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ABSTRACT. Our present investigation is motivated essentially by the fact that, in Geo-
metric Function Theory, one can find many interesting and fruitful usages of a wide
variety of special functions and special polynomials. The main purpose of this article is
to make use of the Horadam polynomials h,(z) and the generating function I(z, 2), in
order to introduce three new subclasses of the bi-univalent function class 3. For func-
tions belonging to the defined classes, we then derive coeflicient inequalities and the
FeketeSzego inequalities. Some interesting observations of the results presented here are
also discussed. We also provide relevant connections of our results with those considered
in earlier investigations.
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1. INTRODUCTION
Let R = (—o0, 00) be the set of real numbers, C be the set of complex numbers and
N:={1,2,3,...} = Np\ {0}

be the set of positive integers. Let A denote the class of functions of the form
fR) =2+ a.2" (1.1)
n=2

which are analytic in the open unit disk A = {2z : z € C and |z| < 1}. Further, by S we
shall denote the class of all functions in A which are univalent in A.
It is well known that every function f € S has an inverse f~!, defined by

TR =2  (z€4)
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and

),

RS-

U W) =w  (Jwl <ro(f); ro(f) 2
where
fHw) = w — ayw?® + (2a3 — az)w® — (5a3 — Sagas + ag)w* + . ...
A function f € A is said to be bi-univalent in A if both a function f and it’s inverse
f~1 are univalent in A. Let ¥ denote the class of bi-univalent functions in A given by

I

In 2010, Srivastava et al. [20] revived the study of bi-univalent functions by their
pioneering work on the study of coefficient problems. Various subclasses of the bi-univalent
function class ¥ were introduced and non-sharp estimates on the first two coefficients
las| and |az| in the Taylor-Maclaurin series expansion (LLI]) were found in the recent
investigations (see, for example, [1I, 2, 3] 4, [5, 6], O, 10, 11, 12} 13, 14, 15, 16, 17, 18|
19 211, 221 23]) and including the references therein. The afore-cited all these papers on
the subject were actually motivated by the work of Srivastava et al. [20]. However, the
problem to find the coefficient bounds on |a,| (n = 3,4,...) for functions f € ¥ is still
an open problem.

For analytic functions f and g in A, f is said to be subordinate to g if there exists an
analytic function w such that

w(0) =0, lw(z)] <1 and f(2) = g(w(z)) (z € A).
This subordination will be denoted here by
f=g (z€4)
or, conventionally, by
f(z) <g(z)  (z€A).
In particular, when ¢ is univalent in A,
f=g9g (z€l) < f(0)=g(0) and f(A)Cg(A).

The Horadam polynomials h,(z, a, b; p, q), or briefly h,(x) are given by the following
recurrence relation (see [7,§])):

ho(xz) = prhy_1(x)+ qhp_o(x) (n e N) (1.2)
with
hi(z) =a and ho(z) = bz (1.3)

for some real constants a, b, p and q.
The generating function of the Horadam polynomials h,(x) (see [8]) is given by

(z, 2) =Y ha(x)2""

Here, and in what follows, the argument = € R is independent of the argument z € C;
that is, x # R(z).

Note that for particular values of a, b, p and ¢, the Horadam polynomial h,(x) leads
to various polynomials, among those, we list few cases here (see, [7, 8] for more details):

. a+(b—ap)xz
1l —prz—q2?

(1.4)

or a =b=p=¢q=1, we have the Fibonacci polynomials F,(x).
1) F b 1 h he Fib i pol ials F,
or a = 2 an =p =g =1, we obtain the Lucas polynomials L,(x).
2) Fi 2 and b 1 btain the L 1 ials L
(3) Fora=¢q=1and b=p =2, we get the Pell polynomials P,(x).
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(4) For a =b=p =2 and ¢ = 1, we attain the Pell-Lucas polynomials @, ().

(5) Fora=b=1, p =2 and q = —1, we have the Chebyshev polynomials 7T,,(z) of
the first kind

(6) For a =1, b =p =2 and ¢ = —1, we obtain the Chebyshev polynomials U, (x) of
the second kind.

Recently, in literature, the coefficient estimates are found for functions in the class of
univalent and bi-univalent functions associated with certain polynomials like the Faber
polynomial [9], the Chebyshev polynomials [5], the Horadam polynomial [16]. Motivated
in these lines, estimates on initial coefficients of the Taylor-Maclaurin series expansion
(LT)) and Fekete-Szegd inequalities for certain classes of bi-univalent functions defined by
means of Horadam polynomials are obtained. The classes introduced in this paper are
motivated by the corresponding classes investigated in [II, 11l [16} [15].

2. COEFFICIENT ESTIMATES AND FEKETE-SZEGO INEQUALITIES

A function f € ¥ of the form (ILI]) belongs to the class S5 («, ), @ > 0 and 2z, w € A,
if the following conditions are satisfied:

) 2P)
) TR

<z, 2)+1—a

and for g(w) = f~H(w)

wgw) | wtg'(w
g(w) g(w)
where the real constants a and b are as in (L3)]).
Note that S%(z) = S85(0, =) was introduced and studied by Srivastava et al. [16].

< I(z, w)+1—a,

Remark 2.1. If a=p=x=1,b=2 and ¢ = 0, then we have
2f'(z 222 1+ 2
PE) LA

f(z) flz) 1=z

In this case, the function f maps the open unit disk A onto the half-plane given by
zf'(2) 22f"(z
ORI iC)
the other hand, we restrict our considerations for a given univalent function p(z) € A,

we can investigate the corresponding mapping problems for other regions of the complex
z—plane instead of the half-plane R(z) > 0. In this way, one can introduce many other
subclasses of the function class S&(«, x).

(z € A).

) takes on values in the half-plane. If, on

R (£2) > 0, since the expression

Remark 2.2. When a =1,b=p =2, ¢ = —1 and x — t, the generating function in (.4
reduces to that of the Chebyshev polynomial U, (t) of the second kind, which is given
explicitly by
i 1
Un(t) = (n+ 1B (—n, n+2; 3 1=ty = S0 De g o)
sin ¢
in terms of the hypergeometric function o Fj.

In view of Remark [2.2] the bi-univalent function class S&(x) reduces to S&(t) and this
class was studied earlier in [2, [13]. For functions in the class S&(a, z), the following
coefficient estimates and Fekete-Szego inequality are obtained.
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Theorem 2.1. Let f(z) = z+ Y a,2" be in the class S&(a, x). Then

n=2

|bx| \/|bx|

and las| < b2 G

laz] < VI +4a) b — p(1 + 2a)2]ba? — ga(l +20)?] T 246a  (14+20)?
and for v € R
( |ba]
2+ 6a
if =1 <

I[(1+4a) b — p(1 + 2)?)bz? — qa(1 + 2a)?|
20222 (1 + 3a)

bl v — 1
I[(1+ 4a) b — p(1 + 2a)?]bx? — qa(l + 2a)?|
T w—1]> I[(1+4a) b — p(1 + 2a)?)bz? — qa(1 + 2a)?]
R 2022 (1 + 3a1) ‘

\

Proof. Let f € S5i(a, x) be given by Taylor-Maclaurin expansion (ILI]). Then, there are
analytic functions v and v such that

u(0)=0; v(0)=0, Ju(z)]<1 and |v(z)|<1l (Vz weA),

we can write

') 2R

1B o 8 =1I(z, u(z))+1—a (2.1)
and
wglw) | wiglw) o
o(w) +a o) =I(z, v(w))+1—a. (2.2)
Or, equivalently,
1) 1) _ x)—a x)u(z x)[u(z)]?
8 + o ) =14 hi(z) — a+ ho(z)u(z) + hs(z)[u(z)]* + . .. (2.3)
and
wg'(w) wo'(w) _ x)—a x)v(w z)[v(w)]?
o) + o) =1+ hy(x) — a+ he(x)v(w) + hs(z)[v(w)]" + ... (2.4)
From (2.3 and (24)), we obtain
12 1) _ T)uiz x)u r)u?)2?
e +a 8 =1+ ho(x)urz + [ho(x)us + ha(x)ui]z” + ... (2.5)
and
wy'(w) wg'(w) _ x)v w x)v z)v?]w?
It is fairly well known that
lu(z)| = |urz +uz2® + ... <1 and v(2)] = [viw + vw® + ... <1,

then
lug| <1 and lug] < 1 (k € N).
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Thus upon comparing the corresponding coefficients in (2.5) and (2.6]), we have

(14 2a) as = ho(z)uy (2.7)
2 (1+3a)as — (1 +2a) a3 = hy(x)uy + ha(z)us (2.8)
— (1 +2a) ag = ho(x)ny (2.9)
and
(34 10a) a3 — 2 (1 + 3a) az = ho(x)vy + hs(z)v]. (2.10)
From (2.7) and (2.9), we can easily see that
Uy = —uy (2.11)
and
2(1+2a)%a; = [ho(@)*(uf + )
o [ha(@)]P(uf +07)
@ = s (2.12)

If we add (2.8) to (ZI0), we get
2 (14 4a) a5 = ho(z)(ug + v2) + ha(z)(u] + v7). (2.13)
By substituting (2.12)) in ([2.13), we reduce that

2 [ha ()] (ug + )
B = S0 40) (@) — 2he(2)(1 £ 20)? (2.14)

which yields

o] /Tbe] (2.15)

< .

— VA +4a) b — p(1 + 2a)2]ba? — qa(1 + 2a)?]

By subtracting (2.10) from (2.8) and in view of (2.I0]) , we obtain
4(143a)az — 4(1+3a)a; = ho(x) (uz — va) + h(z) (uf — v})

gy = M@)o (2.16)

4(1+ 3c)
Then in view of ([2.12]), (ZI6) becomes

ho() (ug —va) | [ha(2)]*(ui +07)
4(1+ 3a) 2(1+2w)?

|as|

as

Applying (L3]), we deduce that

|bx| b2
2+60 (14207

lag| <

From (2.10), for v € R, we write

o ha(w) (ug — v9)

— = 1—v)d 2.1
w—va = = T v)a (2.17)
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By substituting (2.14) in (Z.53), we have

o ha(x) (ug —v9)
BTV T T 1 3q) +<

(1 —v) [ha(2)]® (U2 + ) )
2[(1 + 4a) [ha(2)]? = hg(z)(1 + 20)?]

~ o) { <Q(V, ) + m> s + <Q(V, ) — M) vg} ,

where

(1 = v) [ha(2)]”
2 (1 + 4a) [ha(2)]? — 2hs(x)(1 4 2a)?”
Hence, in view of (L3]), we conclude that

Qv, x) =

|ha(2)|
2+ 6«

‘ag — Vag‘ <

2[ha(2)| 102, @)

which evidently completes the proof of Theorem

1
<
= 4 (14 3a)

1
: >

;0 < [Q(v, x)

For a = 0, Theorem 2] readily yields the following coefficient estimates for S%(z).

Corollary 2.1. Let f(z) = z+ > anz" be in the class Ss(x)

x). Then
n=2
bx| \/|bx| b
las| < be| v/1ba and las| < Jba] + b%2?
Vb = plba? — ga|’ 2
and for v € R
|b| : |[b — pJba® — qa
lba] i v —1] <
2 2022
‘ag — l/ag} < . ,
|ba|” [v — 1] : |[b — p|ba” — qa
— 1>
[[b — plbz? — qa =1z 20222

In view of Remark 2.2 Theorem 2] can be shown to yield the following result.

Corollary 2.2. Let f(z) = z+ Y a,2" be in the class S5(a, t)

. Then
n=2
2t/ 2t 4¢2
las| < V2t , and las| < +
V(1 + 2a)2 — 16022 1+3a  (1+2a)?
and for v € R

2t if v —1] < (1 + 2a)? — 160282

2+ 6 - 8t2 (1 + 3«)

‘CLg —I/ag‘ <
tBlv—1 1+ 2a)? — 16a2t?
e A B s
a)? — 16«

812 (1 + 3a)
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Remark 2.3. Results obtained in Corollary 2.1] coincide with results obtained in [16]. For
a = 0, Corollary 2.2 reduces to the results discussed in [2] [13].

Next, a function f € ¥ of the form (LI]) belongs to the class My(«, z), 0 £ a £ 1
and z, w € A, if the following conditions are satisfied:

) 2f(2)
T=2775 76

+a<1+ )%H(x,z)jtl—a

wyg'(w) wg" (w)
(1—a)g +a(1+ g’(w))KH(L w)+1—a,

where the real constants a and b are as in (L3]).

Note that the class Myx(a, z), unifies the classes S§(z) and Ky(z) like Mx(0, z) =
S3(z) and Mx(1, z) = Kx(z). In view of Remark 2] similarly, one can define many

subclasses for the expression (1 — a)zjfég) +a (1 + Z]{,,éij)). In view of Remark 2.2 the

bi-univalent function classes M% (o, ) would become the class M3 («, t) and the class
M (e, t) introduced and studied by Altinkaya and Yalgin [3]. For functions in the class
Msx(a, z), the following coefficient estimates and Fekete-Szegd inequality are obtained.

Theorem 2.2. Let f(z) = z+ > a,2™ be in the class Mx(«, x). Then

n=2

|bz| \/|bz|

|bx| b2

‘a2‘ < s and |CL3‘ < 3
VI +a)b—p(L+ a)2b? — ga(l + a) 24 da " (1+a)
and forv e R
[ |bz|
2 +4a

[(1+a)b—p(1 +a)’]ba® — ga(l + @)?|
a2 (2 + o)

if lv—1| <

b v — 1]
[(1+ )b —p(l + @)?]ba® — qa(1 + )?|
i 1 s M0+@)b=p(+a)e’ — ga(i +a)’

\

Proof. Let f € Myx(a, ) be given by Taylor-Maclaurin expansion (ILT]). Then, there are
analytic functions v and v such that

u(0)=0; v(0)=0, |u(z)<1l and Jv(z)|<1l (Vz, weA),

we can write

SERELC I (I

B 70 ) =1z, u(z))+1—a (2.19)

and

1oyl (1 N “’g"<w>) Tz, v(w)) +1-a. (2.20)
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Or, equivalently,
a-a i +a 1+ 503
=1+ hy(x) — a+ ho(z)u(2) + hs(x)[u(2)])* + ... (2.21)

and

gt | wgw)
L=y T (“wao)

=1+ hi(2) — a+ ho(z)v(w) + hs(z)[v(w)]* + .. .. (2.22)
From (221)) and (222), we obtain
-0, (1 1 Zf"(z))

f(2) f'(2)
=14 hy(2)urz + [ho(x)ug + hs(z)ui]z + ... (2.23)
and
wg' (w wg” (w
1=t +a (1457
= 1+ hy(2)vyw + [ho(2)vy + ha(z)vi]w? + .. .. (2.24)
It is fairly well known that
lu(2)] = [urz +uz2® + ... < 1 and v(2)| = |oiw + vaw® + .. .| < 1,
then
lug| <1 and lug] < 1 (k € N).
Thus upon comparing the corresponding coefficients in ([223)) and (224]), we have
(14 ) ag = ha(z)uy (2.25)
2 (1+2a)as — (1 + 3a) a3 = hy(x)uy + ha(z)us (2.26)
— (14 @) ag = ha(x)ny (2.27)
and
(3+5a)as — 2 (1 +2a) az = hy(z)vy + hy(x)v?. (2.28)
From (2.25) and (2.27)), we can easily see that
T—— (2.29)
and
21+ a)’ay = [ho(@)]* (] +v7)
20,2 | .2
@ = [h2(;17()1 _(l_u;; vi) ‘ (2.30)
If we add (2.26)) to (2.28)), we get
2(1+ ) a3 = ha(x)(uz + v2) + hg(z)(ui + 7). (2.31)
By substituting (2.30) in (2.31]), we reduce that
@ = [ha(2)] (uz + v2) (2.32)

2(1+ o) [ha(2)]? = 2hs(x)(1 + a)?
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which yields

|bx| \/|bx| (2.33)
VI +a)b—p(1+ a)?ba? — ga(l + a)?|
By subtracting (2.28) from (2.26) and in view of (229) , we obtain
414 20)az — 4(1 +2a)a; = ho(x) (uz — va) + h(z) (uf — v})

ha(z) (ug — v2)
4(1 4 2a)

|as|

+ a3. (2.34)

as

Then in view of (2.30)), (Z34) becomes

ho(x) (ug — va) | [ha(x)]*(ui + U1)
4(1 4 2a) 2(14+ )

as

Applying (L3]), we deduce that
|bx| b2

< .
- 2+4a+ (1+«)?

|as|

From (2.34)), for v € R, we write
h _
a3 — va2 = 2() (uz — v3)
4(1 + 20)
By substituting (2.32)) in ([2.53), we have

+ (1 —v)aj. (2.35)

o 2 = (@) (2 —vg) ( (1 = v) [ha(x)]* (u2 + v2) )
5o A(1 4 2a) 2 (1 + ) [ho(2)]2 — 2hs(2)(1 + )2
1 1
= hg(l’) { <Q(l/, l’) + m) (%) + <Q(V, l’) — m) Ug} s
(2.36)
where
v, o) = (1= ) [ha(a)

©2(1+a) [ho(2)]2 — 2h3(z) (1 + )2

Hence, in view of (L3)), we conclude that

|ha()| 1
10 < |0 < -
‘ag — l/ag} <
1
2 Q 119 >
ha@)] 190, )| 5190, )| > Frge
which evidently completes the proof of Theorem O

For a = 1, Theorem readily yields the following coefficient estimates for Ky ().

Corollary 2.3. Let f(z) = z+ > a,2" be in the class Kg(x). Then
n=2
bx| +/|bx|
as| < bzl V/]be] , and lag] < — 4+ —
V1120 — 4p]ba? — 4qal 6 4
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and for v € R
|bx| , |[2b — 4p|bx? — 4qal
6 flv=1l=< 60222
‘ag—yag‘ < 5
b —1 2b — 4plba® — 4
el lo =1 2D dple® — gl

|[20 — 4p]bx? — 4qal 60?22

In view of Remark 2.2] Theorem [2.2] can be shown to yield the following result.

Corollary 2.4. Let f(z) = z+ > a,2" be in the class Mx(a, t). Then

n=2
2
0] < 2tV/2t Cand el < t 4
VI + )2 — da(l + a)?] I1+20 (14 a)?
and for v € R
t _ (1 + a)? — 4a(l + a)t?|
-1 <
1+2a lv=1l=< 82 (1 + 20)
‘ag—uag‘g
8t3 v — 1] (1 + a)? — 4a(l + a)t?|

if lv=1[=

|(1+ a)? —4a(1 + a)t?| 8t2 (1 + 2«)
In view of Remark 2.2, Theorem 2.3] can be shown to yield the following result.

Corollary 2.5. Let f(z) = z+ > a,2" be in the class Kx(t). Then

n=2
tv2t t
ag| < ——, and as| < = + t?
ool < s < 5
and for v € R
t , 11— 2t
3 if lv—1] < o2
ag—yag‘ <
263 v — 1| Fl—1> 11— 2t2]
— if v — —_.
|1 — 222 - 6t?

Remark 2.4. The results obtained in Corollary 2.4] and Corollary are coincide with
results of Altinkaya and Yalgin [3].

Next, a function f € 3 of the form (L)) belongs to the class Lx(a, z), 0 S A < 1, and
z, w € A, if the following conditions are satisfied:

(10 ) (1 zf”<2>)1‘“ <Nz, )+ 1-a

f(2) f'(2)
and for g(w) = f~(w)
(wgl(w))a (1 . wg"(w))l_a e w) 41— a
g(w) g'(w)
where the real constants a and b are as in (L3]).
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This class also reduces to Ss,(z) and Kx(x). Further, as we have discussed in Remark

/ [e% " 11—«
2.1l we can define many subclasses for the expression (Z;((j)) (1 + ij:/ ((';)) . In
z z
view of Remark 2.2] the bi-univalent function class £%(«, x) would become the class
L (a, t). For functions in the class Lx(a, z), the following coefficient estimates are
obtained.

Theorem 2.3. Let f(z) = z+ > a,2™ be in the class Lx(a, x). Then

n=2

] < |bx| /2 |bz| and |as| < |bx| N b2 12
V(@2 = 3a+4)b—2p(2 — a)¥bz? — 2qa(2 — a)?| 6—4a  (2—«)?
and for v € R
[ |bz|
6 — 4o

I[(a? —3a+4)b— 2p(2 — a)?|bz? — 2qa(2 — a)?|
40?22 (3 — 2a)

if =1l <
az — Vag‘ <
2 ba|® v — 1
I[(a? =3a+4)b—2p(2 — a)?]bz? — 2qa(2 — «)?|
if 1> [[(a? —3a+4)b — 2p(2 — a)?|bx? — 2qa(2 — a)2|‘
- 40?22 (3 — 2a)

\

Proof. Let f € Lx(a, x) be given by Taylor-Maclaurin expansion (LI). Then, there are
analytic functions v and v such that

w(0)=0; v(0)=0, Ju(z)]<1 and |v(z)|<1l (Vz, weA),

we can write

(Zﬂ;))a (1 + Z}C,/;S))l_a =z, u(z)) +1—a (2.37)
" (wgg(li}“;))a (1 + wggf/(,i;’)) T M(z, v(w)) +1—a. (2.38)
Or, equivalently,
(77) (v 55)
=14 hy(x) — a+ ho(x)u(z) + hs(z)[u(2)]* + . .. (2.39)
and
() (o)
=14 hy(x) — a+ hy(x)v(w) + hs(2)[v(w))* + .. .. (2.40)

From (2.39) and (2.40), we obtain

(ZJ{;S))Q (1 * zJ{/’;S))I_O‘ = 1+ hy(2)urz + [ha()us + hg(w)ui]® + ... (2.41)
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and

(wgg(/z(uz;]))a <1 " wggfzful;))l_a =1+ ha(z)viw + [ha(x)vs + hs(@)vi]w® + ... (2.42)

It is fairly well known that

|u(z)|:}u1z+uQ22+...‘ <1 and lv(z)| = ‘v1w+v2w2—|—...‘ <1,
then
lup] <1 and lug| <1 (k e N).
Thus upon comparing the corresponding coefficients in (Z41]) and ([Z42]), we have
(2 —a)ag = ha(x)uy (2.43)
2
2(3—20)as + [(a — 2)* — 3 (4 — 3a)] % = ho(2)us + hy(2)u? (2.44)
— (2 — @) ag = hao(x)1y (2.45)
and N
[8 (L—a)+5(a+ 5)} a2 — 2 (3 — 2a) az = ho(x)vs + ha(a)0?. (2.46)
From (2.43)) and (2.45)), we can easily see that
Uy = —v1 (247)
and
22— a)’ay = [ha(2)](u] + v})
5 (o (2)]? (uf + v7)
= . 24
agy 2(2 - 05)2 ( 8)

If we add (2.44)) to (2.46]), we get

(o = 3a+4) a3 = ha(z)(uz + v2) + ha(z) (] + v}). (2.49)
By substituting (2.48)) in (2.49), we reduce that
@2 = [ha ()] (uz + v2) (2.50)

(a2 —3a+4) [ho(2)]? — 2hs3(2)(2 — a)?
which yields

|bx| \/2 |bx| . (2.51)
VI[(e2 —3a+4)b—2p(2 — @)br? — 2qa(2 — a)?|
By subtracting (2.46]) from (2.44]) and in view of (2.47) , we obtain
43 = 2a)as — 43 —2a)a3 = ha(z) (uz — v2) + ha(z) (uf — v7)

(
gy = 2@l e (2.52)

4(3 — 20)
Then in view of ([2:48), (2.52) becomes

ho(x) (ug —wva) | [ho(2)]?(uf 4 07)
4(3 — 2a) 22—«)?2

|as|

a3
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Applying (L.3]), we deduce that
< b | N ba?
~ 6—4a (2—a)?

|as|

From (2.52), for v € R, we write
2 ha(z) (ug — )

— — — 2
as — va; 403 — 20) + (1 —v)as. (2.53)
By substituting (Z50) in (Z53), we have
4 — vad = ha(2) (ug — v2) (1 — ) [ha(2)]* (u2 + v2)
2 4(3 = 2a) (a2 —3a+4) [he(2)]? — 2h3(2)(2 — a)?
1
= hy(x) { (Q(u, ) + 132 )) ug + (Q(l/, x) — 6= 2@)) ’Ug} )
(2.54)
where
_ (1 —v) [ha(2))?
A D) = 30 7 0) @) — 2@ @ = a)F
Hence, in view of (L3]), we conclude that
|ha()] 1
— 0 < Qv 2)| € T
}ag—ya%‘ﬁ 6 — 4o Zi(?)—Qoz)
2 |ho ()] |1Q2v, 2)| |2y, z)| = 13- 20)
which evidently completes the proof of Theorem O

In view of Remark 2.2 Theorem can be shown to yield

Corollary 2.6. Let f(z) = z+ Y a,2" be in the class Lx(a, t). Then

n=2
2t\/2t t 42
|CL2‘ S 5 5 5 CLTLd |CL3| S — —+ — 5
VI2=a)? = (a2 —5a +4) 2 3-2a (2-aq)
and for v € R
t _ (2 — @)% — (0 — ba + 4) 2|
—1 <
3- 2 lv=1l=< 812 (3 — 2q)

}ag — Vag‘ <
8t3 v — 1]

(2 — a)* — (& — Ba + 4) t?
(2 —a)? — (o — b + 4) 2 )

82 (3 — 2a)

if [v—1] >
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