proposition @4l tells how to obtain
the period of w from this period. Putting all together we get the desired result. |

6 Proof of Theorem [1.1]

After Griffiths basis theorem we know that

(11) (2] = (wp,)?2 +af2 € H22(X)
for some a € C and some Py € Clxo, ... ,an+1](d_2)(g+1)- In order to compute « let us integrate
the polarization 0% over Z
deg(Z) = ! / 07 = ;/ 02 Nab? = o - deg(X)
(2my/— )% 2mv-1)" Jx ’

and so a = gzg(()z()). We will need the following fact whose proof was essentially done in the proof

of [CG80), Theorem 2.

Proposition 6.1. Let X C P"*! be a smooth degree d hypersurface of even dimension n. Let
P,Q € Clzo, ..., Tns1](d-2)(z+1), then

—(2my/—1)"
X (59
where ¢ € C is the unique number such that

PQ = ¢ det(Hess(F)) (mod J).

n n

Proof Let U be the Jacobian covering of P"*!. By ([5]) we. know explicitly how (wp)z2
and (wQ) 22 look like in the Cech cohomology group H 2 U, Q %). Then we can also compute
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(wp Awq)™™ € H™(U,Q% ) by performing the twisted product

n
(=12 " PQrmQn . Fn .
S (5+1) if m < n
(Wp) P A (wg)P%) S ?
d O LT O PQu g P
(3D)?Fo-Foy1-Fy m >3

where ;) = o () for i = 4, 5 + 1. A direct application of Proposition 4.4l gives us
/ w=2mv—-1 [ wpAuwg,
P+l X

for .

~d-(—-1)2PQ%

— Cn+1 Z/[ Qn—l—l

TR B C O U )

The result follows from Corollary |

Proof of Theorem [I.1l Let Rz := (X) det(Jac(H)) € Clzo, ..., Tpt1](@-2)(2+1), We claim
that Py = Rz (where Pz is given by (). In fact, since the wedge product on HJp (X )prim is
not degenerated it is enough to check that

1 1 1
m/zwpzm/waZ/\wP:m/waz/\wP’

VP € Clxo, ... ,xn+1](d_2)(%+1), which follows from Theorem and Proposition [6.1] |

7 Hodge locus

Before going to the applications of Theorem [[.T] and Theorem [[.2] let us recall the Hodge locus
associated to a Hodge cycle inside a smooth degree d hypersurface of the projective space P"*1,
of even dimension n.

Definition 7.1. Let 7 : X — T be the family of smooth degree d hypersurfaces of P"*1, of even
dimension n. Fix a parameter 0 € T, and a Hodge cycle \g € H"(Xy,Z) N Hz3 (Xo). Since 7
is a locally trivial fibration, we can extend Ag to a polydisc around 0 € T by parallel transport.
If we denote this extension by A\, € H"(X},Z), the Hodge locus associated to Ny is

Vi i={t € (T,0): \y € H*(X;, Z) N H2'3 (X,)},

where (7,0) denotes the germ of neighbourhoods of 0 € T" in the analytic topology. Consid-
ering wy, . ..,wy € Hz(X/T) such that they form a basis for F2 4t H7. (X,) for every t in a
neighbourhood of 0 € T', we can induce an structure of analytic space in the Hodge locus as

O(r0)
Oy, = — 0
VAO <f17"'7fk>

where \; = Zle fi(t)w;(t) for every t € (T,0). This structure might be non-reduced, see for
instance [Voi03l page 154, Exercise 2].

We will end this section with a restatement of a well known fact relating periods of a Hodge
cycle, to the Zariski tangent space of its associated Hodge locus.

16



Proposition 7.1. Let T C Clxg, ..., Tnt1]q be the parameter space of smooth degree d hypersur-
faces of P" L, of even dimension n. Fort € T, let X; = {F = 0} C P"*! be the corresponding
hypersurface. For every Hodge cycle A € H™(Xy,Z) N H%’%(Xt), we can compute the Zariski
tangent space of its associated Hodge locus Vy as

PQQ
V) = {P € Clzoy .-y Tpt1]d : /res <%> =0,YQ € Clxo,... ,Z’n+1]dﬁ_n_2} ,
5 F§+1 2

where § € H,(X¢,7Z) is the dual of N € H"(Xy,7Z) (note that H,(Xy,7Z) is free).
Proof We know from Voisin [Voi03, Lemma 5.16], that
T}/V)\ = Ker Vt(/\t)a

where V; is induced by the infinitesimal variations of Hodge structures. This map is well known
in the case of hypersurfaces and corresponds with

V,:H23 (X)) x T,T — H2 b2 (X,)*,

given by the multiplication map (see [Vo0i03l Theorem 6.17])

(Vi(At, P))(xes <§3>> = /éres (?EQﬁ) '

Note that we have identified P € Clxq, ..., Xn11]q = TiT. [ |

8 First applications

Definition 8.1. We will say that an algebraic cycle § € CH™(X) is of complete intersection
type if

k
i=1
for Z1,...,Zx € X a set of 5-dimensional subvarieties that are complete intersection inside
P+l given by
Zi ={fir="= fizy1 =0},
for every i =1,...,k, such that there exist g;1,...,9ir € C[zo,...,2n41] with
241

F=Y" fijg
j=1

We denote this subspace by CH"(X).;. For every § € CH"(X )¢, we define its associated
polynomial

k
P(S = Z’I’LZ . det(JaC(Hl)) c R@_2)(%+1),
i=1
where H; = (fi1,6i1,-- .,fi7%+1,gi,%+1). We define its degree as its degree as an element of

H, (P 7), ie. deg(d) := Zle n; - deg(Z;). It follows from Theorem [[.1] and the linearity of
the cycle class map that

N3

(12) 0= qeiehot - 2 on)

n
2

[SIE]

)
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Corollary 8.1. Let X C P"t! be a smooth hypersurface given by
X ={F=0}.
If 6,u € CH"(X)cit are complete intersection type algebraic cycles, then
(i) Ps € J¥ if and only if [0] = o~ [X NPZHY], for ae = deg(8)/ deg(X).
(ii) Let c € C be the unique number such that Ps- P, = c- det(Hess(F)) (mod J¥'), then

_ deg(0) - deg () L (deg(X) — 1)n+2

(13) DM T deg) YT dea(®)

Proof The first part is a direct application of Griffiths basis theorem and (I2]). The second
part is a direct application of the fact

1
0-pp=——r—— [ [0] A [u],
h= oy J A
together with equation (I2)), Corollary and Proposition [G.]] |

Remark 8.1. It follows from (I3)) that for every pair of algebraic cycles 6, € CH2 (X), the
unique number ¢ € C such that Pj- P, = c-det(Hess(F)) (mod J') is in fact a rational number
such that

c-(d—1)""? cZand c- (d—1)""2 = deg(6) - deg(i) (mod d).

n

In general, it is not known how to determine whether a given element of Griffiths basis (wp)2’
H22(X)is an integral or rational class in terms of the polynomial P € C[zg, ..., Zy11] (d—2)(2+1
Equation (I3) gives us a (computable) necessary condition: If (wp)2'% € H22 (X) N H"(X,Z)
then for every complete intersection type algebraic cycle 6 € CH2 (X))

(14) P . Ps=c-det(Hess(F)) (mod JF),

for some ¢ € Q such that ¢+ (d—1)"*? € 21Z. A further condition that follows from Proposition
6.1is

(15) P? = ¢cp - det(Hess(F))  (mod JF),

for some cp € Q such that cp(d — 1)"2d € (2!)?Z.

Remark 8.2. Another observation we can derive from Theorem is that each period is of
the form (271\/—_1)% times an element from a number field k, where k is the smallest number
field containing the coefficients of f1, g1,... ,f%H, gni1, i.e. the periods belong to the same field
where we can decompose F' as fig1 +---+ f 21941 This was already mentioned in Deligne’s
work about absolute Hodge cycles (see [Del82), Proposition 7.1]).

One of the main ingredients of the proof of Theorem [L3] is the description of the Zariski
tangent space of the Hodge locus Vjs) as the degree d part of the quotient ideal (J F. Py).

Corollary 8.2. Let T be the parameter space of smooth degree d hypersurfaces of P"T1, of even
dimension n. Fort € T, let X; = {F = 0} C P! be the corresponding hypersurface. If
0 € CH"(X¢)eit is a complete intersection type algebraic cycle, then

T,Vigg = (J" : Ps)a.

18



Proof By Proposition [.1l and Theorem we have
iVie) = {P € Clzo,. .., &ny1la: P- Q- Ps € J",VQ € Clzo, ..., Tny1laz_n—2}-
By item (ii) of Macaulay’s Theorem [ZI] applied to the Jacobian ring RF', we conclude
TiVig = {P € Clwo, ..., @n41]la: P-Ps € J"} = (J' 2 Py)g.
|

In order to prove Theorem [[.3] we will use Corollary for t = 0 € T corresponding to the
Fermat variety, and 6 = P2 € CH"(X)) a linear cycle inside it.

Corollary 8.3. Let
X ={af+ + i =0}

be the Fermat variety. For ag,aa,...,an € {1,3,...,2d — 1} consider
(16) P2 = {zg— (a1 = = xp — (S aps1 = 0},

and & := P2 . Its associated polynomial is

5+1
n l
(17) P5 — d2+1C§£+ +an H <§ ::Egl] 22l Q2j—2 l2j—1) )

j=1

In particular

P% _ 1— (1 _ d)m—i—l

-P
d

RIS E]

Qw\:

where m = dim IE” NP

Proof Computing the Jacobian matrix of H as in Theorem [[.2], we see it is diagonal by 2 x 2
blocks, and each block has determinant

a25—-2 d—1 d—1
d(Coq’ "y, 2"’%3 1)

)
Toj_o — Cop’ CT2j-1

and so (7)) follows. In order to compute the intersection product apply Corollary Bl part (ii).
We just need to compute ¢ € (C such that P5 P, =c-d""2(d - 1)""2(z¢ - zp41)?? (mod

(xd71 . ,:Ele)) where 0 = IE” and p = IE” It follows from (I7)) that

C =

o et (nt-B 1 (o2s=2 (o a(d=1])
cleotBo)t +Bn) 2 ZC% b a(d2-) H2 <E i i )
(d—1)nt2 (d — 1)z :

j=1

For every j=1,...,5+1

agj—2(l4+1)+B2j—2(d—1-1) (agj—2—P2j-2) l _ 1—d if Qj—2 = /82]‘—27
Zc Z G -
1 if agj o # Boj 2.

Therefore c¢(d — 1)"*2? = (1 — d)™*! and so by (I3) the result follows. [
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We end this section by computing the periods of linear cycles inside Fermat varieties. This
was the main theorem in [MVIS8] Theorem 1]. Consider the following set

Ia—2)(z+1) = {(i0, - - - s int1) € {0,

e d =2 i gy = (A= 2)(2 + 1)},
we define for every i € I(d_z)(%+1)

2
o ae) 1 'y
w; ‘= res W = ?

2)-
From Griffiths’ work [Gri69] we know these forms are a basis for H2°2 (X)prim.
Corollary 8.4 (]MVIS]). Let X C P""! be the degree d even dimensional Fermat variety, let
Pz C X as in I8) forag=--=a, =1, and let i € I(d_2)(%+1). Then
(27&/—71)%
/ wi=q g
P3

Goa THHOFRT 4 if iy g iy =d =2,V =1,..., % + 1,
0 otherwise.

Proof By Theorem we just need to compute ¢ € C such that

2Ps=c-d"(d—1)" (20 py1)? 2 (mod (:Eg_l,

By Proposition 8.3

F+1
. n4q Ly | i
2Py =d2 ¢z ol ]

d—2
d—2—1,1 1
T9; %5 Ca%aj1 | 5
j=1 \I1=0

=¢ - (.Z'() o xn+1)d_2 (mOd <xg_17 . 7‘Tg:-11>)
If for every j = 1,...,5 + 1 there exist [; € {0,...,d — 2} such that I; +i2;_1 = d — 2 and
. S+ + o+
d—2—1j+ig_9=d—2, thencizﬁm

2. This condition is equivalent to [; = igj_o
and ig;_o + 12j_1 = d — 2. Otherwise ¢; = 0, and the result follows.

[ |
9 Proof of Theorem [1.3

Let T be the parameter space of smooth degree d hypersurfaces of P*!, of even dimension n.
Let 0 € T be the point corresponding to the Fermat variety Xg = {azg +-- -—l—xﬁﬂ = 0}. Letting

PP = {xp—om — C2dTn—2m+1 = -+ = Tp, — CoqTpt+1 = 0},
P2 = {20 — (2a?1 =+ = Tn—2m—2 — (2aTn—2m—1 = 0} NP"~™,
P% = {xg — (3921 =+ = Tp_am—2 — Gy " 22y om_1 = 0} NPT,
where g, a9, ..., an—om-2 € {3,...,2d — 1}. Then
P™.=P: NP3 = {ro=21="=xp_9m_1=0NP"".

Vi) " Vpt) = dim ToVps) N ToVpy).

The following result is due to Movasati [Mov17al Propositions 17.9 and 17.9].
Proposition 9.1. dim
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Movasati’s proof of Proposition [.1l consists in computing explicitly both sides of the equality.
Since variational Hodge conjecture holds for linear cycles (see [Danl7], [Mov17hb], or [MV1S]),
VP%] N VP%} corresponds to the locus of hypersurfaces containing two linear cycles intersecting

[ [

each other in a m dimensional linear subvariety. Knowing this, it is easy to compute its dimension
as a fibration over the incidence variety of pairs of §-dimensional linear subvarieties of prtl
intersecting each other in a m-dimensional linear subvariety. In fact, (this computation can be
found in [Mov1T7al, Proposition 17.9])

n g d
(18) Codim Vg 1 Vg, = 2<2 ;L > —2(% +1)2 - <m; > +(m+1)2

On the other hand, it is also easy to compute the codimension of ToV, = NTyV- see [Mov17al

[PZ] 3 (
Proposition 17.8]) and coincides with (IS))

Codim TOV[]P’%} N TOV[IP’%] = 2Codim TOV[IP%} — Codim TOV[IP%] + TOV[]IVJ’%}
2+d n m—+d
= 2(2 —2(=+1)2— 1)2.
<d> (2+) <d>—|—(m—|—)

Remark 9.1. After Proposition [@.I], Theorem [I[3] is reduced to show that

P%) B3] ToVis),

if and only if m < 2 — -4, By Corollaries and B3] this is equivalent to the following

algebraic equality
(19) (JE P (JF Py = (JF : P+ Py)g.

Where P, = R1Q, P> = R2Q,

Q- H (@ = (Coamrrr)?h)

k>n—2m even (l‘k o <2dxk+1)

Ry = e - H ({7t — (Goazri1)TY)

k<n—2m even (xk - Cdek—l—l)

and

H (l"g_l — (o agy1)?h)

R2 =C2-
(xr — Cof Thg1)

k<n—2m even

for some cq,co € C*.

Proof of Theorem [I.3] After Remark [0.T]we have reduced the proof to prove the equality (19]).
We claim that

(20) (JE  P)en(JF Py = (JF : P+ Py),,

if and only if e < (d —2)(§ —m) or e > (d — 2)(5 + 1). In fact, for e > (d — 2)(5 + 1) the claim
follows from the fact that (d — 2)(% + 1) is the socle of the three ideals appearing in (20). For
e < (d—2)(% —m), consider any g € (JF': P + P,).. Write

q=r-+s,
where r € Clzg, ..., Tn—2m-1]e and s € (Tp—2m, - -+, Tnt1)e € Clzo, ..., Tn+1]e. Noting that

(JF Q) = <xg_1, ... ,xf;ém_l,xn_gm,...,xn+1>,
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it is clear that s € (J¥ : PB;) = ((J¥ : Q) : R;) for every i = 1,2. In consequence r € ((JF : Q) :
R;1 + R3). Since r - (R; + R3) does not depend on o, . .., Tnt+1 we conclude that

re (I R+ Rg)e - (C[$0, - ,xn—2m—1]e

for I = (z371, ... 2971 ). Using Proposition 22 for r = 5 —m, we conclude that r € (I : R;).
for i = 1,2, and so ¢ € (JF : P)), for i = 1,2 as claimed.
Finally, if (d —2)(5 —m) < e < (d—2)(5 + 1), we know from Proposition 2.2 for r = § —m,
that there exist some p € C[x, ..., Zn—2m] such that
p € (J": Ri+ Ro)g-2)(z—m) \ (7 R1)(g—2)(2—m)s

and so
p €T Pt Po)a-yn—m \ (J7 : Pt)(g-2)(2—m)-

Since (J¥ : Pp) is Artinian Gorenstein with socle (d — 2)(% + 1), we conclude that there exist
some q € C[x,. .. ,mn+1]6_(d_2)(%_m) such that

pge (JE P+ P\ (J': Py)e,
as desired. [ |

10 Proof of Theorem [1.4]

Let 7 : X — T be the family of smooth degree d hypersurfaces of P"*1, of even dimension n.
Consider

W := {t € T : X; contains two linear cycles P%,P? with Pz NP2 = P™}.

Let 4 be the incidence variety (between elements of the Hilbert scheme) parametrizing triples
(X;,P2,P2), where X; is a smooth degree d hypersurface of P"*! containing two linear subva-
rieties P2, P% C X, such that P2 NP% = P™. Consider the map

¢ .  — Home(Clzo,. .., 2nt1]a, Clzo, . .. ,xn+1]:§%_n_2),

n ~n P Q
O(X;,P2,P2) = [/ . res (%)} .
aP%+bP% Fzt ) pg

This map is regular (by [CDK95] or by Theorem [[2), hence it is continuous in the Zariski
topology of J#. By Proposition [[.I] we already know that

TV, %) = Ker (X, B3, P3).

given by

This implies that each subset of 7 where Ker ® has constant dimension is a locally closed
subset in Zariski topology. Theorem [I.3] implies that

dim 47 = dim TOVa[P%]er[]P%]’
Therefore, the point (XO,IP’%,P%) corresponding to the Fermat variety together with its two
linear subvarieties, is a smooth point of 7. Furthermore Ker ® has constant dimension in a
polydisc around (Xy,Pz,P2) € S, hence the same holds in a Zariski neighbourhood of this
point. Therefore

dim 2 = dim T,V, Ve U,

P2 )+b[P3]

for U a Zariski open set of W, (not necessarily a neighbourhood of the Fermat variety), and
variational Hodge conjecture holds for [§] = a[P%] + b[P2] € H"(X;,Z) N H%2(X;) and t € U.
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11 Final remarks

Considering [0] = a[P2] 4 b[P2] € H™(Xo,Z) N Hz'2(Xy), we can ask if this Hodge cycle
satisfies variational Hodge conjecture for the cases not covered by Theorem [[.3l The remaining
open cases are the following: (d,m) = (3,5 —3),(3,5 — 2),(4,5 —2) and m = § — 1 with
a # b. Note that the cases m = § — 1 with a = b, and m = § are both complete intersection
algebraic cycles, where variational Hodge conjecture holds by [Danl7]. It would be interesting
to determine whether for the remaining cases the corresponding Hodge locus Vs is smooth
and reduced. This problem has been considered by Movasati for small degree and dimension in
[Mov1T7al Chapter 18]. After knowing all the periods of the linear cycles inside Fermat, Movasati
was able to compute higher order approximations of the Hodge locus. Using them, he proves
in several cases (see [MovI7a, Theorem 18.3]) that V|5 is not smooth and reduced (explaining

the difference between the tangent spaces of Vis and V[]P%} N V[p%z} in Theorem [[3]). On the

other hand he also provides interesting examples, such as (n,d,m,a,b) = (6,3,1,1,—1) and
(n,d,m) = (6,3,0) (see [Movli7al, Theorem 18.2]), where V|5 is possibly smooth and reduced.
In such cases Vis) must be strictly bigger than V[P%} N V[P%], and it would be very interesting
to study this phenomenon, and determine if it is due to the existence of some new algebraic
cycle (with cohomological class having the same primitive part as [0]) with a larger deformation

space.
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