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EXTENDING MEROMORPHIC CONNECTIONS TO
COADMISSIBLE D-MODULES

THOMAS BITOUN AND ANDREAS BODE

ABsTrRACT. We investigate when a meromorphic connection on a smooth rigid
analytic variety X gives rise to a coadmissible 6X—modu1e, and show that this
is always the case when the roots of the corresponding b-functions are all of
positive type.

We also use this theory to give an example of an integrable connection on the
punctured unit disk whose pushforward is not a coadmissible module.

1. INTRODUCTION

Let K be a complete nonarchimedean field with non-trivial valuation, of char-
acteristic zero. The study of D-modules on rigid analytic K-varieties was initiated
by Ardakov—Wadsley in [4], [5], see also [I], [6] for further results. In those papers,
the notion of coadmissibility is investigated as the natural analogue of coherence in
the classical theory.

Developing a notion of holonomicity turns out to be more subtle: there is cur-
rently no satisfactory theory of characteristic varieties in the rigid analytic setting,
and modules satisfying the familiar condition of the vanishing of certain Ext groups
(called ‘weakly holonomic’ modules in Ardakov’s Oberwolfach Report [2]) still might
display some undesirable properties (infinite length, a direct image or inverse image
which is not even coadmissible). A study of weakly holonomic 6—m0dules, their
behaviour under operations and some pathologies is presented in [3] by Ardakov,
Wadsley and the second author.

In this paper, we show that the notion of weakly holonomic D-module cannot
be refined to give a more suitable category without losing some integrable connec-
tions: we present an example of an integrable connection on the punctured unit
disk whose direct image is not coadmissible.

We thus answer a question of Ardakov in [2] in the negative.

Theorem 1.1. Let X = Sp K(z), j : U = X the embedding of U = X \ {0}, and
write d = L. Let My =Dy /Dy(\ — 20) = Oy for some A € K of type zero.

Then 7. M) is not a coadmissible 5X -module.

We will discuss the notion of type, taken from |8, Definition 13.1.1], in section 3
of this paper, and also give an explicit example of a type zero number (for which
we thank Konstantin Ardakov and Arthur-César Le Bras).
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We note that the literature usually highlights differences between scalars of type 1
and those of type less than 1 (p-adic Liouville numbers), whereas in our situation
the special role of type zero numbers (which one might think of as ‘extremely Li-

ouville’ numbers) is owed to the specific convergence conditions in D.

Throughout the paper we adopt the following, more general framework. Let X =
Sp A be a smooth affinoid K-variety with free tangent sheaf and let

Z={f=0CcX

be a hypersurface. Let Ox(xZ) denote the sheaf of meromorphic functions with
singularities along Z, so that e.g. Ox(*Z)(X) = A[f~!]. We consider a mero-
morphic connection A/ on X with singularities along Z, by which we mean a
Ox (*Z) ®0 4 Dx-module which is coherent over Ox (xZ). Writing again j : U — X
for the embedding of the complement of Z, we can view the restriction M = Ny
as an integrable connection on U, and ask under which conditions j,M is a coad-
missible 5X—m0dule.

Considering global sections, we have a D(X)[f !]-module N = N(X) which is

finitely generated over A[f~!], and we are studying the D(X)-module M(U) =

D(U) D(X)[f-1] N.

The theory of b-functions (see [9]) ensures that N is finitely presented over D(X),
so that certainly N = 5(X ) ®p(x) N is always coadmissible.

Viewing these two tensor products as suitable completions of N, we give several
equivalent conditions relating the coadmissibility of j..M to properties of the canon-
ical morphism

—_ —_

N = ﬁ(X) @px) N = DU) @px)p-1y N = M(U).

One sufficient condition is clearly that the two completions are actually isomorphic,
and this turns out to be always the case if all the roots of the corresponding b-
functions are of positive type (see Theorem [1.4)).

Theorem 1.2. Let my,...,my be a finite generating set of N (X) viewed as an
A[f~1]-module, and let by,..., by denote the corresponding b-functions from [9,
Théoréeme 3.1.1]. If all roots of b; (in an algebraic closure of K) are of positive
type for each i, then the natural morphism

—

D(X) ®p(x) N(X) = M(U)
is an isomorphism, and j.M is a coadmissible 6X-m0dule.

We remark that the assumption that X is an affinoid with free tangent sheaf is
only used to apply [9, Théoréme 3.1.1] directly to X. If X is an arbitrary smooth
rigid analytic K-variety, we can pass to a suitable affinoid covering (X;) to obtain
an analogue of Theorem [[.2] with the condition on the roots of b-functions imposed
for each X;.

We conclude by considering the explicit case of My = Opz* on the punctured
unit disk in section 5. In this case, the natural choice of b-function has root A
(or an integral shift of it), and the sufficient condition above turns out to be also
necessary, as we show in Theorem
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Theorem 1.3. Let j : U — X be the embedding of the punctured unit disk. Then
7«My is a coadmissible Dx-module if and only if X is of positive type.

We thus establish the examples in Theorem [T}

This paper has two appendices: in Appendix A, we discuss elementary properties
of completed tensor products for locally convex topological modules. In particu-
lar, we show that Ardakov—Wadsley’s coadmissible tensor product ® agrees with
the completed tensor product when coadmissible modules are equipped with their
canonical Fréchet topology.

While most results in this appendix are probably well-known to experts, we could
not find a reference in the required level of generality.

In Appendix B, we show that our definition of positive type (Definition BT is
consistent with the theory of type in the literature (e.g. [8, Definition 13.1.1]).

We would like to thank Konstantin Ardakov for his suggestions and for his contin-
ued interest in this work. We also thank Arthur-César Le Bras for his example of
a type zero number.

2. GENERAL SETUP
We briefly introduce our geometric setup and recall some terminology from [4].

2.1. Spaces and sheaves. Let R be the valuation ring of K consisting of elements
with norm <1, and let # € R\ {0} with |=| < 1.

Let X = Sp A be a smooth affinoid K-variety, f € A non-constant, Z = {x € X :
|f(z)| =0}, U=X\Z. Let j : U = X denote the open embedding.

For simplicity, we will assume that the tangent sheaf of X is free, and we write
L =Tx(X) = Derg(A).

Definition 2.1 (see [4, Definitions 3.1, 6.1]). An R-subalgebra A C A is an affine
formal model of A if it is an R-algebra of topologically finite type such that
Aerp K = A.

If A C A is an affine formal model, we call an A-submodule £ C L an (R, .A)-Lie
lattice if the following is satisfied:

(i) L is finitely generated as an .A-module, and L Qr K = L;
(ii) L is closed under the Lie bracket on L;
(iii) A is stable under the natural action of £ on A.

If Y = Sp B is an affinoid subdomain of X, we say that an affine formal model
B C B is L-stable if it contains the image of A under the natural restriction
morphism A — B and is preserved under the action of L.

We now fix an affine formal model A C A and a free (R, .A)-Lie lattice £ C L
by choosing a free generating set and rescaling suitably. Without loss of generality,
we can assume f € A.

We will consider two different sheaves of differential operators in this paper: the
algebraic differential operators Dx, and its completion 6)(.

Note that for any affinoid subdomain Y = Sp B, the commutator Lie bracket gives
Tx(Y) the structure of a (K, B)-Lie-Rinehart algebra in the sense of [I0], so that
we can form the (relative) enveloping algebra Up(Tx(Y")) entirely analogously to
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the enveloping algebra of a Lie algebra. We refer to the end of this subsection for
an explicit description.

Definition 2.2. The sheaf Dx is the sheaf of K-algebras on X defined by
Dx(Y) =Up(Tx(Y))
for any affinoid subdomain Y = Sp B.

In order to define 6, we recall the auxiliary sheaves D, on the site of 7" L-
accessible subdomains. Recall that an admissible open affinoid subset ¥ C X is
called a rational subdomain if it is of the form

YzX(%,...,%) ={zeX:|filx)] <l|folx)], i=1,...n}

for some fo, f1,..., fn € A generating the unit ideal. As usual, we simplify X ({)
to X (g) and X(%) to X (g7 ) for any g € A.

Definition 2.3 ([4, Definitions 4.6, 4.8]). Let Y be a rational subdomain of X. If
Y = X, we say that it is L-accessible in 0 steps. Inductively, if n > 1 then we say
that it is L-accessible in n steps if there exists a chain Y C Z C X such that the
following is satisfied:

(i) Z C X is L-accessible in (n — 1) steps;

(i) Y = Z(g) or Z(g~1) for some non-zero g € O(Z);

(iii) there is an L-stable affine formal model C C O(Z) such that £ - g C C, where

L-g={olg): ¢ €L},
where the action of £ on O(Z) is induced from the restriction map
Tx(X) = Tx(Z) = Derg (0(2)).

Roughly speaking, a rational subdomain Y is L-accessible in one step if Y = X (g)
or Y = X(¢g?') for some g € A which is compatible with £: if Y = X(g), there
exists an L-stable model C C A (which by definition satisfies A C C) such that the
image B of C(g) is an affine formal model of O(Y") and the image of B®4 L is an
(R, B)-Lie lattice in Tx(Y). If Y = X(g~1), the same description holds mutatis
mutandis.

We will be concerned with subdomains which can be obtained by repeating this
process iteratively and glueing:

A rational subdomain Y C X is said to be L-accessible if it is L-accessible in n
steps for some n € N.

An affinoid subdomain Y of X is said to be L-accessible if it is £-admissible and
there exists a finite covering Y = Uj_;Y; where each Y; is an L-accessible rational
subdomain of X.

A finite covering {Y;} of X by affinoid subdomains is said to be L-accessible if each
Y} is an L-accessible affinoid subdomain of X. Note that any affinoid subdomain is
™ L-accessible for sufficiently large n by [4, Proposition 7.6]. For any n > 0, con-
sider the sheaf of K-algebras D,, on the site of 7" L-accessible subdomains, given
by

Y —»Up(BoamL)Qr K



EXTENDING MEROMORPHIC CONNECTIONS

ot

for Y = Sp B with 7" L-stable affine formal model B C B.
Note that as a B-module, D,,(Y) is naturally isomorphic to B&4D(X ), where D(X)
is equipped with the seminorm whose unit ball is generated by A and 7" L.

Definition 2.4 (see [4, Definition 9.3]). The sheaf Dy is the sheaf of K-algebras
on X defined by

~ o ow .
Dx(Y) =Up(Tx(Y)) = im D, (Y)
for any affinoid subdomain Y = Sp B.

We can view 5X(Y) as the completion of Dx (YY) with respect to every submul-
tiplicative seminorm extending the supremum norm on B.

Moreover, we have the sheaf Ox (xZ) of meromorphic functions with poles in Z,
ie.
Ox(xZ)(Y) = B[]

for any affinoid subdomain Y = Sp B.
We set Dx (xZ) = Ox(xZ) ®o Dx, a sheaf of K-algebras with the obvious mul-
tiplication.

For the convenience of the reader, we describe here explicitly some sections of
the sheaves we have introduced so far. Let 04, ..., 0, be a free generating set of the
Lie lattice £ C L as an A-module, and abbreviate

Ot=0 ... Qe

(vi) Dp(X) = {EieNa 9i0%: gi € A, x| 7"H]gs| — 0 as [i] — oo}
x(X) = Ua(L) = (D icne 901 gi € A, ||~ |gi| — 0as [i] — 00 Vn > 0}.

for any i = (41,...,%,) € N and |i| =41 + - + 4q.
(i) Ox(X)=4
(i) Ox(*Z)(X ) Alf~ ]
(i) Ox () = im A(z" £
(iv) Dx(X) = {finite sums ZzeNa gi0t: g; € A}
(v) Dx(xZ)(X) = {finite sums 3, . gi0t: g; € A[f71]}.
)
i)

2.2. Fréchet—Stein algebras and coadmissibility. Let U, = X (7" f~1), which
is obtained from X by removing a tubular neighbourhood of Z. For example, if
X = Sp K{(x) is the closed unit disk and f = x, then U, is the closed annulus with
inner radius |w|™. Note that the U, form an admissible covering of U.

Since f € A, we have L - f C A by definition of (R,.A)-Lie lattice, and thus
L -7 "f C A. In particular, U, is 7™ L-accessible for any m > n. We thus
obtain K-Banach algebras D,,(U,) for any m > n, and 5(U) = ]'ngn(U

Definition 2.5 (see [II] section 3|). A topological K-algebra U is a (two-sided)
Fréchet—Stein algebra if U = @17/{", where for each n the following is satisfied:

(i) U, is a (two-sided) Noetherian Banach K-algebra,
(ii) the morphism U,,+1 — U, makes U,, a flat U,,+1-module on both sides and
has dense image.
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It was shown in [4, Theorem 6.4] that ﬁ(Y) is a Fréchet—Stein algebra for any
affinoid subdomain Y. Moreover, Ox(U) = @O(Un) and D(U) = lim Dy, (Uy) are
both Fréchet—Stein algebras.

Definition 2.6 (see [11] section 3]). A left module M over a Fréchet—Stein algebra
U = limU,, is called coadmissible if M = l'gan, where for each n the following is
satisfied:

(i) M, is a finitely generated U,,-module;
ii) the natural morphism U,, ®, ., My1+1 — M, is an isomorphism of U,,-modules.
n+1 +

Coadmissible modules over a Fréchet—Stein algebra form an abelian category,
containing all finitely presented modules (see [II, Corollary 3.5, Corollary 3.4.v)]).
Recall from the comment after [II, Corollary 3.5] that each coadmissible module
M over a Fréchet—Stein algebra U/ is equipped with a canonical Fréchet topology.
We will abbreviate this by talking about the canonical U-topology of M. This
naturally includes the case of finitely generated modules over Noetherian Banach
K-algebras, corresponding to a constant projective system.

2.3. Localization on U. We need to introduce the notion of completed tensor
product. In the case of tensor products over K, this is done in [12].

Definition 2.7 (see [I2, section 17.B]). Given two locally convex K-vector spaces
V1, Vi, the projective tensor product topology on Vi ®k V5 is defined by
lattices of the form L1 ® g Lo, where Ly (resp. Ls) runs over all open lattices in V3
(resp. V2).

Definition 2.8. A K-algebra U is called a locally convex algebra if it is equipped
with a locally convex topology such that the multiplication map U x U — U is
continuous.

A locally convex module over a locally convex algebra U is a U-module V' equipped
with a locally convex topology such that the action map & x V' — V is continuous.

Definition 2.9. Let U be a locally convex K-algebra, V7 a locally convex right
U-module and V5 a locally convex left ¢/-module. The projective tensor product
topology on V; ® V5 is induced by the natural surjection p: Vi @ g Vo — Vi ®y Va.
The completed tensor product Vl@qu is the Hausdorff completion of Vi ®y V4
with respect to the projective tensor product topology.

We refer to Appendix A for the usual basic properties of completed tensor prod-
ucts. We in particular verify that the coadmissible tensor product ® from [4,
Lemma 7.3] is just a special case of the completed tensor product defined above, so

that we can phrase the definition of a coadmissible D-module (from [4], Definitions
8.3, 9.4]) as follows.

Definition 2.10. Let Y be a smooth rigid analytic K-variety. A Dy-module M
is coadmissible if there exists an admissible affinoid covering (Y;) of Y such that
for each ¢ the following is satisfied:

(i) M(Y;) is coadmissible over the Fréchet—Stein algebra Dy (Y3);
(ii) the natural morphism
Dy (2)®py,,M(Yi) = M(2)

is an isomorphism for each affinoid subdomain Z C Y;, where M(Y;) is
equipped with the canonical D(Y;)-topology.
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Returning to the set-up of subsection 2.1, we can now use completed tensor
products to describe sections of D and of coadmissible D-modules explicitly.

Proposition 2.11. Let Y = Sp B be an affinoid subdomain of X .
(i) There is a natural isomorphism

—_

B®4Dx(X) = Dx(Y)

of locally convex B-modules.
(i) There is a natural isomorphism

B®4Dx(U) = Dx (Y NU)

of locally convex B-modules.
(11i) Let M be a coadmissible Dx-module. There are natural isomorphisms

BEAM(X) = DY), M(X) = M(Y)

of locally convex B-modules.
(iv) Let M be a coadmissible Dy -module. There are natural isomorphisms

BRAMU) = DY N U)&p,M(U) = M(Y NU)
of locally convex B-modules.
Proof. (i) Note that D(Y) = lim D, (V) 2 lim(BE4Dy (X)), so that the result

follows from Lemma [A.2] (ii1).
(ii) Fix a positive integer k such that Y N Uy = V(f~!) is 7*L-accessible. Then

Y N U, is 7% L-accessible, and D(Y NU) = lim Dy (Y NU,). As
D (Y NU,) = O NUL)Bow,) Pnti(Un)

and O(Y NU,) = BRO(U,) by [7, Proposition 7.1.4/4], it follows from
associativity of the completed tensor product (Lemmal[A.3)) and LemmalA.2] (i)
that
Dy k(Y NU,) = BRAD 4 (Un),
and the result follows from Lemma [A2] (iii).
(iii) By definition of coadmissibility, M(Y") = 6(Y)@5(X)M(X), so that the re-
sult follows immediately from (i) by using associativity and Lemma [A2](i).
(iv) Fix k as in (ii). As before, D(U) = im D,,(U,,) and

—

DYNU) = @Dn+k(y NU,)
are Fréchet—Stein algebras. The isomorphisms
MU) = lim (D(Un) @5, M(Un))

and
MY NU) = lim (Do (Y N L) @50, ) M(U))

exhibit these modules as coadmissible over D(U) resp. D(Y N U). Thus
MY NU) 2 lim (Do (Y N L) @50, ) M(U))

lim (D k(Y NUR) @, 01, (Da(Un) @545, M(Uy)))

D(Y NU)@pM(U).

IR

1
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Applying Lemma [A2l(iv) gives M(Y NU) = DY N U)®
applying (ii) finishes the proof.

B M(U), and

O

2.4. A criterion for coadmissibility. Let D = D(X). A D[f~!]-module N is
called a meromorphic connection with singularities along 7 if it is finitely
generated over A[f~!]. We will also use the same terminology to refer to the
corresponding Dx (xZ)-module.

By [9) Théoréme 3.1.1], N is a finitely presented D-module, and thus

N:=D(X)®p N

is a finitely presented, hence coadmissible ﬁ(X )-module.

Let M be the integrable connection on U determined by
U, — OU,) ®ap-y N = D(U,) ®p(r-11 V.
By [5, Proposition 6.2], this is a coadmissible ﬁU—module, with
D (Un) D5, M(U,) = M(U,)
for any m > n.
Set M = M(U) = Jim (Dn(Un) ®pig-11 N) = D(U) @p(y-1 N. In particular, M
is a finitely presented module over the Fréchet—Stein algebra 6(U ).

The restrictions D, (X) — D, (U,,) now induce D,,(X )-module morphisms
O : Dn(X) ®p N = Dp(Upn) @pp-1) N = Dn(Un) D50y M,
and taking the limit we obtain a morphism
0:N— M
of 5(X)—modules.

Equipping D,,(X)®p N with the canonical D,,(X)-Banach structure, and D,,(Uy)®
N with the canonical D, (U, )-Banach structure, we see that 6,, is continuous, as
any D,,(X)-module morphism whose domain is a finitely generated Banach module
is continuous. . .

Thus, equipping N with its canonical D(X)-topology and M with its canonical
5(U)—topology, the morphism 6 is continuous.

Lemma 2.12. If M = M(U) is coadmissible over D(X) then its canonical D(X)-
topology is equivalent to its canonical D(U)-topology.

Proof. Write Ty for the canonical 5(X )-topology on M, and T» for the canonical
D(U)-topology. As the maps

D, (X) OB (x) M — D, (U,) Opw) M

are continuous (since the left hand side is finitely generated over D,,(X) by assump-
tion), passing to the limit shows that the identity map from (M,Ty) to (M, T5) is
a continuous bijection, so by the Open Mapping Theorem for Fréchet spaces (see
[12 Corollary 8.7]), the two topologies are equivalent. O
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We recall the following definition.

Definition 2.13. A continuous morphism ¢ : M7 — Ms of locally convex K-vector
spaces is called strict if the induced morphism Coim ¢ — Im ¢ is a homeomorphism.

If My and Ms are Fréchet, it follows from the Open Mapping Theorem that ¢ is
strict if and only if Im ¢ is a closed subspace of Ms.

Proposition 2.14. The following are equivalent:

(i) The map 0 is surjective.

(i) The map 6 is strict with respect to the canonical topologies on N and M.
(iii) M is a coadmissible D(X )-module.

(iv) M is a finitely generated D(X)-module.

Proof. As already mentioned, the continuous maps 6,, : D, (X)® N — D, (U,) @ N
ensure that 6 is always continuous with respect to the canonical Fréchet topologies.
So 0 is strict if and only if its image is closed by the Open Mapping Theorem, but
as the image of N is dense in M, this happens if and only if 8 is surjective. So (i)
is equivalent to (ii).

If 6 is a surjection, this realizes M as the quotient of a finitely presented 6(X )-

module by a closed submodule, so that M is coadmissible over D(X) by [11, Lemma
3.6]. Thus (i) implies (iii) and (iv).

Conversely, if M is coadmissible, the topology on M agrees with its canonical
topology as a D(X )-module by Lemma It follows from the remark after |11}
Lemma 3.6] that 6 is strict, so (iii) implies (ii).

If M is finitely generated over ﬁ(X ), the surjection 5(X )®™ — M factors through
D(U)®" and hence is continuous: the restriction D(X) — D(U) is naturally con-

tinuous, but any map of coadmissible 6(U )-modules is also continuous, again by
the remark after [I1, Lemma 3.6]. Thus M is the quotient of a finitely presented

5(X )-module by a closed submodule and hence coadmissible by [11, Lemma 3.6].
Thus (iv) implies (iii).

To summarize, (i) is equivalent to (ii), (i) implies (iii) and (iii) implies (ii), so
the first three statements are equivalent. Moreover, (i) implies (iv) and (iv) implies
(iil), finishing the proof. O

We note that this argument also implies that the image of 4 is always a coadmis-
sible submodule of M which is dense with respect to the canonical D(U)-topology.

2.5. Extension and localization. Recall that a finitely presented module over a
Fréchet—Stein algebra is coadmissible. For any smooth rigid analytic K-variety Y,
we can thus define the extension functor

Ey : {coherent Dy —modules} — {coadmissible 5y—modules}
M — 5}/ ®p, M

which is exact by [6, Lemma 4.14].
We can view Proposition 2.14] in terms of this extension functor and the usual
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restriction and direct image functors: N localizes to a Dx(*Z)-module N on
X which is a coherent Dx-module (see [9]). The map 6 is then the morphism
(ExN)(X) = (j«Evji*N)(X). We will often be concerned with modules for which
this is an isomorphism.

Proposition 2.15. Let N be a meromorphic connection with singularities along
Z, and assume the conditions in Proposition are satisfied. Let M = Eyj*N
be the sheaf given by

Y — ﬁ(Y) ®pF-1] N
for'Y affinoid, as discussed above. Then j.M is a coadmissible 5;( -module.

Proof. We have seen in Proposition [Z14] that j.M(X) = M(U) is a coadmissible
D(X)-module, so it remains to show that the natural morphism

D(Y)BpxyM(U) = MY NU)

is an isomorphism for any affinoid subdomain Y = Sp B /o\f X.

By Proposition[ZTT], the left hand side is isomorphic to B& 4M(U), where M(U) is
equipped with the canonical 5(X )-topology, and the right hand side is isomorphic
to BR4M(U), where M(U) is equipped with the canonical ﬁ(U)—topology. The
desired isomorphism thus follows from Lemma O

3. NUMBERS OF POSITIVE TYPE

In many explicit calculations in what follows, it will be crucial to distinguish
between scalars which are of positive type and those of type zero.

Definition 3.1. Let A € K. We say A is of positive typeif A € Z>gorif A ¢ Z>¢

and there exists some integer r such that
ﬂ.ir
— — 0 as ¢t — oo.

i—1
H;:O ()\ - ])
If X is not of positive type, we say it is of type zero.
We show in Appendix B that our notion of positive type is equivalent to the one
in [8 Definition 13.1.1]. In particular, this implies the following:
(i) If A € K with |A| > 1, then A is of positive type, as |A — j| = |A| for each j.
(ii) Any integer is of positive type (see [8, Proposition 13.1.5]).
(iii) A is of positive type if and only if A — n is for some n € Z.

Example. Note that there exist numbers which are not of positive type (this
example is due to Le Bras and was communicated to us by Ardakov):
For convenience, let K = Q,. Set k; = p and define inductively k,11 = p

n > 1. Let
=3
i=1

and denote by m; the partial sum m; = 25:1 p¥. So in particular,

2kn for

) 2%k ;
A —my| = [p = [plP
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But now for any integer r,

T

|ij*kj+1'

| =

)\—mj

But as rm; = r - 25:1 pki and kji1 = p**i, the absolute values above tend to
infinity as j tends to infinity. Thus type(\) = 0 (in the sense of Kedlaya, Definition
B1), and Lemma [B2 implies that A can’t be of positive type.

4. EXTENSIONS OF MEROMORPHIC CONNECTIONS

We now return to the setup of section 2, so that X = Sp A4 is a smooth affinoid
with free tangent sheaf Tx, A C A is an affine formal model, and U C X is the
non-vanishing set of some non-constant f € A. We write D = D(X), and let N be
a D[f~']-module which is finitely generated over A[f~1].

We let 01, ...,0, be a free generating set of the Lie lattice £ inside L = Tx(X).

Let myq,...,my be a finite generating set of N as a A[f~!]-module. Then by

[9, Théoréme 3.1.1], there exists P;(s) € D[s] and monic b;(s) € K[s] such that
Py(s)f~*mi = bi(s)f " 'my

foreachi=1,... k.

Replacing m; by f~"m; for some r, we will always assume that b;(s) # 0 for
any s € Zx>¢. In particular,

fﬁjmi = - -] - my
[Te=o bils)
for any 7 > 0, ¢ = 1,...,k, and the m; form a finite generating set of N as a
D-module.

Lemma 4.1. Suppose that all the roots of b; (in an algebraic closure of K) are of
positive type. Then for any n > 0, there exists some positive integer r such that

B =1)... P(0)
T12= bi(s)

e U(r"L)

for any j > 1.

Proof. Replacing £ by n"™L, it is enough to treat the case n = 0.

Then the Lie lattice £ determines a submultiplicative norm on D = Ux(L), with
unit ball U(L), and we are required to show that the given elements have norm less
than or equal to 1.

Setting |s| = 1 for the formal parameter s extends the norm to a norm on D[s] in
such a way that for any integer j € Z, the evaluation map D[s] — D sending s to
j is contracting, i.e. bounded of norm < 1 (by the triangle inequality, as |j| < 1).
Therefore,

1P5(5)| < |Pi(s)]
for any j € Z.
Let 7' € Z such that |P;(s)| < |n|"", then the above shows that

[Pi(j = 1) -+ Pi(0)] < |
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for any j > 1.

Now let Ay,..., As be the roots of b;(s), with multiplicity, so that
bl(S) = (S — )\1) N (S — Ad),

and hence

j—1 j—1 j—1

H bi(s) = H(s — X)) H(s —Xd)-

s=0 s=0 s=0
For any ¢ € {1,...,d}, \; is of positive type by assumption, so there exists some
ry > 0 such that

gy
T —0

TT=5(s — )

.

— — —0
[T o(s =)o [Ti=o(s = Aa)
as j — oo for " = r{/+---+r/]. In particular the sequence is bounded, and replacing
r"" by a suitable larger integer, we can assume that these terms have norm less than
or equal to 1 for each j > 1.
Then any r > 7" — v’ has the desired property. O

as j — oo. Thus

Theorem 4.2. Suppose that for each i, all the roots of b; (in an algebraic closure
of K) are of positive type. Then D(U) @pis-1] N is a coadmissible D(X)-module,
and the morphism 6 : D(X) ®p N — D(U) ®@prg-1) N is an isomorphism.

To prove Theorem [4.2] we establish the following terminology, similar to Lemma
The module N comes equipped with two different locally convex topologies.

Firstly, the surjection D¥ — N obtained from the generating set {m;} above induces
the quotient topology, which can be seen as being induced by the semi-norms with

unit balls
> U Lym;

for various n; > 0. We call this topology T.
Secondly, we can consider in the same way the surjection D[f~!]*¥ — N, giving a
topology T5 induced by semi-norms with unit balls

Z U(x™ L) [x™ f~)m,.

Note that the completion of (N,T) is N = @(Dn(X) ®p N)=D(X)®p N, and
the completion of (N,T3) is M = ﬁ(U) ®ps-1 N-

It is now clear from the definition that the identity map (N, Ty) — (N, T:) is contin-
uous. The result will follow straightforwardly once we have established strictness.

Lemma 4.3. Suppose that for each i, all the roots of b; are of positive type. Then
the morphism

¢ :DF - N
(&) = Y &imi
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is a strict surjection when N is equipped with the topology Ts.
In particular, T is equivalent to Ts.

Proof. As we have already determined that the map is a continuous surjection, we
want to establish that it is also open.

Fix 4, and let n > 0. It now suffices to show that ¢((0,...,0,U(7"L),0,...,0)),
which is just U(7"L) - m;, contains a set of the form U (7™ L)[r™ f~1]m; for some
m > 0.

Now by Lemma [£] there exists some positive integer r such that
Pl =) BO)
[T1Z0 bi(s)

eU(r"L)
for any j > 0.
In particular, if m =n +r and € U(x™L)[x™ f~1]m;, we can write
r = Z Wm(\il-i-j)bl.)jaif—j m;
i€EN ;>0

by [10, Theorem 3.1], where b; ; € A and 9% = 9}* ... 9= € U(L) by definition.
Hence

7.

xr = Z by, ;O™ D) il€ _}3 - Pi(0)
T HZ:O bi(s)

Now by our choice of r

plntDliltniy, i v Pi(j —}3 ... P;(0) e U(m"L)
B T2 bi(s)

for all 4 € N® and all j > 0, and thus « € U(x"L) - m;, as required. O

Proof of Theorem[{.3 By the above, the identity morphism (N,Ty) — (N,T2)
is an isomorphism of locally convex vector spaces. Thus their completions are

isomorphic, i.e. 6 is an isomorphism and M is a coadmissible ﬁ(X )-module by
Proposition [2.14] O

We can now prove Theorem from the introduction.

Theorem 4.4. Let X = Sp A be a smooth affinoid K -variety with free tangent
sheaf, f € A non-constant, Z ={f =0} C X. Write j : U — X for the embedding
of the complement of Z. Let N be a meromorphic connection on X with singularities
along Z, and let M = Eyj*N be the corresponding integrable connection on U.

Let my, ..., my be a finite generating set of N'(X) viewed as an A[f~']-module, and
let by, ..., b, denote the corresponding b-functions. If all roots of b; are of positive
type for each i, then the natural morphism

is an isomorphism, and j.M is a coadmissible Dx-module.
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Proof. By Theorem [£.2] we know that Ex N (X) — j.M(X) is an isomorphism of
5X(X)—modules. In particular, j.M(X) is a coadmissible Dx (X)-module.

Thus the conditions in Proposition 214 are satisfied, so that j,.M is a coadmissible
D y-module by Proposition Hence [4, Theorem 8.2] implies that the natural
morphism

is an isomorphism, as it is an isomorphism on the level of global sections. (I

5. THE MODULES M ON THE PUNCTURED UNIT DISK

We now discuss a particular family of examples on the punctured unit disk. This
will give rise to a collection of modules N for which the conditions in Proposition
214 are not satisfied.

Let X =SpA=SpK(z), U= X\ {0}, and U, = Sp K (z, 7"z ~1).
We write O for the free generator L of Tx(X), and let £ be the R(z)-lattice gen-
erated by 0.

Fix A € K, and let N = A[z~!]- 2 be equipped with the natural D[z~!]-module
structure. As before, we obtain a coadmissible Dy-module My = Op - z*, and a
morphism of D(X )-modules 0y : Ny — My = M, (U).

Proposition 5.1. If M) is a coadmissible 5(X)—module then X is of positive type.

Proof. Suppose M), is a coadmissible 6(X )-module and A is of type zero. If A is
an integer, it is of positive type by [8, Proposition 13.1.5], so we have in particular
that \ ¢ Z.

Replacing A by A — n for some integer n does not change the property of being of
type zero, and A[z~1)z* = A[z~!])2* ™" as D-modules. In this way, we can assume
that Ny is generated as a D-module by z*.

Then the 5(X )-submodule of M) generated by z* contains Ny and is thus dense
with respect to the canonical 6(X )-topology by Lemma 212l As it is also finitely
generated, the same argument as in Proposition [Z14] (iv) implies (iii), shows that

5(X ) - 2* is coadmissible and hence closed in M by [T, Lemma 3.6]. Therefore
M), is generated by z* as a D(X)-module.

Let ¢g = 1, ig = jo = 0. We now pick inductively €. € Rsg, jr, i € N as fol-
lows.
As X is not of positive type, there exists some real number 0 < €, < ¢€,_1 such that

71'2”

e
H;:o(/\ )
for infinitely many natural numbers . Without loss of generality, we can take €, to

be of the form || for some natural number j., and let 4, > max{j,i,_1} be a
natural number satisfying the inequality above.

> €

Now consider the element

m = Zw(z”_”)rlﬂ_” .zt e My = OU)z”.

r=1



EXTENDING MEROMORPHIC CONNECTIONS 15

As |z|"ir x| (Zir—ie)r < |gp|int Rie=in)r — || (040)ie tends to 0 for any n € Z as
tends to infinity, this is indeed an element of M.

As M, is generated by z* as a 5()()-module7 there exist elements g; € K(z)
such that } g;07 € D(X) and

E g;0” 2 =m= E (2 —dr)T g =ir g A
>0 r>1

We now claim that we can assume that the g; all lie in K.

Writing g; = 3" gij2° € K(x), we have
> gzt = gih. (A —j+ 1)

=S ot Y gimsA - A—j+ 1) |2

t>0 j=t+1

where we write ¢ = j—4 and eliminate all terms with ¢ < 0 by comparing coefficients
with m.

We will show that 3 78" € D(X), where we have abbreviated

he=gos+ Y git;(A—t)...(A—j+1).
j=t+1

First note that |A| < 1 by assumption, and hence |A — a| < 1 for any a € Z.
Fix e > 0,n € N. As Y ¢;07 € D(X), we know that there exists some j/ such that

|gij| - 7|7 < e Vi, Vj>j'.

Thus for any ¢ > 0, |gj—¢,;| < € for j > j', so h; defines an element in K. Moreover,
we have

(7= he] < |77 sup{lgoul, lgi—e A —8) ... (A =G+ 1)| 1§ >t}
< |77 sup{lgo.e|, lgj-e.il - 5 > t}-
Let ¢t > j', so that |7|~™|go+| < € and
77" gjeg| < |77 ]gje 5] <€
for any j > t.
Hence |m|~"|hs| < € for t > j'. Thus
|| "™ hs| — 0 as t — oo

for any n, and 3" h,d" € D(X).
Thus we can assume that > g;072* = m, where each g; € K and Y. g;07 € D(X).

But now
D gt ar =Y g A (A=1)- - (A —j+ 1),
so by comparing coefficients with m we obtain
7T(2ir_jr)T
9ir = T

[LiZ (A =1)
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Thus

7T2TiT

[T (A —1)

for any r > 1, by construction of the ¢, = |r|"7*. But > g;07 was supposed to give

e;1>1

9:,.| =

an element in 5(X ), which produces the desired contradiction. (]

This provides us with the first examples of a module not satisfying the conditions
in Proposition 214 by taking N = N, for A € K of type zero. In particular, we
have established Theorem [[L1] from the introduction. Combining this with our
previous results, we also obtain Theorem [[.3

Theorem 5.2. The following are equivalent.

(i) M) is a coadmissible 5(X)—module.
(i) The map Oy is an isomorphism.
(111) X is of positive type.

Proof. As before, we can assume that 2* generates Ny both as a D-module and as
an A[z~!]-module. Then we have

or=% - xd = (N —s)z* 1.2,

so that the associated b-function has A as its unique root.

Thus (iii) implies (ii) by Theorem H2] (ii) implies (i) by Proposition 214 and
(i) implies (iii) by Proposition B} O

APPENDIX A. COMPLETED TENSOR PRODUCTS

Let U be a locally convex K-algebra, and V; (resp. V3) a locally convex right
(resp. left) U-module. We denote by p : Vi @k Vo — Vi ®y Vo the natural sur-
jection. If both sides are equipped with their respective projective tensor product
topologies, this is a strict surjection by definition.

We verify that the completed tensor product satisfies the following universal prop-
erty.

Lemma A.1. Let 0 : Vi3 x Vo — W be a continuous K -bilinear U-balanced map into
a complete locally conver K-vector space W. Then there exists a unique continuous
K -linear map o : Vi@uVa — W such that 0 factors as the composition of o with
the canonical map Vi x Vo — V1@u%.

Proof. By [12, Lemma 17.1], there exists a unique continuous K-linear map o’ :
V1 @k Vo — W such that 6 factors through o, and as 6 is U-balanced, this descends
to the quotient V3 ®; Va. As the surjection p : Vi @ Vo — V1 ®y V5 is strict by
definition, it follows that the induced K-linear map V; ®y Vo — W is also continuous
when the tensor products are equipped with the projective tensor product topology.
Since W is assumed to be complete, this gives the desired continuous map from the
completed tensor product to W. O

Lemma A.2. (i) The natural morphism L{@UVQ — f/; s an tsomorphism.
(i) The natural morphism

ViguVs = Ve Vs

s an isomorphism.
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(iii) Suppose that Vi is Fréchet, and write g1 < g2 < ... for a family of defining
semi-norms on Vi. Denote the Banach completion of Vi with respect to q, by
Vin. Then the natural morphism

V1®u% — ]ﬁn (Vl,n@uvé)

s an isomorphism.
(iv) If V; = ]'&nVLn and Vy = @%n are both Fréchet as above, the natural
morphism
Vi@ Ve = lim (V1,0 8uV,n)
is an isomorphism.

Proof. The first two claims follow as usual from the universal property in Lemma
[A1l For the last two claims, recall from the proof of [12, Proposition 7.5] that the
Hausdorff completion of any locally convex K-vector space V' can be constructed
as .
V =lim V/L,

where the limit ranges over all open lattices L in V. Denote the unit ball of
with respect to the semi-norm ¢, by £,,. As open lattices in V] ® V5 are given as
images of L1 ®g Ly for L; open in V;, we can take the limit over pairs (7°L,,, Lo)
where i € Z, n € N, and Ls is open in V5. We thus obtain

ViguVe = lim (Vi @y Va/p(L1 @r L))
Li,L2

= lim < im V1 @y Va/p(n' L @R L2)>

n i€Z,Lo
=~ lim (V1,,®uV3) ,
n

where the last isomorphism follows from the isomorphism (ii) above applied to the
semi-normed space (V7,¢g,) and the locally convex space V5.

This establishes (iii), and the proof of (iv) is entirely analogous, noting that pairs
of lattices (7' L,,, 7 L],) form a cofinal system within the system of all pairs of open
lattices, where £, (resp. L)) is the unit ball of V4 (resp. Vz2) with respect to the
nth defining semi-norm. (|

Lemma A.3. LetU, V be two locally convex K-algebras. Let Vi be a locally convex
right U-module, Vo a locally convex (U, V)-bimodule, and V3 a locally convex left V-
module. Then the natural morphism

(Vi @y Vo) @y Vi = Vi @y (Vo @y V3)
is an isomorphism of locally convex K -spaces, inducing an isomorphism

(Vi®uVa)@y Vs = Viey (Va®yVs).

Proof. First note that the associativity of ® x with the projective tensor product
topology follows directly from the definition in terms of open lattices. Moreover, if
M; — Ms is a strict surjection, then M; Qg V' — My @k V is a strict surjection
for any locally convex K-spaces My, My, V.

By definition, the surjection V; @ g Vo — Vi ®y V3 is strict, so
(V1 @k Vo) @k Va = (V1 @y V2) @k V3
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is a strict surjection by the above. Thus the projective tensor product topology on
(V1 @y Va) ®y V3 is equivalent to the quotient topology induced by the surjection

(V1 @k V) @k V3 = (Vi @u Va) @y V.

The analogous statement holds for V7 ®y (Vo ®y V3).
Using associativity of the projective tensor product over K, we thus obtain that
the natural bijection

(Vi Qu Va) ®y Va = Vi @y (Va @y Va)

is an isomorphism of locally convex K-spaces, and applying Lemma [A2](ii) yields
the result for the completions. (Il

We now verify that the coadmissible tensor product & defined in [4, Lemma 7.3
is just ®.

Lemma A.4. Let U be a left Noetherian Banach algebra. Let M be a finitely
generated left U-module, equipped with its canonical Banach topology, and let W be
any locally convex left U-module. Then anyU-linear map ¢ : M — W is continuous.

Proof. Let U° denote the unit ball of 4. Let L be an open lattice in W. Since the
action map U @ x W — W is continuous, there exists an open lattice L’ of W such
that U° @g L' maps into L, and L contains the lattice U°L’ that is U°-stable.

Let m1,...,m, be a finite generating set of M. There exists some integer n such
that 7" ¢(m;) € U°L’ for each i, and thus

> o mUG(mi) CUCL' C L
by U-linearity of ¢. Thus ¢ is continuous. (]

Lemma A.5. LetU = @Un be a left Fréchet—Stein algebra and let M be a left
coadmissible U-module. Then the canonical Banach topology on the finitely gen-
erated Uy, -module M, := U, ®y M 1is equivalent to the projective tensor product

topology.
In particular, U, Qy M = U, Ry M.

Proof. Let T denote the projective tensor product topology on M,,, and T, the
canonical U,-topology.

The natural bijection (M,,,T1) — (M, Tz) is continuous by the universal property
of projective tensor products, and its inverse is continuous by the previous lemma.
In particular, U, ®; M with the projective tensor product topology is already
complete. O

Corollary A.6. Let U and V be left Fréchet-Stein algebras. Let M be a left coad-
missible V-module and let P be a U-coadmissible (U, V)-bimodule as defined in |4,
Definition 7.3]. Then the coadmissible tensor product

PRyM := Wm ((Un @y P) @y M)

is isomorphic to the completed tensor product PQyM.
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Proof. The coadmissible module P is Fréchet, where a family of defining semi-norms
is obtained from the isomorphism P £ lim (U, @y P). Now apply Lemma [A21 (iii)
to get

P&y M = lim (U, @y P)&vM)
= Jim ((Un @y P)®v, (Va@vM)) .
By Lemma [A5, V,&yM =V, ®y M, so that
PRy M = lim (U @y P)®y, (Va @y M)) .
Now both U,,®y P and V,,®y M are equipped with their canonical Banach topologies
as finitely generated modules, so by the same argument as in Lemma [A5] their
tensor product topology is equivalent to the canonical Banach topology of the
finitely generated U,,-module
(Un ®u P) @y, (Vo @y M).
In particular, this is already complete, so that
PRy M = lim (U, @y P) @y M)

as required. (|

APPENDIX B. POSITIVE TYPE A LA KEDLAYA

Definition B.1 (see [8, Definition 13.1.1]). The type of A € K, denoted type(}),
is the radius of convergence of the formal power series

:EZ

i>0,i#A
In particular, type(\) > 0 if and only if there exists some integer  such that
7Ti7‘
A—1i
We now verify that A is of positive type as defined in Definition Bl if and only if
type(A) > 0.

Lemma B.2. Let A € K and X\ ¢ Z>o. Then type(X) > 0 if and only if there exists
some integer r such that

— 0 as 71— oo.

7Ti7‘
— — 0 as 1 — o0. (*)

[T—o(x =)

Proof. By |8, Lemma 13.1.6], we have the following equality of formal power series:

x' _ T (_J‘.)l 1
;)\(1—)\) Y D ™

i>0

Suppose type(A) > 0, so that we have some r > 0 such that

,n.ZT‘

0.
=i
Then for |z| < |7|” - |p|"/®~1, we have
i ir i/(p—1)
< || [P =0
il(A—1) A—i i!
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So the right hand side of the equation converges for |z| < |7|™, where |7|™ =
|7|” - |p|*/®=1). Thus the same is true for the left hand side, and hence

ﬂ.im ﬂ_(i—l)m 0
< .
YO0 i )| S D). x|
Thus type(\) > 0 implies that (x) is satisfied.
For the converse, first note that if A = —1, we are done: type(—1) > 0, and

—1 satisfies () by the above. So from now on assume A # —1, and suppose that
for some integer m,

ﬂ.zm

16— )

Write = A + 1. Mutliplying the above by 1/u, we know that

— 0.

7.‘_zm

po(p=1)...(n—1)
Thus the formal power series on the left hand side of (xx) has positive radius
of convergence when A\ is replaced by u, and (as e~* also has positive radius of
convergence) it follows that the right hand side has positive radius of convergence,
giving

— 0.

ir ir

T < T —0
p—i| = il — i)
for some integer r.
Thus
ir . 7T(i+1)r 7 7T(i+1)r
| = - 7| =" , — 0,
A—i A+1—(i+1) p—(i+1)
and type(\) > 0. 0
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