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EFFECTIVE LOJASIEWICZ GRADIENT INEQUALITY
AND FINITE DETERMINACY OF NON-ISOLATED NASH
FUNCTION SINGULARITIES

BEATA OSINSKA-ULRYCH, GRZEGORZ SKALSKI, AND STANISLAW SPODZIEJA

ABsTrACT. Let X C R™ be a compact semialgebraic set and let f: X — R
be a nonzero Nash function. We give a Solerné and D’Acunto-Kurdyka type
estimation of the exponent ¢ € [0,1) in the Lojasiewicz gradient inequality
|[Vf(z)| > Clf(z)|¢ for x € X, |f(x)| < € for some constants C,e > 0, in
terms of the degree of a polynomial P such that P(z, f(z)) =0,z € X. As a
corollary we obtain an estimation of the degree of sufficiency of non-isolated
Nash functions singularities.

1. INTRODUCTION

Lojasiewicz inequalities are important tools in various branches of mathemat-
ics: differential equations, singularity theory and optimization (for more detailed
references, see for example [16], [I8], [19], |22] and [34]). Quantitative aspects, like
estimates (or exact computation), of these exponents are subject of intensive study
in real and complex algebraic geometry (see for instance [I8], [19], [20] and [33]).
Our main goal is to give, in terms of the Lojasiewicz inequality, an effective suf-
ficient condition for Nash function germs of non-isolated singularity at zero to be
isotopical (Theorem [[3)). The main tool in the proof is an effective estimation of
the exponent in the Lojasiewicz gradient inequality (Theorems 21 and 2:2)).

Determinacy of jets of functions with isolated singularity at zero was investigated
by many authors, including N. H. Kuiper [14], T. C. Kuo [15], J. Bochnak and S.
Lojasiewicz [2] for real functions and S. H. Chang and Y. C. Lu [5], B. Teissier [40]
and J. Bochnak and W. Kucharz [1] for complex functions. Similar investigations
were also carried out for functions in a neighbourhood of infinity by P. Cassou-
Nogués and H. H. Vui [4] (see also [35], [37]). The case of real jets with non-
isolated singularities was studied among others by V. Grandjean [II] and X. Xu
[41], and for complex functions by D. Siersma [36] and R. Pellikaan [30]. In the
case of nondegenerate analytic functions f, g, a condition for topological triviality
of deformations f + tg, t € [0,1] in terms of Newton polyhedra was obtained by
J. Damon and T. Gaffney [§], and for blow analytic triviality by T. Fukui and
E. Yoshinaga [9]. Some algebraic conditions for finite determinacy of a smooth
function jet were obtained by L. Kushner [21].
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1.1. Lojasiewicz gradient inequality. Let U C R" be an open set and let a € U.
Let f,F : U — R be continuous semialgebraic functions such that a € F~1(0) C
f71(0) C U. Then the following £ojasiewicz inequality holds:

(1.1) |F(z)] > C|f(z)|" in a neighbourhood of a € R™ for some constant C' > 0.

The lower bound of the exponents n in (L)) is called the Fojasiewicz exponent
of the pair (F, f) at a and is denoted by L, (F, f). It is known that £, (F, f) is a
rational number (see [3]) and the inequality (1)) holds actually with n = L, (F, f)
on some neighbourhood of the point a for some positive constant C' (see for instance
[39]). An asymptotic estimate for L, (F, f) was obtained by Solerno [3§]:

(9) L.(F, f) < DM,

where D is a bound for the degrees of the polynomials involved in a description
of F', f and U; M is the number of variables in these formulas; ¢ is the maximum
number of alternating blocs of quantifiers in these formulas; and ¢ is an unspecified
universal constant.
In this paper, we consider the case when F' is equal to the gradient Vf :=
(g—f, cee ;-f ) : U — R" of a Nash function f in z = (21,...,2,). Recall that
L1 Ln

semialgebraic and analytic functions are called Nash functions.

Our main goal is to obtain an effective estimate for the exponent ¢ € [0,1) in
the following Fojasiewicz gradient inequality (see [23] or [24], cf. [40]):

(L) |Vf(x)] > C|f(2)|° in a neighbourhood of a € R™ for some constant C > 0

for an arbitrary Nash function f: U — R, where f(a) = 0, in terms of the degree
of a polynomial P € R[z,y| describing the graph of f. We denote by |V f(z)| the

Euclidean norm of V f(z), i.e. [V f(z)|* = (86—951(3:))2 +- (%(I))%

The smallest exponent o in (), denoted by g.(f), is called the FLojasiewicz
exponent in the gradient inequality at a. It is known that () holds with o = g, (f).

In the case of a polynomial function f : R™ — R of degree d > 0 such that 0 is
an isolated point of f~1(0), J. Gwozdziewicz [12] (cf. [13]) proved that

1

(G2) Qo(f)ﬁl—ma

and in the general case of an arbitrary polynomial f, D. D’Acunto and K. Kurdyka
[6] (cf. [7], [10] and [31]) showed that

1

(DK) oo(f) <1- ABd—3) 1’

provided d > 2.

If f is a rational function of the form f = p/q, where p, ¢ € R[], p(0) = 0 and
q(0) # 0, then oo(f) = 00(p), so (G2) and (DK)) hold with d = degp.

The aim of this paper is to show generalizations of the above estimates for Nash
functions (see Theorems 2] and in Section [2). More precisely, let U C R™ be
a neighbourhood of @ € R™ and let f : U — R be a nonzero Nash function. We
give a Solerné and D’Acunto-Kurdyka type estimation of the exponent o € [0,1)
in the Lojasiewicz gradient inequality () in terms of the degree d of a nonzero
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polynomial P such that P(z, f(x)) =0, € U. Namely, in Theorem 2:2] we obtain

1
0a(f) =1 - 2(2d — 1)3n+1"

If additionally n > 2 and %—5 (x, f(z)) # 0 for z € U, then in Theorem 2T we obtain

1

Qa(f)fl—ma

provided d > 2.
The above estimates are comparable with the Solerné estimate (8], but our esti-
mates are explicit.

As a corollary, we obtain the following inequality (see Corollary [B.6):
(1.2) [V f(z)| > C dist(z, f_l(O))2(2d_1)3n+1_1 in a neighbourhood of a.
If additionally n > 2 and §E(z, f(x)) # 0 for « € U, then

(1.3) IV f(z)| > Cdist(z, f~1(0))34=2" in a neighbourhood of a.

The inequalities (2), ([3) are essential points in the effective estimate of the
degree of sufficiency of non-isolated Nash function singularities given in the next

section. The proof of these inequalities is based on Theorem and estimates of
the length of trajectories of the vector field Vf in U\ f~1(0) (see Theorem B.4).

1.2. Sufficiency of non-isolated Nash function singularities. Let €*(n) de-
note the set of €* real functions defined in neighbourhoods of a € R™.

By a k-jet at a € R™ in the class ¢ we mean a family of functions w C €7 (n),
called €*-realizations of this jet, possessing the same Taylor polynomial of degree
k at a. We also say that f determines a k-jet at a in €* if f is a €*-realization
of this jet. For a function f € €*(n), we denote by j*f(a) the k-jet at a (in €*)
determined by f.

Let Z C R™ be a set such that 0 € Z and let k € Z, k > 0. By a k-Z-jet in
the class €%, or briefly a k-Z-jet, we mean an equivalence class w C 6% (n) of the
following equivalence relation: f ~ g iff for some neighbourhood U C R"™ of the
origin, j* f(a) = j*g(a) for a € ZNU (cf. [27], [41]). The functions f € w are called
€*-Z-realizations of the jet w and we write w = j& f. The set of all jets j f is
denoted by J£(n).

The k-Z-jet w € JE(n) is said to be €"-Z-sufficient (vesp. Z-v-sufficient) in the
class €* if for every of its €*-Z-realizations f and g there exist sufficiently small
neighbourhoods Uy, Us C R™ of 0, and a € diffeomorphism ¢ : Uy — Us, such
that f o = g in U; (resp. there exists a homeomorphism ¢ : [f~*(0) U Z] NU; —
[g71(0) U Z] N U, with ¢(0) =0 and p(Z NU,) = Z N Us).

The classical and significant result on sufficiency of jets is the following:

Theorem 1.1 (Kuiper, Kuo, Bochnak-Lojasiewicz). Let w be a k-jet at 0 € R™ and
let f be its €*-realization. If f(0) = 0 then the following conditions are equivalent:

(a) w is €°-sufficient in €*,
(b) w is v-sufficient in €*,
(¢) |Vf(z)| > Clz|F=1 in a neighbourhood of the origin for some C > 0.
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The implication (¢)=-(a) was proved by N. H. Kuiper [14] and T. C. Kuo [I5],
(b)=(c) by J. Bochnak and S. Lojasiewicz [2], and (a)=-(b) is obvious (cf. [29]).

Let us recall the notions of isotopy and topological triviality. Let 2 C R™ be a
neighbourhood of 0 € R™ and let Z C R™ with 0 € Z.

A continuous mapping H: Q x [0,1] — R™ is called an isotopy near Z at zero if:

(a) Hy(z) =x for z € Q and Hy(z) =x for t € [0,1] and x € QN Z,
(b) for any ¢ the mapping H; : Q — R" is a homeomorphism onto H;(f2),
where H,(z) = H(z,t) for x € , ¢t € [0,1].

Functions f: Q1 = R, g: Qs — R, where Q1,5 C R™ are neighbourhoods of
0 € R", are called isotopical near Z at zero if there exists an isotopy near Z at
zero, H : Q x [0,1] — R"™, with Q@ C Q1 N Qq, such that f(Hi(z)) = g(z), x € Q.

A deformation f + tg is called topologically trivial near Z along [0, 1] if there
exists an isotopy near Z at zero, H : Q x [0,1] — R", with  C @1 N9, such that
f(H(t,x)) +tg(H(t,x)) does not depend on ¢.

Theorem [Tl concerns the case of an isolated singularity of f at 0, i.e. 0 is an
isolated zero of Vf. In the case of a non-isolated singularity of f at 0, from [27]
Theorems 1.3 and 1.4] (cf. [4I]) we have the following criterion for sufficiency of
jets.

Theorem 1.2. Let f € 65 (n) be a €*-Z-realization of a k-Z-jet w € JE(n), where
k>1and Z = f~10), 0 € Z, and suppose (Vf)~1(0) C Z. Then the following

conditions are equivalent:
(a) The k-Z-jet w is €°-Z-sufficient in €*.

(b) For any €*-Z-realizations f1, fo of w, the deformation fi +t(f2 — f1), t € R,
is topologically trivial along [0, 1].

(c) Any two €*-Z-realizations of w are isotopical at zero.
(d) The k-Z-jet w is Z-v-sufficient in €*.
(e) There exists a positive constant C such that
|V f(z)| > Cdist(z,Z)** in a neighbourhood of the origin.

Let f : U — R be a Nash function, where U C R" is a neighbourhood of the
origin, let Z = f~1(0), and suppose 0 € Z.

The main result of this paper is the following corollary from Theorem and
inequality (L2).
Theorem 1.3. Let k = 2(2d — 1)+ where d = deg, f, and let w € JE(n) be the
k-Z-jet for which f is a €*-Z-realization. Then:
(a) The k-Z-jet w is €°-Z-sufficient in €*.

(b) For any €*-Z-realizations fi, fo of w, the deformation fi +t(f2 — f1), t € R,
is topologically trivial along [0, 1].

c) Any two €%-Z-realizations of w are isotopical at zero.
Any two €*-Z-realizati sotopical at
(d) The k-Z-jet w is Z-v-sufficient in €*.

Under additional assumption on f, from Theorem and inequality (L3]), we
obtain
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Theorem 1.4. Assume that there exists a nonzero polynomial P € Rlz,y] such
that P(x, f(x)) =0 and %—I:(x, f(x)) #0 forx € U. Then the assertion of Theorem
[3 holds with k = d(3d — 2)™ + 1, where d = deg P.

Remark 1.5. If f is a polynomial of degree d > 1 or a rational function f = p/q,
where p(0) = 0, ¢(0) # 0 and d = degp, then from Theorem [[2] and by (DK]), the
assertion of Theorem [[3] holds with k = d(3d — 3)"~!. If additionally the origin
is an isolated zero of f, then by (G2)) the assertion of Theorem [[.3] holds with
kE=(d-1)"+1.

2. LLOJASIEWICZ GRADIENT INEQUALITY

Let f : U — R, where U C R"” is a connected neighbourhood of a € R", be a
Nash function. Let P € R[z,y] be the unique irreducible real polynomial such that

(2.1) P(z, f(z)) =0 forzeU,

and let

d = deg P.
We will call this number d the degree of the Nash function f at a and denote it by
deg, f. Obviously d = deg, f > 0 is uniquely determined. For d = 1, the function
f is linear and () holds with ¢ = 0, so we will assume that d > 1. We will also
assume that V f(a) = 0, because in the opposite case (]) holds with ¢ = 0.

Put
R(n,d) = max{2d(2d — 1),d(3d — 2)"} + 1.

The main result of this section is the following theorem.

Theorem 2.1. Let f : U — R be a nonzero Nash function such that f(a) =0 and
Vf(a) =0. Assume that for the unique polynomial P satisfying 21I) we have

(2.2) g—j(x,f(x)) #0 forzeU.

Then g,(f) <1-— m. Moreover, for o = 1— m and some constants C,e > 0,
(2.3) IVi@)| = Clf(@)]* for |z—al<e, |f(z)]<e.

Without the assumption (Z2]), we have a somewhat weaker estimation of the
exponent g,(f) than in Theorem 21l Namely, let

S(n,d) = 2(2d — 1)+,

Theorem 2.2. Let f : U — R be a nonzero Nash function such that f(a) = 0
and Vf(a) =0 and let P be the unique polynomial satisfying (ZI). Then oq(f) <

1— ﬁ. Moreover, 23)) holds actually with o =1 — ﬁ.

Theorems 2.1] and are generalizations for Nash functions of the above men-
tioned results by J. Gwozdziewicz and D. D’Acunto and K. Kurdyka in the poly-
nomial function case. They are also comparable with Solernd’s estimate (S)), but
our estimates are explicit. In the case of Nash functions with isolated singularity at
zero, a similar result was obtained in [17].

We give the proofs of Theorems 2.1] and in Section
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3. LOJASIEWICZ INEQUALITY

Let X C R™ be a compact semialgebraic set and let f : X — R be a Nash
function. Then f is defined in a neighbourhood of X. So, there exists a compact
semialgebraic set Y C R” such that X C IntY and f is defined on Y.

The degree of f is defined to be sup{deg, f : a € X} and is denoted by degy f.
In fact, degy f = max{deg, f : @« € X}. Moreover, one can assume that ¥ was
chosen in such a manner that degy f = degy f.

Let dist(z, V) denote the distance of a point € R™ to a set V' C R" in the
Euclidean norm (with dist(z, V) =1if V = 0).

3.1. Global gradient Lojasiewicz inequality. TheoremsZ.Iland22have a local
character. From these theorems we obtain a global fojasiewicz gradient inequality.

Corollary 3.1. Let d = degy f. If (Vf)~1(0) € f~1(0) then for some positive
constant C,

(3.1) IVf(@)] = Clf(@)]* for zeX

with o =1 — ﬁ. If additionally there exists a polynomial P € Rlx,y] such that
P(z, f(z)) =0 and %(z,f(:z:)) # 0 for x € X and dy = deg P, then 1) holds
with o =1 — m.

Denote by ox(f) the smallest exponent ¢ for which (B]) holds. We call it the
Lojasiewicz exponent in the gradient inequality on X . It is known that the inequality
BI) holds with ¢ = ox(f). So, from Corollary [31] we obtain

Corollary 3.2. ox(f) <1-— 5(711 a

3.2. Length of trajectory. Let f : X — R be a nonzero Nash function such that
(V£)~1(0) € £71(0), let o € (0,1) and C > 0 be such that the global inequality
() in CorollaryB.dlholds in X, and let V = f~1(0). Then Vf(z) # 0 forz € X\V.

Let o(t) = [t|'7¢ for t € R. By the same argument as in the proof of [I8,
Proposition 1] we obtain (cf. [16])

Proposition 3.3 (Kurdyka-FLojasiewicz inequality). Under the above notations,
IV(po f)@) = (1—-0)C forzeX\V.
We will also assume that Int X \ V = X. Let
1
Ux,f= Int X : —— 1=e < dist(z, R"\ X) ¢ .
s = {o e X @) < st R X))

Then Ux ¢ C X is a neighbourhood of (Int X)NV.

Take a global trajectory v : [0,s) — Ux,; \ V of the vector field
Vi)
V()]

Then the function f o~ is monotonic, so the limit lim;_, ¢ f o y(¢) exists.

H(z) = —sign f(z) forx e Ux s\ V.

Let length v denote the length of 7. Since |4/(t)| = 1, we have lengthy = s.

The following generalization of [I8, Theorem 1] has a similar proof.
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Theorem 3.4. The limit lim;_, s y(t) exists and belongs to V.. Moreover,

dist(v(0), V) < lengthy < [F (v ()72

b
(1-0)C
Proof. Let s1 € [0,s) and s, = 7|[o,s,]- Then length~,, = s;. Since % sign f(z) =
~ol) for x € U\ V, it follows that

[V (o f)]
(pofoy) =(V(pof)ov,")=—=IV(pof)onl
where (-, -) denotes the standard scalar product in R"™, and Proposition gives

P(f(1(0) = e(f(7(51))) = =s1(p 0 f o) (t) = 51|V (o f) o ¥(t)|
> (1 — p)C'length s,

for some t € [0, s1]. Then, letting s; — s, from the definition of ¢ we have

1 1

length 7 < 7= (I GODI'* — @) < T

where a = limg, | f(7(s1))[17¢ > 0.

Since 7(0) € Ux,s, we see that lengthy < dist(y(0),R™ \ X), so the limit
lim;_,, y(t) certainly exists and belongs to Ux, s. Consequently, lim;,sy(t) € V
and length~y > dist(y(0), V). This gives the assertion. O

FoyO)Ie,

From Theorem 3.4l we have
Corollary 3.5. Under the assumptions and notations of Theorem [3.7,
(@) = (C(1 = )/ dist(a, V)79, w e Ux,y,
and

V(@) = (C1— )9 dist(x, V)79, z € Ux.

Similarly to [18], we obtain a version of the above corollary in the complex case
with the same formulation.

From Corollaries B.1], and Theorem 2.2 we immediately obtain
Corollary 3.6. Let d = degx f. Then there exists a positive constant C' such that
|f(z)| > Cdist(z, V)2(2d71)3n+1, zeX,

and
3n4+1_q

|V f(x)| > C dist(z, V)21 , rxeX.

If additionally n > 2 and there exists a polynomial P € Rlz,y] such that
P(z, f(x)) =0 and %—I;(x,f(x)) #0 forx € X, and d = deg P, then

|f(z)| > Cdist(z, V)ICI=D"+H1 g e X,

and
|Vf(x)| > Cdist(x, V)¥B34=2" e X,
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Proof. Take a compact semialgebraic set ¥ C R” such that X C IntY and Y C
{z € R™ : dist(z, X) < e}. If ¢ is sufficiently small, then we can consider the function
fonY. Then we may assume that degy f = degy f and (Vf)~1(0) C f~1(0) after
extending f onto Y. So, the assertions of Theorem [B.4] and Corollary 3.5 hold with
0o=1- m on the set Uy, ¢. Hence the assertions hold for z € X N Uy,¢. By

the definition of Uy,f, we see that X \ Uy, is a compact set and min{|z —y|: z €
V, y € X\ Uy} > 0. So, diminishing C' if necessary, we obtain the first part of
the assertion. The second part is proved analogously. O

3.3. Lojasiewicz exponent. Corollary 3.5 implies the known fact that the expo-
nents o > 0 in the inequality

(3.2) If(2)] = Cdist(z, V), z€X,

for some positive constant C, are bounded below. The inequality ([32) is called the
Lojasiewicz inequality for f on X and the lower bound of the exponents a > 0
is the Lojasiewicz exponent of f on X, denoted by Lx(f). It is known that (32
holds with oo = Lx(f) and some positive constant C.

From Theorem [3.4] we obtain

Corollary 3.7. Lx(f) < #X(f)'

Corollary implies
Corollary 3.8. If d =degy f, then Lx(f) < 2(2d — 1)3"+L.

For n > 4 the above estimate is sharper than the one given in [20] for continuous
semialgebraic functions: Lx (f) < d(6d — 3)"+t"~1, where r < % is the degree
of complexity of f, equal to the number of inequalities necessary to define the
graph of f, and d is the maximal degree of polynomials describing the graph of f.
Consequently, this gives the estimate Lx (f) < d(6d — 3)"+t7("+1)/2=1 iy terms of
the degree only. So, the estimate in Corollary B.8is more exact than the one above
for n > 4.

4. TOTAL DEGREE OF ALGEBRAIC SETS

Let C[z] denote the ring of complex polynomials in © = (z1,...,z,).

Let f = (f1,...,fr) : C* — C" be a polynomial mapping with deg f; > 0 for
i=1,...,r. Let V.= f71(0) c C".

The total degree of V is the number
0(V)=degVi +---+deg V%,
where V' = V1 U---UVj is the decomposition into irreducible components (see [25]).
We have the following useful fact (see [25]).
Fact 4.1. If VW C C" are algebraic sets, then
SV NW) <§V)§(W).

From Fact [£]] and the definition of total degree of algebraic sets we have the
following two facts (cf. [25]).
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Fact 4.2. §(V) < deg f1 ---deg f. In particular, for any irreducible component V;
of V. we have
deg V; < deg f1---deg fr.
Fact 4.3. Let L : C" — CF be a linear mapping. Then
§(L(V)) <o(V).

We will need the following lemma (see [I7, Lemma 3.20]).

Lemma 4.4. Let V; be an irreducible component of the set V', and suppose dim V; >
1. Then for a generic linear mapping L = (L1,...,Lp—1) : C" — C""1 the set V;
is an irreducible component of the set of common zeros of the system of equations

Liof=0, i=1,...,n—1.
In particular,
degV; < deg(Lyo f)---deg(Lpn_10 f).
Moreover, we can take Li(y1,...,yr) = y1.

5. PROOFS OF THEOREMS [Z.1] AND

The idea of the proofs is similar to that in [I'7, proof of Theorem 1.2].

Without loss of generality, we may assume that a = 0. Let f : U — R be a
nonzero Nash function defined in an open neighbourhood U C R™ of the origin
such that f(0) = 0 and Vf(0) = 0. Let P € R|x,y] be the unique irreducible
polynomial satisfying (Z1)) and let d = deg P.

Since the set of critical values of a differentiable semialgebraic function is finite,
we have

Fact 5.1. There exists € > 0 such that f has no critical values in the interval
(—e,¢e) except 0.
Let € > 0 be as in Fact 5.1} Take r > 0. Denote by Q the closed ball
Q:={zeR":|z| <r}

and by 09 the sphere {x € R™ : |z| = r}. Suppose that Q C U. Define a semialge-
braic set I' C 2 by

Ii={z € Q:Veea f(z) = f(O) = V(@) < VO
Then by the definition of I' we have

Fact 5.2. Let p € R and let C > 0. If [Vf(x)] > C|f(z)|? for x € T such that
|f(@)| <&, then [V f(z)] > C|f(2)|® for x € Q, |f(z)] <e.
Let 9o = 00(f). Then, decreasing r if necessary, we can assume that
(5.1) [Vfi(x)| > Clf(x)|®° for x € Q and some constant C' > 0.
Let us fix such an r.

Consider the case n = 1. Denote by ordy f the order of f at zero. Then f has an
isolated zero and singularity at zero, ordg f > 0 and the inequality (Z3]) holds with

- OI‘dof -1 o 1
(5.2) ol =t "' orde T




10 B. OSINSKA-ULRYCH, G. SKALSKI, AND S. SPODZIEJA

Let the polynomial P be of the form P(x1,%) = po(z1)y+p1(z1)y? 4+ +pa(z1),
where po, ...,pq € Rlx1]. As P is irreducible, pg # 0 and ordg pq < d. Since
—pa(z1) = f(21)(po(x1) (f(21)* " + pr(21)(f(21))" % + - + pai1(z1)),

we have ord f < ordg pq < d. Together with (5.2) this gives (2.3) with oo(f) = 1—3
and the assertions of Theorems [2.1] and in the case n = 1.

In the remainder of this article we will assume that n > 1.

By (BI) and the Curve Selection Lemma, there exists an analytic curve ¢ :
[0,1) — Q for which f(¢(0)) =0, f(p(&)) # 0 for £ € (0,1) and for some constant
Ci >0,

(5.3) Clf(e)I* < V(@) < Crlf (€)1, £€[0,1)
(cf. [39]). By Fact 5.2 we may assume that ¢([0,1)) C I'. Then we have two cases:

L ¢((0,1)) C IntQ,

IL ¢([0,1)) C 99.

We will use the Lagrange multipliers theorem to describe the relation between
the values y = f(z) and u = |V f(z)|? for x € T, so we put

I ={2€Q: I V|Vf(x)]? - AVf(z) =0},
Tip={z€d:|f(x)] <e A In rnerVIVF@)|? — MV f(z) — 22Xz = 0}.
To fulfill the assumptions of the Lagrange theorem we will need

Lemma 5.3. There exists € > 0 such that for every x € 02 and every y € R such
that 0 < |y| < e and y = f(x), the vectors V(|z|* —r?) and V f(x) (that is, 2z and
Vf(x)) are linearly independent.

Proof. It f|aq is a constant function then the assertion is obvious. Assume that f
is not constant on 9. Then, by Fact Bl there exists € > 0 such that Vf(x) # 0
for x € 00, 0 < |f(x)] < e.

Suppose to the contrary that for any € > 0 there exist z € 9 and y. € R with
0 < |ye| < € such that y. = f(z) and Vf(z) = £ - 2z for some £ € R\ {0}. Then
by the Curve Selection Lemma there exist analytic curves v : [0,1) — 9 with
((0,1)) Cc Q\ f7(0) and f(7(0)) =0, and « : [0,1) — R, such that for ¢ € (0, 1),

V() = a(t) - 2(1).
Then
(f o) (8) = (VF(v(£), 7 (1)) = a(t)(7(1), 7' (1)) = O,

and consequently f o~ is a constant function equal to 0. This contradicts the choice
of v and ends the proof. O

By the Lagrange multipliers theorem, Fact 5.1l and Lemma [5.3] we obtain

Fact 5.4. Let € > 0 fulfill Fact[51 and Lemmal53 Take a point xog € Q such that
0 < |f(zo)| <e.

(a) If kg € TNInt Q then zo is a lower critical point of the function Q 3> x —
|Vf(z)|? € R on the set f~1(f(z0)) NQ. In particular, T NIntQ C T;.

(b) If n > 3, xp € T NIN then x¢ is a lower critical point of the function
003 x s |[Vf(x)]? €R on the set f~1(f(z0)) NON. In particular, T NOQ C Tyy.
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Let M=C"xCxCxC"xC", and let X C M be the Zariski closure of the set

{(@, f(2), [V f(@)]*, Vf(x), VIVf(2)]*) € M : z € Q}.

We will determine polynomials describing a certain algebraic set Y C M con-
taining X as an irreducible component. Let G € Clz, y, u], where u is a variable, be
the polynomial defined by

(5.0 o =3 (Len) - (Lwn) u

=1

It is easy to observe that G(z, f(z),|Vf(z)[?) = 0 for z € Q. In particular, the
polynomial G vanishes on X.

Take systems of variablest = (t1,...,tn), 2 = (21,...,2n), and let G1,G2,,Gs; €
Clx,y,u,t, z] be defined by

Gi(z,yu) =u—t; = — 15,
Gai(z,y,t) = g—i(w,y) + g—j(iﬂ,y)tm 1<i<n,
Gs,i(z,y,u,t,z) = oz, (z,y,u) + % (x,y,u)t;
—(g—j(:v,y))2-zi, 1<i<n.

Let Y C M be the closure of the constructible set

VO = fw= (g 1,2) € M: Pla,g) =0, 9 (5,) £ 0, Gr(r,9,0) =0,
Y

Gai(z,y,t) =0, Ggi(w) =0, 1 <i<n}.

Obviously X C Y, and locally Y? is the graph of a complex Nash mapping (i.e., a
holomorphic mapping with semialgebraic graph). Moreover, we have

Lemma 5.5. The set X is an irreducible component of Y. Moreover, Y is a
Zariski open and dense subset of Y, and any point w = (xq, yo, Uo, to, z0) € Y° has
a neighbourhood B C M such that YN B = YN B and

YN B = {w = (z,9(z), h(z), Vg(z), Vh(z)) € M : z € A}

for some holomorphic function g : A — C, where A C C™ is a neighbourhood of xg,

and h(z) = (%(x))z + 4 (6‘1—“1(17))2.

Proof. Since P is an irreducible polynomial, %—1; does not vanish on X. So, by the
Implicit Function Theorem, {w = (z,y,u,t,2) € X : %—1;(:6,34) # 0} is an open
and dense subset of X, and moreover it is a smooth and connected submanifold
of Y°. Consequently, X is an irreducible component of Y. The “moreover” part of
the assertion follows immediately from the Implicit Function Theorem. O
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Define Gy, G471‘1j, G41i7j1k S (C[JZ, Y, u,t, Z] by
Golz) =i+ Fap =17,

Guﬂmd=darizﬂ, 1<i<j<n,
" ti %
ti Zi xX;
G41i7j1k(x,t,z) = det tj Zi x|, 1< <j< k< n,
te 2L Tk

where the polynomials G4 ; ;1 are defined if n > 3. Put

Xr={w=(z,y,u,t,2) € X: Gq,;(t,z) =0, 1 <i<j<n},
Xir={w=(v,y,u,t,2) € X: Go(z) =0, Gajr(zt,2)=0,1<i<j<k<n},
L; = {(w,\) = (x,y,u,t,2,\) € X x C: z = At},

Ly ={(w, A1, A2) = (z,y,u,t,2,A\1,A2) € XX C x C: Go(z) =0, 2= At + lox},
Yr={w=(z,y,u,t,2) € Y:Gq,;(t,z) =0, 1<i<j<n},
Yir={w=(z,y,u,t,2) €Y :Go(z) =0, Gaijr(x,t,2)=0,1<i<j<k<n},
Zr={w=(z,y,u,t,z) e X:2 €T},

Zir={w=(z,y,u,t,2) e X:x €Ty},

)€ Xxep((0,1))}

where the sets X;7, L;; and Y;; are defined for n > 3.

j: {w: ('r?y’u?t’z

Obviously X; C Y and X;; C Y;;. Moreover, any irreducible component of X;
is an irreducible component of Y;. The same holds for X;; and Yj;. Additionally,
by the Lagrange multipliers theorem and Facts [5.1], 5.4 we immediately obtain

Fact 5.6. (a) Let
A = {w eX: HAEC (w,)\) S L[}.
If ((0,1)) C IntQ then F C Z; C A; C Xy C Y and there exists an irreducible
component Xy . of Ar which contains F and is an irreducible component of Xy.
(b) Let
A[[ = {’LU e X: 3)\17)\26(3 (’LU,)\l, /\2) S L[[}.

If ((0,1)) C O then F C Z;; C Arpr C Xpr C Yy and there exists an irreducible
component Xrr « ofA—H which contains F and is an irreducible component of Xyy.

Proof. From Fact 5.4(a) we have & C {(z,y,u,t,z) € X: 2 € 't} C As. Since all
the polynomials G4 ; ; vanish on X;, the vectors ¢, z are linearly dependent provided
(z,y,u,t,z) € Xy for some z,y,u. So X; = X1 U Ay, where

Xr={w= (z,y,u,t,2) € Xy : t = 0}.

Obviously, the set X is contained in the hyperplane H defined by ¢ = 0, and by
Fact B0l we have # \ H # (), so A; has an irreducible component containing %
which is an irreducible component of X;. This gives assertion (a).

Analogously, from Fact B4(b) we obtain .# C Aj;. Moreover, the vectors z, t, z
are linearly dependent provided (x,y, u, t, z) € X; for some y, u, so X;; = X;jUA 7,
where

Xir={w=(z,y,u,t,2) € X1 : Go(z) =0, Ga,;(z,t)=0,1<i<j<n}
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Obviously, X;; is contained in the set W defined by G4, ;(z,t) =0,1<i < j <n.
By Lemma we have  \ W # 0, so as above, the set Ar; has an irreducible
component satisfying (b). O

From Fact and Lemmas [£.4] and and the definition of Y we have

Fact 5.7. 6(X])*) S 5(Y1) S 2(2d— 1)3n+1 and 6(X]])*) S 5(Y11) S 2(2d—1)3"+1.

The proofs of Theorems 2.1 and consist in showing that the projections of
the sets X7, and X7, onto the space of (y,u) € C? are proper algebraic subsets
of C?, since we have

Lemma 5.8. If Q € Cly,u] is a nonzero polynomial of degree D such that

QU (p()), IV f(p®))?) =0 forte[0,1),

where @ is the curve fulfilling (53), then
(a) 0o(f) <1— 3 if D is even,

(b) o(f) <1 — 5k if D is odd.

Proof. Let ordg(f o p) = M and ordy |[Vf o¢|?> = K. Then M, K > 0 and
ordo(f 0¢)" = ordg [V f 0 ",

ie., |fog|? ~ |Vf 0| near zerdl, so by (5.3) we have

K

(55) o0(f) = 537

Then, by definitions of M and K there exists a pair of different monomials cu® y°
and Bu™N1ySt of the polynomial @ such that

N+S<D and N;+5 <D,
and
NK + SM = N1 K + S1 M.
Hence N — Ny #0, 51 — S # 0, and
K 5-5
2M  2(N — Ny)

Since M > 0, we have ordg Vfop < M — 1, and so K < 2M — 2, and % < 1.0On
the other hand, |S1 —S|,|N —Ni| € {1,..., D}, so by (50, 0o(f) is estimated from
above by the maximal possible rational number less than 1 with numerator from
the set {1,..., D} and denominator from {2,4,...,2D}. Consequently, we obtain
the assertion. (|

IS K
IThat is, there are C1,Cs > 0 such that Cy|f o |20 < |Vf o ¢| < Ca|f o ¢|2M near zero.
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5.1. Proof of Theorem [2.T]in case I when ¢((0,1)) C Int 2. By the assumption
22, in the definition of Y one can take the polynomials

oG oP oG oP
o, (Iayvu) a—y(l‘,y) - B_y (Iayvu) 6—%(17,24)

-(5 <x,y>)3

instead of Gz ;, 1 <14 < n; also in the definitions of X; and Y; one can take

oP oG oP oG
K4,i,j(x7yau) = 8_%(17524)8—%(175347“) - 8—%($7y)8_171(x,y7u>

(56) K3,i($7yauvz) =

instead of G4, 1 <i<j < n.
From the above and Fact we obtain the following fact.

Fact 5.9. For z € Ty and v = (z,y,u) = (x, f(x), |V f(2)|?) we have

(5.7) P(v) =0,
(5.8) G(v) = 0,
(59) K41i7j(’U) =0, 1< < 7 <n.

Let Y70 C M, where M = C" x Cx C, be an algebraic set defined by the system
of equations (B.7)-([E9), and let

P
Y9 = {<x,y,u,t,z> €Y : %—y@:,y) " o},

oP
Y(I) = {(x,y,u) € YI,O : a_y(xvy) 3& O} )
Y, =YY
We have the following fact (cf. [I7, Fact 2.11]).
Fact 5.10. The mapping
Y7 3 (2, y,u.t,2) = (2,y,u) € Yq

is a bijection.
Proof. Taking any (z,y,u,t,2) € Y9 (respectively (z,y,u) € YY), by the Implicit
Function Theorem there are a neighbourhood A C C™ of z, a holomorphic function

g : A — C and neighbourhoods U; C CxC x C" x C™ and Uy C C x C of (y, u,t, z)
and (y,u) respectively such that

Y7 N (A x Ur) = {(¢,9(¢), h(€), Vg(¢), VA(()) M : C € ANV},
Y70 (A xUs) ={(C,9(C),h(¢)) eM:Ce ANV,

where h(C) = (8‘9—51(0)2 oot (511 (c))2, and

V={CeA: Ky ;(¢9(C), h(C) =0, 1 <i<j<nj.

In particular, g(z) = y, u = h(z), t = Vg(z) and z = Vh(z). Thus, we obtain the
assertion. g
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Let L; € M x C be the Zariski closure of the set
Lro = {(z,y,u,)) € QxRxRxR : y = f(z), u= [V f(2)]*, V|Vf(2)]> = AV f(2)}.

From Fact [5.6(a) we obtain

Fact 5.11. There exists an irreducible component Ly . of Ly which contains a
Zariski open and dense subset U such that for any (z,y,u,\) € U there exist t,z €
C™ such that (z,y,u,t,z) € X; . and in particular z = At.

Proof. The set Ly is the projection of the union of some irreducible components of
L; onto (z,y,u,\) € M x C. So by Fact [L.6l(a) we obtain the assertion. O

Let
7:MxC3 (z,y,u,\) = (z,y,u) € M,
let Ly . be an irreducible component of L as in Fact 511 and let

X[ = W(L]ﬁ*).
Lemma 5.12. The set X is an irreducible component of the algebraic set Y.
Moreover, X contains a Zariski open and dense subset Uy such that Uy C Y(I) N
m(Lr ), and any point (xg,yo,uo) € Ur has a neighbourhood B C M such that
Y NB=U;NB and

(5.10) UrNB= {(x,g(;v), <§—xgl(ac)>2++ <88Tgn(:v)>2> cx € AﬁV}

for some analytic set V. C A with xg € V' and a holomorphic function g : A — C,
where A C C™ is a neighbourhood of .

Proof. By Facts [5.6], and 511 we have w(Lyo) C Yr, so Xy C Yy and Xj is
an algebraic subset of Y . Since any irreducible component of X; is an irreducible
component of Yy, the same holds for m(L;) and Y, because these sets are projec-
tions onto the space M of some collections of irreducible components of X; and Yy,
respectively. In particular, this holds for X; and Y. This gives the first part of the
assertion. We prove the “moreover” part analogously to Fact O

Let
Ty X130 =(x,y,u) —»yeC,
Ty Xy v =(x,y,u) = ueC.
We have the following lemma (cf. [I7, Lemmas 2.12, 2.14]).

Lemma 5.13. For generic yg € C, i.e., for any yo € C off a finite set, the function
Ty, 18 constant on each connected component of (m,) ™ (yo).

Proof. 1f dimX; = 0 or dim(m,) " !(y) < 0 for generic y € C, then the assertion
holds. Assume that dim X; > 0 and dim(m,)"*(y) > 0 for generic y € C. Then by
Lemma[5.12] and under the notations of this lemma, we have m, (U;) = 7,(X;) = C
and (m,)~1(y) NU; # 0 for generic y € C.

Take any yo € C such that (m,) ' (yo) NUs # 0. Take any 2o € C" and ug € C
such that (x,yo,u0) € Ur. By Lemma there exist a neighbourhood B C
M of (zg,yo,up) and a holomorphic function g : A — C, where A C C" is a
neighbourhood of zg, such that (510 holds for some analytic set V' C A.
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Take any smooth curve ~ : [0,1] — ANV such that g(v(t)) = yo for t € [0, 1]. Let
h(z) = (%(@)2 I (a‘i—qn(:z:))z for € A and take a function u : [0,1] - C
defined by

u(t) = ho~(t).
Observe that the function u is constant. Indeed, by definition of U; we see that for
any x € ANV there exists A, € C such that

Vh(z) = A Vg(x).
So,
u'(t) = Ay (Vg(v(1)),7'(t))  for t € [0, 1],

where (-,-) denotes the standard scalar product in C™. Since g(y(t)) = yp for t €
[0,1], we have (Vg(v(t)),¥'(t)) = 0, and consequently u/(t) = 0 for ¢ € [0,1] and u
is constant. Summing up, the function 7, is constant on each connected component
of (Fy)il(yo) NUp.

Since Uj is a Zariski open and dense subset of X, any irreducible component of
X\ U has dimension smaller than the dimension of X;, and for generic y € C any
irreducible component A of the fibre 7 *(y) has a dense subset of the form AN

y
(see [28, Chapter 3]). Then by the above we obtain the assertion. O

Since I is an infinite set, it follows that dim Ly ¢ > 1, so by Fact[B10l dim Ly > 1,
and since d = deg P > 2, Lemma[£4 and the definition of Y yield 6(X;) < d(3d —
2)", where 6(X7) is the total degree of X;. So, from Lemma [EI3] the closure of
the projection of X, W = {(y,u) € C2 : Jpecn (x,y,u) € Xy}, is a proper algebraic
subset of C? and by Fact[L.3], §(W) < §(Xr). Then there exists a nonzero polynomial
Q € Cly, u] such that

deg@Q < d(3d —2)" < R(n,d) —1

and Q(y.u) = 0 for (z,y,u) € X;. In particular, Q(f(2(t)). [V f(o(1)[2) = 0 for
€ [0,1). Since D = d(3d — 2)™ may be odd, by Lemma [E.8(b) we obtain the
assertion of Theorem [2.]]in case I.

5.2. Proof of Theorem 1] in case II when ¢([0,1)) C 99Q. For any z €
0Q\ f71(0) sufficiently close to f~*(0) the tangent spaces to Q2 and f~1(f(x)) are
transversal, as shown in Lemma [5.3]

We will prove Theorem 2] in two dimensions and in the multidimensional case
separately.

Proof of Theorem [21] in case II for n = 2. Take a polynomial G € Clz,y,u],
where z = (x1,22) and y, u are single variables, defined by ([£4), i.e., G(x,y,u) =

2 2
Z§:1 (gfi (‘Tuy)> - (%—I;(UC,ZJ)) -u. Let
Yir0={(z,y,u) € C* xC x C: P(z,y) =0, Go(x) =0, G(z,y,u) = 0},
oP
Y = {(%yau) €Yo 8_y(x’y) # 0} ;

Y =YY,
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Then for any z € I' N 9Q we have (z, f(x), |V f(x)|?) € Y ;. Consequently,

((t), (o), IV f(p()?) € Yrr for t €[0,1).
In particular, dim Y7 > 1 and by Fact 2] we have 6(Y ;) < 2d(2d — 1).

Since P is an irreducible polynomial of positive degree with respect to y, for any
y € C\ {0} sufficiently close to 0 the set {x € C? : P(z,y) = 0, Go(x) = 0} is finite,
so the set {(z,u) € C? x C: (z,y,u) € Y} is also finite. Then the projection

W= {(yau) € (C2 : 3I€C2(Iayvu) € YII}

is contained in a proper algebraic subset of C2. By Fact 3},

§(W) < 2d(2d — 1) < R(n,d).

Then there exists a nonzero polynomial Q € Cly,u] of degree deg@Q < §(W) <
R(n,d) which vanishes on W. Since 2d(2d — 1) is even, by Lemma [5.8(a) we obtain
the assertion of Theorem 2.1l in case II for n = 2. O

Let us consider the case n > 3. Let € > 0 be as in Lemma

By the assumption (Z2), in the definition of the set Y one can take the polyno-
mials K3 ; of the form (B.0)) instead of Gs ;; also, in the definitions of X;; and Yy,
one can take the polynomials

gTZ(%y) %TZ (;E,y,u) Z;
Kyijn(z,yu) = |5 (2,y) 52 (o,y,u) ;)
op ad

a_mk(xay) Dk (@,y,u)

instead of G4 1 for 1 <i < j <k <n, where G is defined in (&.4). Then

Xir={w=(z,y,u,t,2) € X: Go(x) =0, Ky, jr(z,y,u)=0,1<i<j<k<n},

Yir={w=(z,y,u,t,2) € Y: Go(x) =0, Ky j x(x,y,u) =0, 1 <i<j<k<n}.
Let Y;r,0 C M, where M = C" x C x C, be the algebraic set defined by

Yir0={(z,y,u) € M: P(z,y) =0, Go(z) =0, G(x,y,u) =0,
K4vi7jak(xay7u) = 07 1 S ) <] < k S TI,}

and let

opP
Y?[ = {(;v,y,u,t,z) €Yy : a_y(x7y) 750}’

Vs = { () € Vira: 5 (e) 0},
Y =YY,
By an analogous argument to the proof of Fact we obtain
Fact 5.14. The mapping
Y9, 5 (z,y,u,t,2) = (z,y,u) €YY,

is a bijection.



18 B. OSINSKA-ULRYCH, G. SKALSKI, AND S. SPODZIEJA

Let L;; € M x C? be the Zariski closure of the set
Liro = {(z,y,u, (A1, X2)) €A xR xR xR?*:y = f(z), u=|Vf(z)?
VIVF(@)]? = MV f(z) + Aoz}
By a similar argument to the proof of Fact EI1] from Fact E6(b) we obtain
Fact 5.15. There exists an irreducible component Lyr . of Ly which contains

a Zariski open, dense subset U such that for any (z,y,u,A1,\2) € U there exist
t,z € C" such that (z,y,u,t,z) € Xir .« and in particular z = At + lox.

Let
7'M x C? 3 (z,y,u, (M1, \2)) — (z,y,u) € M,
and let

X =7"(Lrr ).
By an analogous argument to the proof of Lemma [5.12 we obtain

Lemma 5.16. The set X1 is an irreducible component of the algebraic set Y.
Moreover, X 1 contains a Zariski open and dense subset Uy such that Urr C Y?I N
7' (Lrr,+) and any point (xo,yo,uo) € Urr has a neighbourhood B C M such that
Y NB=U;NB and

(5.11) U NB= {(I,g(x), (;—i(x))Q—F-'-—I— (aa—i(x)f) Lz € Amv}

for some analytic set V.C A, where xg € V and Gy vanishes on 'V, and a holomor-
phic function g : A — C, where A C C" is a neighbourhood of x.

Let
my: Xrdv=(z,y,u)—~yeC, m,:X;3v=(z,y,u)—ucC.

We have the following lemma (cf. Lemma [5.13] and [I7, Lemmas 2.12, 2.14]).

Lemma 5.17. For generic yg € C the function m, is constant on each connected
component of (my) " (yo)-

Proof. As in the proof of Lemma [E.I3] we may assume that dimX;; > 0 and
dim () "1 (y) > 0 for generic y € C. Then by Lemma[5.16, and under the notations
of that lemma, 7, (Urr) = 7y (X;r) = C and (m,) " (y) NUs # 0 for generic y € C.

Take any yo € C such that (m,) " (yo) NU;s # 0. Take any zo € C" and ug € C
such that (zo,yo,u0) € Urr. By Lemma there exist a neighbourhood B C
C™ x C x C of (x¢, yo,uo) and a holomorphic function g : A — C, where A C C"
is a neighbourhood of z¢, such that (G.II)) holds for some analytic set V' C A such
that Gg vanishes on V.

Take a smooth curve v = (7v1,...,7) : [0,1] = ANV such that g(v(t)) = yo.
Then

(5.12) Go(y(t)) =0 for t € [0,1].

2 2
Let h(z) = (;—;1(:1:)) + 4 (661—-‘1(:1:)) , x € A. Take a function u : [0,1] — C
defined by

u(t) =ho~(t), telo0,1].
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Observe that the function w is constant. Indeed, by definition of U;s, for any x €
ANV there exist A\ 5, A2, € C such that

Vh(z) = M\ Vg(z) + Ag z2.
So

ul(t) = )‘l,v(t) <v9(7(t))7 7/(t)> + )‘Z,w/(t) <7(t)a 7/(t)> for t € [Oa 1]
Since g(y(t)) = yo, we have (Vg(y(¢)),~'(t)) = 0 for t € [0, 1]. Moreover, by (G.12)
we have (y(t),7/(t)) = 0 for ¢t € [0,1]. Consequently, u/(t) = 0 for ¢t € [0,1] and w is
constant. Summing up, the function m, is constant on each connected component
of (wy)_l (yo) MUy 1. Since Uy is a dense subset of X7, we obtain the assertion. [

Since I' is an infinite set, we have dim L7 g > 1, so by Fact 514 dim Ly > 1, and
since d = deg P > 2, LemmalZ 4 and the definition of Y yield §(X;7) < d(3d—2)".
So, from Lemma [5.17] the closure of the projection of Xy,

W ={(y,u) € C?: Jpecn (z,y,u) € Xi1},
is a proper algebraic subset of C? and §(W) < §(X;r). Then there exists a nonzero
polynomial @ € Cly, u] such that deg @ < 2(3d—2)" < R(n,d) —1 and Q(y,u) =0

for (z,y,u) € Xyz. Since D = 2(3d — 2)" is an even number, by Lemma [58|(a) we
obtain the assertion of Theorem [2.1] in case II.

5.3. Proof of Theorem Analogously to the proof of Lemma [5.13] we prove
that the set

W= {(ya ’U,) € (C2 : HIEC" EltG(C" ElzGC" (Ia Y, u, tv Z) € YI}

is a proper algebraic subset of C2. Moreover, by Fact 5.7 we have §(W) < §(Y;) <
2d(2d — 1) if n =1 and 6(W) < §(Y7) < 2(2d — 1)3**+! for n > 2. Then by Lemma
B38(a) we obtain the assertion of Theorem in case I. An analogous argument
gives the assertion in case II.
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